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Preface

This book is a nonmathematical introduction to the logical analysis of
practical business problems in which a decision must be reached under
uncertainty. The analysis which it recommends is based on the modern
theory of utility and what has come to be known as the ‘‘personal”
definition of probability; the author believes, in other words, that when
the consequences of various possible courses of action depend on some
unpredictable event, the practical way of choosing the ‘‘best’’ act is to
assign values to consequences and probabilities to events and then to
select the act with the highest expected value. In the author’s experi-
ence, thoughtful businessmen intuitively apply exactly this kind of
analysis in problems which are simple enough to allow of purely intuitive
analysis; and he believes that they will readily accept its formalization
once the essential logic of this formalization is presented in a way which
can be comprehended by an intelligent layman. Excellent books on the
pure mathematical theory of decision under uncertainty already exist;
the present text is an endeavor to show how formal analysis of practical
decision problems can be made to pay its way.

From the point of view taken in this book, there is no real difference
between a ‘‘statistical’’ decision problem in which a part of the available
evidence happens to come from a ‘‘sample’’ and a problem in which all
the evidence is of a less formal nature. Both kinds of problems are
analyzed by use of the same basic principles; and one of the resulting
advantages is that it becomes possible to avoid having to assert that
nothing useful can be said about a sample which contains an unknown
amount of bias while at the same time having to admit that in most
practical situations it is totally impossible to draw a sample which does
not contain an unknown amount of bias. In the same way and for the
same reason there is no real difference between a decision problem in
which the long-ran-average demand for some commodity is known with
certainty and one in which it is not; and not the least of the advantages
which result from recognizing this fact is that it becomes possible to
analyze a problem of inventory control without having to pretend that a

finite amount of experience -can ever give anyone perfect knowledge of
v
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long-run-average demand. The author is quite ready to admit that in
some situations it may be difficult for the businessman to assess the
numerical probabilities and utilities which are required for the kind of
analysis recommended in this book, but he is confident that the business-
man who really tries to make a reasoned analysis of a difficult decision
problem will find it far easier to do this than to make a direct determina-
tion of, say, the correct risk premium to add to the pure cost of capital
or of the correct level at which to conduct a test of significance.

In sum, the author believes that the modern theories of utility and
personal probability have at last made it possible to develop a really
complete theory to guide the making of managerial decisions—a theory
into which the traditional disciplines of statistics and economics under
certainty and the collection of miscellaneous techniques taught under
the name of operations research will all enter as constituent parts. He
hopes, therefore, that the present book will be of interest and value not
only to students and practitioners of inventory control, quality control,
marketing research, and other specific business functions but also to
students of business and businessmen who are interested in the basic
principles of managerial economics and to students of economics who are
interested in the theory of the firm. Even the teacher of a course in
mathematical decision theory who wishes to include applications as
well as complete-class and existence theory may find the book useful as
a source of examples of the practical decision problems which do arise in
the real world.

Because the purpose of this book is not to teach theory for its own
sake but to show how theory can be applied to practical advantage in
the real world, each new technique of analysis is applied to a realistic
business problem as soon as it is introduced. Many of the most impor-
tant principles are actually restated and reexplained in the contexts of
several different kinds of decision problem, and for this kind of repetitious-
ness the author makes no apology. Learning depends on repetition;
and if the rate of learning can be increased by printing up a few more
sheets of white paper, the gain is well worth the cost. While some of
the exposition could have been greatly condensed by the use of simple
algebra and calculus, the author feels that even for students who have
some familiarity with these techniques it is better to avoid their use in a
statement of first principles. Justification of the steps in an argument
by economic rather than purely formal reasoning develops an intuitive
understanding of the essential features of a decision problem which is
likely to be lost if attention is focused from the very first on problems of
technical manipulation. On the other hand students who do have some
command of mathematical technique may find it a useful exercise to
supply proofs where these have been omitted from the text; and many
of the examples and problems in the text can be easily modified to require
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the use of calculus rather than arithmetic for their solution. An appen-
dix on gamma, beta, and related distributions has been added to the book
to facilitate the assignment of problems of this sort.

The organization of the book reflects experience gained in teaching
the subject in various ways to five successive classes. The basic concepts
of decision theory—probability, expectation, and utility—are explained
in three introductory chapters, and in the next five chapters (Part One
of the book) these concepts are applied in a variety of situations where the
required probability distributions can be easily assessed by direct refer-
ence to experience. It is only after the student has thus become reason
ably familiar with the way in which probabilities are used that he is
introduced in Part Two to some more powerful methods for the computa-
tion of probabilities—to the concepts of joint and conditional probability,
the distributions associated with Bernoulli and Poisson processes, and
the Normal distribution. After a foundation in both economic analysis
and elementary probability theory has been laid, the student goes on in
Part Three to face the special problem of the evaluation by means of
Bayes’ theorem of the information derived from a sample and to study
some new distributions needed for this purpose. It'is only after this sub-
ject has been thoroughly covered that the problem of deciding when it is
economically advantageous to sample and when to stop sampling is taken
up in Part Four. The four chapters which constitute Part Five of the
book then explain the classical approach to the problems already analyzed
from the Bayesian point of view in Parts Three and Four and show how
the explicit introduction of losses into the classical analysis leads from
operating characteristics to risk functions and how a reasoned comparison
of risk functions over all values of the parameter under test then leads
in the end to exactly the same results which were previously obtained by
the explicit use of Bayes’ theorem.

This division of the entire subject matter of the course into five
separate major topics which are treated successively rather than simul-
taneously (as was necessary in earlier versions of this book which intro-
duced sampling problems at the outset) has improved the rate at which
the material can be absorbed to the point where the author is currently
assigning nearly one chapter per 80-minute class session and teaches
about three-fourths of the entire book in a one-semester course. The
author’s students, however, are the small fraction of second-year students
at the Harvard Graduate School of Business Administration who volun-
tarily elect a course in decision theory which is well known to involve a
very heavy work load, and obviously no such rate could be maintained
with a less highly self-selected group of students. The author would
guess that under ordinary conditions the book will prove to contain about
the right amount of material for a full-year course, particularly if it is
supplemented by some unstructured case problems or by mathematical
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lectures and exercises for students with a background of algebra and
calculus.

The course can be shortened by omission of certain chapters which
constitute excursions into interesting areas or problems of application but
are not needed for the comprehension of later chapters; Chapters 15, 19,
20, 24, 32, and 36 are all of this sort. Even with these chapters omitted
the student will have had a more than adequate foundation for a second
course in statistics, e.g. in sampling theory or experimental design.
A course covering only the basic principles of decision theory as such with
an absolute minimum of attention to technicalities of probability theory
can be given by using only Chapters 1 to 5, 7, 9, 10, 21, 22, 33, and 38.
These 12 chapters explain every important basic principle discussed in
the course, including the principles of optimal sample size and optimal
sequential sampling, without the use of any mathematically derived
probability distribution other than the binomial; they are an adequate
preparation for the treatment of classical statistics in Chapters 39 to
42 if the examples and problems involving the use of the Normal distribu-
tion are omitted from those chapters. The other chapters in Parts One
through Four of the course are there in part to develop the additional
probability theory needed to handle a wider variety of applications and
in part to develop special methods for the rapid analysis of a few of the
most commonly occurring types of business decision problems—in
particular, certain problems with linear losses. Without these methods
which make it possible to obtain numerical answers to a fairly wide
variety of examples in a reasonable amount of time, there is a real danger
that the student will fail to gain any appreciation of the sensitivity or
insensitivity of decisions and their associated losses to the various
parameters of a decision problem; and without some appreciation of this
sort the practical use of decision theory is very severely handicapped.

Exercises are provided at the end of each chapter. Most of them
are intended to develop and test the student’s comprehension of the
theory expounded in the text, but some lead the student to extend this
theory 1n some small degree. Completely worked solutions to all
exercises of the latter sort and to about half those of the former sort will
be found in the ‘‘Student’s Manual’”’ which accompanies the text. A
slide rule is adequate computing equipment for the exercises with worked
solutions, since in those problems the student needs only to verify that he
understands how the computations were actually carried out, but the
student who works problems on his own will usually find that a desk
calculator will very greatly reduce the time required to arrive at a solu-
tion. These latter problems are well suited to work in a statistical
laboratory.

The author’s debt to his colleague Howard Raiffa and to his former
colleague Arthur Schleifer, Jr., is far too great to describe adequately.
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Mr. Schleifer assisted the author during the first 3 years of the develop-
ment of the course represented by the present book. He read and made
valuable criticisms of nearly every draft of every successive revision of
every chapter, and he executed or directed the execution of all the com-
putations and charting. Mr. Raiffa read the semifinal version of the
manuscript with the most painstaking care and spent countless hours
in showing an often stubborn author how it could and should be improved
at many points by substituting logic for unsupported intuition. In par-
ticular, the three chapters of the Introduction were wholly recast as a
result of these suggestions.

Mr. Gordon Kaufmann gave great assistance in preparing the Stu-
dent’s and Teacher’s Manuals and corrected very many of the author’s
arithmetical lapses in text. The author was extremely fortunate to have
Miss Alice Hynes (later Mrs. Paul O’Brien) as his secretary throughout
the 414 years during which the manuscript was being developed. Without
her unusual skill it would have been quite impossible to make several
rough drafts of each annual or semiannual revision of the notes and then
to prepare stencils so that the latest version could be tested in the
classroom.

Finally, the author would like to express his very deep gratitude to
the administration of the Harvard Graduate School of Business Adminis-
tration, both for substantially reducing his normal classroom assignments

and for granting his every request for assistance at once and without
question.

Robert Schlaifer
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CHAPTER 1

The Meaning of Probability

1.1 The Problem of Decision under Uncertainty

When all of the facts bearing on a business decision are accurately
known—when the decision is made ‘‘under certainty ’’—careless thinking
is the only reason why the decision should turn out, after the fact, to have
been wrong. But when the relevant facts are not all known—when the
decision is made ‘‘under uncertainty ’—it is impossible to make sure that
every decision will turn out to have been right in this same sense. Under
uncertainty, the businessman is forced, in effect, to gamble. His pre-
vious actions have put him in a position where he must place bets, hoping
that he will win but knowing that he may lose. Under such circum-
stances, a right decision consists in the choice of the best possible bet,
whether it i1s won or lost after the fact. The following examples are
typical of situations in which business decisions must be made and
judged in this way.

An Inveniory Problem. A retailer is about to place an order for a
number of units of a perishable commodity which spoils if it is not sold by
the end of the day on which it is stocked. Each unit costs the retailer
$1; the retail price is $5. The retailer does not know what the demand
for the item will be, but he must nevertheless decide on a definite number
of units to stock.

A Scrap-allowance Problem. A manufacturer has contracted to
deliver at least 100 good pieces of a nonstandard product at a fixed price
for the lot. He feels virtually sure that there will be some defectives
among the first 100 pieces produced; and since setting up for a second
production run to fill out a shortage would cost a substantial amount of
money, he wishes to schedule some additional pieces on the original run
as a scrap allowance. On the other hand, once 100 good pieces have
been produced the direct manufacturing cost of any additional produc-
tion will be a total loss, and therefore he does not wish to make the scrap
allowance excessively large. If the manufacturer knew exactly how
many pieces would have to be produced in order to get exactly 100 good
pieces, it would be easy to set the ‘‘right’’ size for the production order;
but he must decide on some definite size for the order even though he
does not know the ‘“right’’ size.

2
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An Investment Problem. A manufacturer is about to tool up for
production of a newly developed product. This product can be manu-
factured by either of two processes, one of which requires a relatively
small capital investment but high labor cost per unit produced while the
other will have much lower labor costs but requires a much greater
investment. The former process will thus be the better one if sales of
the product are low while the latter will be better if sales are high; but
the manufacturer must choose between the two processes without know-
ing what his sales will actually be.

A Marketing Problem. The brand manager for a certain grocery
product is considering a change of package design in the hope that the
new package will attract more attention on the shelf and thereby increase
sales. He has done a certain amount of store testing and has found that
during the test weeks sales of the new package were greater than sales of
the old in some stores but that the contrary was true in other stores. He
still feels uncertain whether adoption of the new package will increase or
decrease his total national sales, but he must nevertheless either decide
on one package or the other or else decide to spend more money on addi-
tional testing; in the latter case he must decide whether he should simply
continue the test for a few more weeks in the same stores he has already
used or spend still more money to draw new stores into his sample.

1.1.1 The Payoff Table

The essential characteristics of all four of these problems, and of all
problems which we shall study in this course, are the following.

1. A choice must be made among several possible acts.
2. The chosen act will ultimately lead to some definite profit (possi-
bly negative), but for at least some of the acts the amount of this

profit is unknown because it will be determined by some event
which cannot be predicted with certainty.

The first step in analyzing any such problem is to lay out all the possible
acts and all their possible consequences in some systematic fashion, and
we shall do this for the inventory problem as an example.

In the inventory problem, an ‘‘act’’ is a decision to stock some par-
ticular number of units; the ‘“event’ is the number of units which the
customers will actually demand. If we suppose that the retailer’s space
‘limits the number of units stocked to a maximum of 5, then remembering
that each unit stocked costs $1 while each sale brings in $5 of revenue we
can describe the whole problem by a table like Table 1.1, where each
column corresponds to a particular act while each row corresponds to a
particular event. Such a table is known as a payoff table.
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Table 1.1
Payoff Table for the Inventory Example

Act (number of units stocked)

Event
(number demanded) 0 1 9 3 4 5
0 $0 —81 —$2 —$3 —3$ -85
1 0 +4 +3 4+ 2 41 0
2 0 +4 4+8 +7 4+6 <+5
3 0 +4 4+ 8 412 411 +10
4 0 +4 4+ 8 412 416 <415
5 or more 0 + 4 + 8 +12 416 +20

1.1.2 Comparison of Acts

If we compare any two acts (columns) in Table 1.1, we see that one
of the two will be more profitable if certain events occur while the other
will be more profitable if other events occur; but when we actually choose
among these acts we are implicitly if not explicitly making a single,
unconditional evaluation of each act. We are saying that in some sense
one of the acts is ‘‘better’’ than any of the others. One conceivable way
of evaluating the six possible acts of Table 1.1 is to look only at the worst
possible result of each act and assign the value $0 to the act ‘“stock 0,”
the value —$1 to the act ‘““stock 1,”” and so forth, leading to the conclu-
sion that ‘‘stock 0’ is the best of all possible acts. Another conceivable
way is to look only at the best possible result and assign the value $0 to
the act ‘““stock 0,”’ the value -+$4 to the act ‘““stock 1,”” and so forth, lead-
ing to the conclusion that ‘“stock 5’ is the best of all possible acts.

Any sensible businessman will of course immediately reject all such
simple but arbitrary procedures and will say that even though the retailer
cannot predict demand with certainty he ought to know enough about
his business and the product in question to have some convictions about
what the demand is likely to be. If after weighing all the available
information the retailer decides that there is very little chance that cus-
tomers will demand less than 3 or more than 4 units, he will conclude that
the only reasonable act is to stock either 3 or 4 units. Choice between
these two acts will be a little more complex, since the larger stock will be
only $12 — $11 = $1 less profitable than the smaller if there is a demand
for only 3 units while it will be all of $16 — $12 = $4 more profitable if
4 units are demanded. Consequently the retailer will want to stock
4 units even if he believes that the chance of a demand for 4 is somewhat
less than the chance of a demand for 3; it is only if he believes that the
chance of a demand for 4 is relatively very slight that he will reduce his
stock to 3 units.
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Now this informal kind of reasoning works very well when the
decision problem is relatively simple, but one quickly becomes confused
when the problem is even slightly more complex. Even in our very
simple example, it will be hard for the retailer to see through to a satis-
fying conclusion if he thinks that there is a substantial chance that
demand may have any of three or four different values, and in larger
problems of the same sort he may well consider a hundred or a thousand
different values as possible. What we would like to do, therefore, is find
some way of systematizing the kind of analysis which a reasonable man
uses in simple problems so that it can be effectively applied in more com-
plex problems.

If we look back at the reasoning used by our hypothetical retailer,
we see that in essence he proceeded in two steps: he first gave a numerical
value to the consequence of each possible act given each possible event,
but he then attached more weight to the consequences corresponding to
certain events (demand 3 or 4) than he did to the others. This suggests
that it may be possible to systematize the reasoning underlying any
decision under uncertainty by proceeding as follows:

1. Attach a definite numerical value to the consequence of every
possible act given every possible event.

2. Attach a definite numerical weight to every possible event.

3. For each act separately, use these weights to compute a weighted
average of all the values attached to that act.

4. Select the act whose weighted-average value is highest.

Our hope is that we can find rules for using the businessman’s own
knowledge and beliefs in carrying out steps 1 and 2 in such a way that he
will want to choose the act with the highest computed value instead of
relying on mere inspection of a mass of numbers and informal reasoning
of the kind described above. If we are to have confidence in these rules
in complex situations, they must yield values which seem reasonable to us
when applied in very simple situations, and for this reason many of the
examples which we shall use in developing these rules will be artificial
ones which avoid the complexities of practical business decisions in order
to present their really essential features in the simplest possible form.
Because the heart of the problem is the uncertainty concerning the event,
we shall begin by developing the rules for attaching weights to events.

1.2 Events

Before we even start to assign numerical weights to a set of events
some one of which will determine the consequence of any act we choose,
we obviously must have in mind a clear and complete description of the
events which may occur. We usually have considerable latitude in
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defining the possible events in a given problem, but certain rules must be
followed if we are to avoid hopeless confusion.

1.2.1 Collectively Exhaustive Events

If before we started to analyze the inventory problem of Table 1.1
the retailer had told us that he was absolutely convinced that there would
be a demand for at least 2 units, we could just as well have simplified
Table 1.1 by eliminating the rows describing the consequences of the
events ‘‘demand 0’ and ‘‘demand 1.” In general, impossible events
may be totally disregarded if it is convenient to do so, and it is to be
emphasized that there is no need to ‘‘prove’’ that an event is impossible
before it is eliminated. Our object is to arrive at results which the
businessman wants to accept, and therefore an event is impossible for our
purposes whenever the businessman wants to treat it as impossible.

It is obvious, on the other hand, that we must keep all the posstble
events in mind in analyzing any decision problem, since if we fail to
include some of the possible events in the payoff table the corresponding
consequences will not be duly considered in evaluating the various acts.
The same thing can be stated the other way around: the basic list of
events must be complete in the sense that some one of the events on the listis
bound to occur. The events on such a list are called collectively exhaustive.

1.2.2 Mutually Exclusive Events

In the inventory example of Table 1.1, demand for each specific
number of units from 0 to 4 inclusive was treated as a separate event but
demands for all numbers of units above 4 were treated as constituting the
same event ‘‘demand for 5 or more.” Obviously we could have treated a
demand for exactly 5 units as a separate event and assigned it a separate
line in Table 1.1, and similarly for any larger number of units, but
nothing was to be gained by so doing because for every act under con-
sideration the consequences of the event ‘“demand for 5’ were identical
to the consequences of the event ‘‘demand for 6’’ or the event ‘‘demand
for 7’ and so forth.

Careless grouping of events can easily lead to confusion, however.
It is obvious that potentially separate events must not be grouped if their
consequences differ for any act under consideration. We cannot treat
‘“demand for 3 or 4”’ or ‘““demand for 4 or more’’ as a single event in con-
structing a payoff table for our inventory example. What is often less
obvious is that we must not have events with overlapping definitions on
our list even if it is possible to give a clear description of the consequences
of all acts in terms of such a list. |

Suppose, for example, that we are given a choice of one or the other
of two tickets in a lottery to be conducted by drawing one ball from an
urn containing four kinds of balls: dotted red, striped red, dotted green,
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and striped green. The first ticket entitles the holder to a prize of value
V if the ball drawn from the urn is either red or striped; the second
entitles the holder to the same prize if the ball is dotted green. Table 1.2
gives a perfectly clear description of the conditions under which the prize

Table 1.2
Act (choice of ticket)
Event
1 2
Red | 4 0
Striped |4 0
Dotted green 0 vV

will be awarded, but confusion is bound to arise if we base our analysis
of this decision problem on this table because the events ‘‘red’’ and
‘““striped”’ will both occur if a striped red ball is drawn. To i1llustrate the
difficulty by an extreme case, suppose that we know that all the red balls
are striped and that all the striped balls are red. Then the events ‘““red”’
and ‘‘striped’ are really the same event counted twice, and any weight
which we attach to this event will be counted twice in evaluating the acts
under consideration.

This kind of difficulty can be avoided by basing our analysis on any
of the three lists of events shown in Table 1.3, since the occurrence of any

Table 1.3
A B C
Striped red Red Red or striped
Dotted red Striped green Dotted green
Striped green Dotted green

Dotted green

one event on any of these lists means that no other event on the same lisi
can possibly occur. The events on any such list are said to be mutually
exclusive.

1.2.8 Elementary and Compound Events

The importance of mutual exclusiveness is so great that it is worth
the trouble to find a way of visualizing it. The events on list A of Table
1.3 are obviously mutually exclusive because they have been defined
without any grouping at all—balls which differ in any respect have been
classified as separate events in this list. These four events will be called
the elementary events of this problem.

Any set of elementary events can be visualized as a set of poinis in a
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diagram like Figure 1.1, 1.2, or 1.3, where the points represent the four
elementary events of list 4 in Table 1.3. Events such as “red’’ or
‘““striped”” can then be visualized as corresponding to a group of points
representing elementary events: the events ‘“‘red” and ‘‘green’ are

Red Striped~ Dotted Striped Red
o
o>
®
06
Green
Figure 1.1 Figure 1.2 Figure 1.3

depicted in Figure 1.1, the events ‘‘striped” and ‘“‘dotted’”’ in Figure 1.2.
Such events will be called compound events, and it is obvious that

Two compound events are mutually exclusive if they contain no ele-
mentary events in common.

In Figure 1.3 we illustrate the difficulty with the events used in Table 1.2:
the point corresponding to the elementary event ‘“striped red’’ is included
in both the compound events ‘‘red’’ and ‘‘striped.”

1.3 The Basic Rules Governing the Assignment of Weights

We are now ready to develop rules for using a definite number to
represent the weight which a decision maker attaches to each of the
events in a set of mutually exclusive and collectively exhaustive events.
Since we propose to use these numbers in computing weighted averages,
our rules must be such that these weighted averages will ‘‘make sense’’—
i.e., they must be such that the decision maker will want to choose the act
with the highest weighted-average value. On the other hand, this is the
only way in which we shall use these weights; and if we find that the
requirement just stated can be met by more than one set of rules, we are
free to choose the one which is most convenient.

To see whether we do have any such choice, let us review the way in
which any weighted average is computed. In the first two columns of
Table 1.4a we show a set of four values with a weight attached to each
value; the meaning of the values and the weights is irrelevant for our
present purpose. The weighted average is computed in three steps:

1. Each value is multiplied by its weight to form the products shown
in the third column of Table 1.4a.
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2. Both the weights and the products are added to obtain the sums
shown at the bottoms of their respective columns.

3. The sum of the products is divided by the sum of the weights to
obtain the weighted average.

Table 1.4a Table 1.4b
Value Weight Product Value  Weight  Product
3 2 6 3 .2 .6
2 1 2 2 1 .2
7 3 21 7 .3 2.1
5 4 5 4 2.0
10 49 1.0 4.9
49
Weighted average = 49{, = 4.9 Weighted average = 10 = 4.9

Observe now that exactly the same weighted average is obtained in
Table 1.4b by using weights each of which is one-tenth as large as the cor-
responding weight in Table 1.4a. It is obvious that this example can be
generalized: dividing every weight in a set by the same nonzero number
has no effect on any weighted average computed by use of these weights.
In other words, weighted averages are affected by the proportions among the
wetghts attached to the values being averaged but not by the absolute stzes of
the weights.

This means that we are free to specify that the weights assigned to a
set of mutually exclusive and collectively exhaustive events shall add up
to any amount we choose, and unless we do make such a specification
it will be possible to represent the same beliefs by many different sets of
weights. If we allow this, confusion is bound to arise, and we shall
therefore adopt the following fundamental convention as the first of our
basic rules for assigning weights to events:

Rule 1. 'The sum of the weights assigned to any set of mutually
exclusive and collectively exhaustive events shall be 1.

The choice of 1 rather than some other number for the specified total is
purely a matter of convenience; it eliminates the need to divide by the
sum of the weights in order to convert the sum of products into a weighted
average.

Having adopted this fundamental convention, we are now ready to
develop rules which must be observed in assigning weights if the resulting
weighted averages are to make sense. In so doing it will be well to have
an extremely simple decision problem actually before us, and we may as
well use the same problem which we have already used to illustrate the
concept of mutually exclusive events. Three lists of collectively exhaus-
‘tive and mutually exclusive events suitable for analysis of this problem,
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were shown in Table 1.3; payoff tables based on two of these three lists
are shown in Tables 1.5a and 1.5b.

Table 1.5a Table 1.5b
Act (choice of ticket) Act (choice of ticket)
Event Event

1 2 1 2
Striped red | 4 0 Red or striped | 4 0
Dotted red v 0 Dotted green 0 | %4
Striped green |4 0
Dotted green 0 v

Let us first consider the problem of evaluating ticket number 2.
Since this ticket pays off only if the event ‘“dotted green’’ occurs, three

facts are immediately obvious about the value we will assign to this
ticket.

1. If we are absolutely convinced, for whatever reason, that the ball
will not be dotted green, we will value the ticket at 0.

2. If we are absolutely convinced that the ball will be dotted green,
we will value the ticket at V—it is just as good as the prize itself.

3. If we are uncertain about the event, we will value the ticket at
something between 0 and V.

Now if we agsign numerical weights to the events in Table 1.5a or 1.5b
and use these to compute a weighted average of the values in the column
describing ticket number 2, this weighted average will be simply V times
the weight we assign to the event ‘‘dotted green’’—recall that by Rule 1
the sum of the weights assigned to all the events in either table must be
1 and therefore that as in Table 1.4b the sum of produects is left unchanged
when it is divided by the sum of the weights. But if this is so, then our
weighted-average valuation will agree with the three direct valuations
listed just above only if we assign weight 0 to an event which we believe
impossible, weight 1 to an event which we believe certain, and some
intermediate number to any doubtful event. We thus arrive at our
second fundamental rule:

Rule 2. The weight assigned to any event shall be a number between
0 and 1 inclusive, 0 representing complete conviction that the event

will not occur and 1 representing complete conviction that it will
occur.

We now turn our attention to the valuation of ticket number 1, If
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we compute a weighted average of the values in the column describing
ticket number 1 in Table 1.5a, we will have the sum of three terms:

V X weight of ‘“striped red,”
V X weight of ‘‘dotted red,”
V X weight of ‘‘striped green,”

and this sum is equal to V times the sum of the three weights. If on the
other hand we compute a weighted average of the values in the cor-
responding column of Table 1.5b, we will have simply V times the weight
of the compound event ‘‘red or striped.”” We conclude that the weight
assigned to the event ‘‘red or striped’’ must be the sum of the weights
assigned to the three mutually exclusive events of which it is composed,
and we generalize this example to obtain our last basic rule:

Rule 3. If two or more mutually exclusive events are grouped into
a single event, the weight attached to this single event shall be equal
to the sum of the weights attached to the original events.

Observe that this rule does not hold for events which are not mutually
exclusive. Suppose, for example, that for some reason or other we have
assigned the weights shown in Table 1.6 to the four mutually exclusive

Table 1.6
Event Weight
Striped red 4
Dotted red .3
Striped green .2
Dotted green .1
1.0

events of Table 1.5a. We can use Rule 3 to show that the weight
assigned to ‘““red” must be .4 4+ .3 = .7 or to show that the weight
assigned to ‘‘striped’ must be .4 + .2 = .6, but we cannot add these two
results to obtain .7 + .6 = 1.3 for the weight to be assigned to “red or

striped’’; if we do, we are double-counting the .4 weight originally
assigned to the event ‘‘striped red.”

1.4 The Standard Lottery

Although the three basic rules which we have derived above may
seem s0 broad that they fail to specify exactly what set of numbers should
be used as the weights in any given problem of decision under uncer-
tainty, we shall now see that this is not so. In any situation there will
exist one and only one set of weights which will both comply with these
rules and express the decision maker’s attitudes toward a set of collec-
tively exhaustive and mutually exclusive events.
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Suppose that we are offered a free chance at a prize of value ¥V under
the following conditions. Balls numbered 1 to 100 have been placed in
an urn and one of these balls has then been drawn and put in a closed box.
We are presented with 100 tickets numbered from 1 to 100 and are
allowed to choose one of them. If the number we choose matches the
number on the ball which has been drawn from the urn, we will receive
the prize; if not, we receive nothing. Suppose further that even though
the prize is one which we are extremely anxious to win, we do not feel
that it is worth the slightest effort to look for a ticket with any particular
number on it and simply take the first one which comes to hand.

In such a situation we shall say that 1n our opinion the 100 possible
events are equally likely. Notice very carefully that we do not and
cannot ‘‘prove’’ that the events are ‘‘in fact’’ equally likely: the fact is
that the ball which has been drawn has some one particular number and
no other. But even though anyone who knew which ball has been drawn
would not be indifferent among the 100 tickets, our decisions must be
based on what we know or believe about the facts of the world—they
cannot be based on the unknown truth about these facts. Therefore if
we are indifferent in the way described, then for us the 100 events are
equally likely by definztion.

Now if our state of mind as just described is to be described by
numerical weights attached to the 100 possible events 1, 2, . . . , 100, it
is clear that these weights must all be equal. If the sum of these 100 equal
numbers is to be 1, as required by Rule 1, it is also clear that the number
attached to each event must be 1{go. Rule 3 then tells us that events
such as ““ball number 2 or 7”’ must have weight {00 + o0 = %100,
that events such as ‘‘any ball numbered between 1 and 37 inclusive”
must have weight 370, and so forth. Thus while Rule 2 specified only
that the weight attached to any event must be a number between 0 and
1 inclusive, we have found a way of selecting a specific number within
this range to describe our attitude toward any conceivable event in this
lottery.

What is more important, a businessman can find the unique set of
weights which describes his attitudes in a more complex situation by using a
lottery of this sort as a standard of comparison. In order to decide what
weight to assign to the event ‘‘demand 0’’ in our inventory example, the
retailer can imagine that he is given a choice between a certain number
of tickets in the standard lottery with a prize of value V as described
above and the right to receive this same prize in the event of ‘‘demand 0.”
If in his opinion the right to receive this prize in the event of ‘“demand 0"’
has exactly the same value as 18 tickets in the standard lottery, then by
definition he considers these two events equally likely and he should
assign weight 1840 to the event ‘“demand 0.” (It goes without saying
that if the standard lottery with 100-balls does not offer a fine enough
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division, the retailer can substitute a similar lottery with more balls. If
he feels that the right to receive the prize in case of demand 0 is worth
more than 18 tickets but less than 19 in a lottery with 100 equally likely
events, he may decide that it is equivalent to 183 tickets in a lottery with
1000 equally likely events.)

Having assigned a weight to the event ‘‘demand 0,”’ the retailer can
proceed in the same way to assign weights to all the other events in Table
1.1. These weights must of course be such that their total is 1, and
therefore what the retailer is really doing is placing the set of collectively
exhaustive and mutually exclusive events shown in Table 1.1 into one-to-
one correspondence with a set of collectively exhaustive and mutually
exclusive events in the standard lottery. When he is through, the event
‘““demand 0’ will correspond, say, to the event ‘‘ball numbered between
1 and 18 inclusive,” the event ‘‘demand 1’’ to balls 19 to 52, and so forth.
It is perhaps worth remarking that we are in no sense assuming that a
businessman will actually be as ready to gamble on balls drawn from an
urn as to make decisions concerning his regular business. We are simply
assuming that a rational person can with practice think abstractly about
his feelings of certainty and uncertainty in any given situation, regardless of
any feelings he may have about any other aspects of the situation.

1.5 Logical Consistency and the Mathematical Theory of
Probability

In addition to checking to see that the weights assigned to the events
of Table 1.1 obey the fundamental convention expressed by Rule 1, the
retailer may do well to check whether he is satisfied with some of the
logical consequences which result when Rule 3 is applied to these weights.
It is easy to assign either too small or too large a weight to an individual
event in a long list of events, and after assigning weight .18 to ‘‘demand
0’ and weight .34 to ‘“demand 1”’ the retailer may find that the weight
.18 4+ .34 = .52 which he has thus implicitly assigned to the compound
event ‘‘demand less than 2’ is not what he would have assigned if he had
thought directly about that event. If so, he must reconcile this logical
inconsistency before proceeding further with the analysis of his problem.

In many problems such checks for logical consistency are of really
crucial importance. To cite a very simple but famous example, the
mathematician D’Alembert assigned weight 14 to the occurrence of one
heads in two tosses of a coin, arguing that the pair of tosses must produce
0, 1, or 2 heads and that in his opinion these three events were equally
likely. To see whether we would share this attitude we may reason as
follows. An elementary event of a pair of tosses of a coin is described by
stating the results of each of the two tosses in the order in which they
occurred. If we use HT to denote the elementary event ‘‘heads on first
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toss, tails on second toss’’ and similar notation for all the other possi-
bilities, the four possible elementary events of the double toss are HH,
HT,TH,and TT. If we feel that these four events are equally likely and
therefore assign weight 14 to each of them, we can add the weights
assigned to HT and TH and find that we have implicitly assigned weight
14 rather than 14 to the compound event ‘‘one heads.” To state the
conclusion the other way around, D’Alembert implicitly assigned the
same total weight to the two events HT and TH that he assigned to each
of the single events HH and TT.

Assignments of weights in more complex problems are still more in
need of this kind of check. As a practical business example, consider the
scrap-allowance problem which was sketched at the beginning of this
chapter. The actual payoff table for this problem is too complex to dis-
cuss at this point, but it is easy to see that because a new setup will be
required if less than 100 good pieces are produced on the first run, it will
be necessary to assign weights to such events as ‘‘more than 80 defectives
in a production run of 180 pieces.” An elementary event of a run of
180 pieces can be described by a sequence of 180 ¢’s and d’s, g denoting a
good piece and d a defective; and in some cases the manufacturer may be
able to check any weight he assigns directly to the event ‘‘more than
80 defectives’ by assigning weights to these elementary events just as we
assigned weights to sequences such as HT in order to check D’Alembert’s
probability. To consider only the simplest possible case, suppose that
the manufacturer feels that any one of the 180 pieces is as likely to be
defective as it is to be good and assigns equal weight to every possible
elementary event. The weight which he has implicitly assigned to the
event ‘‘more than 80 defectives’’ can then be computed by simply count-
ing the total number of possible sequences of 180 ¢’s and d’s, counting the
number of sequences which contain more than 80 d’s, and dividing the
latter of these two counts by the former.

It is true that this counting would take a very great deal of time,
since it can be shown that the total number of sequences is roughly 1
followed by 54 zeros and a substantial fraction of these sequences contains
more than 80 d’s. Fortunately, however, actual counting is unnecessary.
By the use of simple mathematical short cuts which we shall study later
in the course, we can very quickly determine that 922{ggo of the total
number of sequences contain more than 80 d’s and therefore that the
weight which has implicitly been assigned to the event ‘“more than
80 defectives’ is .922. We shall also see later in the course that these
same mathematical short cuts can be used to compute implicit prob-
abilities when the businessman does not think that each piece produced
is as likely to be defective as it is to be good, even though the reasoning
about the weights to be assigned to the elementary events is more com-
plex in that case.
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The whole body of mathematical short cuts used in computations of
this kind 1s known as the theory of probability. Like any mathematical
‘“theory,” the theory of probability is simply a set of logical deductions

from certain basic axioms; the axioms of this particular theory are the
following:

1. A probability is a number between 0 and 1 assigned to an event.

2. The sum of the probabilities assigned to a set of mutually exclu-
sive and collectively exhaustive events must be 1.

3. The probability of an event which is composed of a group of
mutually exclusive events is the sum of their probabilities.

We are justified in using the theory of probability to calculate ‘‘ weights’ in
the way tn which we have just used it because we have agreed to assign weights
in accordance with these three axioms; the axioms are simply our three
‘““basic rules’’ for assigning weights presented in slightly different language
and with the order of the first and second rules reversed. Henceforth we
shall use the word probability in exactly the same sense that we have
hitherto used the word ‘‘ weight.”’

1.6 Relative Frequency and the Rational Assessment
of Probabilities

Although we have just seen that the theory of probability can be used
to show that certain probabilities are mutually inconsistent and although
we have said that such inconsistencies must be reconciled before final
assignments of probabilities are made, we have as yet said nothing about
the way in which a reasonable man will reconcile the inconsistencies he
discovers. We have seen that it is inconsistent to assign probability
14 to the event ‘“‘one heads’ and at the same time to assign probability
14 to each of the events HT and TH, but we have given no reason for
preferring either one of these assignments to the other. It is to this prob-
lem that we now turn our attention.

In our original discussion of the meaning of ‘‘ weights’’ or probabili-
ties, we emphasized that any probability is necessarily an expression of a
personal judgment and is therefore necessarily subjective in the sense that
two reasonable men may assign different probabilities to the same event.
This by no means implies, however, that a reasonable man will assign
probabilities arbitrarily.

Reasonable men base the probabilities which they assign to events in
the real world on their experience with events in the real world, and
when two reasonable men have had roughly the same experience with
a certain kind of event they assign it roughly the same probability.
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1.6.1 Qverwhelming Common Experience

As an extreme example of this principle, consider the assessment of
the probability of heads on the toss of a coin which has been very care-
fully inspected and found to be perfectly symmetric and which is to be
tossed in such a way that it will spin an extremely large number of times
before it falls. Although we may or may not have had direct experience
with this particular coin and this particular tossing procedure, almost
everyone has observed that other coins tossed in more or less the same way
seem to turn up heads roughly half of the time. We have further
observed that although the ratio of heads to tosses is often very far from
14 in short sequences of tosses, it is usually much closer to 14 in long
sequences. Still further, we have observed that heads occur about as
frequently on tosses which follow heads as on tosses which follow tails,
and more generally that heads occur about half the time whatever the pat-
tern of heads and tails on previous tosses. Finally, all this experience
with coins agrees with our experience with other symmetric objects—all
the above statements apply to the event “‘ace’” on the roll of a perfectly
symmetric die if 1§ is substituted for 14, and so forth.

On the basis of all this experience we proceed to construct a physical
theory of the behavior of a tossed coin; in other words, we proceed to
make predictions about the behavior of a tossed coin. This theory asserts
that the fraction of tosses resulting in heads is almost certain to be
almost exactly 14 if the coin is tossed indefinitely, and it asserts further
that in a very long run half the heads will be followed by heads, half the
runs of two heads will be followed by a third head, and so forth. We
expect, furthermore, that any reasonable man either will adopt this same
theory on the basis of his own experience or will adopt it as soon as he is
informed of the very great amount of experience which other people have
had on the point.

Now such a theory or model of the real world says nothing directly
about the probability of heads. It predicts what would happen in a very
large number of tosses and says nothing whatever about any individual
toss. Such a prediction 18 exactly analogous to a prediction that the
average diameter of parts produced by a certain machine will be 1.037
inches, and it is obvious that a predicted average diameter and a prob-
ability are not the same thing. On the other hand, a reasonable man will
clearly take account of long-run relative frequency in assigning prob-
abilities. If he believes that a certain coin would fall heads half the time
when tossed repeatedly under a certain set of conditions, and if he has no
way of predicting which particular tosses will be heads, he will assign
probability 14 to the event ‘‘heads’’ on any one toss—he will pay neither
more nor less for a chance at a prize conditional on heads on a particular
toss than he will pay for a chance at the same prize conditional on tails.
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In general, we shall assume it to be a characteristic of rational behavior
that:

If a person assessing the probability of a given event under a given
set of conditions feels absolutely sure that the event would occur with
relative frequency p in a very great number of trials made under
these same conditions, he will assign probability p to the event.

It is important to make clear the meaning of the words ‘‘under these
same conditions.”” In one sense it is tautologically true that if conditions
were really the same from trial to trial, the same event would always
occur. If a coin were tossed several times in exactly the same way, it
would either always fall heads or always fall tails. What we actually
mean when we say that conditions are ‘‘the same’” is that there is no
observable difference from one trial to the next which enables us fo predict
the fall of the coin on any particular trial.

We are now able to say something definite about the probability

which it is reasonable to assign to ‘‘one heads’’ in D’Alembert’s problem.
If we have adopted a model of coin behavior in which heads occur in the
long run on one-half of all tosses and in which half the heads are followed
by heads, and so forth, it is easy to see that in a long run of pairs of tosses
the events HH, HT, TH, and TT will each occur 14 of the time. Any
reasonable man who has adopted this model of the behavior of a given
coin will therefore assign the same probability to each of these events and
therefore must assign probability 14 rather than 14 to the compound
event ‘‘one heads.” In actual practice, we would not even go through
the process of first assigning a probability directly to ‘‘one heads’ and
then checking this against the implications of probabilities assigned to
the four elementary events. We know in advance that our assignment
of probabilities to the elementary events can be based on experience
‘which is extremely extensive in comparison with the number of times that
we have tossed a coin twice and counted the number of heads in the pair
of tosses, and therefore we would start by assigning probabilities to the
elementary events and stop when we had computed the probability
which we had thus implicitly assigned to the event ‘‘one heads.”
- In more complex problems such as the scrap-allowance example we
will proceed in the same general way: we will ask the businessman to
assign probabilities to those events on which his experience bears most
directly and we will then use the theory of probability to compute the
probabilities of the events with which he has had less extensive experi-
ence. It is for this reason and this reason alone that the theory of prob-
ability is of use in making practical business decisions:

The theory of probability allows the businessman to assign probabili-
ties to thosé events on which his experience and judgment bear most
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directly rather than to the events which will actually determine the
profit or cost of his decision but with which he has had little or no
direct experience.

1.6.2 Laimited Experience

It is only rarely that experience with a given kind of event will be
as overwhelming as it is for ‘“heads’’ on the toss of a coin, but even when
_experience is limited it is still a guide to the rational assessment of prob-
abilities. Suppose, for example, that we wish to assess the probability of
ace on the roll of a die which has been deformed in such a way that it is no
longer symmetric. In this situation general experience with rolled
objects will usually lead a reasonable person to adopt a model of die
behavior which is like the coin model except that the fraction of aces is
unknown. Our experience is sufficient to lead us to predict that in the
long run the relative frequency of ace will become and remain nearly
equal to some fraction p, that ace will be followed by ace with this same
relative frequency, and so forth; but our experience is not adequate for
a prediction of the exact value of this frequency.

Obviously such a model does not tell us exactly what probability to
assign to ace. We can say that ¢f we had had enough experience with the
die to feel sure that the long-run relative frequency of ace would be .15,
then we would assign probability .15 to ace on any one roll, and so forth;
but our problem is not to make statements of this sort. If the conse-
quences of a decision depend on the occurrence of ace on the next roll of
the die, we must assess the probability of this event in the light of what-
ever experience we actually have. Two reasonable people may well dis-
agree concerning the probability to be assigned to ace in a situation like
this, since neither of them will have had any great amount of experience
with the behavior of a die deformed in exactly the way this one is.
Observe, however, that this does not mean that there is no relevant
experience: if the deformation of the die is slight, we will not consider a
person reasonable if he assigns probability .01 or .99 to ace.

1.6.8 Learning from Additional Experience

| The case of the perfectly symmetric coin and the case of the deformed
die differ not only in the amount of agreement to be expected in the initial
assessment of the probabilities of heads or ace but also in the way in
which further experience affects any one individual’s assessments of these
same probabilities on subsequent trials.

In the case of the perfectly symmetric coin, we might still assess the
probability of heads on the next toss at 14 even though we had just
observed a large number of consecutive heads or tails; our model of the
long-run behavior of the coin rests on an extremely great amount of evi-
dence and we may consider this new evidence negligible in comparison.
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In the case of the asymmetric die, on the contrary, we will use any experi-
ence we gather by rolling the die to modify the probability we originally
assigned to ace. Notice, however, that we usually will not simply equate
the probability of ace to the fraction of aces observed in a limited number
of rolls. If we roll the die once and it comes up ace, we will not assign
probability 1 to ace; if we roll it six times and get no ace, we will not
assign probability O to ace.

Our assessment of the probability of ace will continue to be substan-
tially influenced by our observation of the shape of the die, and the
relative importance we attach to the observed shape of the die in
comparison with the importance we attach to the observed frequen-
cles is necessarily a matter of subjective judgment.

1.6.}4, Application to Business Problems

In exceptional circumstances the probabilities involved in a business
problem can be simply equated to ‘‘known’’ relative frequencies in the
way probability 14 is assigned to heads on the toss of a very symmetric
coin. If 50 per cent of the last 100,000 parts produced by some machine
have been defective, if we have no reason either in theory or in observation
to believe that defectives occur in ‘‘streaks,” and if a new production run
is to be made under the same conditions as all these past runs, we will be
strongly tempted to adopt a model of the behavior of the machine which
is exactly like the model of coin behavior discussed above. We will be
willing to predict that 50 per cent of all future parts will be defective,
that 50 per cent of the defectives will be followed by defectives, ete., and
we will not change these predictions whatever the pattern of quality in
the next few hundred pieces produced. We will then be justified in
assigning equal probabilities to all possible elementary events in the way
we did in Section 1.5 above.

In the majority of cases, however, the problem will not be so simple.
If the machine is new or has just been repaired, or if a new operator is
employed or a slightly off-standard batch of raw material is received, we
will be in the same position that we are when we assess the probability of
ace on a slightly deformed die. The probability assigned to defective on
the first piece will depend on ‘‘judgment’’ in the sense that two reasonable
men may well assign different values. This probability will be revised as
more experience is gained, and again judgment will determine the relative

weights given to the observed frequencies on the one hand and to other
kinds of evidence on the other.

1.6.6 Mental Processes and Relative Frequency

The examples which we have discussed above of the way in which
models predicting relative frequencies can be of use in assessing prob-
abilities all involved the relative frequencies of physical phenomena, but
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the same kind of argument can be of use in connection with mental
phenomena. Frequency models of mental processes usually involve
uncertainty about the actual value of the long-run frequency in exactly
the same way that most frequency models of physical processes do; but
in both cases the frequency model is useful even though it is not com-
pletely decisive. The value of a large tract of timber is often assessed
by having it visually inspected by an experienced timber cruiser whose
judgment has previously been calibrated by comparing his estimates of
the amount of timber in a number of tracts with accurate measurements
made on the same tracts. The probability that his present estimate will
be low by 10 per cent, say, is then assessed largely on the basis of the rela-
tive frequency of errors of this magnitude on previous occasions.

In the same way a sales manager who bases sales forecasts on his
‘‘feel of the market’’ can very usefully be treated as a ‘“process.” If we
have extensive records of the errors he has made in his past forecasts, we
will assess the probability that his current forecast will be low by 10 per
cent almost entirely on the basis of the relative frequency with which this
event occurred in past forecasts. If on the other hand we have very little
previous experience with his forecasts, or if the nature of the product or
the market has been radically changed, we will have to make much larger
use of other kinds of experience in assessing this probability, just as we
have to depart from exclusive reliance on observed frequencies when we
assess probabilities concerning the performance of a new machine or of
an old machine under new conditions.

1.7 Relative Frequency and the Mathematical Theory
of Probability

If we think back to the three axioms of the mathematical theory of
probability as stated in Section 1.5 above, we will see that relative fre-
quencies—either those predicted for the long run or those actually
observed in a finite number of trials—are numbers which agree with these
axioms. The relative frequency of any event is a number between 0 and
1 inclusive, the sum of the relative frequencies of all possible events 1s 1,
and the relative frequency of a compound event such as ‘‘either ace or
deuce’’ is the sum of the relative frequencies of the mutually exclusive
events of which it is composed.

This means that the theory of probability can be used to deduce
relative frequencies from other relative frequencies in exactly the same
way that it can be used to deduce probabilities (i.e. subjective weights)
from other probabilities. When we first discussed the scrap-allowance
example, in Section 1.5, we assumed that the manufacturer assigned equal
probability to every possible elementary event, i.e. to every possible
sequence of 180 ¢’s and d’s, and from these probability assignments we
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deduced that the probability of the compound event ‘“more than 80
defectives’’ was .922. We pointed out in Section 1.6.4, however, that the
assignment of equal probabilities to the elementary events was warranted
only on the basis of a ‘“model’” of the production process which implies
that these events would occur with equal relative frequencies in a very
great number of runs of 180 pieces, and this gives us an alternative way
of expressing the same calculation. Given that the elementary events
occur with equal relative frequencies, the theory of probability can be
used to show that the relative frequency of the compound event ‘‘more
than 80 defectives’”’ must be .922; we can then assess the probability of
this compound event by equating it to its own relative frequency.

A relationship of this kind between probabilities and relative fre-
quencies can be imagined even in a problem where the probabilities of the
elementary events have nof been assessed by reference to any frequency
model. In other words, we can visualize all the probabilities involved in
any problem as being equal to relative frequencies in an imaginary
sequence of trials whether or not the particular trial with which we are
dealing is of such a nature that it could conceivably be repeated. Since
relations among actual numbers of events are easier to grasp than rela-
tions among abstract numbers called probabilities, we shall often make
use of this device to ‘‘explain’’ the results of calculations involving prob-
abilities; but the student must always remember that such ‘‘explana-
tions’’ do not imply either that probabilities are relative frequencies or
that they are necessarily equal to real relative frequencies.

PROBLEMS

1. Five different lotteries ¢« through v are to be conducted according to rules given
below. Any one of these lotteries will pay the player either a $100 cash prize or
nothing. Answer the following three questions for each of the five lotteries separately.

a. How much would you personally be willing to pay for the right to play?

b. What probability would you assign to the event “win’’ if you played?

¢. Try to imagine what would happen if the lottery were repeated over and over
with the same player, not necessarily yourself, and say what you can about the rela-
tive frequency with which the player would win in the long run. To what extent does
your answer depend on the way in which the person conducting the lottery behaves?
On the way in which the player behaves?

Description of the Five Lotteries

1. Fifty red and fifty black balls will be placed in an urn and stirred thoroughly.
The player will then be allowed to draw one ball without looking and will receive the
prize if the ball he draws is red.

71. Same as 7 except that the person conducting the lottery may place in the urn
any mixture of red and black balls that he pleases and the player will not be told what
the mixture actually is.

14i. Same as 7 except that the player may call either ‘“red’’ or ‘“black’’ just before
drawing the ball and will receive the prize if the ball is of the color he calls.

#. Same as 7 except that the player may call his color.
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v. Same as 1 except that the player must toss a coin and call “red” if the coin
falls heads, ‘“black”’ if it falls tails.

2. Alottery is conducted by the use of one master urn and a number of secondary

urns labeled respectively A, B, C, and so forth. Every secondary urn contains the
same number of balls; this number will be denoted by

Ng: total number of balls in any one secondary urn.

The number of balls in the master urn may be different; it will be denoted by

Ny : total number of balls in the master urn.

The balls in every individual urn, master and secondary, are serially numbered starting
with 1, and every ball bears one other label in addition to its serial number. In the
master urn, everv ball is labeled with a letter corresponding to some one secondary
urn; the numbel AU~ Taheled with each letter will be denoted by

Ax, By, . of balls in the master urn labeled A, B, etc.
Every ball in e -, urn is labeled either “win’’ or “lose,”” and we define
Wy, We, . . 0 ¢ bhor of winning balls in urn A, in urn B, etc.

A single ball will be drawn from the master urn, the letter on this ball will be read, and
a single ball will then be drawn from the secondary urn marked with this same letter.
The player wins if this latter ball is marked ‘““win,’”” and we wish to compute the prob-
ability which he should assign to the drawing of such a ball.

a. An elementary event (cf. Section 1.2.3) of this compound lottery can be described
by a symbol of the form M3-A42, meaning that the first ball drawn was serial number 3
in the master urn and that the second ball drawn was serial number 2 in the urn A.

Show that the total number of different possible elementary events is given by the
formula

Total number of possible elementary events = Ny Ns.

b. If a ball labeled A is drawn from the master urn, the second ball will be drawn
from secondary urn A and the player will win if this second ball is any one of the W4
balls in that urn which are marked ‘“win.”” Show that the number of different winning
elementary events involving urn A is AyW4 and that the fotal number of winning
elementary events of the entire lottery is given by the formula

Number of winning elementary events = AyW4 + BuWg + - - - .

c. The ratio of the number of winning elementary events to the number of poss: !
elementary events is thus

AuWas + BuWs + - - '=AMWA+&E.§+ “.
NuNsg Ny Ns = Nu Nsg

Exactly what assumption has to be made about the basic attitudes of the player
before we may say that this is the probability which he should assign to winning?
d. If we arbitrarily define symbols

A B
pa = ﬁ; PB = ﬁ; ete.

and symbols
Wa, Wa,

T4 = ]V_.s’ B = N;’ ete.
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the formula given in part ¢ can be written

.mmwm

Probability of winning = pamrs + pars + - - -

Exactly what assumptions must we make before we may interpret each term in this
formula as the product of the probability of drawing a particular secondary urn times

the probability of winning #f that secondary urn is drawn?



CHAPTER 2

Expected Value and Utility

At the beginning of Chapter 1 we said that any problem of decision under
uncertainty can always be described by a payoff table in which there is
a column for every possible act and a row for every possible event; each
cell in the table describes the consequence of a particular act given a par-
ticular event. We said that we would try to find a way of choosing
among the acts in the face of uncertainty concerning the events by

1. Assigning a definite numerical value to every consequence (every
cell in the table),

2. Assigning a definite numerical weight to every event,

3. Evaluating each act by taking a weighled average of all the differ-
ent values which might result from that act.

In the remainder of Chapter 1 we concentrated our attention on the
second of these three steps; we now go on to consider how we can carry
out the first step in such a way that the result of the third step will in fact
be a ‘‘correct’ guide to action.

2.1 Definitions of Conditional and Expected Value

Conditional Value. Each of the values which have to be assigned in
step 1 of the procedure outlined just above is the value which some par-
ticular act will have on condition that some particular event occurs, and
therefore these values will be called conditional values. We define

Conditional value of an act given a particular event: the value which
the person responsible for a choice among acts attaches to the conse-
quence which that particular act will have if that particular event
occurs.

Ezxzpected Value. After probabilities have been assigned to events in
step 2 of the procedure we propose to use, step 3 consists in obtaining a
stngle value for each act by taking a weighted average of all the various
conditional values of that act, each conditional value being weighted by
the probability that the act will in fact have that value. The standard

24
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name for an average in which all possible values are weighted by their
probabilities is expected value; we define

Expected value of an act: a weighted average of all the conditional
values of the act, each conditional value being weighted by its
probability.

Such a weighted average is also called the expectation of the conditional
values of the act.

Mistakes are bound to occur unless we adopt some kind of systematic
procedure for the actual computation of expected values according to the
definition just given. We have already said that the analysis of any
decision problem must start by (1) drawing up a payoff table showing the
conditional value of every act given every event and (2) assigning a prob-
ability to every event in the payoff table. After both these steps have
been completed, we shall take the acts of the payoff table one at a time and
compute the expected value of each one on a work sheet like the one
shown in Table 2.1, filling out this work sheet according to the following
rules:

Table 2.1
Computation of the Expected Value of an Act
Value
Event Probability
Conditional Expected
A .3 +5 +1.50
B .3 +3 + .90
C _.4 —4 —1.60
.0 + .80

. List every possible event in column 1.

. Enter the probability of each event in column 2.

. Enter the conditional value of the act given each event in column 3.
For each event multiply probability times conditional value and
enter the product in column 4, taking care to preserve the algebraic
sign.

5. Add the products in column 4 with due regard to algebraic sign.

:P-ODNF—'

2.2 Expected Monetary Value

The definition of expected value which we have given above applies
no matter what kind of value is assigned to each consequence in a decision
problem. If in an inventory problem like the one discussed in Section
1.1.1 we take the net cash receipts shown in Table 1.1 as representing the
value of each consequence, then a computation like the one illustrated in
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Table 2.1 will give us the expected net cash receipts of any act. If we
value each consequence according to the number of units sold, application
of the same rules of computation will give us the expected number of units
sold; and so forth. We now turn to our real problem, which is to find out
exactly how each consequence must be valued if the businessman is to
feel that the act with the highest expected value is really the act he wants
to choose.

Our first inclination, of course, is to think that at least in most
business problems the value of a consequence can properly be repre-
sented by a sum of money, and our first step will be to inquire to what
extent this proposition is true. What we shall see is that while expected
monetary value is in fact a valid guide to action in the great majority of
practical business problems, there are some very important problems in
which it would be an extremely misleading guide.

2.2.1 The Importance of the Individual’s Attrtude toward Risk

Consider two businessmen each of whom believes that if he submits
the proper proposal he has a 50-50 chance of being awarded a contract
which is sure to yield a $35,000 gross profit, and suppose that preparation
of the proposal will cost either of these men $10,000 out of pocket. The
expected monetary value of the act ‘““submit the proposal’’ is shown in
Table 2.2 to be a positive $7500 for either of these two men while the

Table 2.2
Expected Monetary Value of Making the Proposal

Monetary value

Event Probability
Conditional Expected
Get contract 1e +$25,000 +$12,500
Do not get contract )24 — 10,000 — 5,000
1 +$ 7,500

corresponding figure for not making the proposal is obviously $0, and yet
the two men may quite reasonably come to opposite conclusions. If one
of them is extremely hard pressed for cash and could easily be bankrupted
by the loss of $10,000, he may well decide to let this opportunity go; if the
other man has adequate working capital he may with equally good reason
decide to make the proposal.

This example obviously implies that there are situations in which
expected monetary value is not a valid guide to action if by ‘“valid”’ we
mean a gulde which accords with the businessman’s own judgment and
preferences, but if we look a little more closely we will see that it implies
much more than this. What must be decided is simply whether it is
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worth risking a loss of $10,000 in order to have an even chance of a
$25,000 profit, and there is mo concewable computation or method of
analysis which will be of the least help to anyone in making such a
decision—it must turn entirely on a direct expression of personal
preference.

The student may well ask at this point how we propose to help a
businessman in any situation whatever if we can be of no help at all in a
situation as simple as the one just described, and the question deserves an
answer before we proceed further. The answer is this: we propose to
show the businessman how he can make a fully reasoned analysis of
a very complexr decision problem—one in which there are many possible
acts each of which has many possible consequences—by in effect reducing
this very complex problem to a number of separate problems every one of
which is just as simple as the one we have just discussed.

Suppose, for example, that our two businessmen are given the
opportunity of submitting proposals for another contract and that in this
case they both assign to the act ‘‘submit the proposal’’ the whole set of
possible consequences and associated probabilities shown in Table 2.3

Table 2.3
Description of Act *“Submit the Proposal®’
Event Consequence Probability
A +$25,000 1
B + 20,000 |
C + 15,000 .1
D + 10,000 .1
E + 5,000 .1
F — 10,000 _é
1.0

Comparison of this table with Table 2.2 shows that the act ‘‘submit’’ is
clearly less desirable in the present example than in the original example,
and consequently the businessman who was hard pressed for cash and
therefore refused to submit the proposal in the original example can
quickly arrive at the same conclusion in the present example; in other
words, he can solve a complex decision problem by referring it to a simple
decision problem in which he can easily see exactly what is at stake. The
choice is by no means so clear for the other businessman, however, and he
will be substantially aided if we can find some systematic technique of
analysis which in effect reduces his complex problem to a simple problem
in which he can see exactly what is at stake. We shall now investigate
the conditions under which the computation of expected monetary value
will be a suitable technique.
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2.2.2 Conditions under Which Expected Monetary Value Is a
Valid Guide to Action

If we think for a moment about what we know about the way in
which businessmen in fact make very simple decisions under uncertainty,
we will realize that whether or not they formally compute expected
monetary value they act in accordance with expected monetary value
when the amounts at stake are not too large. If a businessman believes
that there is 1 chance in 1000 that his million-dollar plant will burn down
during the next year, he may be willing to pay $1500 as a premium for an
insurance policy even though the expected monetary value of his loss if
he does not insure is only $1000; but if the same businessman believes
that he runs a 1-in-1000 chance of suffering $100 worth of damage to his
machinery because of tramp iron in a particular batch of raw material, he
is very likely to be unwilling to pay a cent more than the $.10 expected
value of this loss for insurance against it. Remembering that a cash out-
lay is to be given a minus sign, we see that in the former case he chooses
an act with a monetary value of —$1500 even though the alternative act
has the greater monetary value —$1000 but that in the latter case he
says that he will take the act with expected monetary value —$.10 if the
monetary value of the other act is the least amount lower.

This general kind of behavior is not restricted to situations in which
the monetary values of all possible consequences are negative or at best
zero. A businessman with net assets of $500,000 who must choose
between a deal which is certain to result in a profit of $50 and another
which in his eyes is equally likely to result in a profit of $0 or a profit of
$110 is likely to choose the latter act in accordance with the fact that its
expected monetary value is $55; but if this same businessman is given the
happy opportunity to choose between a deal which is certain to net him
$5 million and another which has equal chances of yielding $0 and
$11 million, he is very likely to take the $5 million.

To sum up: businessmen tend to treat acts which must have one or
the other of just two possible consequences as being ‘‘really worth’’ their
expected monetary value as long as the worst of the two consequences is
not too bad and the best of the consequences is not too good. This
immediately suggests that a businessman who must evaluate an act or
acts with a great number of possible consequences can decide whether or
not he should use expected monetary value as the basis of his evaluation
by looking only at the best and the worst of the consequences and asking
himself whether he would act in accordance with expected monetary
value if these were the only possible consequences. More specifically, it
would seem reasonable for a man faced with a very complex decision prob-
lem to decide whether or not he should take expected monetary value as
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his guide by applying the following very simple

Test for the Validity of Expected Monetary Value as a Guide to Action:
Expected monetary value should be used as the decision criterion in
any real decision problem, however complex, if the person responsi-
ble for the decision would use it as his criterion in choosing between
(1) an act which is certain to result in receipt or payment of a defi-
nite amount of cash and (2) an act which will result in either the best

or the worst of all the possible consequences of the real decision
problem.

Later in the chapter we shall see that the correctness of this rule can be
‘proved’ in the sense that we can show that any person who does not
follow the rule will end up by making choices which in the opinion of
most reasonable people are logically inconsistent.

As an illustration of the application of this rule, let us return to the
businessman who must decide whether or not to submit a proposal for a
contract when the possible consequences of this act are as described in
Table 2.3. The best and worst possible consequences of this act are
+$25,000 and —$10,000; and since the consequence of not submitting
the proposal is certain to be $0, the two consequences previously named
are the best and worst of the entire decision problem. As an initial test,
the businessman can therefore ask himself the following question: ‘‘Sup-
pose that I had to choose between (1) receiving a definite amount of cash
and (2) being awarded a contract such that I assigned probability 14 to
the consequence -+$25,000 and probability 14 to the consequence
—$10,000, making the expected monetary value of the contract $7500.
Would I (a) prefer the contract to the cash if the specified amount of
cash was less than $7500 and (b) prefer the cash to the contract if the
specified amount of cash was over $7500?’> If the answer to this ques-
tion is yes, expected monetary value will almost certainly be a correct
guide to this businessman’s action in his real problem; but in principle he
must go on to ask himself whether he would answer yes to any question
of this type whatever the probability he assigned to the $25,000 profit.
He should, for example, suppose that he had already signed a contract
with probability .1 assigned to the consequence +$25,000 and probability
.9 assigned to —$10,000, so that the expected monetary value of the con-
tract was — $6500, and then ask himself whether in fact he would (a) pre-
fer to pay any amount of cash less than $6500 for a release rather than
perform the contract but (b) prefer to perform the contract rather than
pay any sum greater than $6500 for a release.

If the businessman’s answer to any of these questions is no, a little
common sense is required. Such an answer implies that expected
monetary value will not give an exactly accurate evaluation of any act
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which may result in the $25,000 profit or the $10,000 loss, but this does
not mean that expected monetary value will necessarily lead to the
wrong choice of act. In our example, the expected monetary value of the
act ‘‘submit the proposal’ is +$2500, as shown in Table 2.4, and this is
very substantially greater than the value $0 of the act ‘‘do not submit the
proposal.” If then the businessman feels that he would value a contract
which gave him even chances of 4$25,000 and —$10,000 at only slightly
less than its expected monetary value of +$7500, he can feel quite sure
that the act ‘‘submit the proposal’’ in the real problem is better than an
act which is certain to have the value $0 even though he could not be sure

that it would be better than an act which was certain to have the value
$2400.

Table 2.4
Monetary value
Event Probability

Conditional Expected

A .1 +$25,000 +$2500
B | + 20,000 4+ 2000
C .1 + 15,000 + 1500
D 1 + 10,000 + 1000
E 1 + 5,000 + 500
F .5 — 10,000 — 5000
1.0 +$2500

2.2.8 Delegation of Routine Decision Making

Systematic use of expected monetary value actually simplifies prac-
tical business decisions even more than this example suggests, and for
two reasons.

1. The person who is ultimately responsible for a certain class of
decisions does not have to look at each decision problem individually in
order to decide whether expected monetary value is a proper guide to
action, as we can easily see by considering the decision which had to be
made by the retailer of the example originally discussed in Section 1.1.1.
This retailer will presumably have larger numbers of decisions of exactly
this same kind to make daily, and he can settle the question of the validity
of expected monetary value as a guide to all these decisions once and for
all by simply asking himself how large the worst possible loss and the
greatest possible profit would have to be before he would refuse to use
expected monetary value as a guide in a simple two-consequence problem.
If he has $10,000 of working capital, he may well decide that he would
take expected monetary value as a guide in any inventory-control prob-
lem where the worst possible loss did not exceed, say, $100 and where the
greatest possible profit did not exceed, say, $500. If his preferences are
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of this sort, then a simple statement of policy to this effect will enable his
subordinates to solve virtually all of his stock-control problems without
having to ask him any further questions about the ‘‘value of money,”
while at the same time he can feel absolutely sure that his preferences are
respected.

2. In principle, the person ultimately responsible for a class of risky
decisions must himself evaluate the probabilities or weights which he
himself attaches to the various possible events in any problem, but this
evaluation can also be delegated in the great majority of practical
business problems. In most routine problems the executive would follow
some systematic procedure for assessing these probabilities if he did
assess them himself; and whenever this is true he can delegate the assess-
ment by simply prescribing the assessment procedure or even the general
type of assessment procedure to be used. Thus probabilities may be
assessed in routine inventory-control problems by examining the record
of demand over the past several periods and using this record in some
systematic way; probabilities in routine quality-control problems may
be assessed by standard statistical procedures which we shall study later
in this course, and so forth. __

Once the executive has specified the range of problems within which
he wants to have expected monetary value taken as a guide to action and
the procedures by which probabilities are to be assessed in routine situa-
tions, he will be free to make a careful personal analysis of those problems
where such an analysis is really worth the effort: problems in which the
possible losses and gains are so great that expected monetary value ceases
to be a proper guide to action, and problems in which business judgment

of a kind not expected of clerks and statisticians is required to assess the
probabilities of the events.

2.3 Expected Utility

In the remainder of this chapter we shall study the problem of
choice in situations where the amounts at stake are so large that the test
described in Section 2.2.2 tells the businessman that he should not use
expected monetary value as a guide to action, and we shall see that even
in these situations the businessman can reach a fully reasoned solution of
the most complex problem by deciding how he would want to act in a
number of very simple problems. More specifically, we shall see that his
decisions in the simple problems can be used as the basis for assigning a
utility value to each possible consequence in the real problem and that
once this has been done the real problem can be solved by the mere
mechanical computation of the expected utility of every possible act.

 This means that the only difference between analysis of a problem in
which expected monetary value is a valid guide to action and analysis of
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a problem in which 1t is not is that in the latter case we must replace the
monetary payoff table by a table showing conditional utilities. Once this
has been done, probabilities are assigned to the events in the utility table
exactly as they would be if the table showed monetary values rather than
utilities, and the expected utility of each act is computed from the condi-
tional utilities in exactly the same way that expected monetary value is
computed from conditional monetary values. For this reason we shall
talk exclusively in terms of the more familiar monetary values in all
future chapters, leaving it to the student to remember that in any real
problem he must apply the test of Section 2.2.2 and substitute utilities for
monetary values if necessary. It follows that the remaining sections of

the present chapter can be read just as well at the end of this course as at
the present time.

2.3.1 Owutline of the Method of Analysis

Suppose that the businessman with limited working capital who
refused the contracts described in Tables 2.2 and 2.3 is offered two other
contracts to whose possible consequences he assigns the probabilities
shown in Table 2.5. It is easy to calculate the expected monetary value
of contract M as +$3825 and that of contract N as +$2025, and the
expected monetary value of taking neither contract is obviously $0; but
we assume that the businessman tells us that he would certainly not be
willing to accept any deal in which there was an even chance of making
or losing $9000, and this by the rule of Section 2.2.2 means that expected

monetary value is of no help to him in choosing among the three acts
actually open to him.

Table 2.5
Contract M Contract N
Event Probability Consequence Event Probability ‘- Consequence
A .30 +$9000 Q .25 +$7500
B .45 + 7500 R .60 + 2000
C .25 — 9000 S .15 — 7000
1.00 1.00

If the two contracts offered to the businessman had been those
described in Table 2.6 rather than those described in Table 2.5, his
decision problem would obviously have been much easier. Each of
these contracts has only two possible consequences and these conse-
quences are the same for both contracts; the only difference between the
two contracts is in the probabilities attached to the consequences, and it
is obvious that the more desirable contract is the one with the higher
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probability of obtaining the $10,000 profit. All that the businessman
has to do to make a completely reasoned analysis of this problem and

Table 2.6
Contract X Contract Y
Consequence Probability Consequence Probability
+$10,000 .8 +$10,000 T
— 10,000 .2 — 10,000 .3
.0 .0

reach a decision is to make up his mind whether or not he prefers a cer-
tainty of $0 to the combination of a .8 chance of +$10,000 and a .2 chance
of —$10,000 which he will obtain if he accepts contract X.

We shall now show that the problem of deciding whether to take
contract M, contract N, or neither can be reduced to a number of prob-
lems every one of which is just as simple as the problem of choosing
between contract X and $0 cash certain. To do this we proceed as
follows.

la. We select two reference consequences one of which is at least as bad
as the worst possible consequence in the real decision problem and one of
which is at least as good as the best, invent a number of hypothetical
reference contracts each of which has a specified probability = of resulting
in the better reference consequence and a corresponding probability
(1 — ) of resulting in the worse, and ask the businessman to tell us how
much cash certain is just equivalent in his own opinion to each of these
reference contracts.

1b. We take each possible consequence of the real decision problem
separately and use the businessman’s answers as given in step la to find
the = which would make a reference contract equivalent in his opinion to
this consequence.

2. We use the results of step 1b to find the = which would make a
reference contract equivalent in the businessman’s own opinion to the
whole real contract M and another = which would make a reference con-
tract equivalent to the whole real contract N. Once these two n’s have
been found, the problem of deciding whether to take contract M, con-
tract N, or neither is just as simple as the problem of deciding whether to
take contract X, contract Y, or neither.

T In strict logic, we could ask the businessman directly to tell us the probability
= which would make a reference contract just equivalent to each possible consequence
of the real problem, but it is much easier for the average person to decide how much
he would pay for a gamble with specified probabilities than to find the probabilities
which would make the gamble have some predetermined value.
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2.83.2 Evaluation of Reference Contracts in Terms of Cash

Looking at Table 2.5 we see that —$9000 is the worst of all the
possible consequences in the real decision problem and that +$9000 is
the best, so that these two consequences could be chosen as reference
consequences; but because it is easier to think in terms of round numbers
and easier to multiply by 10 than by 9 we choose instead —$10,000 and
--$10,000.

We are now ready to take the step which allows the businessman to
express his real attitudes toward risk, profit, and loss by considering
problems of the simplest possible form. We ask him a number of ques-

tions all of which are of exactly the same form as the following typical
question:

Assuming that for some reason or another you have already signed

a regular business coniract which in your own opinion has probability

x = 34 of resulting in a $10,000 profit and probability 1 — = = 14

of resulting in a $10,000 loss,

1. Would you prefer to keep this contract if you had the choice or
would you prefer to be released from its terms?

2. If you would prefer to keep it, then for how much cash would you
be willing to sell it?

3. If on the other hand you would prefer to be released, then exactly
how much cash would you be willing to pay for a release?

The second question will be identical to the first except that we ask the
businessman to 1magine that in his own opinion the contract which he
has already signed involves only a 14 probability of a $10,000 profit and
a 14 probability of a $10,000 loss; and the third will again be identical
except that the probability of the profit is 14 and the probability of the
loss is therefore 37. Observe that each of these questions is equivalent
to a number of simple choices between (1) a specified amount of cash
certain and (2) a reference contract with specified probabilities = and
(1 — x) for the two consequences. We assume that if we did ask for a
sequence of such choices keeping the probabilities in (2) constant but
gradually raising the amount of cash in (1), the businessman would
always prefer (2) when the cash was below some critical amount and
would always prefer (1) when the cash was greater than this critical
amount. Equivalently, we assume that if we held the cash constant in
(1) and gradually raised the probability = of the $10,000 profit in (2), the
businessman would prefer (1) when = was below some critical value and
would always prefer (2) when = was above this value.

In Table 2.7 we show the answers which might be given to these
three questions by three different reasonable men, together with the
answers which we assume that any reasonable man would give if he were
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asked to name the cash equivalent of a contract which was certain to
result in a $10,000 loss or certain to result in a $10,000 profit. A minus
sign before the cash value indicates that this is what the person in ques-
tion would pay to be released from the contract; a plus sign indicates that
this i1s the price he would demand before he would sell it.

Table 2.7
Cash Values of Hypothetical Contracts According to
Three Different Businessmen

Probability of Cash equivalent for Mr.

$10,000 profit
T A B C
1 + 810,000 +$10,000 +$10,000
3 — 3,000 + 9,000 4+ 5,000
14 - 7,000 + 7,000 0
14 — 9,000 + 3,000 — 5,000
0 - 10,000 — 10,000 — 10,000

Mr. A in this table represents the hard-pressed businessman whose
problem of choice between contracts M and N we are trying to solve.
Because a $10,000 loss would put his business in an extremely critical
position, he feels that he would rather pay $3000 out of pocket than run
the risk of the $10,000 loss even though he thinks that there is only one
chance in four that this loss will actually occur against three chances in
four that there will be a $10,000 profit. As the chance of the loss becomes
larger and the chance of the profit smaller, Mr. A naturally becomes will-
ing to pay even more to avoid the risk: he will pay $7000 for a release
when the probability of the loss is 14, and when it is 34 he will even pay
$9000 certain rather than run the risk of losing the extra $1000 which
might put him in bankruptcy.

Mr. B has attitudes diametrically opposed to those of the very
cautious and conservative Mr. A; he represents the player of long shots,
the man who feels that even a large loss could not make things much
worse than they are now whereas a large profit would very substantially
improve his whole situation. This attitude is more commonly found
among players of numbers pools and the like than it is among business
executives, but it is perhaps worth pointing out that even the extremely
conservative Mr. A might take this attitude if his misfortunes continued
to the point where he would not be able to meet his next payroll unless
something extremely fortunate happened between now and Friday.
Whatever his motives, Mr. B wants an additional $10,000 so badly that
he would consider a # = 14 chance of making it to be worth as much to
him as $3000 cash certain even though this chance was accompanied by
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a 34 chance of taking a $10,000 loss; by the time = = 34 and (1 — =) is
only 34, he would not sell his chance at $10,000 for less than $9000.
The answers given by Mr. C will serve as a kind of standard of com-
parison. Mr. C represents a businessman well supplied with working
capital who believes in self-insurance against moderate risks, considers
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Figure 2.1. Cash values of various reference contracts.

$10,000 to be in fact a very moderate risk, and is therefore willing to use
expected monetary value as his guide to action in any problem where the
stakes do not exceed plus or minus $10,000. When the chances of a
$10,000 profit and a $10,000 loss are equal, Mr. C does not care whether
he keeps the contract or gives it away; when the probability » of the more
favorable outcome is 34, he would be willing but not eager to sell the
contract for its expected monetary value of $5000; and he would be will-
ing but not eager to pay $5000 for a release if these chances were reversed.

We now try to relieve our businessmen of answering more questions
than absolutely necessary by proceeding in the way shown in Figure 2.1.
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The curve labeled A is constructed by plotting the five cash values shown
in column A4 of Table 2.7 above the five corresponding values of the
probability = and then fairing a smooth curve through the five plotted
points; curves B and C are similarly constructed using the cash values in
columns B and C respectively. If we were really acting as consultants
to Mr. A, we would certainly go on to read from his faired curve some
pairs of values which are nof shown in Table 2.7 and check these values
with our client. Curve A asserts, for example, that Mr. A attaches a
cash value of only $2000 to a reference contract with = = .9, and we
would do well to ask Mr. A whether this surprisingly low cash value
represents his true attitude toward a contract with so high a probability of
yielding a $10,000 profit.

2.3.83 Evaluation of Cash in Terms of Reference Contracts

Obviously we can use a curve like any of the three in Figure 2.1 in
reverse, 1.e. to determine the = which would make a reference contract
just equivalent in the businessman’s opinion to any specified amount of
cash certain rather than to determine the cash equivalent of a reference
contract with a specified ». In Table 2.8 we show the = which n the
opinion of Mr. A would make a reference contract just equivalent to each
of the three possible cash consequences of contract M ; the student should
make sure that he understands what is going on by preparing similar
tables for contract N as evaluated from Mr. A’s point of view and for
both contracts as evaluated from Mr. B’s point of view.

Table 2.8
Description of Contract M

= of equivalent

Event Probability Consequence reference contract
A .30 +$9000 .99
B 45 + 7500 .98
c 25 — 9000 .25
1.00

2.3.} Reduction of a Complex Contract to a Reference Contract

It is now that we bring in the really crucial assumption on which our
method of analysis rests: we assume that since Mr. A has said that he
would be indifferent between receiving any amount of cash shown in the
third column of Table 2.8 and being awarded a reference contract with
the corresponding = in the last column, he would not feel that he had gained
or lost a thing if the terms of the real contract were modified so that in case of
event A he would actually recetve a reference contract with # = .99 instead of
recetving $9000 cash, in case of event B he would actually receive a reference
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contract with m = .98 instead of receiving $7,500 cash, and in case of event C
he would be obliged to sign a contract with # = .25 instead of paying out
$9000 cash.

The ultimate result of this modified contract which we shall call M’
can only be a $10,000 profit or a $10,000 loss, despite the fact that its
outcome will actually be determined in two stages, the first of which
decides which reference contract is awarded to Mr. A while the second
decides the final consequence of whatever reference contract is awarded.
The desirability of the modified contract therefore depends entirely on
the ‘‘over-all’’ probability that it will result in the $10,000 profit, and
this probability is very easy to compute. Let us represent the real event
A by the drawing of a ball marked A from a master urn in which the
proportion of balls so marked is p., and let us represent the reference con-
tract which will be awarded if event A occurs by the right to draw a ball
from a secondary wrn in which the proportion of balls marked ‘‘win
$10,000”’ is 74; and similarly for events B and C and the corresponding
reference contracts. Then making use of the formula obtained in answer
to Chapter 1, Problem 2, we have for the over-all probability of obtaining
the $10,000 profit under the modified contract M’:

TM' = Pama + PewB + Pore;
or substituting the numerical values as read from Table 2.8:

30 X .99
+.45 X .98
+.25 X .25

= .80

It is left to the student to show that the corresponding over-all prob-
ability of obtaining the $10,000 profit under a modified contract N’
equivalent in Mr. A’s opinion to real contract N is ny- = .86.

Since contract M’ has only probability .80 of yielding the $10,000
profit while contract N’ has probability .86, and since the businessman
thinks that M’ would be equivalent to the real contract M and N’ to N,
he should clearly prefer real contract N to real contract M. Roughly
speaking, a $9000 loss is so serious in the eyes of Mr. A that a 1-in-4
chance of such a loss outweighs the fact that the profit potential of M is
much better than that of N. Mr. A could now reach a final decision by
using his judgment to compare contract N with ‘‘do nothing,’”’ but he has
already given us his judgment in curve A: the curve shows that in his
opinion the consequence $0 is equivalent to a reference contract with
= = .85 and therefore is slightly inferior to contract N.

Our conclusions can also be expressed in terms of the ‘“real’ cash
value of each alternative for Mr. A—not its ‘“‘expected’ cash value.
Curve A shows that a reference contract with = = .86 is equivalent in
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Mr. A’s opinion to about +$200 cash certain; and since .86 is the prob-
ability of earning the $10,000 profit under contract N’, +$200 is the cash
equivalent of contract N despite the fact that its ‘‘expected’’” monetary
value 1s +$2025. In the same way we find that contract M is worth
—$1700 to Mr. A despite the fact that its expected monetary value is
+8$3825.

2.3.56 Utility

At the beginning of this section we said that when expected monetary
value was not a valid guide to action the person responsible for a decision
could always find a valid guide by assigning utility values to the various
possible consequences of his acts and then choosing the act with the
highest expected utility. We shall now see that this is simply another
way of describing the calculation of the #’s of modified contracts such as
M’ and N’.

To analyze any decision problem in terms of utility, we must start by
choosing two numbers to represent the utility values of the two reference
consequences. The number assigned to the better consequence must
be larger than the number assigned to the worse, but otherwise we are
free to choose as we please. To show why this is so, we shall work with
two different scales simultaneously:

1. We define scale I by saying that the utility of a $10,000 loss is
0 utiles and that the utility of a $10,000 profit is +1 utile;

2. We define scale II by saying that the utility of a $10,000 loss is
— 10,000 utiles and that the utility of a $10,000 profit is 410,000 utiles.

Once we have defined a utility scale by defining its end points, it is
easy to compute the expected utility of a reference contract with any speci-
fied #. Asshown in Table 2.9, the utility of such a contract is = utiles on

Table 2.9
Expected Utility of a Reference Contract
Utility on scale I Utility on scale II
Conse- Proba-
ilit "y
sequence bility Conditional Expected Conditional Expected
+$10,000 T +1 +1x +10,000 +10,000x
—$10,000 (1 — =) 0 0(1 — =) —10,000 —10,000(1 — )
1 T —10,000 + 20.000x

scale I or (—10,000 + 20,000x) utiles on scale II.

The next step is to assign a utility value to every possible conse-
quence of the real decision problem by saying that if a man is indifferent
between a specified consequence and a reference contract with some particular
w, then the utility of that consequence is equal to the utility of that reference
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contract. In Table 2.10 we show the utilities which Mr. A should assign

to the possible consequences of contract M, reading the value of = for
each consequence from Table 2.8.

Table 2.10
Conditional Utilities to Mr. A

Conditional utility

Event Consequence
Scale I Scale 11
A +$9000 .99 —10,000 + 20,000(.99)
B + 7500 .98 —10,000 4 20,000(.98)
C — 9000 .25 — 10,000 + 20,000(.25)

Finally, in Table 2.11 we compute the expected utility of contract M
to Mr. A by applying the standard rule for taking the expectation of a set
of conditional values (Section 2.1): multiply each conditional value (as
read from Table 2.10) by its probability and add the products.

Table 2.11
Expected Utility of Contract M to Mr. A
Event Probability Expected utility Expected utility
on scale I on scale 11
A .30 .30 X .99 —10,000(.30) 4 20,000(.30 X .99)
B .45 .45 X .98 —10,000(.45) 4+ 20,000(.45 X .98)
C .25 .25 X .25 —10,000(.25) 4+ 20,000(.25 X .25)
1.00 .80 —10,000(1) + 20,000(.80)

Observe now that the .80 which appears in the expected utility on
either scale 1s exactly the same sum of products which gave us the probabzlity
mar that the modified contract M’ would result in the $10,000 profit. 1f we
computed the expected utility of contract N, it would come out in a form
identical to that of the expression for the utility of M ; the only difference
would be that the number .80 would be replaced by =y = .86. Observe
next that the higher this probability number which appears in the expression
for the expected utility, the greater the numerical value of the expected utility.
Since we have already seen that a reasonable man should choose the
real act or contract whose corresponding modified contract has the

highest probability of resulting in the better reference consequence, it
follows immediately that

A reasonable man should always choose the act with the greatest
expected utility.
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2.3.6 The Interpretation of Utility

In a certain sense analysis of a problem in terms of conditional and
expected utilities rather than in terms of modified contracts enables us to
gain a better feeling for the reasons behind a given person’s preferences,
but unless we are very careful this feeling will do our real understanding
more harm than good.
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Figure 2.2. Utilities of various cash consequences.

Let us look first at the advantages to be gained from the use of the
concept of utility. In Figure 2.2 we show the utilities of all possible con-
sequences between —$10,000 and +$10,000 for Messrs. A, B, and C as
computed by reading from Figure 2.1 the = of the reference contract
which is equivalent to each consequence and then applying the formulas

U=~ Scale 1
U = —10,000 + 20,000~ Scale IT

Looking at curve A we can ‘‘explain’ Mr. A’s extremely cautious attitude
toward all risky contracts by observing that moving any given distance
to the right of 0 on the horizontal axis increases his utility by much less
than moving a corresponding distance to the left decreases it—a profit of
any specified amount increases his utility by less than a loss of the same
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amount decreases it. For Mr. B, on the contrary, the situation is just
the reverse: a profit of any given amount increases his utility by more
than a loss of the same amount decreases it; while for Mr. C a dollar lost is
worth neither more nor less than a dollar gained.

Now it is true that most people will actually think in terms much
like these when they are deciding how to evaluate risky acts. A person is
likely to say that he would prefer $1 million certain to a 50-50 chance of
$2 million or nothing because he would be almost as well off with $1
million as with $2 million and ‘‘therefore’ the chance at the extra million
is not worth the risk of losing the first one. Similarly a person who buys
life insurance despite the fact that the premium is always larger than the
expected monetary value of the benefits by the amount of the insurance
company’s costs and profits will explain his action by saying that the
dollars he now uses to pay the premium are worth much less to his family
than the dollars which would be paid as benefits in case of his death.

We must be very careful, however, not to lose sight of the fact that
all utilities are and must be evaluated by looking at particular types of
risky acts or reference contracts and that a person may well have one
attitude toward risk in one situation and a quite different attitude in a
different situation. The businessman who decided to submit the pro-
posal under the conditions described in Table 2.2 is in effect betting
$10,000 against $25,000 in a situation where he thinks that he has an even
chance of winning his bet; but the same businessman might flatly refuse
to make the same bet on the toss of a coin even though he was absolutely

convinceld that the coin was fair and therefore that he had an even chance
of winning the bet.

Curves like those shown in Figure 2.2 do nof purport to represent the
“value of money’’ as such; they reflect an indecomposable mixture

of attitude toward risk, profit, and loss in a particular kind of
situation.

Finally, we warn the student emphatically against two common

interpretations of the meaning of utility which are totally false.
"~ First, the utilities of two separate consequences cannot be added to
obtain the utility of both consequences together—the utility of an apple
plus an orange is usually not equal to the utility of an apple plus the
utility of an orange. All that is required to understand this assertion is
to look at curve A or B in Figure 2.2, observe that the utility of a $10,000
profit is not equal to twice the utility of a $5000 profit, and remember the
reason why.

Second, we cannot use curves like those in Figure 2.2 as the basis for
an assertion that any given consequence is worth less or more to one man
than to another if by this we mean that one of the two men ‘‘really
needs’’ the money more than the other or that the money will do more
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‘““real good’’ to one man than to another; nor can we say for example that
because a loss of $10,000 would reduce Mr. C’s utility by only .5 utile on
scale I while a profit of $10,000 would increase Mr. B’s utility by .85 utile
on this same scale, therefore there would be a net social gain if Mr. C were
taxed $10,000 and the proceeds handed over to Mr. B. All that we can
say on the basis of curves like those of Figure 2.2 is that one man will want
to behave differently from another when faced with choices under uncer-

tainty. Ethical and social issues cannot be handled by the methods we
shall use in this course.

2.3.7 Proof of the Rule for Use of Expected Monetary Value

One interesting by-product of our study of utility is the fact that it
permits us very easily to prove the correctness of the rule which we gave
in Section 2.2.2 for testing whether expected monetary value would be a
correct guide to action in a given complex decision problem. What we
shall show is that a person who chooses the act with the highest expected
monetary value when this rule tells him to do so will necessarily choose
the act with the highest expected utility; the student will follow the argu-
ment more easily if he first observes that the utility which Mr. C assigns
to any consequence on scale II is numerically equal to the monetary value
of the consequence and therefore that the expected monetary value of
any act involving these consequences will be numerically equal to its
expected utility on scale II.

Letting $W denote the monetary value of the worst possible conse-
quence of any complex decision problem and $B that of the best, the rule
given in Section 2.2.2 said in effect that expected monetary value would
be a valid guide to action if and only if the person responsible for the
decision would use this guide in simple problems involving a choice
between (1) a specified amount of cash certain and (2) a reference con-
tract which would result with probability = in $B and with probability
(1 — #) in $W. Such a person is saying that for him the cash equivalent
of the reference contract is given by the formula

$W{(1l —x) + $B .

Since the choice of the end points of a utility scale is always arbitrary,
this person can always choose a scale in which the number W without the
dollar sign represents the utility of the consequence whose monetary value
is $W and in which the number B represents the utility of the consequence
whose monetary value is $B. On this scale the utility of the reference
contract and therefore of its cash equivalent is by definztzon

W1 — 7)) + Bm,

and we conclude that a person who values all reference contracts at their
expected monetary value can always find a utility scale such that the
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utility of every consequence between the reference consequences is
numerically equal to the monetary value of the consequence and there-
fore such that the expected ulility of any act involving consequences within
this range 18 numerically equal to the expected monetary value of the act. By
choosing the act with the highest expected monetary value, such a person
automatically chooses the act with the highest expected utility.

2.4 Profits in the Long and the Short Run

2.4.1 The Destrability of Looking Ahead

There is one very serious deficiency in our discussion of the problem
of decision under uncertainty which must at least be pointed out before
we close this chapter. We have discussed every decision problem which
we encountered as if it existed n vacuo and could be rationally analyzed
without giving any thought whatever to any other problem which the
businessman was facing concurrently or which he would have to face
later on. That analysis of this sort can easily lead to completely unsound
results will now be illustrated by a simple example.

Suppose that Mr. C of Section 2.3 has total assets of exactly $25,000
cash and that it is completely impossible for him to raise any additional
capital during the next month. Suppose further (1) that Mr. C is offered
the opportunity of participating immediately in a deal which in his
opinion is equally likely to result in a profit of $8000 or a loss of $7000,
and (2) that at the same time he is definitely informed that one month
hence he will be given the opportunity of investing $20,000 in another
deal which in his opinion is equally likely to result in a net profit of $3000
or a net loss of $2000 regardless of the outcome of deal I.

Since Mr. C acts in accordance with expected monetary value, he
will accept deal I if he looks at this deal by itself. It is obvious, however,
that Mr. C should not look at deal I by itself, since taking this deal
involves a risk that he will end up with only $25,000 — $7,000 = $18,000
cash and thus be unable to participate in the very attractive deal II.
The two deals must be considered as parts of a single decision problem
and we must look at the ultimate rather than the tmmediale consequences
of the two possible immediate acts ‘‘accept deal I’ and ‘‘refuse deal 1.”

The first step in analyzing this two-stage decision problem is to ask
what Mr. C will do at the time the second deal becomes available—the
reason for settling this question first, before looking at deal I, is that when
Mr. C gets to the point where he will actually have to make up his mind
about deal I he will have only a single deal left to analyze. The expected
monetary value of this deal will be 14$9000 — 14$2000 = +$3500, and
since Mr. C is guided by expected monetary value it follows that he wll
varticipate in deal 11 if his assets at the time the deal becomes available are
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suffictent to permit him to do so. With this definite result available, we
can now go on to make a really correct analysis of the possible conse-
quences of the two possible acts which Mr. C may take in regard to the
first deal.

Refuse Deal I. 1f Mr. C refuses deal I, the ymmediafe consequence
of this act is certain to be $0; but it is also certain that Mr. C will have
sufficient assets to participate in deal 1I when the time comes, and we
have already seen that this means that he will participate. The act
‘““refuse I”’ thus has two possible ultimate consequences, the +$9000 and
—$2000 which may result from deal II.

Accept Deal I. If Mr. C accepts deal I, there are obviously two
possible immediate consequences, +$8000 and —$7000; but to find the
ultimate consequences of this act we must again look ahead. (1) If Mr. C
loses $7000 on deal I, he will not have sufficient assets to participate in
deal II and therefore he will be left with his $7000 loss unaltered. In this
case the ultimate consequence of the immediate act is the same as its
immediate consequence. (2) If Mr. C makes $8000 on deal I, he will be
able to participate in deal II and we already know that this means
that he will in fact participate. If then deal I1I results in a loss of $2000,
the ultimate consequence of having participated in deal I will have been
4+ $8000 — $2000 = +$6000; if deal II results in a profit of $9000, the
ultimate consequence of having participated in deal I will have been
+$8000 4+ $9000 = 4$17,000. The act ‘“‘accept I” thus has alto-
gether three possible wultimate consequences: —$7000, -+ $6000, and
+$17,000.

Having listed the possible ulttmate consequences of the two acts
between which Mr. C must choose immediately (‘‘ refuse I’ and ‘“accept
1’"), we are ready to compute the expected ultimate monetary value of each
of these two acts.

Refuse I. Since the ultimate consequences of this act depend only
on the event of deal II, their probabilities are simply the probabilities
already assigned by Mr. C to the two possible events of deal II. In
other words, the expected ultimate monetary value of the act ‘‘refuse 1’
is the same as the expected immediate monetary value of ‘‘accept 1I,” or

15(+$9000) + 15(—$2000) = +$3500.

Accept I. To find the expected ultimate monetary value of the
immediate act ‘“‘accept I,”” we must compute the probabilities which
Mr. C should assign to these three possible ultimate consequences. That
the probability of —$7000 is 14 follows directly from Mr. C’s assignment
of this probability to the immediate loss of $7000 on deal I. The other
two consequences correspond to ‘‘winning’’ on deal I and then either
‘““losing’’ or ‘““winning’’ on deal II, and their probabilities can be com-
puted as 14 each in the same way that in Sections 1.5 and 1.6.1 we showed



46 The Problem of Decision under Uncertainty

24.1

that the events ‘‘heads followed by heads’” and ‘‘heads followed by

tails"” on two successive tosses of a coin each had probability 14.

Using

these probabilities we can then compute the expected ultimate monetary
value of the act ‘“accept I’ to be +$2250 as shown in Table 2.12.

Although the expected immediate monetary value of ‘“‘refuse I is
$0 against 15$8000 — 15$7000 = $500 for “accept I,”” the expected
ultimate monetary value of ‘“‘refuse I” is $3500 against $2250 for
‘“accept I,”” and Mr. C should clearly refuse deal I.

Table 2.12
Expected Ultimate Monetary Value of ‘“‘Accept I”

Ultimate monetary value

Event Probability
Conditional Expected
—$7000 on 1 s —$ 7,000 —$3500
+$8000 on I, —$2000 on II 34 + 6,000 -+ 1500
+$8000 on I, 489000 on II A + 17,000 + 4250
1 +$2250

Our understanding of this two-stage decision problem can be aided
by stating it graphically in the form of Figure 2.3. Any path traced
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from the extreme left of this chart to the extreme right represents a
possible sequence of choices and events or consequences. Two paths are
barred off at the point ‘‘refuse II”’ because we have shown that Mr. C
would not want to refuse deal II if he had the choice. The probabilities
shown in parentheses next to the branches representing events or immedi-
ate consequences are those assigned directly by Mr. C; the probabilities
shown next to the wultimate consequences are computed from those
assigned directly by Mr. C.

2.4.2 Utility and the Limitations of Human Capacity

It thus appears that to make a really complete analysis of even the
smallest and simplest decision problem, the businessman would have to
start by laying out on a chart like Figure 2.3 every possible choice and
every possible immediate consequence of every possible act in every
decision problem he has or ever will have to face, and he would have to
assign a probability to every immediate consequence on this chart. The
next step would be to assign a wutility to every possible ultimate conse-
quence, and here the businessman would run into a problem which we
did not encounter in our simple example. In that example we tacitly
assumed that Mr. C would have no need of money for his personal use or
for that of his stockholders before the time at which deal II would be
completed, and therefore the ultimate consequences could be described
very simply in terms of the total assets which Mr. C would have as of the
time of completion of deal II. In real business problems, the ultimate
consequences are the stream of dividends and distributions of capital
which the company pays to its owners over its whole life; and since a
dividend of $10 ten years hence is not in general equivalent to ten annual
dividends of $1 each, the utility assigned to each ultimate consequence
would have to depend on its date as well as its amount.

Quite obviously no one proposes or ever will propose an analysis of
this sort, but it is only by seeing what would be involved in such an
analysis that we can really understand either the objectives which we
should have before us in making any analysis or the real meaning of the
utilities which are assigned as part of these analyses.

1. While there is usually something to be gained by extending the
scope of an analysis, such an extension always adds appreciably to the
cost of the analysis and at some point a balance must be struck. The
judgment required to strike a reasonable balance can be acquired only by
some actual experience with the benefits to be gained from multistage
analysis and some actual knowledge of the costs likely to be involved, and
it is probably true that the average businessman both underestimates the
gains and overestimates the costs. Although we must learn to walk
before we run and therefore must devote most of our time in this intro-
ductory course to the analysis of single-stage problems, we shall pay some
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attention to multistage problems and at least suggest the remarkable
results obtainable with modern computing equipment.

2. The assignment of utilities to ‘‘immediate’’ rather than ‘‘ulti-
mate’’ consequences is actually an expression of the businessman’s best
guess at what would be shown by the missing part of the analysis. When
the businessman says that he is willing to use expected monetary value
as a guide to action in a particular problem, he is usually saying that the
amounts at stake are so small that in his judgment no possible outcome of
the decision can noticeably affect his ability to make profits in the future
and therefore he will choose the act with the greatest immediate expected
profit. When on the contrary he assigns utilities like those of Mr. A, he
is really saying that in his judgment his long-run expected profit is
increased by playing it safe until he has built up greater financial
strength and therefore he will choose an act whose immediate expected
profit is less than that of some other, riskier act.

PROBLEMS

A. Problems on Expected Monetary Value

1. Assuming that the retailer of the example discussed in Section 1.1.1 has decided
to use expected monetary value as his criterion of choice in any problem where the
greatest possible loss does not exceed $50 and the greatest possible profit does not
exceed $100, and assuming that he assigns to the events of Table 1.1 the probabilities

shown in Table 2.13, how many units should he stock and what is his expected gross
profit?

Table 2.13
Event
(number demanded) Probability
\ %0
1 350
2 %0
3 2%0
4 340
S or more }ﬁ
1

2. a. A roulette wheel of the kind used at Monte Carlo has 37 numbered posi-
tions on which one may bet. Those who bet on the winning number get back their
bets and 35 times as much in addition. What is the value to the house of a 1000-franc
bet on number 17?

b. Of the 37 positions, 18 are red, 18 black, and 1 green. A player can bet on red
or black but not green. Those who bet on a winning color get back their bets and an
equal amount in addition. What is the value to the house of a 1000-franc bet on red?

c. ‘“There is little possibility of the exercise of skill in roulette, though a certain
judgment is advisable in betting; it would, for example, be unwise to place a bet on red
and also on the number 17, which is black, for if one bet wins the other must lose.”
(Encyclopedia Britannica, edition of 1953, s.v. “Roulette.”’) Discuss.

3. A company has $100,000 available to invest in a new plant. If business
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conditions continue as they are, the investment will return 10 per cent, but if there is a
mild recession, it will return only 2 per cent. Alternatively the money can be invested
in government bonds for a sure return of 3 per cent. What probability must manage-
ment assign to a recession to make the two investments have the same expected
monetary value?

B. Problems on Utility

4. Verify the assertion in Section 2.3.4 that .86 is the probability of obtaining
the $10,000 profit under the modified contract N’ which i8 equivalent in Mr. A’s
opinion to the real contract N.

5. Show that in the contracts M’’ and N'’' which in Mr. B’s opinion are equiva-
lent to M and N the probabilities of obtaining the $10,000 profit are respectively .48
and .27. Explain in nontechnical language why the probability is greater under M’
than under N’ when the probability under Mr. A’s M’ was smaller than under N’.

6. a. What are the true cash equivalents of contracts M and N for Mr. B?

b. What are their expected utilities for Mr. B on scales I and II?

7. By subtracting an appropriate constant amount from every one of Mr. A’s
scale-I11 utilities it is possible to define a third scale such that the utility of $0 is 0
utiles.

a. Make a rough graph showing the utility of every consequence from —$10,000

o +$10,000 on this new scale.

b. Compute the expected utility of contracts M and N for Mr. A on this new
scale.

c. Show that the relative ratings of the acts ‘“take M,”’ ‘“take N,” ‘““take neither’’
are exactly the same on this new scale as they were on scale II.

8. Mr. A is presented with a deal which in his opmxon has proba.bxhty 24 of
resulting in a $10,000 profit but probability 4 of resulting in a $10,000 loss.

a. Show that Mr. A should refuse the deal.

b. Suppose that five people with utility curves exactly like Mr. A’s all assign the
same probabilities to the possible consequences of this deal. Show that if they agree
to share the profit or loss equally, the deal becomes attractive for all of them.



CHAPTER 3

Random Variables and Probability Distributions

3.1 Random Variables

In Chapter 1 we saw that the first step in the analysis of a problem
of decision under uncertainty is always to draw up a list of mutually
exclusive and collectively exhaustive events. In this chapter we shall
introduce the important concept of a random variable which assigns a
‘“value’ to an event and is often more convenient to work with than the
event itself, and we shall then see how the probabilities assigned to the
possible values of a random variable may be laid out systematically in a
probability distribution.

Suppose that a manufacturer is about to manufacture a cylindrical
shaft, that he intends to use go and no-go gauges to check both the diam-
eter and the length of the finished piece, and that we wish to use every bit
of information supplied by the gauging to describe the outcome of this
‘““¢rial.” If we let g, u, and o respectively denote that the diameter is
good, undersize, or oversize, and if we let G, U, and O convey the same
information for the length, we can say that the possible events of this trial
are the nine which are listed in the first column of Table 3.1. In the

Table 3.1
Event Probability

9G .55
gU .07
g0 .03
uG@ .10
wU .08
u0 .02
oG .05
oU .04
o0 _-06

1.00

second column of the table probabilities have been assigned to each of
these events for use in our further discussion; these probabilities are com-
pletely arbitrary except that they add to 1 as all good probabilities must—
how they were assessed is irrelevant for our present purpose.

Suppose now that it will cost the manufacturer $1 to rework either
50
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an oversize diameter or an oversize length and that it will cost $4 to
replace a piece which is undersize and must therefore be scrapped. Since
we are looking only at costs incurred after the original piece has been pro-
duced and inspected, we can say that the cost due to a good piece will
be $0.

These statements suffice to assign a value to every elementary event
in Table 3.1. The value $0 is assigned to the event gG, the value $1 to
the events oG and g0, the value $2 to the event 00, and the value $4 to all
other events. The probability of each of these four values is obtained in
exactly the same way that we obtained the probabilities of compound
events in Chapter 1, by adding the probabilities of the corresponding ele-
mentary events; the results are shown in Table 3.2.

Table 3.2
Value Elementary events Probability
$0 gG .55
1 oG, g0 .08
2 o0 .06
4 All others .31

1.00

Monetary values are not the only interesting values which may be
attached to events. In our example, the manufacturer may be interested
not only in costs but in the amount of raw material which will be used in
manufacturing replacements for pieces which cannot be reworked and
must be scrapped. Suppose that it takes .3 pound of bar stock to manu-
facture one piece: if we recall that a piece which is undersize in either
dimension must be scrapped, we see that a ‘‘ value’ of .3 pound is attached
to the events gU, u@, wU, 40, and oU of the list in Table 3.1 while the
value 0 pound is attached to all the other elementary events. Adding
the probabilities of these two groups of elementary events we obtain the
probabilities for the two possible values of the quantity ‘“amount of raw
material’”’ shown in Table 3.3.

Table 3.3
Value Probability
0 pound .69
.3 pound .31

1.00

Quantities such as cost and amount of material in these two examples
are known as random variables; in general, we define

Random wvariable: any quantity which has a definite value corre-
sponding to every possible event.
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A list of the possible values of a random variable can be regarded as being
simply a list of elementary and/or compound events defined in a special
way; but it is important to realize that while a particular value of a
random variable can always be regarded as an event, it is not true that all
events can be regarded as values of random variables. First, the values
of a random variable have a meaningful order whereas events like those of
Table 3.1 do not. ‘“More than $1’’ makes sense but ‘‘more than gU”’
does not. Second and much more important, the concepts of average
value and expected value have meaning when applied to a random variable
but not when applied to events in general. We have already applied
these concepts to monetary random variables in Chapter 2, and in
Chapter 5 we shall see that they apply to all random variables without
exception.

Observe on the other hand that the existence of a meaningful order
and a meaningful average or expected value are the only properties which
we require of the ‘‘values’’ of a random variable. If the manufacturer of
our example is interested in the quality of the work done in his shop as
measured by the number of individual defects produced, we may con-
sider ““number of defects’’ a random variable describing the outcome of
each trial (each piece produced) even though we have attached no eco-
nomic worth to a defect and even though the economic worth of one
defect may be quite different from that of another. The probability dis-
tribution of this variable is shown in Table 3.4.

Table 3.4
Value of t.he Elementary Probability
random variable events
0 4G .55
1 gU, ¢0, u@, oG .25
2 All others .20
1.00

Observe also that in many cases the value of a random variable may
be identical to the natural description of an event. If the manufacturer
had measured his pieces instead of using gauges, an ‘‘event’’ would
have been described by a pair of numbers—e.g., diameter 1.23 inches,
length 2.07 inches. These two numbers can equally well be regarded as
‘““values’ of two random variables ‘‘diameter’’ and ‘‘length,” and we
shall ordinarily so regard them. In just the same way we can regard the
various possible events in the inventory problem described in Table 1.1
as values of the random variable ‘‘demand.”’
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3.2 Probability Distributions and Frequency Distributions

A table like Tables 3.2 through 3.4 which assigns a probability to
every possible value of a random variable is called a probability distribu-
tion of that random variable. Since by the definition of a random
variable every possible elementary event corresponds to some value of the

variable, the sum of the probabilities in any probability distribution must
be 1.

3.2.1 Assessment of Probability Distributions

Although a random variable is defined in terms of values attached to
the elementary events of a trial, it is not to be assumed that the prob-
ability distribution of a random variable must necessarily be assessed by
first assigning probabilities to elementary events and then adding the
probabilities of a number of elementary events to obtain the probability
of each value of the variable as we did in the examples of the previous
section. It has already been pointed out that in some cases a random
variable will attach a different value to each elementary event (e.g., the
random variable ‘‘demand’ in the inventory example), so that there is
only a verbal difference between assigning probabilities to elementary
events and assigning probabilities directly to the possible values of the
random variable. Later in the course we shall see that even when each
value of a random variable does correspond to a large number of ele-
mentary events, it is often better to proceed by using our experience to
make a direct assessment of the distribution of two or more random
variables and then to use these distributions to compute the probabilities
of the elementary events if they are needed in the problem at hand.

Whenever probabilities are assigned directly to the values of some
random variable, we shall refer to this variable as a basic random variable
in order to distinguish it from other random wvariables which may be
involved in the same problem. Suppose, for example, that a can of coffee
is to be filled by an automatic machine and that a loss will be incurred if
either more or less than 1 pound of coffee is put into the can. What we
really want in such a problem is a probability distribution for the random
variable ‘‘loss,”’” but the most effective way of using our experience may
well be to start by assessing the distribution of the random wvariable

‘““weight.”” If we do proceed in this way, ‘‘ weight’’ is the basic random
variable of the problem.

3.2.2 Frequency Distributions

The probabilities which a reasonable man assigns to the values of a
basic random variable will often (though by no means always) be largely
if not wholly determined by consideration of the relative frequencies with
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which these values have occurred in past trials. To continue with the
example of the coffee, suppose that the net weight of the coffee in each of
the last 50 cans filled by the machine has been determined to the nearest
1{00 pound with the results shown in the first two columns of Table 3.5.
By dividing the number of occurrences of each value by the total number of
treals we obtain the relative frequencies of each value as shown in the last
column of the table.

Table 3.5
Value of the Number of Relative
random variable occurrences frequency
.98 2 .04
.99 6 .12
1.00 7 .14
1.01 10 .20
1.02 9 .18
1.03 8 .16
1.04 5 .10
1.05 3 .06
50 1.00

The first and last columns of Table 3.5 together constitute a frequency
distribution of the random variable ‘“weight,”” and in general any com-
plete list of the relative frequencies of all the values of any random vari-
able will be called a frequency distribution. Since it is only in relative
frequencies that we are interested, the word ‘‘relative’” will often be
omitted in future discussions: ‘‘frequency’” will always mean relative
frequency. Observe that the total of the frequencies in a frequency dis-
tribution must always be 1, just as the total of the probabilities in a
probability distribution must always be 1.

Now a frequency distribution like the one shown in Table 3.5 is most
definitely not in itself a probability distribution for the random variable
‘“weight’’ on the next trial. If, however, we have no other information
about the can-filling process which we consider to be of any real importance,
we may decide to assign probabilities which are numerically equal to the
relative frequencies shown in Table 3.5. In other words, we may decide
on the basis of the evidence summarized in Table 3.5 that we would be
indifferent between the right to receive a certain prize if the next can
weighs .98 pound and the right to receive the same prize if a particular
ball is drawn in a ‘‘standard lottery’” with 25 balls in the urn. In
Chapter 6 we shall return to this subject and look at some of the questions
we should ask before actually proceeding in this way, particularly when
the available frequency distribution is based on only a few trials.
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3.3 Graphic Representation of Distributions

Our thinking about a probability or frequency distribution can often
be considerably clarified if we represent the distribution graphiecally, and
in Chapter 6 we shall also see that graphical representation is often of
considerable help when we try to assess a probability distribution ration-
ally. Frequency distributions and probability distributions can both be
represented by exactly the same devices; we shall use the frequency dis-
tribution of Table 3.5 as an example.

One form of graphic representation is shown in Figure 3.1. The

24
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Figure 3.1
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horizontal axis shows the various values of the random variable; the
height of the vertical line at any particular value represents the frequency
with which that value occurs.

Another form of representation is shown in Figure 3.2, where the
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~ Volue of the random variable

Figure 3.2

frequency of each value of the variable is shown by the height of a point
and the points are then joined by straight lines. Since values of this
variable other than .97, .98, .99, etc., are meaningless—the measurements
were made to the nearest 14909 pound—the lines have no meaning except
at those points; in between, they serve simply as guides to the eye.
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Hzistograms. Frequencies or probabilities can be represented by
areas as well as by heights, and the histogram of Figure 3.3 is such a
representation for the data of Table 3.5: the frequency of each value of
the random variable is represented by the area of the bar centered on that
value. A great many problems which we shall encounter later in the
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Figure 3.3

course will be far easier to understand if we visualize probability distribu-
tions in terms of histograms than if we visualize them in any other way,
and we therefore advise the student to pay close attention to the rules
which we shall now give for the construction and interpretation of graphs
of this sort even though these rules may seem needlessly complex at the
moment.

Observe first that the edges of the bar for any value of the variable
in Figure 3.3 are halfway between the location of that value and the
adjacent values of the variable. Thus the edges of the bar for the value
1.02 are located at 1.015 and 1.025. This means that the width of this
bar can be taken as 1.025 — 1.015 = .01, and in general the width of any
bar in any histogram can be taken as equal to the difference between two suc-
cessive possible values of the variable.

Now since it is the area of a bar which represents the frequency or
probability of the corresponding value of the variable, and since the area
of a bar 1s equal to its width times its height, we must interpret the height
of a bar as showing frequency or probabzlity per unit width. In Figure 3.3
the height of the bar for the value 1.02 of the variable can be read as 18 on

the vertical axis; the width of this bar is .01 as we have already seen; and
therefore

Area = frequency = 18 X .01 = .18
in agreement with Table 3.5. It 7s exactly this trick of interpretation

which will make the use of histograms so useful a little later on, and we urge
the student to fix it firmly in his mind,
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3.3.1 Grouped Distributions

When a random variable has a very large number of possible values,
it becomes bothersome to tabulate or graph all the small individual fre-
quencies occurring in a historical frequency distribution, and often we
find ourselves forced to deal with historical data in which some of this
detail has been suppressed. We may be presented, for example, with a
historical record of daily sales in which the possible values of the variable
have been grouped into ‘‘brackets’ and the frequencies of all values
within each bracket have been added together as in Table 3.6. We
shall also see later on that even when the full detail of a frequency or

Table 3.6
Relative
Sales frequency
55—-59 .05
60—64 .09
65—69 .18
70-74 .27
75-79 .21
80-84 .14
85—89 ﬁ
1.00

probability distribution is given to us, the labor involved in many calcula-
tions can be materially reduced with little or no loss of accuracy by group-
ing the distribution in this way before performing the calculations.

By far the best graphical representation for a grouped distribution is
a histogram, since the grouping into brackets can be directly represented
by the widths of the bars. A histogram for the data of Table 3.6 is shown
in Figure 3.4. The bar representing the frequency of sales from 55 to
59 units inclusive is represented by a bar with its left edge at 54.5 and its
right edge at 59.5—the bar covers exactly the same interval on the horizontal
axis which would have been covered by the individual bars for the values in
question. The width of this bar is thus 59.5 — 54.5 = 5 units, and since
its area is .05 by Table 3.6 it has been drawn with a height of .05/5 = .01.

Similarly the frequency of values from 60 to 64 units inclusive can be read
from the graph as

Area = frequency = height X width = .018 X 5 = .09.

3.4 Cumulative Distributions

We are often interested, not in the frequency or probability of an
individual value of a random variable, but in the frequency or probability
of all values less than some specified value or of all values greater than some
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specified value. In the example of the cans of cofiee which were sup-
posed to contain exactly 1 pound, we may want to know the probability
that the next can will contain less than 1 pound or the probability that it
will contain more than 1 pound. For other purposes we may want to
know the probability that a variable will be equal fo or less than some
specified value or that it will be equal to or greater than the specified value.

.06

o
o

o
H

o
M)

Frequency per unit width
@)
Ol

o

OLA, . , — _
0 50 55 60 65 70 75 80 85 90 95
Value of the rondom variable

Figure 3.4

Cumulative frequencies or probabilities of this sort are computed
from individual frequencies or probabilities in a way which is perfectly
obvious. In the example of Table 3.5, the frequency of values equal to
or less than .98 is simply the frequency of .98 itself, or .04. The fre-
quency of values equal to or less than .99 is the frequency of .98 plus the
frequency of .99 or .04 4+ .12 = .16. Proceeding systematically in this
way we can compute the complete cumulative distribution of this random
variable with the results shown in Table 3.7, where the individual fre-
quencies are repeated from Table 3.5 for the student’s convenience.

3.4.1 ‘“Tail Areas”

Graphically, the frequency or probability of a specified value or less is
represented by the total area of all bars of a histogram starting from the
extreme left and continuing up to and including the bar representing the
specified value. This area will frequently be called the area of the left
tail of the distribution; the corresponding right-tail area represents the
frequency of values greater than the specified value. We are not com-
petled, however, to include the area of the bar representing the specified
value itself in the left tail of the distribution. We can equally well
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Table 3.7
Value of the Relative Cumulative frequency
random variable frequency of that value or less
.98 .04 .04
.99 .12 .16
1.00 .14 .30
1.01 .20 .50
1.02 .18 .68
1.03 .16 .84
1.04 .10 .94
1.05 .06 1.00
1.00

define the right tail as including this bar, in which case the area of the
left tail represents the frequency or probability of values less than the
specified value. The proper definition of a tail area—the proper speci-
fication of a cumulative probability or frequency—depends on the way in
which the probability or frequency is to be used in a particular problem,
and care must be taken both in deciding on the proper specification and
in computing the probability or frequency so that it actually corresponds
to the specification.

3.4.2 Direct Graphic Representation of Cumulative Distributions

It is often convenient to have a graph from which cumulative prob-
abilities or frequencies can be read directly rather than as the sum of the
areas of a number of bars of a histogram. Figure 3.5 is such a graph for
the data of Table 3.7: for every value of the random variable, Figure 3.5
shows the relative frequency of that value or less and thus conveys exactly
the same information which is conveyed by the last column of Table 3.7.
Three points need special attention in constructing or reading a graph of
this sort.

First, the graph of any cumulative distribution has meaning for
every value of the variable and not just for those values which the variable
did or could actually take on. Even though the value 1.003 itself neither
occurred nor could occur when the weighing was done only to the nearest,
1400 pound, it is perfectly sensible to say that the frequency with which
the random variable had values of 1.003 pounds or less was .30. Simi-
larly we can read from Figure 3.5 the meaningful information that values
of .97 or less occurred with frequency 0 and that values of 1.06 or less
occurred with frequency 1.

Second, a special convention is needed to draw and read a graph like
Figure 3.5 at those values of the variable which actually did occur or to
which a nonzero probability is assigned, since at each such value the
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graph necessarily makes an abrupt vertical jump of an amount equal to
the individual probability or frequency of the value in question. Thus
the cumulative frequency of all values up to and including 1.00999 - - - is
.30, no matter how many 9’s we write down; but as soon as we reach 1.01
itself, the cumulative frequency jumps to .50. For this reason a heavy
dot is used in Figure 3.5 to indicate which of the two horizontal lines
should be read at each point of this sort.
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Figure 3.5

Finally, observe that a graph showing the frequency of all values
less than a given value would look exactly like Figure 3.5 except that the
heavy dot would be on the lower of the two lines at each jump rather than
on the higher of the two lines. The frequency of all values less than an
impossible value like 1.003 is exactly the same as the frequency of all
values equal to or less than such a value; but whereas the frequency of all
values less than 1.01 is .30, the frequency of 1.01 or less is .50, the differ-
ence being the frequency of this value itself.

3.5 Notation

Finally, let us introduce some shorthand notation which will be very
convenient In writing about probabilities and random variables. Any
probability will be denoted by a capital P followed by parentheses showing
the event whose probability is in question. Thus P(red) will denote the
probability that a ball is red, P(defective) will denote the probability
that a manufactured part is defective, and so forth.
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A random variable will be denoted by a letter with a ‘‘tilde’’ above it;
thus we may use 2 to denote the random variable ‘‘tomorrow’s demand”’
or 7 to denote the random variable ‘‘ number of defectives in the next lot
received.” We have already seen in Section 3.1 that any value of a
random variable is an event, and therefore we may write

P(Z = 4) or P(4): the probability that the random variable Z has
the value 4.

The symbol < means ‘“‘less than,”” > means ‘‘greater than,” < means
‘“less than or equal to,” and > means ‘‘greater than or equal to.”

P(Z < 4): the probability that the random variable Z has a value less
than 4.

The following relations between the tails of a distribution will give an
example of the use of this notation.

P(z<4) =1— P> 4).
P(z <4) =1— P(z > 4).
P(2<4) +P(z=4) +P@E>4) =

In many cases we shall need a symbol which denotes any value of a
random variable, and for this purpose we shall use the same letter we use
to denote the random variable itself but without the tilde. Thus the
horizontal axis of a cumulative probability distribution may be labeled
z while the vertical axis is labeled P(2 < z). We can write

PE<2)=1—P@E>2)

because this relation between the tails of the distribution holds for any

specified value z and not just for the value 4 used in our previous
illustration.

When the probability distribution of a random variable is repre-
sented by a histogram, the heights of the bars represent probability

per unit width, and to denote this quantity we shall use the symbol P’
(P prime):

P’(z): probability per unit width (height of the histogram) at the
point z on the horizontal axis.

For any possible value z of the random variable 2,
P(2) = P’(z) X (width of bar corresponding to the value 2).

For impossible values this equation is of course meaningless.

PROBLEMS

1. The number of units sold by the XYZ Company on 20 successive days was 4,
3,1,3,2,0,4,5,3,1, 2,3, 6, 2,4, 5, 3, 1, 4, and 3 units.
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a. Make a (relative) frequency distribution of this data in the form of a table, a
graph like Figure 3.2, and a histogram.

b. Make a table showing both the left-tail and the right-tail cumulative fre-
quencies of the data, defining the left tail as “specified value or less’’ and the right tail
as ‘‘specified value or more.”

c. Make a graph like Figure 3.5 of the left-tail cumulative frequencies, defining
the left tail as in part b of this question.

2. An automobile dealer sold 21 cars on Monday, 9 on Tuesday, 13 on Wednes-
day, 7 on Thursday, and 9 on Friday.

a. Graph the cumulative daily sales as they occurred chronologically.

b. Graph the left-tail cumulative distribution of the same data considered as a
frequency distribution, defining the tail as in Problem 1b.

3. A company which has been basing its production scheduling on demand fore-
casts made by the sales department decides to investigate the accuracy of these fore-
casts. The record for the past 10 months turns out as follows:

Forecast Actual Di
demand demand iscrepancy
22 23 +1
20 18 —2
17 19 ete.
20 15
19 19
19 22
23 28
25 21
23 18
20 19

Graph the frequency distribution and left-tail cumulative distribution (defined as
in Problem 1b) of the discrepancies between actual demand and forecast demand. In
so doing define the discrepancy as actual minus forecast, and do not neglect or reverse
the algebrazic signs.

4. Figure 3.6 is a histogram showing the number of cars sold daily by an auto-
mobile salesman. |

a. What fraction of the time did he sell between 7 and 9 (inclusive) cars?

b. What fraction of the time did he sell more than 9 cars?

. ¢. What fraction of the time did he sell more than 2 cars? .

5. Figure 3.7 is a cumulative frequency distribution of per cents defective in
samples of 100 drawn from lots of a product manufactured on an automatic screw
machine.

a. What fraction of samples was 5 per cent or less defective?

b. What fraction was more than 12 per cent defective?

c. What fraction was 7 per cent defective?

d. What fraction had per cents defective between 3.5 and 10.8 per cent inclusive?

6. Figure 3.8 is a frequency distribution of daily sales volume for a certain
product.

a. On what fraction of all days were sales below 15 units?

.~ b. On what fraction of days were sales between 15 and 24 units inclusive?
¢. On what fraction of days were sales at least as high as 20 units?
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7. Graph in histogram form the probability distributions corresponding to the
following statements.
a. “Our experience with this supplier has been such that I believe that only a

gquarter of the relays we buy from him next year will contain no defective contacts,
half will contain one, and another quarter will contain two.”

=.05} .
2
; L
%.04 I
pm §
b
Q03 L
Fry
8 I
.02
e
®
.E .01 m
O
Q
[v4
T T T

I L | {

0O 5 10 15 20 25 30 35 40
Untt sales

Figure 3.8

b. “I believe that there is 1 chance in 5 that sales next month will be between
D and 3 units inclusive, 2 chances in 5 that they will be between 4 and 7 units, and
2 chances in 5 that they will be between 8 and 11 units.” (Be careful in labeling the
vertical scale of this graph.)

8. Under what conditions would you use the frequency distributions given in

Problems 1 through 6 as probability distributions on which you would be willing to
vase a decision?
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CHAPTER 4

The Simplest Problems of Inventory Control;

Incremental Analysis

4.1 Construction of Payoff Tables

In Chapter 1 we defined a payoff table as a table showing the conse-
quence of every possible act given every possible event. The fact that the
decision is being made under uncertainty has no bearing whatever on the
construction of the payoff table, since the entries in the row describing any
particular event are exactly the same as they would be if that event were
certain to occur, and consequently we shall pause only briefly to remind
the student of the basic principle which must be observed in making any
economic comparison of two or more possible acts.

This basic principle states simply that before choosing among two
or more acts we must take into account all present and future flows of cash
which are affected by the decision and that these cash flows are the only
elements of profit or cost which we should take into account. If a certain
act involves the consumption of materials already in inventory, then
according to circumstances these materials should be considered as the
equivalent either of the cash for which they could otherwise have been
sold or of the cash which will ultimately be spent in order to replace them,
but their value as thus determined should not be inflated by allocations of
fixed costs or expenses whose total amount will actually remain the same
whether these materials are used or not.

The one rule to follow in drawing up a payoff table is therefore the
following:

For each act-event combination, list every item of cash or the equiva-
lent which will flow out of the business and every item of cash or the
equivalent which will flow into the business; the net of all these
amounts is the amount to enter in the table.

If the payoff table is being drawn up in terms of profit, the outflows are
subtracted from the inflows; if the table is being drawn up to show costs,
the reverse procedure is followed. In either case, some of the entries in

the table may be negative; and if they are, the minus signs must not be
66
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neglected: they must be entered in the table and observed in all sub-
sequent computations.

An Ezxzample. As an example, let us take a slightly more compiex
version of the kind of inventory problem which we discussed in Chapter 1.
Once a week a retailer stocks a perishable commodity which deteriorates
on the shelf so that stock which remains unsold at the end of the week
must be salvaged at a fraction of its full value. The commodity is bought
by the retailer for $2.50 per unit and is offered for sale at a price of $3.70
per unit during the week in which it is stocked; leftover stock has a
salvage value of $.50 per unit. The retailer’s rent, insurance, etc.,
average $.12 per dollar of total sales of all commodities; clerks’ wages,
delivery expenses, etc., average $.41 per dollar of total sales. The
retailer assigns the probability distribution shown in Table 4.1 to the
basic random variable ‘‘next week’s demand’’ and consults us to deter-
mine how many units he should stock.

Table 4.1
Demand Probability
2 P(2)

.05
.10
.25
.30
.20
.10

N =)

+ 0
1.00

Our first step in analyzing this problem is to draw up the payoff
table, and in so doing we should recognize immediately that the fact that
overhead and selling expense have averaged $.12 + $.41 = $.53 per dollar
of sales in no way implies that these expenses are variable with sales. On
the other hand we do have to inquire whether there are any costs or
expenses which are directly attributable to sales of this commodity, and
we shall suppose that our inquiries lead to the information that special
materials costing $.20 are used to package each unit sold at full price.

We are now ready to construct the payoff table. If @ is the number
stocked and z is the number of fresh units demanded, the net cash inflow
or ‘‘gross profit’’ will be:

For z < Q (demand no greater than stock on hand)

Sale of fresh units: + $3.70 z
Wrapping fresh units: — .20z
Salvage of leftovers: + .50 (Q — 2)
Purchase cost of stock: — 2.50 Q

Net inflow: $3.00 z — $2.00 Q
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For z > Q (demand exceeds stock)

Sale of fresh units: +$3.70 Q
Wrapping fresh units: - .204Q
Salvage of leftovers: 0
Purchase cost of stock: —$2.50 Q
Net inflow: +$1.00 Q

The entries in Table 4.2 are obtained by applying the appropriate one of
these two formulas to every @, z combination in the table. For example:

Q=4,2=2:(8$3 X2) — (§2 X 4) = —$2,
RQ=22z=4:%1 X2 = +8%2.

Values of @ above 5 are excluded from the table because by Table 4.1 the
retailer is certain that no more than 5 units can be sold fresh and he
loses $2.50 — $.50 = $2.00 on every unit salvaged.

Table 4.2
Payoff Table
Demand Stock @
2
0 1 2 3 4 5

0 $0 —3$2 —$4 —$6 —$8 —~$10
1 0 + 1 — 1 — 3 -~ 5 - 7
2 0 + 1 + 2 0 — 2 — 4
3 0 + 1 + 2 + 3 + 1 — 1
4 0 + 1 + 2 + 3 + 4 + 2
5 0 + 1 + 2 + 3 + 4 + b
6+ 0 + 1 + 2 + 3 + 4 + b

The expected profit of any act (any value of Q) can now be computed
by taking a weighted average of the corresponding column in Table 4.2

Table 4.3
Expected Profit with Stock of 3

Demand Conditional Expected
P(z)
profit value

0 .05 —$6 —$ .30
1 .10 - 3 - .30
2 .25 0 + 0
3 30 + 3 + .90
4 .20 + 3 + .60
5 .10 + 3 + .30
64 0 + 3 0

1.00 +$1.20
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the probabilities of Table 4.1 being used as the weights. The expected
profit for a stock of 3 is computed in Table 4.3 by way of review; it is left
to the student to verify the expected profits for the other stocks shown in
Table 4.4.

Table 4.4
Expected Profits of All Acts
Act Ezxpected
Q profit

0 $0

1 + .85
2 + 1.40
3 + 1.20
4 + .10
5 — 1.60

4.2 Incremental Analysis

Provided that expected monetary value is a valid guide to action
in a given decision problem, the best act can always be found by the
method used just above, i.e. by computing and comparing the expected
profits or costs of all possible acts, but when the number of possible acts
is large this method becomes extremely tedious. In many practical
inventory problems the random variable ‘‘demand’ will have hundreds
or even thousands of possible values and consequently it will be necessary
to choose among hundreds or thousands of acts (stock levels) none of
which is obviously unreasonable. We would therefore like very much to
find some way of selecting the best act without having to compute the
expected profit of every act, and in some kinds of problems this can be
done very easily by the use of incremental analysis.

A decision on a stock level in an inventory problem of the kind we
have been discussing can be analyzed incrementally by thinking of the
decision as being the result, not of a direct choice among the acts @ = 0,
1, 2, and so forth, but as the result of a whole sequence of decisions each of
which increases the stock level by one unit. In principle, we first decide
whether a first unit should be stocked; if the answer is yes, we then decide
whether a second unit should be stocked; and we continue in this way
until we come to a point where we decide to increase the stock no further.
In general, any decision which consists of selecting a quanitity can be
analyzed in this way, whether the quantity is a number stocked, a scrap
allowance, or anything else:

Instead of looking at the problem as one of making a single decision
on a particular number of units, we can look at it as one of making a
whole sequence of decisions, each one involving one more unit.

The great advantage of the incremental method over the ‘‘direct’”
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method which we have used previously lies in the fact that we can usually
identify the last unit which should be added without actually making any
computations whatever concerning the earlier units in the sequence, but
before showing how this can be done we shall explain the basic logic of
the ineremental method by analyzing a complete sequence of incremental
decisions. We take the inventory problem discussed in the previous
section of this chapter as an example, and we start with the question
whether or not to stock a first unit.

The First Unit. For this restricted problem of the first unit, there
are just two possible acts: ‘‘stock’ and ‘‘do not stock’’; and there are just
two events of interest: ‘“no demand for a first unit”’ and ‘‘demand for a
first unit.”” If the first unit is not stocked, the retailer’s profit will obvi-
ously be 0 regardless of the event. If the first unit 7s stocked, the profit
depends on the event: if the unit is demanded, the retailer’s profit will be
$3.70 — $.20 — $2.50 = $1.00; if it is not demanded, he will have a
negative profit of —$2.50 + $.50 = —$2.00. The payoff table for the
decision concerning the first unit is shown as Table 4.5.

Table 4.5
Payoff Table for the First Unit

Act
Event
Do not stock Stock
No demand for a first unit $0 —$2
Demand for a first unit 0 4+ 1

By merely looking at Table 4.5 we see that the expected profit of not
stocking a first unit is 0; but to find the expected profit of stocking,
probabilities must be assigned to the events ‘‘no demand for a first unit”
and ‘‘demand for a first unit.”” Now there will be no demand for a first
unit if and only if the total quantity demanded is less than one unit, i.e. if
£ = 0, and the probability which the retailer has assigned to this event is
.05 by Table 4.1. Similarly the probability that there will be a demand
for a first unit is the same thing as the probability that the total quantity
demanded will be one or more units, and

PE>1)=1-P@E<1) =1—.05=.95.

Given these two probabilities, the expected profit of stocking the first unit
is +$.85, as shown in Table 4.6; and since this is greater than the 0 profit
of not stocking, we conclude that the first unit should be stocked.

The Second Unit. We now proceed to consider stocking a second
unit. The possible acts are again ‘‘stock” and ‘“do not stock’; the
relevant events are ‘“no demand for a second unit”’ and ‘‘demand for a
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Table 4.6
Expected Profit of Stocking First Unit

profit value

Z < 1; no demand for a first unit .05 —$2 ~$.10
z > 1; demand for a first unit .95 41 + .95
1.00 +8.85

second unit.”” In making the entries in the payoff table we must remem-
ber that a final decision has already been made concerning the first unit, so
that we are interested only in the consequences of a decision to stock or
not to stock a second unit and not in the consequences of a decision to
stock two units. If the retailer chooses not to stock the second unit, the
incremental profit of this decision will be O regardless of the event, i.e.
whether or not there is a demand for a second unit; all the cash flows
which occur will be due to the previous decision to stock the first unit. If the
retailer does decide to stock the second unit, his profit will be increased by
$3.70 — $.20 — $2.50 = $1.00 if the second unit is demanded and can
be sold at full price; it will be decreased by $2.50 — $.50 = $2.00 if the
second unit is not demanded and has to be salvaged. Accordingly the
payoff table for the second unit has the entries shown in Table 4.7.

Table 4.7
Payoff Table for the Second Unit
Act
Event
Do not stock Stock
No demand for second unit 0 —~$2
Demand for second unit 0 4 1

As in the case of the first unit, the expected profit of not stocking is
obviously 0 but probabilities must be assigned to the events of Table 4.7
before we can compute the expected profit of stocking. These prob-
abilities can again be obtained from Table 4.1 by a very simple argument.
If the fotal quantity demanded is less than two units, there will be no
demand for a second unit; if the total quantity demanded is {wo or more
units, there will be a demand for a second unit. From Table 4.1 we can
compute

P(2<2) =PE=0)+PE=1) =.05+.10 = .15,
P3>2=1—-PE<2) =1—.15= .85,

and we can then find that the expected profit of stocking the second item



72 Probabilities Based Directly on Experience 4.2

Table 4.8
Expected Profit of Stocking Second Unit
Event Probability Conditional Expected
profit value
Z < 2; no demand for a second unit .15 —$2 —$.30
Z 2 2; demand for a second unit .85 +$1 +$.85
1.00 +$.55

is +8$.55 as shown in Table 4.8. Since this is greater than the 0 profit of
not stocking, we conclude that the second unit should be stocked; the
total stock should be at least 2 units.

The jth Unit. The general pattern of the analysis should now be
clear. Every successive incremental decision has exactly the same payoff
table with 0’s in the column describing the act ‘“‘do not stock’’ and with a
—$2 and a +9%1 in the column describing the act ‘‘stock.” The only
difference from one of these decisions to the next is in the probabilities
assigned to the events ‘‘demand for a jth unit’’ and ‘“no demand for a
sth unit,” where j is the ‘‘serial number’ of the unit in question. The
argument by which we obtain these probabilities from the distribution of
the basic random variable is always the same, however:

If the tolal quantity demanded is less than j, there is no demand for
the jth unit; if the total quantity demanded is j or more, there is a
demand for the jth unit.

Consequently the expected incremental profit of not stocking the jth unit
is always 0, while the expected profit of stocking the jth unit is always

$1 Pz >j) — $2P(E < ).

In Table 4.9 this formula is used to compute the expected incremental
profit of stocking every successive unit from the first through the fifth;
the student will recall that the retailer is sure that no more than 5 units
can possibly be sold at full price. The ““serial number” of each successive

Table 4.9
Complete Incremental Analysis
Serial . . - . Incremental Cumulated
) P(z <j) P 2 3) profit profit
1 .05 .95 —$ .10 +%.95 = 4% .85 +$ .85
2 .15 .85 — 304+ .85 =4+ .55 + 1.40
3 .40 .60 — 804+ .60= — .20 -+ 1.20
4 .70 .30 — 1.404+ .30= — 1.10 + .10
5 .90 .10 —1.804+ .10=-—1.70 — 1.60
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item stocked is shown in the first column; the cumulative probabilities in
the second and third columns are computed from Table 4.1. The
incremental profits due to each successive decision to stock one more unit
are computed in the next to the last column; the first two of these entries
have already been discussed in detail. Notice that the incremental
profit of the third and all following units is negative—the better act is not
to stock any of these units.

In the last column of Table 4.9 the incremental profits are cumulated
to give the fotal expected profit which results from a decision to stock
J unats. If a single unit is stocked, the retailer’s total expected profit is
simply the profit due to the first unit. If 2 units are stocked, his total
expected profit is the sum of the expected profit from the first unit and the
expected profit from the second unit or $.85 4+ $.55 = $1.40. Since the
incremental expected profit which results from stocking a third unit is a
negative $.20, the total expected profit with a stock of 3 is $.20 less than
with a stock of 2 or $1.40 — $.20 = $1.20. Each subsequent addition to
the stock reduces the total expected profit by still more until with a stock
of 5 the total expected profit itself becomes negative. Notice that the
total profits as calculated by the incremental method in Table 4.9 agree
exactly with the results obtained by the direct method as shown in Table 4.4.

4.2.1 Practical Selection of the Best Decision

Behavior of Incremental Profit with Increasing 3. If we look at the
incremental profits in the next to the last column of Table 4.9, we see
that each successive entry is less favorable than the one before it; and
this suggests that if all we were looking for had been the best number to
stock, we could have stopped computing and settled on a stock of 2 as
soon as we found that the incremental profit of a third unit was negative.
It is easy to prove that this guess is correct. As we already know, the
incremental profit of stocking the jth item is

$1P(z > ;) — $2 Pz < j).

Since P(2 > j) is the right tail of the distribution of 2, the first term in
this expression must either remain the same or become smaller as j
increases, i.e. as we move farther out into the tail. On the other hand
P(2 < ) 1s the left tail of the distribution, and therefore the second or
negative term in the expression for expected profit must either remain
the same or become larger as j increases. The whole expression there-
fore either remains the same or decreases with each increase in 7, and
therefore we can be sure that:

1. If the incremental profit is positive for any particular value of j,
it is positive for all lower values.

2. If the incremental profit is negative for any particular value of j,
it is negative for all higher values. '
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Since these conclusions do not depend in any way on the particular costs
or the particular probability distribution used in our example, we may
conclude that:

All that we need to do to find the best stock level in any problem of
this sort is to find the highest valuc of j for which the incremental
expected profit of stocking is positive.

Location of the Last Profitable Unit. Let us now see how we can find
the highest value of 5 which gives a positive incremental profit without
actually computing any expected proi:ts. In order to express our results
in a way which will be useful in any problem of the present type we define
two new symbols:

k,: the positive incremental profit which results from stocking the
Jth unit if it is sold.

k.: the negative incremental profit which results from stocking the
jth unit if it is nof sold.

In our example, £, = $1 and k, = $2. The incremental expected profit
of stocking the jth item in any problem of this sort can then be written

ky P(22>7j) — k. P(Z <)
and it will pay to stock the jth item if this quantity is positive, i.e. if
k. P(z <) < kp, P(Z > ).

We wish to find the highest value of j for which this condition is met, and
it will be easier to do this if we have only one cumulative probability to
deal with instead of two. Therefore we replace P(Z > 7)) by 1 — P(Z < j)
and write the condition in the form

k. P(Z2 <j) < k[l — Pz < j)l.

By the use of a little elementary algebra this can be rewritten as

-

Kp

_P(§_< 7 < Condition for stocking the jth unit

The best act in any problem of this sort can now be found by the following
steps:

" 1. Determine the values of k, and k. by analyzing the incremental
cash flows which result from stocking and either selling or failing to sell
one more unit.

2. Compute the *“critical ratio” ky/(k, + k»).

3. From the values already assigned to P(z), compute P(Z < 3) for
j = 1,2, 3, etc., until the last value of j has been found for which P(z < j)
is less than the critical ratio.
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In our example, the critical ratio is

ky 81 _
kp + ko $1 4+ 82

Looking at the list of values of P(2 < ) in Table 4.9 we see at once that
2 1s the highest value of j for which this probability is less than .33; the
best stock level is therefore Q = 2.

4.2.2 Applicability of the Short-cut Incremental Method

Although incremental analysis can be used to compute the total
expected profit of any act which consists in the choice of a quantity (e.g.,
to stock or to allow for scrap), the short-cut method which we have just
applied to find the last unit which it is profitable to include in this quan-
tity can be used only in special circumstances. In any situation it is true
by definition that total profit with a stock of 3 units is the sum of the
incremental profits due to the first, second, and third units, but this fact
alone does not ensure the validity of the short-cut method. The validity
of the short-cut method depends on the assumption that if the incremental
profit of any given unit in the sequence s positive, the incremental profits of
all earlier units are also positive. 1t is this assumption which is true only
under special circumstances, and in problems where the assumption is
false it may well be that it will pay to stock 4 units even though the
incremental profit of the third unit is negative.

As an example of a type of problem in which this can happen,
suppose that the retailer of our example is offered a quantity discount
on the units he purchases: if he buys 3 units or less, he pays $2.50 per
unit as we assumed originally, but if he buys 4 units or more he pays
only $2.10 per unit. To find the incremental expected profit of stock-
ing the fourth unit we must now reason as follows. Because buying
a fourth unit reduces the price the retailer pays for the first three units,
stocking the fourth unit does not actually cost the retailer $2.10; it costs
(4 X $2.10) — (3 X $2.50) = $.90. Therefore if the fourth unit is sold,
the incremental profit will be $3.70 — $.20 — $.90 = $2.60; if it is not
sold the profit will be $.50 — $.90 = —$.40. The exrpected incremental
profit of stocking a fourth unit is therefore

$2.60 P(z > 4) — $.40 P(Z < 4) = (8$2.60 X .30) — ($.40 X .70)
= +43$.50

and is thus greater than the expected incremental profit of the third unit,
which is still —$.20 as before. The really important point to notice is
the following: the total incremental profit of the fourth and third units
together is now $.50 — $.20 = +8$.30, and therefore stocking 4 units is

$.30 better than stocking 2 even though stocking 3 units is $.20 worse than
stocking 2. In general,

.33.
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The short-cut incremental method for locating the last unit to add
to the decision quantity is applicable only when the conditional
profits &, and &, are the same for every unit which might be added.

PROBLEMS

1. A manufacturer must decide whether to manufacture and market a new sea-
sonal novelty which has just been developed to sell at $1.50 per unit. If he decides
to manufacture it, he will have to purchase special machinery which will be scrapped
after the season is over. If a machine costing $1000 is bought, the variable cost of
manufacturing will be $1 per unit; if a machine costing $5000 is bought, the variable
manufacturing cost will be $.50 per unit. In either case it will be possible to manufac-
ture in small batches as sales actually occur and there will be no danger of having
unsold merchandise left over at the end of the season. The manufacturer’s probabil-
ity distribution for sales volume is shown in the table below.

Sales volume Probability
1,000 15
5,000 4

10,000 P
1

a. Draw up a payoff table, remembering that there are three possible acts.

b. Compute the expected profits of the three possible acts.

2. Draw up a complete payoff table for the modified example discussed in Sec-
tion 4.2.2, where stock costs the retailer $2.50 per unit in quantities of 3 or less but
costs only $2.10 per unit in quantities of 4 or more. Use the direct method of Table
4.3 to compute total expected profit with stocks of 2, 3, and 4 units and thus verify
that total profit is $.20 less with a stock of 3 than with a stock of 2 but is $.30 greater
with a stock of 4 than with a stock of 2.

3. A newsstand operator buys the Daily Racing Form for 30 cents per copy and
sells it for 50 cents. Any copies remaining unsold after the races are valueless. The
operator believes that it is very important to avoid running short, since he is afraid
that he will lose customers permanently if they find him an unreliable source of supply,
and in order to minimize this risk he has adopted the policy of ordering 30 copies &

day. The distribution of daily requests for the journal over the last 100 days has
been as follows:

Number Relative Number Relative
requested frequency requested frequency

Less than 20 0 27 .12

20 .01 28 .10

21 .04 29 .08

22 .07 30 .05

23 .10 31 .02

24 .12 32 01

25 .14 Over 32 0

26 .14
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a. By the use of incremental analysis compute the expected profit of every stock
level from 20 to 32 inclusive.

b. Check your work in part a by using the direct method of analysis to compute
expected profit with a stock of 30 copies.

c. If running short would actually have no effect on any customer’s tendency to
return, how much is the operator losing by his decision to stock 30 copies?

d. If the cost of the journal to the operator were reduced from 30 to 25 cents, by
how much could he increase his expected profit over the best he can do with a 30-cent
cost ?

4. The Beacon Catering Corporation operated a cafeteria in a medium-sized
industrial firm, serving about 50 of the firm’s employees at lunchtime. The ordinary
check amounted to about 50 cents, and the gross margin was about 40 per cent. After
several years’ operation, the management decided to offer its customers a special $1
hot lunch. Gross margin on this item would also be about 40 per cent.

A question arose as to how much food to prepare for the special $1 lunch. Any
remaining at the end of the day would have to be thrown out; if the cafeteria ran short,
on the other hand, the extra gross margin would be lost. Any food remaining at the
end of the day from the other items on the menu could be saved until the next day.
The manager decided to experiment by preparing enough special lunches on each of

the first 20 days to run a negligible risk of running short on any day. Sales of the
special lunch on these 20 days were as follows:

Unit sales Unit sales

Day = demand Day = demand
1 20 11 20
2 19 12 17
3 20 13 20
4 16 14 17
5 24 15 17
6 21 16 23
7 20 17 18
8 22 18 15
9 19 19 21
10 22 20 19

Assuming that all buyers of hot lunches would buy a cold lunch if the hot lunches
were not available, how many hot lunches should be prepared in the future and what
is the expected profit of this decision?

5. A wholesaler has a fleet of 10 trucks with which he makes deliveries from two
warehouses. Trucks are dispatched at 10 aA.M., a trip takes an entire day, and the
truck returns to the warehouse about 5 p.M. If the orders on hand at either ware-
house at 10 A.M. are too many to be handled by the trucks available at the warehouse,
extra trucks are hired for the day; the excess cost amounts to about $50 more than the
out-of-pocket cost of operating one of the wholesaler’s own trucks for a day. The
table on page 78 shows the total number of trucks required at each warehouse on each
of the past 300 days.

a. If 3 of the 10 trucks are assigned to Warehouse A and 7 to B, what is the
expected excess cost at each warehouse?

b. What is the probability that a 4th truck will be required at A? That the 7th
truck will be required at B?
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Number of days

Number
of trucks
Warehouse A Warehouse B
0 15 0
1 45 3
2 66 12
3 69 27
4 51 39
5 30 48
6 15 48
7 6 42
8 3 30
9 0 24
10 0 15
11 0 9
12 0 3
134 0 0
300 300

c. What is the net effect on total excess cost if the wholesaler assigns 4 trucks to A
and 6 to B instead of 3 to A and 7 to B?

d. What is the optimum assignment for this problem?

e. Derive a general rule for optimum assignment in problems of this sort by first
considering what the wholesaler should do if he owns only one truck, then what he
should do if he acquires a second truck, and so forth.

f. Generalize your rule to situations where there are more than 2 warehouses.



CHAPTER 5

Measures of Location:
Fractiles and Expectations;

Linear Profits and Costs

In many situations we do not really need all the detailed information con-
tained in a probability distribution or frequency distribution. In order
to compute the total number of defectives in 100 lots of parts, we do not
need to know the frequency with which each possible number of defectives
occurred. All we need to know is a single number: the average or mean
number of defectives per lot. Similarly we have seen in the previous
chapter that in one kind of inventory problem we do not need the entire
probability distribution for tomorrow’s demand in order to decide on the
best number of units to stock. All we need to know is a single number:
the greatest number @ for which P(2 < Q) is less than a certain ‘‘ critical
ratio.”

Numbers such as these are known as measures of location of a fre-
quency or probability distribution. If we think of the distribution as
represented by a histogram, we can think of such a number as specifying
the location of the histogram on the horizontal axis without specifying
anything about the shape of the histogram. We shall study two quite
different kinds of measures of location in this chapter. The first kind
consists of fractiles, of which the median is the best known example; the
second consists of expectations, of which the ordinary arithmetic mean is
the best-known example.

Our interest in measures of location is due only in small part to the
fact that the amount of arithmetic required to solve a problem is often
reduced by their use. Their real importance lies in the fact that when
correctly used a measure of location focuses our attention on the particular
aspect of the probability distribution which is really critical for the problem
at hand and keeps us from being distracted by those aspects of the dis-
tribution which are irrelevant for that particular problem. On the other
hand, the use of measures of location is attended by considerable danger:
To cite a single example, one of the most common errors made by both
students and businessmen is to assume that the best quantity to stock can

be determined by looking only at average demand in situations where in
79
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fact the best decision cannot be found in this way. In studying this
chapter the student must therefore pay as close attention to what cannot be
done with a given measure of location as he pays to what can be done with tt.

5.1 Fractiles
5.1.1 The Median

Before defining fractiles in general, let us consider the best known of
the fractiles, the median. Given a set of values (which may or may not
be values of a random variable)

Any value which is both (a) equal to or greater than half the values in

the set and (b) equal to or less than half the values in the set is a
median of the set.

In order to apply this definition to a given set of values we must:

1. List the values in order of increasing size;

2. Split the arrayed set in half.

To find the median of the values 5, 3, 2, 4, we first array them in the
order 2, 3, 4, 5. We then observe that since there are four values in the
whole set, there must be two in each half. The largest value in the lower
half is therefore 3, the smallest value in the upper half is 4, and any value
from 3 to 4 inclusive is a median of the set. Notice that a value such

as 3.2 is a median of this set even though the value 3.2 is not itself a
member of the set.

Table 5.1
Sertal Number of
number of lot defectives

1 2

e

S 00 ~TD O W
31
Sl ~ W kDO R

In many cases a set can be divided in half only by assigning some of
the members with a certain value to the lower half and other members
with this same value to the upper half. Thus in order to divide the set
2, 3, 3, 4 in half, we must assign one of the 3’s to the lower half and one
to the upper half. The only median of this set is 3. In other cases—
whenever the number of members in the set is odd—one of the individual
members must be ‘““split”’ in order to divide the set into halves. The
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only median of the values 2, 3, 4 is 3: we may think of the member with
value 3 as going half in the lower half of the set, half in the upper half.

Suppose now that 10 successive lots of purchased parts have been
100 per cent inspected, that the number of defectives found in each lot is
as shown in Table 5.1, and that we wish to find the median or medians of
these 10 values of the random variable ‘‘ number of defectives.”” We first
array the valuesin order of size: 0, 1, 2, 2, 3, 3, 3,4, 4, 5. Since there are
10 values in the set, 5 must go in the lower half and 5 in the upper. The
fifth value from the bottom is 3 and so is the sixth, so that the median is 3.

5.1.2 Fractiles in General

As we have said, the median is simply a special case of a fractile.
The median of a set of values is known as the .5 fractile (read: point 5
fractile) and will be denoted by F.s because it is equal to or greater than
half the values in the set. We now generalize this idea to define the

‘““point f’’ fractile, where .f is any fraction between 0 and 1. Given any
set of values,

Any value which is both (a) equal to or greater than a fraction .f of
the values in the set and (b) equal to or less than a fraction (1 — .f)
of the values in the set is a .f fractile of the set.

To find the .25 fractile or F »5 of the values 5, 3, 2, 4, we first array
them in the order 2, 3, 4, 5 and then split this set of four values into two
parts, a lower part containing .25 X 4 = 1 value and an upper part con-
taining the remaining three values. The largest value in the lower part
of the set is 2, the smallest value in the upper part is 3, and therefore any
value from 2 to 3 inclusive is a .25 fractile of this set. Similarly any
value from 4 to 5 inclusive is a .75 fractile of the set.

In many cases a set can be divided into a lower part containing .f of
the members and an upper part containing the remainder only by assign-
ing some of the members with a certain value to the lower part and other
members with this same value to the upper part. The only .2 fractile of
the values 2, 2, 3, 4, 5 is 2: one of the 2’s in the set is assigned to the
lower .2 of the set and the other to the upper .8. In other cases one of
the individual members must be ‘“split’’ in order to divide the set in the
specified manner. The only .3 fractile of the values 1, 2, 3, 4is 2: we need
1.2 members to make up the lower .3 of this set of four values, and we

may think of the value 2 as going partly in this lower .3 of the set and
partly in the upper .7.

5.1.83 Computation of Fractiles from Relative Frequencies
or Probabilitres

Now that we have seen how to compute fractiles from a complete
lvst of the values taken on by a random variable we are ready to learn how
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to compute them when the values taken on by the variable have been put
into the form of a frequency distribution. As an example we show in
Table 5.2 a frequency distribution of the values of the random variable
““number of defectives’’ which are listed in Table 5.1 in their historical

order, and in Figure 5.1 we show a graph of the cumulative frequencies of
Table 5.2.

Table 5.2
Value 2 of the fﬁeﬂ:@e f?:m:;llatlvef
random variable q y quency o
of 2z 2 or less
0 1 1
1 1 2
2 2 4
3 3 o
4 2 9
5 4 1.0
0

~ Suppose now that we wish to find the .5 fractile of the distribution of

‘Table 5.2. Recalling the rules for reading graphs of cumulative distribu-
tions as given in Section 3.4.2, we can see from Figure 5.1 that .4 of the
frequency belongs to values of the variable less than 3 while .7 of the fre-
quency belongs to values of 3 or less. In order to divide the whole set of
values into a lower .5 and an upper .5, we must split the 3’s and assign
some of them to the lower group and some to the upper. Accordingly
the .5 fractile or median of this distribution is 3.

The horizontal dotted line in Figure 5.1 shows how any fractile can be
located immediately by use of a graph of a cumulative distribution. If
we are looking for the .5 fractile, the line is drawn at height .5 on the
vertical axis; the .5 fractile is then the value on the horizontal axis directly
below the point where the dashed line cuts the graph of the distribution.
In general,

To find the .f fractile of any frequency distribution, plot the cumula-
tive distribution, read across from the value .f on the vertical axis to
the curve, and read down from this point on the curve to the hori-
zontal axis.

Thus we can immediately read from Figure 5.1 that F.; = 2, that F 3 = 4,
and so forth. |

We have already seen that in some cases a fractile has a range of
values rather a single, unique value.' In terms of a graph of the cumula-
tive distribution, these are the fractiles whose broken lines coincide with a
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‘““flat’’ in the graph rather than cutting a ‘‘riser.” If we look for the .4
fractile of the distribution of Figure 5.1, the fact that a line drawn at
height .4 would coincide with the top of the jump above the value 2 on
the horizontal axis shows that all the 2’s in the set must go in the lower .4;
the fact that the same dashed line would coincide with the bottom of the
jump above the value 3 shows that all the 3’s must go in the upper .6;
accordingly any value in the interval 2 to 3 inclusive is a .4 fractile of this
distribution. Similarly any value from 1 to 2 is a .2 fractile, any value
from 3 to 4 is a .7 fractile, and so forth.
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Relative frequency of z or less
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Number defective 2z

Figure 5.1

No new problems arise when we wish to compute the fractiles of a
probability distribution:

The fractiles of a probability distribution are computed by using the
probabilities in exactly the same way that relative frequencies are
used in computing the fractiles of a frequency distribution.

5.1., An Example of the Use of Fractiles

In Chapter 4 we saw that in a certain class of inventory problems the
best stock level was the highest number @ for which
kP
kp + Fu

Pz < Q) <

and we discussed in detail an example in which the ‘““critical ratio”’
kp/(kp + k.) had the value .33. The probability distribution assigned to
‘““demand’’ in that example is reproduced in Table 5.3 and the cumulative
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Table 5.3
Demand Probability Cumulative

z P(2) Pz < 2)

0 .05 .05

1 .10 .15

2 .25 .40

3 .30 .70

4 .20 .90

5 .10 1.00
1.00

probabilities are graphed in Figure 5.2. If now we draw in a dashed line

fa3

0 1 2 3 4 5 6
Demand z

Figure 5.2

to locate the .33 fractile of this distribution, we can make the following
observations:

1. F,33 == 2
2. P(2 < 2) < .33 but P(z < 3) > .33.

In other words:
The optimum stock level in problems of this sort is simply the

k,/(k, + k,) fractile of the distribution of the random variable
“demand.”

Henceforth we shall refer to this fractile as the ‘‘critical fractile’’ in prob-
lems of this kind.§

1 It is left to the student to show that when the critical fractile has a range of
values rather than a single value, total expected profit is the same whichever one of
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5.2 Expectations
5.2.1 The Arithmetic Mean

The arithmetic mean of a set of values is simply their everyday
‘“average,”’ defined as follows:

Arithmetic mean: the sum of a set of values divided by the number
of values in the set.

The mean of the values in Table 5.1 is
Ho@+4+0+24+4+3+34+14+3+5) =27, =27.

5.2.2 Computation of the Arithmetic Mean from Relative Frequencies
or Probabilities

When we computed fractiles from original data, all we did was
arrange the individual values in order of size and then count off from the
left; when we computed them from relative frequencies, all we did was
arrange the values in this same way and then cumulate their relative fre-
quencies. There was no need for arithmetical operations. The mean,
on the contrary, rests on an averaging operation; and if we replace the

original data by a frequency distribution we must use the frequencies as
wetghts tn this averaging.

Table 5.4 Table 5.5
Value of the
random variable Value of the Number of
. Product
0 random variable occurrences
1
2 0 1 0
2 1 1 1
3 2 2 4
3 3 3 9
3 4 2 8
: 5 1 5
4 10 27
9
27

Let us reexamine the computation of the mean of the distribution of
Table 5.1 as we carried it out above. If we rearrange the data in order
of increasing value of the variable we have Table 5.4; the mean is still the
total divided by the number of items, or 27{¢9 = 2.7. Now instead of
writing down two identical rows for the value 2, three rows for 3, and two
rows for 4, we can get the same total, 27, by writing each value of the

these values is selected for the stock level. If the critical fractile had been .40 instead
of .33 in our example, then total expected profit would have been the same with a
stock of 3 units as with a stock of 2 units.
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variable once and multiplying it by the number of times that the value
occurs. This is done in Table 5.5. To get the mean we divide the sum of
the products by the sum of the weights; this divisor, of course, is simply the
total number of occurrences as before.

Again we will get exactly the same result if, instead of adding the
products and then dividing their sum by 10, we divide each of the indi-
vidual products by 10 before adding; and instead of doing that, we can
divide each of the numbers of occurrences by 10 before computing the
products. The last two columns of Table 5.5 would then be as shown in

Table 5.6. Since the sum of the weights is now 1, the mean is simply the
total in the last column.

Table 5.6
Value of the Number of occurrences Product
random variable divided by 10
0 1 0
1 .1 1
2 .2 4
3 .3 9
4 .2 8
5 _1 _5
1.0 2.7

The weights of this last table are actually relative frequencies, and in
general:

The mean of a frequency distribution is a weighied average of the
values of the variable, each value being weighted by its relative fre-
quency. Since relative frequencies always add to 1, the sum of the
weights is 1 and there is no need to divide by it to get the average.

No new problems arise when we wish to compute the mean of a probability
distribution:

The mean of a probability distribution is computed by using the
probabilities in exactly the same way that relative frequencies are
used in computing the mean of a frequency distribution.

5.2.83 The Expected Value of a Random Variable

Recall now that to compute the expected value of the various profits
which might result from a given act, we multiplied each possible profit
by the probability that it would be made and added these products. But
“profit’’ in such a computation is just a spectal case of a random variable,
1.e. a variable which has a definite “‘ conditional” value for every possible
event; and when we compute the mean of the probability distribution of
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any random variable we are computing the expected value of that vari-
able. In general, we define for any random variable:

Ezxpected value or expectation: the quantity obtained by multiplying

each possible value of a random variable by the probability of that
value and adding the products.

We shall uniformly denote the expected value of a random variable
by the symbol E (for expectation) followed by the ‘““name’’ of the variable
in parentheses. Thus if the random variable is called 2, the expected
value of Z or mean of the distribution of Z will be denoted by E(2).

5.2.) Partial Expectations

In many practical decision problems we shall be interested, not in
the number which results from multiplying all the values of a random
variable by their probabilities and adding these products, but in a number
which results from multiplying some of the values by their probabilities
and adding these products. Such a number will be called a partial
expectation.

As an example of the computation of partial expectations, consider
Table 5.7 below, where the first two columns again give the probability
distribution of the random variable ‘‘demand’’ for the inventory problem
discussed in Chapter 4. The expectation of this variable is computed in
the third column of the table in exactly the same way that the mean
number defective was computed in Table 5.6 except that two subtotals
have been brought out: one showing the sum of products for values of 2
less than or equal to 2 and one for values of 2 greater than 2. The grand
total 2.80 is the ‘‘complete” or ordinary expectation of Z; the first sub-
total .60 is the partial expectation of z over the interval 0 to 2 inclusive, and
the second subtotal 2.20 is the partial expectation of 2 over the interval
from 3 to ‘‘infinity.”’ Partial expectations will be denoted by the expecta-

Table 5.7
2 P(2) z P(2)
0 .05 0
1 .10 .10
2 .25 _5_0
.60
3 .30 .90
4 .20 .80
5 .10 .50
6 to infinity 0 0
2.20
2.80
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tion symbol E with a subseript and a superscript to indicate the ends of
the interval over which the partial expectation i1s computed. The
expectations computed in Table 5.7 above will be written

E!(z) = .60, E’(2) = 2.20,

and in general the subscript on the symbol E shows the lowest value of the
random variable which is included in the partial expectation while the super-
script shows the highest included value.

5.3 Straight-line Conditional Profits; Applications
of Expectations

The great majority of the decision problems which we shall study in
this course will involve conditional profits or costs which are linear func-
ttons of some basic random variable, and in all such problems the burden
of analysis can be lessened and clarity increased by the use of expectations
of the basic random variable.

5.3.1 Completely Linear Conditional Profit

Let us start by considering a simple artificial problem which will
illustrate the meaning and importance of linear or straight-line condi-
tional profits. Suppose that a lottery is to be conducted by rolling an
irregular die with faces serially numbered from 0 to 5 rather than 1 to 6,
that we are given a ticket which entitles us to receive $2 times the number
which comes up plus an additional $5 regardless of the result of the roll,
and that after inspection of the die we assign the probability distribution
shown in Table 5.8 to the basic random variable ‘‘number which comes
up.” If we use z to denote the value actually taken on by this basic
random variable, the conditional profit of holding the ticket can be
written

Conditional profit = $5 + $2 2.

In Table 5.8 our usual method of computation is used to show that
the expected profit of holding this ticket is $10.40, but we shall now see

Table 5.8
2 P(z) Conditional profit Expected profit
0 1 $65 +0X$2 =8 5 $ .50
1 1 $HS5+1X$2= 7 .70
2 2 $H +2X8$2= 9 1.80
3 3 $5 +3 X $2 = 11 3.30
4 .2 $H5 +4 X $2 = 13 2.60
5 _1_ $5+5X $2 = 15 1.50
1.0 $10.40
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that this expected profit can be calculated from the expected value of the basic
random variable Z without the use of any other information concerning the
distribution of 2. Instead of computing the net conditional profit for each
value of the basic random variable and then multiplying this net by the
probability of that value as we did in Table 5.8, we could have made each
entry as the sum of two parts, as we shall show by taking the entries for
2 = 3 as an example. The $11 conditional profit for Z = 3 is made up of
the two parts,

$5 4+ (3 X $2),

and instead of entering .3 X $11 = $3.30 in the last column of Table 5.8
we could have multiplied .3 into each of the two parts separately and
entered

(.3)$5 + .3(3 X $2).

Furthermore it is obviously legitimate to regroup the term .3(3 X $2)
and write it as (.3 X 3)$2, so that for 2 = 3 the complete entry in the last
column could have been written as

(.3)85 + (.3 X 3)$2.

Table 5.9 is identical to Table 5.8 except that all the entries in the
last column have been made in this new form; to obtain the total of

Table 5.9

2 P(2) Conditional profit Expected profit
0 1 $5 + 0 X $2 (.1)$ + (.1 X 0)$2
1 1 5+ 1 X 82 (.1)$ + (.1 X 1)$2
2 2 54+ 2 X $2 (.2)85 4 (.2 X 2)$2
3 3 5+ 3 X $2 (.3)%$5 + (.3 X 3)%2
4 2 5+ 4 X $2 (.2)$5 + (.2 X 4)$2
S .1 5+ 5 X $2 (.1)%5 + (.1 X 5)82

1.0 (1.0)%$5 + (2.7)82

this column, which will give us the expected profit, we now make two
observations.

1. The first term in each line consists of P(z) multiplied by the con-
stant factor $5. Instead of multiplying out each of these terms and then
adding, we can add the values of P(z) and then multiply by the constant
$5. But since the total probability of all possible values of any random
variable is 1, the result of this calculation is simply 1 times the constant $5.

2. The second term in each line consists of the product z P(z) (in
parentheses) multiplied by the constant factor $2. Instead of multiply-
ing out each of these terms and then adding, we can multiply out only
the portion z P(z2) within the parentheses, add these products to get the
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total 2.7, and then multiply this total by the constant $2. This 2.7, how-
ever, is simply the expected value of the basic random variable 2, since it
is computed by multiplying every possible value of Z by its probability
and adding the products, and therefore in this example

Expected profit = $5 + $2 E(2).

The important thing to notice is that this formula for the expected
profit is identical to the formula given previously for the conditional profit
except that z is replaced by E(2). This result can be generalized as follows:

Whenever the conditional profits for all possible values of the basic
random variable are given by a formula of the type

Conditional profit = K 4 kz,

where K and k are constants, the expected profit is given by the
formula

Expected profit = K 4 k E(2).

The student must pay particular attention to the words ‘“all possible
values’’ in this rule: it 7s only because we summed the products z P(z) for all
possible values of Z in Table 5.9 that the quantity E(Z) appeared in our result.

Graphic Representation of Linear Conditional Profits. Conditional
profits given by formulas of the type K + kz are called straight-line or
linear because when the conditional profit is plotted against the value of
the basic random variable the graph is a straight line. The principle 1s
illustrated in Figure 5.3 for the example just discussed.
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Application to an Inventory Problem. Let us now reconsider the
computation of expected profit with a stock @ = 5 in the inventory prob-
Jem discussed at length in Chapter 4. In Section 4.1 we saw that when
the demand z was no greater than the stock @, the conditional profit was
given by the formula

Conditional profit = —$2 Q + $3z = —$10 4 $3 2.
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Since values of Z greater than 5 are impossible by Table 4.1, this formula
applies to all possible values of 2 when @ = 5, the conditional profit for
this case has the graph shown in Figure 5.4.

The fact that this graph of conditional profit is a straight line over
the whole range of possible values of Z entitles us to apply the formula

Expected profit = K + k E(2).

It was shown in Table 5.7 that E(Z) = 2.8 for the probability distribution
assigned by the retailer; noticing that in our present problem K has a
negative value, |

K = —$§10,
we obtain

Expected profit = —$10 + $3 E(8) = —$10 + $8.40 = —$1.60
in agreement with Tables 4.4 and 4.9.
5.3.2 Broken-line Conditional Profit

Suppose now that we wish to use expectations of Z to compute
expected profit in this same inventory problem but with a stock of 2

e ———

+

0
Prm—
e

O

-4+ 3z

l\
w

Conditional profit, dollars
~N

L
o

Figure 5.5

rather than with a stock of 5. In this case, as shown in Section 4.1, we
have two different formulas for the conditional profit, one of which
applies when z <2, the other when z > 2:

—$4 + $3 2 if 2 < 2,

Conditional profit = +82 if z > 2.

This conditional profit is graphed in Figure 5.5, where it appears as a
broken straight line.

The expected profit for this case is computed in Table 5.10 by a
method similar to the one used in Table 5.9 except that two subiotals are
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brought out, one for the values of 2 to which the first formula for condi-
tional profit applies and one for the values to which the second formula
applies. If now we analyze the first subtotal in the last column of Table

Table 5.10

2 P(2) Conditional profit Expected profit

0 05 —$44+0X 3% =— $4 .05(—%4) + (.05 X 0)$3 = —%.20

1 10 —$34 +1 X8 =— 1 10(—-%) 4+ (10 X1 = — .10

2 15 —$4 +2X8B =4+ 2 .25(—%4) + (.26 X2)%3 = + .50
Subtotal .40 .40(—9%4) + .60 X $3 = +48§.20

3 .30 $2 .30 X $2 = 4+ .60

4 .20 $2 .20 X $2 = 4+ .40

5 .10 $2 .10 X $2 = 4+ .20
Subtotal ~ -60 .60 X $2 = +$1.20

Total  1.00 +8$1.40

5.10 in the same way that we analyzed the total in Table 5.9, we see that
the term .40(—$%4) is P(2 < 2) multiplied by the constant factor —$4;
comparing Table 5.7 we also see that the term .60 X $3 is the partial
expectation EX(2) multiplied by the constant factor $3. Analyzing the
second subtotal in the same way we see that it is P(Z2 > 2) multiplied by
the constant factor $2. Putting these observations together we obtain a
“formula’’ for expected profit with stock Q = 2:

Expected profit = [—$4 P(Z < 2) + $3 E(2)] + $2 P(z > 2).
Generalizing this example we conclude that in any problem where

K + kz if 2 < Q,
K’ if 2 > Q,
Expected profit = [K P(Z < Q) + k ER(3)] + K' P(z > Q).

Conditional profit =

In order to acquire more feeling for the meaning of this rather complex
formula, we can imagine that the retailer actually stocks @ items on each
of a number of occasions and that the relative frequencies with which the
values of Z actually occur on these occasions are numerically equal to the
probabilities of Table 5.10. In this imaginary situation the term in
brackets gives the ratio

Total profit on all days when z < @
Total number of days

while the other term gives the ratio

Total profit on all days when z > @
Total number of days
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5.4 'The Choice and Use of a Measure of Location

The student is not expected to memorize formulas like those which
we have just derived for expected profit or methods like the one derived in
Section 5.1.4 for finding the best stock level by the use of fractiles. What
the student 7s expected to remember is this:

When probability distributions are to be used as the basis for a busi-
ness decision, the question whether the full distribution can be
replaced by a measure of location, and if so which one, is not to be
answered by some kind of vague discussion concerning the ‘“repre-
sentativeness’’ of various possible measures. A measure of location
may be used in place of a full probability distribution if and only if
it can be proved that in the particular problem at hand the expected
costs can be correctly calculated or the best decision can be correctly
identified by use of the particular measure under consideration.

One of the commonest errors in dealing with problems involving
uncertainty is to assume incorrectly that the full distribution can be
replaced by some ‘‘measure of central tendency’ such as the mean or
median. When the full distribution can be replaced by some measure of
location, the correct measure is usually nof a ‘‘measure of central tend-
ency.” In inventory problems of the kind we have been studying, the
best decision can be found by use of the median only when the critical
ratio kp/(k, + k.) has the value .5; the cost of a decision can be evaluated
by use of the mean only when the decision is to carry so much stock that
there is absolutely no chance that it will fail to meet the demand.

Even more important, it is not to be assumed that every problem can
be solved by the use of some measure of location and that the only problem
is choosing the correct measure. M ost problems require the full distribu-
tion; it 1s only exceptionally that we can replace it by a measure of location or
by any other single number.

PROBLEMS

1. Considering the distribution given in Chapter 4, Problem 3, as a probability
distribution rather than a frequency distribution:

a. Graph P(Z < z) against z.

b. Show that F,;, = 22, F , = 23, F ; = 26, and that F ;; is any value from 27 to
28 inclusive.

c. Using Z to denote the random variable ‘“number requested,”” show that
E(Z) = 25.70, E}*(z) = 4.88, E3,(3) = 20.82.

d. Compute the critical ratio from the cost data in the original problem, use your
answer to (a) to find the optimum stock by the method of Section 5.1.4, and check
against your answer to the original problem.

e. Use the formula derived in Section 5.3.2 to compute expected profit with
optimum stock and check against your answer to the original problem.
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2. Considering the distribution given in Chapter 4, Problem 4, as a probability
distribution and using Z to denote the random variable ‘“demand’’:

a. Graph P(Z < z) against z.

b. Compute the critical ratio from the data of the original problem, use your
answer to (a) to find the optimum stock by the method of Section 5.1.4, and check
against your answer to the original problem.

c. Use the formula derived in Section 5.3.2 to compute the expected profit with
optimum stock and check against your answer to the original problem.

3. A store sells for $4 an item costing $3. Selling expenses amount to 10 per
cent of sales. If the item is out of stock, customers demanding it will simply go next
door, where it is displayed in the window. At the end of one day, the manager notices
that there are only 5 units left in stock. Under the following assumptions what is
the expected loss due to the manager’s failure to reorder earlier?

a. It always takes exactly 1 day to place an order with the supplier and to get
delivery. Demand for the item over the past 1000 days has been as follows:

Number Number of Number Number of
demanded occurrences demanded occurrences

5 3 12 148

6 21 13 59

7 45 14 34

8 75 15 22

9 130 16 12

10 186 17 2

11 263

b. Sales of the item have been regularly 10 units every day, but the time to
place an order and get delivery is irregular: it usually takes 3 business days, but 25 per
cent of the time it takes 4 days and 10 per cent of the time it takes 5.

¢. Daily sales are distributed as in part a and delivery time is distributed as in
part b. [Hint: Take “lead time’’ as the basic random variable and use your answer
to (a) to get the conditional losses.]



CHAPTER 6

Assessment of Probabilities

by Smoothing Historical Frequencies

Our object in the last two chapters has been to learn how to use prob-
abilities once they have been assessed rather than to learn how to assess
them, and accordingly we have simply equated probabilities to historical
relative frequencies in various exercises without stopping to worry about
the arguments given in Section 1.6 to show that when all the available
information is considered such a procedure will often appear to be clearly
unreasonable, particularly when the historical frequencies rest on only a
small number of trials. In this chapter we shall study one group of
methods by which observed relative frequencies may be modified or
adjusted in order to make more reasonable assessments of probabilities.

6.1 The Historical Record Considered as a Sample

Consider the historical frequency distribution of daily demand shown
in Table 6.1 and graphed in Figure 6.1a. There is a ‘“dip’’ in the relative

Table 6.1

Demand Number of Relative

2 occurrences frequency
2 1 .063
3 3 187
4 2 .125
5 4 .250
6 3 .187
7 2 .125
8 0 .000
9 1 .063
10+ 0 .000
16 1.000

frequencies between demand for 3 units and demand for 5 units and

another between 7 and 9 units. Before adopting a prabability distribu-

tion for tomorrow’s demand which is a mere copy of this frequency dis-
95
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tribution, we should ask ourselves whether such a distribution is reason-
able in the light of whatever general knowledge we have of the factors
affecting demand; and in the light of the discussion in Section 1.6 this
means that we must ask ourselves whether we would expect demand on a
large number of days ‘‘like’’ tomorrow to have a frequency distribution
like that of Figure 6.1a.

Under most circumstances almost any sensible person would answer
immediately that it is not reasonable to expect demands for 7 and 9 units
to occur with relative frequencies .125 and .063 while demands for 8 units
never occur at all. Unless some definite, assignable cause can be found
which prevents demands for 8 units, it is reasonable to believe that a long
run of days like tomorrow would produce demands for 8 units with a rela-
tive frequency somewhere between the frequencies of 7 and 9 units.

Similarly for the dip in relative frequency between 3 and 5 units:
unless a specific cause can be found to explain the dip, a reasonable per-
son would be willing to bet that in a hypothetical long run the relative fre-
quency of demands for 4 units would be between the frequencies for 3 and
5 units and would assign probabilities to tomorrow’s demand accordingly.

Finally, the fact that no demand for less than 2 or more than 9 units
has occurred in the 16 days in the record is not in itself a proof that such
demands are impossible; and a reasonable person might well want to
assign them some small probability.

This intuitive feeling that it is not logical to assign probabilities in
this problem by simply equating them to the historical frequencies can
be rationalized as follows. Certain factors affecting demand on any given
day can be identified and their effects can be isolated and measured.
Thus we may know that Saturday demand tends to be greater than
Friday demand by a certain amount. But after we have identified all
the factors we can identify and thus explained a part of the variation in
historical demand, we are usually left with a certain amount of unex-
plained variation. It is because we are unable to explain all the variation
in past demand that we are uncertiain about tomorrow’s demand.

It is usually reasonable to think of this unexplained variation as
being the joint effect of a large number of factors each of which indi-
vidually has only a small effect, since any individual factor which has a
large effect can and should be identified. Furthermore we may usually
think of these small, residual factors as acting independently of each
other—if several small factors tend to act together, the group as a whole
will produce large effects and therefore can and should be identified.
Consequently it ¢s reasonable under most circumstances to think of demand
on any one day as being equal to some ‘‘basic’’ amount determined by the
identified factors plus or minus a ‘‘deviation’’ which is really the sum of a
large number of small, tndependent deviations due to the unidentified factors.

Let us now simplify the problem for a moment by imagining that
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although some deviations will be positive while others will be negative, all
the deviations are of equal absolute size. If this were true, the variation
in demand would be something like the variation in the number of heads
turning up when 100 coins are tossed repeatedly. Even though some or

all of these coins may be badly bent, so that the probability of heads for

any one coin may be far from 14, intuition tells us immediately that in
the long run:

1. There will be some one most common number of heads;
2. The relative frequencies of other numbers of heads will be smaller
the farther the numbers are from this most common number.

If, therefore, a very short series of tosses showed, say, that 54 heads had
occurred twice, 56 heads once, and 55 heads not at all, we would never-
theless insist that +n the long run 55 heads would occur with a relative fre-
quency somewhere between the frequency of 54 heads and the frequency
of 56. In other words, irregularities in the long-run frequency distribu-
tion of number of heads would seem inconsistent with our intuitive ideas
concerning the nature of the chance mechanism or random process gener-
ating this number. We would say that the irregularities in the record are
due to the fact that these tosses are only a ‘‘sample’ of the behavior of
the random process and that the absence of 55 heads from the record
reflected ‘‘sampling error’’ rather than the true long-run behavior of the
process.

We do not, of course, really think that the total deviation of demand
from its most common value is the sum of deviations which are exactly of
equal size, but this part of the analogy is not essential. A closer analogy
would be a sequence of rolls of 1000 deformed dice, all different, and here
again intuition tells us (and it can be proved) that in any really long
sequence of rolls of the 1000 dice:

1. There will be some one most common total number of spots
showing,

2. The relative frequencies of other numbers will be smaller the
farther the numbers are from this most common number.

This analogy is close enough to our notions of the mechanism generating
demand to justify the proposition that the long-run frequency distribution
and therefore the probability distribution of demand should fall away
smoothly on either side of a single most probable value.

6.2 Smoothing a Frequency Distribution

In a great many situations the only available evidence on the behavior
of the random process generating values of some random variable is (1) a
frequency distribution of values actually generated by the process in the
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past and (2) the knowledge that we have eliminated from this distribu-
tion the effect of every assignable cause which we are able to identify. In
such cases the only reasonable way of estimating the long-run behavior of
the process and thus assessing a probability distribution for the next
value which will be generated by the process is to smooth this historical
frequency distribution.

This has been done for the data of Table 6.1 in Figure 6.1¢ (not b).
A smooth curve has been drawn in such a way that the fotal amount added
to the frequencies of certain demands equals the total amount subtracted from
the frequencies of all other demands. Like the type of graph shown in
Figure 3.2, the curve has no meaning except at the points corresponding
to integral values of the sales volume.

Fitting the Curve. It is difficult in a single operation to fit a smooth
curve to an irregular graph like Figure 6.1a and make it come out in such
a way that it both has the right shape and leads to probabilities which
add up exactly to 1. In practice it is easier to break the fitting procedure
down into two steps.

1. Fit by eye a smooth curve which has the right general shape.

2. Adjust the curve so that the probabilities will add to 1 by reading
the curve at each possible value of the variable, adding the read-
ings, and then increasing or decreasing every point on the curve
by the same proportional amount.

The curve shown in Figure 6.1c was actually derived from the curve in
Figure 6.1b. This latter curve was fitted by eye and the ordinates listed
in column 2 of Table 6.2 were read from it. Each figure in column 2 was
then divided by the total of the column (1.16) to obtain a set of probabzlz-
ties which would add to 1. Once these probabilities were listed in column

Table 6.2
Demand of (P),fgulg:tg‘ b Probability
0 0 0
1 .01 .009
2 .07 .060
3 .16 .138
4 .21 181
5 .22 .190
6 .21 .181
7 .15 .129
8 .08 .069
9 .04 .034
10 .01 .009
114 0 0

1.16 1.000
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3 of the table, the smoothing was really complete; the only reason for
plotting the probabilities in Figure 6.1¢ and drawing a smooth curve

through the plotted points was to obtain a visual check on the reasonable-
ness of the final results.

6.2.1 Assignable Causes

Now that the student has learned how to smooth out all the irregu-
larities in a frequency distribution, let him beware of doing this indis-
criminately. Assignable causes for irregularities often exist: if we make
the effort, we are often able to find reasons for dips in a historical fre-
quency distribution. In the case of daily demand, this means that we
can often explain why the frequencies bunch in two or more ranges by
looking for factors which were present on the days (or months or other
periods) showing high demand and which were absent on the days show-
ing low demand or vice versa.

It has already been pointed out that if the data in the record apply
to all days in the week, we may find that demand was usually higher on
Saturday than on other days. Unless our general knowledge of con-
sumer behavior leads us to a strong belief that there is no real reason for
this phenomenon, we should not reject it as an accident of chance, which
is what we are doing implicitly if we assess a probability distribution by
smoothing a frequency distribution containing data on both Saturdays
and other days. Rather, we should use only Saturday data to arrive at
a probability distribution for next Saturday’s demand, and so forth. If
demand in summer was higher than demand in winter and it is reasonable
to believe that there is a real cause for this phenomenon, summer and
winter data should not be lumped in arriving at a probability distribution.

The help which even a professional statistician can derive from prob-
ability theory in deciding whether irregularities in a historical frequency
distribution are to be attributed to an assignable cause or to chance is
usually very slight. Baszcally, the problem is one to be decided by the use of
judgment, and judgment must be based more on a general understanding of
the real phenomena under study than on statistical theory.

6.3 Smoothing Grouped Distributions

We saw in Section 3.3.1 that in some situations the available data
will be insufficient to compute the relative frequency with which each
individual value of some random variable has occurred in the past and
that we may then be forced to work with a grouped frequency distribu-
tion. Furthermore it is often better to work with a grouped distribution
even when the available data do give us the historical relative frequencies
of the individual values of the random variable. We have just seen that
‘““sampling error’’ means that individual relative frequencies are poor
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guides to probabilities unless these relative frequencies are based on fairly
large absolute numbers of occurrences. If the values of the variable are
grouped into brackets, the number of occurrences in each bracket may be
large enough to make the observed relative frequency of each bracket a
very good indication of its true long-run frequency; and we can then use a
smoothing technique to obtain good estimates of long-run individual
frequencies.

Suppose then that we have either been given the grouped distribution
of sales volumes shown in the first two columns of Table 6.3 or have con-

Table 6.3
Demand Relative Frequency per
z frequency unit width
0-4 .051 .0102
59 . 256 .05612
10-14 .325 .0650
15-19 . 222 .0444
20-24 .094 .0188
25-29 .043 .0086
30-34 .009 .0018
1.000

structed it by deliberately grouping the frequencies in a more detailed
record. This distribution is graphed in Figure 6.2, where a histogram is
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used rather than a graph like Figure 6.1 because the frequencies do not
pertain to a single value of the variable. As we saw in Section 3.3, it is
the areas of the bars of the histogram which represent the relative fre-
quencies; the heights of the bars represent frequency per unit width.
Since the width of each bar in Figure 6.2 is 5 units, the height of each bar
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as shown in column 3 of Table 6.3 and on the vertical axis of Figure 6.2 is
one-fifth of the frequency.

Fitting and Reading the Curve. After the histogram of the grouped
frequency distribution has been drawn, a probability distribution can be
assessed by fitting a smooth curve in such a way that for each bracket the
area under the curve is approximately equal to the area of the correspond-
ing bar. This curve approximates the outline of a histogram giving the
probability of each individual value z of the demand.

The detailed probability histogram itself could then be constructed in
the way indicated by the shaded bar for the individual z = 20, but it is
easy to find the probability of any individual value without actually
drawing its bar. The width of the bar for any individual value is 1, its
height can be obtained by reading the height of the curve at the mid-point
of the interval which would be occupied by the bar, and its area can then

be computed by multiplying height times width. Thus from the curve
in Figure 6.2 we can quickly find

P(z = 20) =1 X P/(20) = 1 X .02
P(z=21)=1XP (@21 =1X .02

6 = .026,
2 = .022,

and so forth.

The total area under a curve fitted in this way will, of course, usually
differ slightly from 1. We could adjust for this by reading the height of
the curve at each possible value of the variable and then adding and

adjusting these readings in the manner of Table 6.2, but usually the prac-
tical gain will not be worth the effort.

6.4 Smoothing of Extremely Sparse Data

Consider next the historical frequency distribution of demand shown
in Table 6.4 and graphed in Figure 6.3. As can be seen in the figure, the

Table 6.4

Demand Number of Relative

z occurrences frequency
9 1 .1
11 1 . |
15 1 .1
16 1 .1
17 1 .1
20 1 .1
22 1 1
24 1 .1
29 1 1
35 1 .1
10 1.0
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demands ‘‘bunch” in the range 15 to 24 and suggest that the probability
distribution should be of the same general shape as the curves in Figures:
6.1c and 6.2; but because all the individual bars in the figure are of the
same height it is impossible to fit a smooth curve by the method used to
produce Figure 6.1¢, and because the total number of occurrences is so
small grouping would help very little. When the historical data are as
sparse as those of Table 6.4, it is much more effective to make a smoothed
assessment of the cumulative probability distribution than it is to use
either of the methods previously described.
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When we smoothed the frequency distribution of Figure 6.1a, what
we did in effect was:

1. Take the historical relative frequency of each recorded demand as
a preliminary estimate of the long-run relative frequency of that
demand;

2. Adjust these preliminary estimates so that the whole distribution
would be smooth and of reasonable shape.

In our present problem we shall use an analogous procedure:

1. Make a preliminary estimate of the long-run cumulative relative
frequency corresponding to each recorded demand;

2. Adjust these preliminary estimates so that the whole distribution
will be smooth and of reasonable shape.

6.4.1 Estimates of Fractiles

The first point to observe when we set out to estimate a long-run
cumulative frequency is this: when the record contains only a very few
observations, it is contrary to common sense to use the historical cumulative
frequency of any value of a random variable as an estimate of the long-run
cumulative frequency of that value. The truth of this assertion can easily
be seen by considering the values 35 and 9 of the random variable
‘““demand’”’ in our example.

As can be seen from Table 6.4, the historical cumulative frequency
of 35 orlessis 1. We know, however, that it is extremely unlikely that a
‘“sample’’ of only 10 demands includes the highest possible demand; and
therefore 1 is not a sensible estimate of the long-run cumulative frequency
of 35 or less. Similarly, the historical cumulative frequency of less than
9 is 0; but it is not at all likely that 9 is the lowest possible demand and
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therefore 0 is not a sensible estimate of the long-run cumulative frequency
of less than 9.

In order to find a way of making more reasonable preliminary
estimates of long-run cumulative frequencies, let us think of what would
happen if the random process generating tomorrow’s demand were to
operate on each of a very large number of days ‘“like’’ tomorrow, and to
make the discussion concrete let us think of 11,000 days. Further, let us
think of these 11,000 days as having been arrayed in order of quantity
demanded and then given a rank number. The day with the smallest
demand will have rank 1; the day with the largest demand will have rank
11,000; days with identical demands are ranked arbitrarily among them-
selves. Then 1t can be proved that if a sample of 10 days is drawn from
these 11,000 days, the expected rank number of the lowest-ranking day in
the sample is 1000, the rank number of the 1{, not the 14, fractile of the
11,000 demands. The expected rank of the second-lowest day in the
sample is 2000, the rank of the 2{1 fractile of the 11,000 demands; and so
forth. The expected rank of the highest-ranking day in the sample is
10,000, not 11,000, and this is the rank of the 19{; fractile of the 11,000
demands.

Consequently the smallest demand in a sample of 10 demands is a
reasonable estimate of the 14 fractile of the distribution of demands
from which the sample is drawn; the largest demand in the sample is a

reasonable estimate of the 194, fractile of the distribution; and so forth.
More generally,

If a sample of n observations is drawn from some distribution and
arrayed in order of size, the kth observation is a reasonable estimate
of the k/(n + 1) fractile of the distribution.

If there are 25 observations in the sample, the third smallest is a reason-

able estimate of the 34 = .115 fractile of the distribution from which the
sample is drawn, and so forth.

6.4.2 Fitting and Reading the Cumulative Probability Distribution

Let us now proceed to assess a probability distribution for tomorrow’s
demand by using the 10 demands in the record of Table 6.4 as estimates
of the fractiles of the long-run frequency distribution of demand. In
Figure 6.4 we plot the smallest of the 10 demands at a cumulative prob-
ability of 1{; rather than 1{(, the second smallest at a cumulative prob-
ability of 2{1, and so forth, and we then adjust these preliminary esti-
mates and assess the complete cumulative probability distribution by
fitting a smooth curve to the 10 plotted points.

When we come to read a cumulative probability from the fitted
curve, a new problem turns up. We saw in Section 3.4.2 that when a
cumulative probability distribution is graphed exactly, the graph takes
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the form of a *‘step function’” and P(¢ < 2) is read at the bottom of each
jump in the curve while P(Z < 2) is read at the top. Since the fitted
curve in Figure 6.4 has no jumps, this rule cannot be applied; and in
order to decide how to read the curve we must again think of the his-
torical data as a sample of 10 demands drawn from an extremely large
number of ‘‘possible’’ demands.
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Suppose first that we actually knew the true long-run distribution of
demand, that this distribution had been accurately graphed as a step
function, and that we had used the method of Figure 5.1 or 5.2 to locate
the true ¥{1, 241, . . . , 1Yy fractiles of this distribution. The dashed
lines locating some of these fractiles would cut the graph at or near the
top of a jump, others would cut at or near the bottom, and still others
would cut near the middle. If then a smooth curve were put through the
intersections between the dashed lines and the graph, its height at any 2
would in general give us neither P(2 < z) nor P(2 < z) but something in



106 Probabilities Based Directly on Experience 6.4.3

between. P(Z < 2) would be given by the height of the curve somewhat
to the left of 2z, and P(2 < 2z) would be given by the height of the curve
somewhat to the right of 2. |

It is such a curve which is estimated by the curve of Figure 6.4, and
therefore the height of that graph at any z gives neither P(Z < 2) nor
P(2 < 2) but something in between. The best we can do in this situation
is to adopt the following very rough and ready rule:

P(Z < z) will be read above the point z — 14 on the horizontal axis.
P(zZ < z) will be read above the point z 4 14 on the horizontal axis.

The vertical scale of Figure 6.4 is labeled P(Z < z + 14) to remind us
that what we read above the point 10.5 on the horizontal axisis P(Z < 11),
and so forth; it could equally well have been labeled P(Z < z — 14) to
remind us that this same reading can be interpreted as P(Z < 10). The
rough-and-ready character of this rule need worry us very little, since the
difference between P(2 < z) and P(Z < z) will be very small when the
number of possible values of the variable is at all large; and it is only when
this number zs large that we will want to smooth the cumulative form of
the historical frequency distribution by the use of fractile estimates.

6.4.3 Indwidual Probabilities

Suppose now that we wish to obtain probabilities for individual
values of Z from the cumulative distribution of Z given by Figure 6.4. In
principle these values of P(z) can be obtained from the curve by using the
relation P(2 = 2) = P(Z <z + 1) — P(2 < 2), but the accuracy will be
so poor that the results are worthless. Because the difference P(2)
between any two adjacent cumulative probabilities in Figure 6.4 is so
small, very small relative errors in reading the two cumulative probabili-
ties will produce an error which is enormous relative to their difference.

The only way the accuracy can be improved is to increase the size of
the difference we are trying to read, and we can do this by proceeding in
two steps rather than one:

1. We first obtain a grouped probability distribution by reading
Figure 6.4.

2. We then obtain individual probabilities by smoothing this grouped
distribution.

To obtain a grouped distribution from Figure 6.4, we must first decide on
the width of the brackets we are going to use, i.e. on the number of values
oi Z to include in each; and in doing this we must keep in mind that:

1. Very narrow brackets reduce the relative accuracy with which we
can read the total probability of each bracket from Figure 6.4.

2. Very wide brackets increase the errors which we will make in
smoothing the grouped distribution,
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Without trying to prove that this choice is correct, let us obtain a
grouped distribution from Figure 6.4 using brackets 5 units wide. The
first bracket will include Z = 0 to 4 inclusive, the second will include
2 =51t09, and so forth. The probability that 2 is between 0 and 4 units
inclusive can be obtained simply by reading P(2 < 5) from the chart;
recalling that this cumulative probability is read above the point 4.5 on
the horizontal axis, we see that its value is 0. The probability that 2 is
between 5 and 9 inclusive is computed as .108 by subtracting P(2 < 5) = 0
from P(2 < 10) = .108, the latter value being read above 9.5 on the hori-
zontal axis. The probability that Z is between 10 and 14 inclusive is com-

puted as .212 by subtracting P(2 < 10) = .108 from P(¢ < 15) = .320,
and so forth. In general:

The probability of any bracket is obtained by subtracting the cumu-
lative probability at the left edge of the bracket from the cumulative
probability at the left edge of the next higher bracket, the left edge

of any bracket being located 14 unit to the left of the lowest value in
the bracket.

In Table 6.5 this procedure is applied to obtain a complete grouped dis-
tribution from the cumulative distribution of Figure 6.4. The remainder

Table 6.5
Cumulative Total -
Demand probability at left probability Pmb?’bﬂl.tiyh
? edge of bracket of bracket per unit widt
0-4 0 0 0
5-9 0 .108 .0216
10-14 .108 212 .0424
15-19 .320 .234 .0468
2024 .554 .170 .0340
25-29 124 .104 .0208
30-34 . 828 .074 .0148
35-39 .902 .064 .0108
4044 .956 .034 .0068
45—-49 .990 .010 .0020
50-54 1.000 0 -0
1.000

of the procedure for determining individual probabilities is identical to
the procedure used in dealing with Table 6.3. We first compute the
probabilities per unit width shown in the last column of Table 6.5 by
dividing the total probability of each bracket by its width, which is
5 units. We then graph the histogram of the grouped distribution and
fit a smooth curve in such a way as to leave the area in each bracket
essentially unchanged. The work is done for our example in Figure 6.5.
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6.4.4, The Relation between the Shape of Noncumulative and
Cumulative Distributions

Because it is easier to visualize the shape of the frequency distribu-
tion which would tend to be generated by a given random process than it
is to visualize the shape of the corresponding cumulative distribution, we
shall point out some simple relations between the two. These relations
should be kept clearly in mind when assessing a probability distribution
by smoothing fractile estimates.

The basic relation is simply this: when a cumulative distribution is
accurately represented by a stepped graph, each jump in the cumulative
distribution is equal to the area and therefore proportional to the height
of the corresponding bar in the frequency distribution. This means that
when both distributions are smoothed, the slope of the cumulative dis-
tribution at any value of the variable is proportional to the height of the
frequency distribution at that value.

Consequently a one-humped frequency distribuiion corresponds to an
S-shaped cumulative distribution like the curve in Figure 6.4. Comparing
Figure 6.4 with Figure 6.5, which was derived from it, we see that as the
value of the variable increases, the height of the frequency distribution at
first increases and therefore the slope of the cumulative distribution
increases. Beyond the point corresponding to the peak of the frequency
distribution, the height of that distribution decreases and with it the
slope of the cumulative distribution.

A two-humped frequency distribution would correspond to a cumula-
tive distribution in which the slope at first increased, then decreased, then
increased again, and then decreased again. If the dip in the frequency
distribution went down to 0, the cumulative distribution would become
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absolutely flat at the corresponding value of the variable. It is such
irregularities which we will ordinarily want to smooth out in assessing a
probability distribution; but as we have already said, this must be done
only after we have asked ourselves whether the observed flattening may
represent a genuine assignable cause.

Normal-probability Paper. Even when we are aware of these rela-
tions between the shapes of noncumulative distributions and cumulative
distributions it is usually very difficult to say whether a graph of cumula-
tive probabilities like Figure 6.4 is reasonable—i.e., expresses our con-
sidered judgment about the workings of the underlying mechanism or
process. For the reasons explained in Section 6.1 we will usually be of
the opinion that our noncumulative probability distribution should be
smooth and single-humped; and when this is true it. will usually be easier
to sketch the corresponding cumulative distribution on graph paper with
a special grid known as ‘‘ Normal-probability paper.”’

The statistical theory underlying this special grid will not be dis-
cussed until later in the course; for the moment we shall justify its use
solely by example. The lines labeled I, II, and III in Figure 6.6a repre-
sent three hypothetical cumulative distributions; the corresponding non-
cumulative distributions are shown as Figure 6.6b. The points to notice
are the following:

1. A perfectly straight line on Normal-probability paper corresponds
to a symmetrical, one-humped probability distribution, the tails of which
never quite fall to zero. It is impossible to plot the cumulative prob-
abilities O or 1 on this paper, although we can plot .0001 and .9999.

2. Most reasonable one-humped probability distributions will cor-
respond to nearly straight lines on this paper except at the two tails; if the
‘“ends’ of the distribution are to be represented, this must be done by
turning the ends of the graph parallel to the vertical axis. The point at
which the ends turn vertical will necessarily be largely arbitrary, but
fortunately this is rarely of any practical importance whatever. The
small probabilities in the extreme tails will have little effect on expected costs
and even less or none at all on the actual decision.

6.5 Computation of Expectations from Grouped Distributions

Suppose now that we are faced with an inventory problem of the kind
studied in Chapter 4 and that Figure 6.4 represents our assessment of the
probability distribution of demand. After computing the critical ratio
ky/(kp + k.) we can determine the value of the critical fractile directly
from Figure 6.4 and thus determine the best number to stock, but we will
have much more trouble when we try to compute the expected profit of
stocking this or any other number of units. If we use the basic method of
computation which we used in Chapter 4, we must know P(z) for every
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possible z, and this means not only that we must go through the entire
process of deriving the smooth curve of Figure 6.5 from the original
assessment in Figure 6.4 but also that we must then read P(z) from this
curve for every z and multiply each probability into the corresponding
conditional profit. Even if we short-cut the computations by using a
partial expectation in the way described in Section 5.3.2, we shall still
have to produce the smooth curve of Figure 6.5 and read P(z) from it for
every z up to and including the number of units stocked. Although the
actual computations could be mechanized, this kind of chart reading
would clearly become totally impractical in a problem in which demand
had a really large number of possible values.

Fortunately this kind of detailed chart reading is not really neces-
sary, since expectations can be computed directly from an unsmoothed
grouped distribution like that of Table 6.5 with an accuracy which is
more than adequate for all practical purposes. We shall first explain the
logical basis of this approximate method of computation by means of an
artificially simple example and we shall then go on to apply it to the dis-
tribution of Table 6.5 and Figure 6.4.

Suppose that the probabilities assigned to the six lowest possible
values of a random variable # are those shown in Table 6.6a. The
partial expectation E§(7) can then be computed to be .42 as shown in the
last column of the table. In Table 6.6b the same value is obtained for

°(%) by grouping three values per bracket and multiplying the value of the
variable at the mid-point of the bracket by the total probability of the bracket.
Notice carefully that the partial expectation .42 computed in Table 6.6b
applies to the whole interval # = 0 to 5 inclusive, i.e. to the whole interval

from the left edge of the first bracket to the right edge of the last bracket included
in the computatzon.

Table 6.6a Table 6.6b
v P@) v P(v) v Mid-point Grouped Product
probability
0 .02 0
1 .02 .02 0-2 1 .06 .06
2 .02 .04
3 .03 .09
4 .03 .12 3-5 4 .09 .36
5 .03 .15
.42 42

Grouped computation gave the exact value of the partial expectation
in this example because all values of the variable within any one bracket
had exactly the same probability. Grouped computation will give
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reasonably good results even when the individual probabilities within
each bracket are not exactly equal provided that they do not vary too
widely, and we shall now apply the method to the distribution of Table
6.5. 'The basic computations are carried out in Table 6.7, where columns
1 and 3 are simply copied from Table 6.5 and column 4 is computed in the
same way as column 4 of Table 6.6b. The last column of Table 6.7 gives
the cumulative or progressive sum of column 4 and thus shows a whole
series of partial expectations of 2, each one covering the interval from 0

Table 6.7
2 Mid-point p?oxl‘;);g) ifi(:y Product Cun;z};twe
0-4 2 0 0 0
59 7 .108 .756 756
10-14 12 .212 2.544 3.300
15-19 17 .234 3.978 7.278
20-24 22 170 3.740 11.018
25-29 27 .104 2.808 13.826
30-34 32 .074 2.368 16.194
35—39 37 .054 1.998 18.192
40-44 42 .034 1.428 19.620
45—-49 47 .010 .470 20.090
50-54 52 0 0 20.090
1.000 20.090

to the right edge of the last bracket included in its computation. Thus
we read, for example,

R(2) = .756; E2(3) = 11.018.

The ‘“complete’’ or ordinary expectation of Z—the mean of the distribu-
tion of Z—is

E*(2) = E¥(2) = 20.090.

Partial expectations over intervals whose right edges do not coincide with
the right edges of the brackets in Table 6.7 can be obtained by plotting
the partial expectations given in the table and fitting a smooth curve
through the plotted points. This is done in Figure 6.7, where we can
read, for example,

E¥(3) = 15.3; E3¥(3) = 17.0.

In problems where only a single partial expectation is required—e.g.,
because we have determined the optimum stock by use of the cumulative
distribution and wish to know expected profit with this stock only—the
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chart reading and computation represented by Tables 6.5 and 6.7 can be
still further reduced. Suppose, for example, that the only partial
expectation we require from Figure 6.4 is E;°(2). Since it is easier to read
Figure 6.4 if we choose bracket edges terminating in 0 and 5 than it is if
we use any other numbers, we will start by using the first five brackets of
Table 6.5 exactly as they are in that table; the cumulative probabilities
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and grouped probabilities in the first five lines of Table 6.8 are identical
to those of Table 6.5. The last entry in Table 6.8 is then an *‘off-size”
bracket, chosen to end with the value z = 26 in which we are interested.
The probability of this bracket is obtained in exactly the same way as the
probabilities of the other brackets, by subtracting P(Z < 27) — P(Z < 25),
but we must be careful to notice that because the only values in this
bracket are 25 and 26 its mid-point is 25.5.

Table 6.8
Demand Cumulajt'i Ve Tota:l . .
, probability probability Mid-point Product
at left edge of bracket
0-4 0 0 2 0
5-9 0 .108 7 .756
10-14 .108 212 12 2.544
15-19 .320 .234 17 3.978
20-24 .554 -170 22 3.740
25-26 .724 .048 25.5 1.224
27— 772

12.242
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PROBLEMS

1. The fractile estimates shown as X’s in Figure 6.4 have been replotted on Nor-

mal-probability paper as Figure 6.8.

a. Fit a smooth curve to these points, turning the left end vertical 14 unit to the

left of what you believe to be the lowest possible demand and turning the right end
vertical 14 unit to the right of what you believe to be the highest possible demand.
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b. Assuming that the item in question costs $.60, sells for $2, and is a total loss
if it is not sold by the end of the day on which it is stocked, decide how many units to
stock.

c. From (a) obtain a grouped probability distribution like the one in Table 6.5,
using brackets 5 units wide.

d. From this grouped distribution compute partial expectations as in Table 6.7
and make a graph like Figure 6.7.

e. Use (a) and (d) to compute expected profit under your answer to (b).

f. Use incremental analysis to determine how much expected profit would be lost
by stocking 1 or 2 units more or less than your answer to (b).

g. Assume now that some misguided person, unaware of the ‘““correct’’ probability
distribution which you have assessed in (a), acts on the assumption that Figure 6.4 is
the correct distribution. Use Figure 6.4 to learn how many units he will decide to
stock, and use your answer to (f) to determine how much (in your opinion) his mistake
is costing him.

2. A certain product is stocked daily and spoils if it is not sold by the end of the
day. The retailer pays $1.37 per unit for the product; he prices it at $6.50 on the
day it is stocked; leftover stock is worthless. The retailer believes that he knows at
least approximately the effect which a variety of factors such as season, weather,
advertising, etc., exert on demand for this product; and because no one combination
of “values’’ of these factors is ever repeated exactly, he believes that it is impossible
to build up a historical frequency distribution of demand on a number of ‘“‘identical’’
days. Instead, therefore, of looking at such a distribution before deciding how many
units to order, he has based each order on a forecast of the next day’s demand. The
table below shows the record for the past 19 days of his forecast of demand and the
demand which actually occurred; his forecast of tomorrow’s demand is 100 units.

Day Forecast, Demand Day Forecast Demand
1 75 92 11 110 101
2 100 107 12 95 100
3 120 98 13 100 107
4 85 78 14 125 118
5 110 104 15 70 61
6 130 140 16 100 105
7 90 90 17 105 91
8 80 85 18 80 86
9 75 93 19 120 108

10 120 127

a. Compute the discrepancies between actual demand and forecast demand,
defining the discrepancy as actual minus forecast, and array them in order from the
most negative to the most positive.

b. Assess a probability distribution for tomorrow’s discrepancy by treating the
recorded discrepancies as fractile estimates. Use Normal-probability paper and
choose the horizontal scale such that the extreme left of the axis represents — 50, the
extreme right +50. In plotting the estimates, observe that a discrepancy of —9 is

the estimate of {wo successive fractiles and that therefore you must plot two X’s
above —9.

c. Making use of the fact that

Demand = forecast + discrepancy,
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convert your answer to (b) into a probability distribution for tomorrow’s demand by
simply relabeling the horizontal axis.

d. Determine the best number of units to stock and compute expected profit with
this stock.

3. In the situation of Problem 2:

a. Compute the ratio of actual demand to forecast demand on the 19 days in the
historical record, dividing actual by forecast.

b. Assess a probability distribution for tomorrow’s ratio by treating the recorded
ratios as fractile estimates. Use Normal-probability paper and choose the horizontal
scale such that the extreme left of the axis represents .50, the extreme right 1.50.

c. Making use of the fact that

Demand = forecast X ratio,

convert your answer to (b) into a probability distribution for tomorrow’s demand by
simply relabeling the horizontal axis.

d. Determine the best number of units to stock and compute expected profit with
this stock.

4. Discuss the merits of the alternative procedures used in Problems 2 and 3.
Considering the retailer as a forecasting mechanism or process, what implicit assump-
tions were made about the behavior of this process in Problem 2? in Problem 3?
How in practice would you try to determine which assumptions were closer to the
truth?

5. A retailer with costs and prices identical to those of Problem 2 also bases his
orders on forecasts of demand but has kept no record of the accuracy of previous fore-
casts. After reviewing the reports he has received on the state of the market for his

product he decides that he would be willing to bet at the following odds on tomorrow’s
demand:

1 to 99 (1 chance in 100) that 2 < 100.
1 to 9 that 2 < 115.

1 to 1 that 2 < 130.

1 to 9 that Z > 146.

1 to 99 that Z > 160.

How many units should he stock?



CHAPTER 7

Opportunity Loss and the Cost of Uncertainty

Even though we choose the best possible decision in the light of the
information available before the fact, this decision will often turn out
‘““wrong’’ after the fact. To use the example discussed in Chapter 4: the
best decision we can make before the fact is to stock 2 units, but after the
fact we may wish we had stocked some other number of units. This, of
course, is no criticism of the rationality of the original decision: such
things are bound to happen when a decision has to be made on the basis
of less than perfect information. It does mean, however, that there is a
particular interest attached to the losses which may be tncurred because of

the imperfection of our information, and such losses are the subject of the
present chapter.

7.1 Definition of Opportunity Loss

Losses of the kind we are now studying will be called opportunity
losses because they represent the difference between the profit we actually
realize and the greater profit we had the opportunity of realizing; or if we
measure the consequences of our chosen act in terms of cost, they repre-
sent the difference between the cost we actually incur and the lesser cost
we had the opportunity of incurring. Formally, we define

Opportunity loss of a decision: the difference between the cost or
profit actually realized under that decision and the cost or profit
which would have been realized if the decision had been the best one
possible for the event which actually occurred.

Observe that an ‘‘opportunity loss”’ may be suffered even when the deci-
ston results in a profit rather than a loss tn the ordinary sense of the word.
Henceforth the word ‘‘loss’ will be used only in the sense of ‘‘ opportunity
loss’ as we have just defined this term, whether or not we repeat the word
‘““opportunity’’ on every occasion. If a decision results in costs which exceed

revenues, we shall call the difference a ‘‘negative profit”’; we shall no longer
call it a ‘‘loss.”

7.1.1 Ezxpected Opportunity Loss

The opportunity loss which is actually suffered as the result of some

decision may be a subject of curiosity and regret, but the businessman
117
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will gain little practical advantage from its calculation. What is really
useful to the businessman is to look at the risk of loss before he makes his
final decision, i.e. to compute the expected loss of the act which he is
contemplating, since if this expected loss is great he may be able to
reduce it either by postponing the final choice of an act until more
information has been acquired or by finding some way of hedging the
risk. The real subject of the present chapter is therefore the computa-

tion of expected opportunity loss, and this computation can be performed
in two different ways:

1. We can look at the various losses which may result from a given
act according to the event which actually occurs and compute
the expected value of these potential losses.

2. We can compare the profit or cost which can be expected to result
from choosing an act on the basis of the information currently
available with the profit or cost which could be expected to result
from choosing an act on the basis of perfect information.

We shall study both of these methods of computation and shall see that
they must necessarily and always lead to exactly the same figure for the
expected opportunity loss.

7.2 Computation of Expected Loss from Conditional Losses

7.2.1 The Loss Table

If we wish to compute the expected losses of all the possible acts in
any decision problem by the first of the two methods described above, our
first step is very similar to the first step we take when we wish to compute
the expected profits or costs of all possible acts: we lay out a table which
shows the conditional loss which will be incurred as the result of each act
given every possible event. Such a table will be called a loss table.
Since the conditional opportunity loss of any act given a particular event
is simply the difference between the resulting profit or cost and the profit
or cost which would have resulted from the best possible act for that
event, the most systematic way of computing a loss table for any problem
is to start with the payoff table which shows all the profits or costs for
that problem.

Although the very definition of opportunity loss makes it virtually
obvious how the loss table is to be derived from the payoff table, it is well
to follow a systematic procedure in carrying out the calculations and we
shall explain this procedure by applying it to the inventory problem dis-
cussed at length in Chapter 4. Table 7.1 is the payoff table for that
problem and is identical to Table 4.2 except that the ‘‘impossible’’ event
2 = 6+ has been omitted. Table 7.2 is the corresponding loss table
derived from Table 7.1 in the following two steps:



7.2.1 Opportunity Loss and the Cost of Uncertainty 119

1. The greatest possible profit for each event is identified by starring
the greatest profit in each row of Table 7.1.

2. Table 7.2 1s then constructed row by row, each entry in Table 7.2
being obtained by subtracting the corresponding entry in Table
7.1 from the starred entry in the same row of Table 7.1.

Table 7.1
Payoff Table
Q
]
0 1 2 3 4 H
0 $0* —$2 —$4 —§6 —§8 —§10
1 0 + 1% -1 - 3 — 5 - 7
2 0 + 1 -+ 2* 0 - 2 — 4
3 0 + 1 + 2 + 3* + 1 — 1
4 0 + 1 + 2 + 3 + 4* + 2
5 0 + 1 + 2 + 3 + 4 + 5*
Table 7.2
Loss Table
Q
2
0 1 2 3 4 5
0 $0 $2 $4 $6 $8 $10
1 1 0 2 4 6 8
2 2 1 0 2 4 6
3 3 2 1 0 2 4
4 4 3 2 1 0 2
5 5 4 3 2 1 0

Thus the $1 opportunity loss attached to the event ‘‘demand for 4’
under the act ‘‘stock 3’ represents the fact that the corresponding profit
is only $3 whereas with a stock of 4 (the best decision for a demand of 4)
the profit would be $4—this is the starred entry in the row for z = 4 in
Table 7.1. The $6 opportunity loss attached to ‘‘demand 2’’ under
‘““stock 5’ represents the fact that the corresponding profit is a negative
$4 whereas with a stock of 2 (the best decision) the profit would be a
positive $2.

The student should pay very careful attention to the following points
concerning algebraic signs:

1. Care must be paid to algebraic signs in subtracting the profit for
a given act-event combination from the greatest possible profit
for that event, since one or both of these quantities may be
negative.
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2. Opportunity loss itself can never be negative. The loss of the

best possible act for any event is 0, and all other acts necessarily
involve positive losses.

Payoff Tables Showing Costs. With two obvious exceptions, the pro-
cedure for deriving a loss table from a payoff table which shows costs
rather than profits is identical to the procedure described above:

1. The lowest cost in each row is starred.
2. The starred entry is subiracted from all the entries in the same row.

7.2.2 Ezxpected Loss

The expected opportunity loss of any act is computed from the condi-
tional losses in exactly the same way that its expected profit or cost is
computed from conditional profits or costs. Thus in our example the
expected opportunity loss of a decision to stock 3 units is computed as
$1.60 in Table 7.3, where the conditional losses are taken from the proper
column in Table 7.2 and the probabilities are taken from Table 4.1.

Table 7.3

Expected Loss with Stock of 3

, P(2) Conditional Expected
loss loss

0 .05 $6 $ .30
1 .10 4 .40
2 25 2 .50
3 .30 0 0
4 .20 1 .20
5 .10 2 .20

1.00 $1.60

In order to get a more intuitive feeling for the meaning of this result,
let us imagine that the retailer has actually stocked 3 units in each of the
past 100 weeks and that the various values of demand have actually
occurred with relative frequencies equal to the probabilities of Table 7.3—
there was no demand in 5 of the 100 weeks, demand for 1 unit in each of
10 weeks, and so forth. Then we can say that in this imaginary situation
the retailer’s average weekly profit was $1.60 less than it would have been if he
had known each week’s demand in advance and stocked accordingly.

7.3 Expected Profit or Cost of Action under Certainty

We now turn to the second method of computing expected loss which
we mentioned in Section 7.1.1: comparison of the expected profit or cost
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of an act chosen in the light of the information actually available with
the expected profit or cost of an act chosen in the light of perfect
information. To give an intuitive idea of the meaning of such a compari-
son before we enter into its details, let us reexamine the way in which we
visualized expected loss in terms of losses actually realized over a period
of 100 weeks. We imagined a situation in which relative frequencies
were actually equal to the assigned probabilities and said that the
retailer’s average profit with a stock of 3 was $1.60 less than it would have
been if he had known each week’s demand in advance and had stocked
accordingly. In terms of such a visualization, what we are now about to
do amounts to obtaining this $1.60 figure by actually computing the
average profit which the retailer could have made if he had known each
week’s demand in advance and then subtracting from this the average
profit which resulted from stocking 3 units every week.

7.83.1 Computation of Expected Profit under Certainty

The method by which we can calculate the expected profit of acting
with perfect information or ‘“‘under certainty’ can easily be made clear
by studying Table 7.4, where this profit is computed for the inventory
example we have been considering. Since we are now assuming that the
retailer will be told the exact demand before he places his order, his
conditional profit for each event is the greatest possible profit for that

Table 7.4
Expected Profit under Certainty
Conditional Expected

¢ PG) profit profit
0 .05 $0 $0
1 .10 1 .10
2 .25 2 .50
3 .30 3 .90
4 .20 4 .80
5 .10 5 .50

1.00 $2.80

event, i.e. the starred entry in the row describing that event in the payoff
table, Table 7.1. The expected value of this random variable ‘profit
under certainty’’ is then computed as $2.80 in absolutely standard
fashion. In terms of the frequency visualization, this is the average
profit which the retailer would have made over the 100-week period if he
had stocked exactly the right amount each week. Notice very carefully,
however, that when we deal with our real problem, i.e. with probabilities
and expectations rather than with historical frequencies and averages, the
retailer’s expected profit under certainty depends on the probability distribu-
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tion which the retailer assigns to the random variable ““demand.” Although
$2.80 i1s the retailer’s ‘“‘expected profit under certainty,” it is not the
profit which the retailer would be certain to make if he had perfect
information. This latter figure is known by God alone and is irrelevant
to the problem of decision under uncertainty. Observe, however, that
the point just made corresponds exactly to the fact that the retailer’s
expected loss due to imperfect information is not a loss which he is certain
to suffer because of his imperfect information.

Relation of Expected Profit under Certainty to Expected Demand. If
we look at the conditional profits under certainty in Table 7.4 we see
immediately that they are given by the formula

Conditional profit under certainty = $1 z,

and in any problem where the same profit k, 18 made on every unit sold we
will have a formula of this same type:

Conditional profit under certainty = k.

The conditional profit given by a formula of this type is a linear function
of demand—if we graph k,z against z the graph is a straight line—and
therefore by Section 5.3.1

Expected profit under certainty = k, E(2).

In terms of frequencies rather than probabilities, the retailer’s stock
under certainty would match demand on every day, and therefore his
average profit would be simply average demand times profit per unit.

7.8.2 Use of Expected Profit under Certainty to
Compute Expected Loss

In Table 4.3 we computed the retailer’s expected profit with a stock
of 3 as $1.20. Subtracting this figure from the $2.80 profit he could
‘“expect’’ with perfect information, we obtain $1.60 as his expected loss
due to imperfect information. The result is identical to the result we
obtained in Table 7.3 by using conditional losses.

To make the relation between these two methods of computing
expected loss still clearer, we combine in Table 7.5 the computation of
expected profit with a stock of 3 units and expected profit under certainty.
The conditional profits with a stock of 3 are taken from the corresponding
column in Table 7.1; the conditional profits under certainty are, we
repeat, the starred entries in Table 7.1. The expectations of these two
random variables are computed in the usual manner in the last two
columns of Table 7.5, and the expected loss with a stock of 3 is the differ-
ence between the totals of these last two columns.
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Table 7.5
Conditional profit Expected profit
2 . P(2) .

With stock  Greatest With stock  Greatest
of 3 possible of 3 possible

0 —$6 +$%0 .05 —$ .30 +$0
1 - 3 + 1 .10 - .30 + .10
2 0 + 2 .25 0 + .50
3 + 3 + 3 .30 + .90 4+ .90
4 + 3 + 4 .20 + .60 + .80
5 + 3 + 5 .10 + .30 4+ .50
1.00 +$1.20 +$2.80

Observe now that our previous method of finding the expected loss
(Table 7.3) consisted in:

1. Taking the differences between individual pairs of entries in
columns 2 and 3, i.e. the conditional losses;

2. Taking the expectation of these conditional losses, i.e. multiply-
ing each by its probability and adding.

The new method consists In

1. Taking the expectations of columns 2 and 3;
2. Taking the differences between these expectations.

It is obvious that in any problem whatever we will obtain the same results by
esther of these two methods.

7.4 Interpretations of Expected Loss

7.4.1 Comparison of Acts in Terms of Expected Loss

The fact that the expected loss of any act is the difference between
its expected profit and the expected profit of action under certainty means
that once we have computed the expected profits of all possible acts in
any decision problem it is easy to compute the expected losses of all the
acts or vice versa. The expected profits for all acts in our inventory
example were computed in Chapter 4 and are reproduced in the second
column of Table 7.6; the expected lossés shown in the last column of the
table are computed by simply subtracting the profit of each act from the
$2.80 profit of action under certainty.

Notice that this relation among profit, loss, and profit under cer-
tainty immediately implies that in any decision problem whatever:

The difference between the expected profits of any two acts is equal
in magnitude but opposite in sign to the difference between their
expected losses.
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Table 7.6
Expected Profits and Losses of All Acts
Q Expected Expected
profit loss
0 $0 $2.80
1 + .85 1.95
2 + 1.40 1.40
3 + 1.20 1.60
4 + .10 2.70
5 — 1.60 4.40

Thus in our example profit with a stock of 3 is higher than profit with a
stock of 4 by $1.20 — $.10 = $1.10; loss with a stock of 3 is lower than
loss with a stock of 4 by $2.70 — $1.60 = $1.10. The student can easily
convince himself that when payoff tables are expressed in terms of cost
rather than profit

The difference between the expected costs of any two acts is equal
in magnitude and identical in sign to the difference between their
expected losses.

7.4.2 The Cost of Uncertainty and the Cost of Irrationality

By Table 7.6, the best possible decision which the retailer can make
under uncertainty has an expected opportunity loss of $1.40. This $1.40
can be considered to be the inherent cost of uncertainty itself, since it is the
difference between the best that the decision maker can expect to do with
the information he has available and what he could expect to do with
perfect information. We can also look at this $1.40 loss as being the
greatest price which it would be reasonable for the decision maker to pay for a
perfect forecast, and this way of regarding the cost will be very instructive
when we come to consider the expenditure of money on sampling in order
to improve our “forecasts’’ of certain kinds of events. It is thus appar-
ent that the expected opportunity loss of the best possible decision will
be a quantity of considerable interest in the analysis of any problem of

decision under uncertainty, and we shall therefore give it a name. We
define

Cost of uncertainty: the expected opportunity loss of the best possible
decision under a given probability distribution.

The cost of uncertainty in our example is the loss associated with a
stock of 2 units. If instead of stocking 2 units the retailer stocks any
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other number, his expected loss will be greater than the $1.40 cost of

uncertainty. Such an additional expected loss is completely unneces-
sary, and we define

Cost of irrationality: the amount by which the expected opportunity
loss of the chosen decision exceeds the cost of uncertainty under a
given probability distribution.

7.5 Expected Loss When the Conditional Losses
Are ‘‘Proportional®’

We saw in Section 5.3.2 that when conditional profit with a given
stock @ has a broken-line graph of the form shown in Figure 5.5, we can
compute expected profit from a formula which involves only cumulative
probabilities and a partial expectation of the basic random wvariable
demand; and we saw in Section 7.3.1 above that when conditional profit
under certainty is linear, expected profit under certainty can be com-
puted from a formula involving only the ordinary expectation of demand.
This means that we could obtain a formula for expected loss in problems
of the type we have been studying by simply subtracting the formula for
profit with a stock of @ from the formula for profit under certainty, but
we can get results which are applicable to a much wider class of problems
by proceeding as follows. We shall first show that the conditional losses
In problems of the type we have been studying are proportional to the
difference between the act @ and the random variable Z; and we shall then
derive formulas for expected loss in any problem where the losses are pro-
portional to a difference of this kind, whether or not it is an inventory
problem of the kind we have been studying as an example.

7.6.1 Direct Computation of Proportional Conditional Losses

While the conditional losses in any problem can always be computed
by first constructing a payoff table and then deriving the loss table from
it as we did in Section 7.2.1 above, the conditional losses in many prob-
lems can be easily computed by a more direct line of reasoning which we
shall now explain by using our inventory problem as an example. It is
obvious in this problem that if the stock @ chosen by the retailer proves
to be exactly equal to the quantity actually demanded, the resulting loss
is 0; we shall now consider separately the losses which a stock @ entails if
it turns out to be over or under the quantity actually demanded.

Loss Due to QOverage. If the retailer’s stock is over the quantity
actually demanded, he will have to salvage the excess units and each
unit salvaged will entail a loss amounting to the $2.00 difference between
the $2.50 cost of the unit and its $.50 salvage value. Consequently
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Conditional loss of overage = $2(Q — 2).
Loss Due to Underage. The retailer makes a profit ot
$3.70 — $.20 — $2.50 = $1.00

on every unit stocked and sold. If, therefore, his stock is under the
quantity actually demanded, he has an opportunity loss amounting to $1
for every unit of unsatisfied demand. Consequently

Conditional loss of underage = $1(z — Q).

The implications of these two formulas are illustrated graphically in
Figure 7.1, which shows the conditional losses for stocks of @ = 2 and
@ = 3. Notice that in both cases the graph 