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Abstract

We study the violation of Bell’s inequality using a p-adic generalization of the theory of probability. p-adic probability
is introduced as a limit of relative frequencies but this limit exists with respect to a p-adic metric. In particular, negative
probability distributions are well defined on the basis of the frequency definition. This new type of stochastics can be used to
describe hidden-variabies distributions of some quantum modeis. If the hidden variabies have a p-adic probability
distribution, Bell’s inequality is not valid and it is not necessary to discuss the experimental violations of this inequality.

1. Introduction

The theory of hidden variables arisen from the
Einstein—Podolsky—Rosen (EPR) [1] “‘realistic phi-
losophy’’ and other theories based on hidden-varia-
bles ideas [2—5] are very attractive. However, one of
the main problems of the EPR hidden-variable de-
scription is the contradiction with quantum mechan-
ics predictions regarding Bell’s inequality [6] and its
generalizations [7]. Experimental tests on the basis of
Bell-type inequalities show that there exist quantum
models, where the hidden-variables description has
no meaning.

We wish to apply to Bell’s inequality a mathemat-
ical apparatus developed inside of new physical (at
the moment, only theoretical) models, p-adic quan-

* This rescarch was supported by the Alexander von
Hum 1 nboldt-Stiftung.

On leave from the Moscow Institute of Electronic Engineer-
ing, Moscow, Russian Federation,

tum physics [8-10] 2. p-adic phys models are at-
tempts to describe reality with the aid of a number
field @, which has many properties different from
the real or complex case. It is relevant to note that
we will not consider any model of p-adic physics.
We will use only the corresponding mathematical
methods.

Quantum mechanics with wave functions assum-
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models. It was developed in Ref. [12]. The main
problem of this theory is the probability interpreta-
tion of these wave functions. A new mathematical
theory, the p-adic valued theory of probability, was
proposed in Refs. [13,9] to resolve this probiem. As
usual we consider a probability as the limit of rela-
tive frequencies v,
ric on the field of ratlonal nurnbers Q. The following
natural idea is the basis of our constructions. The
physical numbers are rational numbers. We can ob-

but with respect fo another met-

2 For p-adic pumber fields @p, see Ref. [11].
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tain in any experiment only finite fractions and there
are no real or complex experimental data. Then we
can study these rational data with the aid of different
mathematical methods. p-adics helps us to find some
additional information about these rational numbers
which we cannot find using real numbers. In particu-
lar, there exist random sequences in which the »,
oscillate between 0 and 1 with respect to the usual
real metrics but are stable with respect to one of the
p-adic metrics [13,9]; in Refs. [13,9] also the results
of computer simulation are given. From the usual
point of view such sequences are chaotic, and it
would be impossible to define real probabilities. But
there is a well defined p-adic probability distribu-
tion.

p-adic probability has many of the properties of
the standard real probability: additivity, conditional
probabilities, independent events, etc. [9]. But one
property is very different from the ordinary case. All
probabilities of the usual theory belong to the seg-
ment [0,1] of R, but it was shown in Refs. [13,9] that
we can represent every rational number as the limit
of y, with respect to a p-adic metric. In particular,
every negative rational number can be represented as
the limit of relative frequencies. This fact is the
foundation of our further considerations. Negative
probability distributions are an ordinary object in the
p-adic theory of probability. We have a statistical
connection between the relative frequencies and neg-
ative probabilities. This is impossible in the usuval
probability theory.

2. p-adic numbers

The field of real numbers R is constructed as a
completion of the field of rational numbers @ with
respect to the metric p(x, y)=|x—y|, where | |
is the usual absolute-value norm. Fields of p-adic
numbers (D , are constructed in the same way. There
is an infinite sequence of p-adic number fields,
every prime number p=2,3,5, ... has its own
field. A p-adic norm | |, is defined in the follow-
ing way. First, we define it for natural numbers.

Every natural number n can be represented as the
product of powers of prime npumbers: n =
2723" . p'»... . Then |n|,=p ', by definition

01,=0,|=nl,=lnl, and |n/m|,=nl,/Iml,.
The completion of @ with respect to the metric
p,(x, y)=|x~yl, is a locally compact field Q,.

It is an intrinsic fact of the theory of numbers [11]
that the only possibility to introduce a norm on Q is
to use a real one | | or a p-adic one.

Any p-adic number can be represented in a unique
manner in the form of a (convergent) series in
powers of p,

x=a_,/p"+...ag+ ... tapt+..., (1)

where a;=0, 1,..., p— 1, are digits of the p-adic
expansion. In a real case such an expansion is infi-
nite in the direction of negative degrees, in the
p-adic case it is so in the direction of positive
degrees. Expansion (1) is the basis of the p-adic
statistical simulation [9,13]. In some sense the nega-
tive probabilities can arise in the same way as — 1 =
1+2+4+ ... and this series converges in ;.

3. The foundations of the theory of probability
and p-adic theory of probability

The frequency definition of probability proposed
by von Mises in 1919 has played an important role
in the construction of the foundations of modern
probability theory. This definition exerted a strong
influence on the measure-theoretical axioms of Kol-
mogorov [14]. As motivation of his axioms, Kol-
mogorov used the properties of the limits of relative
frequencies [14]. We are interested in the manner in
which Kolmogorov’s axiom 2 arose; in accordance
with this axiom, the probability of any event E is a
nonnegative real number. In Ref. [14], Kolmogorov
considers von Mises’ definition [15] of probability as
the limit of the relative frequencies of the occurrence
of the event E. Further, since the relative frequencies
are rational numbers that lie between zero and unity,
their limits with respect to the real metric are real
numbers between zero and unity.

It is probably necessary to recall in its general
features the main propositions of von Mises’ theory
of probability [15].

A basic object of Mises’ theory is a collective.
Let & be a random experiment and T =
{a;,..., a,)be the set of all possible realizations of
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&z ('n the simplest case T ={0, 1}). An infinite
n

ce of realizations of .,

x=(x1,..., Xpreon)s X€T, (2)

is said to be a collective if for every label a €T
there exists a limit of relative frequencies v, (o) =
k(a)//n: P( \ = lim v () This limit ig said to

lim, ,, »(a) This limit
be a probability of «.

Now a sequence (2) is said to be a p-adic collec-
tive [9,13] if the limit of relative frequencies exists
with respect to the p—adic metric for every label
a € A. This limit P \a} =lim, . % 'n(a') is called a
p-adic probability. In Refs. [9,13], p-adic collectives
were considered from the theoretical and computer
points of view. A series of computer statistical exper-
iments was proposed. The relative frequencies oscil-
lated between O and 1 with respect to the real metric

but stabilize very quickly with respect to one of the

n-adic metrice { » ic a narameter of the madel)
PraGle MOUIICs L P 15 4 Paladifoel O3 ull noaey.

A measure theoretical definition of the p-adic
probability is generated by the frequency definition.
It is a @,-valued normalized measure (see the paper
by Schikhof [11]).

First, let us consider a standard hidden-variable
approach to Bell’s inequality. Let A be a set of
hidden variables /\ distributed with a (usual) proba-
uuuy ueﬁSIL'y' p\/\/ Then from the mathematical
point of view all problems are contained in the

integral
(4BY = [ A(M)B(2) au(n), 3)

where A(A) and B(A) are random variables with
values +1 or —1 and du(A) = p(A) dA. The esti-
mate of such mean values is based on two properties
of probability: p(A) is nonnegative and p(A) = 1.
Now let us suppose that hidden variables A are
distributed with a p-adic probability law. Thus w is
a O -valued A U AY=1. A(A

a @, -valued measure on A, u(A)=1. A(A) and
B(A) are random variables with respect to pu assum-
ing the same values +1 or —1. Then we cannot as
usual estimate (3) and Bell’s inequality is no more
valid for a hidden-variables distribution.

This is why, if we suppose that a physical model

has a p-adic hidden-variable distribution (in this case
the relative *Fremwnmpq for hidden variables stabilize

in p-adic metrlcs), there is no contradiction anymore
between quantum mechanical experiments and hid-
den-variables description.

5. Hidden-variables stochastics

Our main idea is that there are two types of
stochastics. The first one is the quantum mechanics
stochastics. It is described by the usual theory of
probability in all known physical models. This
stochastics probably reflects a macrostructure of our
equipment Then we suppose that the internal struc-
ture of some physical models can be described by
means of another stochastics, the p-adic one. Of
course, there exist quantum models with the ordinary
stochastic structure. Bell’s inequality is valid for
such models.

Thus the only implication of violations of Bell’s
inequality in some quantum models is that the hid-
den-variables of these models are p-adic distributed.

Is it possible to get a p-adic type Bell’s inequal-
ity? Can we get some kind of Bell’s estimate of (3)
in the p-adic distributed case? Using properties of

Q),-valued measures [11], we obtain

[ AW B <1 ul. (4
A P

where|| |, is a p-adic variation of the measure .
But this variation may be arbitrarily large also in the
case of the normalized measure u(A)= 1. This is
why we need information on the variation of the
p-adic probability distribution pu.

‘What about the topological structure of a set A of
hidden variables? The theory of p-adic valued mea-
sures is well defined in the case when A is a
zero-dimensional topological space. For example, it
can be one of the p-adic numbers fields Q,,;, where
p; can be different from p (the hidden-variables
distribution takes values in Q). We can suppose
that in the case of Bell’s inequality violations a set of
hidden variables A has a zero-dimensional structure.
Thus we have an example of p-adic physics [8,9]
Probably it would be possible to apply p-adic mod-
els to new types of hidden-variabies theory.
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6. Mixing of p-adic and real stochastics in experi-
ments

Following Bohm we understand that ‘‘the so-
called observables are not properties belonging to the
observed system alone, but imstead potentialities
whose precise development depends just as much on
the observing apparatus as on the observed system’’.
The p-adic statistics of the microworld hidden-varia-
bles distribution is perturbed by the usual statistics of
the apparatus. This is why we do not obtain p-adic
random variables A(A), B(A) distributed with the
aid of a p-adic probability d uw(A) in physical experi-
ments but mixed real-p-adic random wvariables
A(A, ©),B(A, ). If as usual we suppose that the
hidden variables () distribution d u(A) is indepen-
dent of the distribution of external stochastics, we
get a product dM{(A,w) = du(A) dv(w) where
dv(w) is a usual probability measure. It would be a
difficult problem to extract a p-adic stochastics from
this mixed distribution.

7. Example of a p-adic probability distribution
with rational values and negative probabilities of
some events

Let {2 be the standard Bernoulli probability space,
the space of sequences w=(w;), w;=0,1. Let
I= UI,, where I, is the set of all vectors of length
n with coordinates 0, 1. Let i €1, and B, ={w € Q:
@, =1Iy,..., w,=1i,} is a cylindrical subset. Then
the standard Bernoulli probability is defined by
w(B;)=1/2" 1t is an additive set-function and it
can be extended to the standard Bernoulli probability
M on the o-algebra generated by {B}.

We are interested in another extension of w. As
assumes its values in @), it is also possible to con-
sider it as a Q,-valued measure. There are some
restrictions on the value of p, p # 2. For example, it
is possible to choose p = 3. u can be extended to a
bounded ();-valued measure p,, 3-adic probability.
We note that (2 is isomorphic to the unit ball
U0 ={x € Q,: | x|, <1} of Q,, see 2-adic expan-
sion (1), x € U,(0) iff there is no negative degrees of
2in (1) and x> @, @ =Xg,-ery O =Xyppse---
According to this isomorphism B, is a ball U,_ (a)

={xeQ,: | x—aly, <27}, where a is an arbitrary
point of @, with the property a,=1i,,..., a,_;=1i,.

It is interesting that the probabilities w,, and g,
coincide for all events which depend of a finite
number of experiments (B,). Thus, we cannot distin-
guish these two distributions in experiment.

Now let us introduce on 2 a density p: 22— Q
to generate a new probability distribution. Set i, =
©,...,00€1,and S,=B; \B, . Then

Ha+p'
Q=U%_,8,, S,NS, =46,

n#m. (5)
Set p(A)=3" on S,. Let us try to normalize a
measure dv(A) = p(A) du(A). We have in a real
case

[ 4n(0) = [ p(N) i) ==

Thus, it is impossible to normalize this distribution
and there is no standard probability distribution.

Now let us consider the 3-adic case. We note that
S,={x€Q,: |x|,=2""} is a 2-adic sphere of
radiuas 27" with the center in zero. Representation
(5) is nothing but the representation of the unit
2-adic ball as a union of spheres. We get

5= [ dvy(A) = Z 3n(1/2" — 1/2"*1).
n=0

This series converges in Q,, as (3/2)";=1/3" -0
and in the p-adic case the series L. a, converges iff
la,l, = 0. We get §= —1. Thus we can normalize
the density p(A) - p,..(A)=p(A)/8 and intro-
duce the 3-adic valued distribution dP,(A) =
Prorm{A) dp;(A). The 3-adic probabilities of events
S, are megative: P,(S,) = —3"/2"*! but the proba-
bﬂlues of some events are positive: for B, =
Uk-n Se we get Py(B; )=1X3_, Py(S,)= (3/2)”

How would it be possible to unpress the probabil-
ity distribution d P,(A) in the intuitive way? Let us
realize {2 as the segment [0,1], i: 2 — R, w > s=
Y., 0270 Then i(Sy)=[1/2, 1], iS;)=[1/4,
1/2] L) =M1/2"*, 1/27),... (i is not an
1somorph1sm, for example, i((1,0,...,0,...))=
i((0,1,. .. =1/2). The probability density
p(A) on [O 1] has the form p(A) = 3" on the segment
[1/2"*% 1/2"]. Thus, this probability distribution
will be very quickly concentrated in neighbourhoods
of zero, so quickly that real numbers cannot describe
this.
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The EPR paradox is not the only physical formal-
ism where negative probability distributions can play
a great role. Negative probability distributions were
first introduced by Dirac [16] in the formalism of the
relativistic quantization of photons (it was the price
for the negative energies). Probably p-adic stochas-
tics is also a realistic realization of Dirac’s hypothet-
ical world.
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