L ..”_

Fundamentals of Pure and Applied Economics 15
Editors-in-Chief: Jacques Lesourne and Hugo Sonnenschein

Interprofile
Conditions and
Impossibility

Peter C. Fishburn

harwood academic publishers




Fundamentals ot Pure and Applied Economics 138
Felitors-in-Chief: Jacques Lesourne and Hugo Sonnenschemn

Interprofile Conditions and Impossibility
Peter C. Fishburn

This monograph reviews contributions to social change theory that have been
stimulated by Kenneth Arrow’s celebrated impossibility theorem, and addresses
questions concerning the interactions between social choices and individuals’

_ preferences and needs. and the ensuing possibility/impossibility results. The book
examines Arrow’s theorem in detail, elaborates on the types of conditions used for
social choice, and surveys various multiprofile and singleprofile impossibility
theorems. It then applies Arrow’s approach to utility theory, and extends the theory
for infinite sets of individuals. Concluding with an investigation of related results on
probability aggregation, decision under certainty, and strategic voting, this book 1s a
valuable reference for graduate students and researchers in social choice, economics,
political science and applied mathematics.

About the author

Peter C. Fishburn received a B.S. 1n industrial engineering tfrom Pennsylvania State
University and a Ph.D. 1n operations research trom the Case Institute of Technology.
For the past twenty-five years he has engaged in research in areas ot mathematical
economics, political science, decision theory, and topics in combinatorial and
discrete mathematics, and has held positions with the Research Analysis Corporation,
the Institute for Advanced Study, and Pennsylvania State University. Dr. Fishburn 1s

currently involved 1n research at the Mathematical Sciences Research Center,
AT&T Bell Laboratories.

About the series

An international series, Fundamentals of Pure and Applied Economics presents
state-of-the-art monographs, each covering a given specialty from the basic elements
through to the most advanced results. This enables economists or anyone with a
background in economics — whether engaged in business, government, teaching or

research — to gain easy access to the latest developments The series 1s divided into

sections corresponding to the many branches of economics, each with 1ts Oown expert
editor. The sections and editors are listed inside.

JisN: 375007/ T \lllll III Illl I\I

ISSN: 0191-1708 XOOUH N X4gz 077544)

* Interprofile Conditions And Im
narwood aca (Fundamentals of Pure and

chur-.ondon-paris-n Applied Economics)




continued

EVOLUTION OF ECONOMIC STRUCTURES, LONG-TERM

MODELS, PLANNING POLICY, INTERNATIONAL ECONOMIC
STRUCTURES

W. Michalski, O.E.C.D., Paris

EXPERIMENTAL ECONOMICS
C. Plott, California Institute of Technology

GAME THEORY
R. Aumann, The Hebrew University of Jerusalem

GENERAL EQUILIBRIUM THEORY AND OPTIMUM THEORY

W. Hildenbrand, University of Bonn, and A. Mas-Colell.
Harvard University

GOVERNMENT OWNERSHIP AND REGULATION OF ECONOMIC
ACTIVITY

k. Bailey, Carnegie-Mellon University
INTERNATIONAL ECONOMIC ISSUES
T Fujn, University of Nagoya

INTERNATIONAL TRADE
M. Kemp, University of New South Wales

LABOR ECONOMICS
I. Welch, University of California, Los Angeles

LAW AND ECONOMICS
S. Shavell, Harvard Law School

MACROECONOMIC THEORY
J. Grandmont, CEPREMAP

MARXIAN ECONOMICS
J. Roemer, University of California, Davis

MONETARY THEORY
N. Wallace, University of Minnesota

NATURAL RESOURCES AND ENVIRONMENTAL ECONOMICS
C. Henry, Ecole Polytechnique, Paris

ORGANIZATION THEORY AND ALLOCATION PROCESSES
A. Postlewaite, University of Pennsylvania, and D. Schmeidler,

Tel Aviv University

POLITICAL SCIENCE AND ECONOMICS
J. Ferejohn, Stanford University

PROGRAMMING METHODS IN ECONOMICS
M. Balinski, Ecole Polytechnique, Paris

PUBLIC EXPENDITURES
P. Dasgupta, University of Oxford

REGIONAL AND URBAN ECONOMICS
R. Arnott, Queen’s University at Kingston

SOCIAL CHOICE THEORY
A. Sen, University of Oxford

TAXES
R. Guesnerie, Ecole des Hautes Etudes en Sciences Sociales

THEORY OF ECONOMIC GROWTH
J. Scheinkman, University of Chicago

THEORY OF THE FIRM AND INDUSTRIAL ORGANIZATION
A. Jacquemin, Université Catholique de Louvain










oiven specialty
he most advanced
1ith a

publication,
continuation order by

----------------------------------------- filling out the order
form below.

TO: Harwood Academic Publishers OR: Harwood Academic Publisher

Marketing Department Marketing Department

P O.Box 786 Cooper Station P.O.Box 197

New York, NY 10276 London WC2E 9P X
UK

USA

[ ] Please send me further details of the
other volumes in the series.

| Please enter my continuation order to

the Fundamentals of Pure and Applied

Economics series, commencing volume
(ISSN: 0191-1705)

PAYMENT METHOD:

[ ] Charge my credit card: [ ] American EXpress [ ] Visa [ | Master Card

AccountNo, — —————— Expirydate —  — ——————————

Signature
[ ] Bill my organization, P.O. No

(We cannot bill your organization without a P.O.No.)

[ ] Billme
Name
Affiliation
Address

Zip Postal Code

Countrv

Harwood Academic Publishers
chur - london - paris - New VOrK

he
ap



Interprofile Conditions and Impossibility

Peter C. Fishburn
AT&T Bell Laboratories, USA

A volume in the Social Choice Theory section
edited by

A. Sen
University of Oxford, UK

harwood academic publishers
chur - london - paris - new york




© 1987 by Harwood Academic Publishers GmbH
Poststrasse 22, 7000 Chur, Switzerland

All rights reserved

Harwood Academic Publishers

Post Office Box 197
London WC2E 9PX
England

H8, rue Lhomond
75005 Paris
France

Post Office Box 786
Cooper Station

New York, NY 10276
United States of America

Library of Congress Cataloging-in-Publication Data

Fishburn, Peter C.
Interprofile conditions and impossibility.

(Fundamentals of pure and applied economics,
vol. 18. Social choice theory section, ISSN 0191-1708)

Bibliography: p.

Includes index.

1. Social choice. 1. Title. II. Seres:
Fundamentals of pure and applied economics; vol. 18.
III. Series: Fundamentals of pure and apphed
economics. Social choice theory section.

HB846.8.F67 1987 302".13 86-31892
ISBN 3-7186-0377-2

No part of this book may be reproduced or utilized in any form or
by any means, electronic or mechanical, including photocopying and
recording, or by any information storage or retrieval system, without

permission in writing from the publishers. Printed in the United
Kingdom.



Contents

Introduction to the Series
1. Introduction
2. Social Choice and Impossibility
3. Arrow’s Theorem
4. Conditions on Social Choice
o. Multiprofile Impossibility Theorems
6. Single-Profile Theorems
(. Ordinal Utility and Impossibility
8. Cardinal Utility and Impossibility
9. Interpersonal Comparisons
10. Infinite Numbers of Individuals
11. Related Theorems

References
Index




Introduction to the Series

Drawing on a personal network, an economist can still relatively
easily stay well informed in the narrow field in which he works, but
to keep up with the development of economics as a whole is a much
more formidable challenge. Economists are confronted with
difficulties associated with the rapid development of their discipline.
There 1s a risk of “balkanisation” in economics, which may not be
favorable to its development.

Fundamentals of Pure and Applied Economics has been created to
meet this problem. The discipline of economics has been subdivided
Into sections (listed inside). These sections include short books,
each surveying the state of the art in a given area.

Each book starts with the basic elements and goes as far as the most
advanced results. Each should be useful to professors needing
material for lectures, to graduate students looking for a global view
of a particular subject, to professional economists wishing to keep
up with the development of their science, and to researchers
seeking convenient information on questions that Incidentally ap-
pear 1n their work.

Each book is thus a presentation of the state of the art in a
particular field rather than a step-by-step analysis of the develop-
ment of the Iliterature. Each is a high-level presentation but
accessible to anyone with a solid background in economics, whether

engaged 1n business, government, international organizations,
teaching, or research in related fields.

T'hree aspects of Fundamentals of Pure and Applied Economics
should be emphasized:

—First, the project covers the whole field of economics, not only
theoretical or mathematical economics.

Vil



Vil

—Second, the project is open-ended and the number of books is not
predetermined. If new interesting areas appear, they will gen-

erate additional books.
—Last, all the books making up each section will later be grouped

to constitute one or several volumes of an Encyclopedia of
Economics.

The editors of the sections are outstanding economists who have
selected as authors for the series some of the finest specialists in the

world.

J. Lesourne H. Sonnenschein



Interprofile Conditions and
Impossibility

PETER C. FISHBURN
AT&T Bell Laboratories, New Jersey, USA.

1. INTRODUCTION

The modern era of social choice theory began with Kenneth
Arrow’s pathbreaking monograph [4] and his celebrated IMpOs-
sibility theorem. The purpose of the present monograph is to
recount contributions to social choice that are based on Arrow’s
approach and succeeding developments. Its emphasis will be on the
Interactions among various conditions that relate social choices to
Individuals’ values or preferences, and on the possibility/
Impossibility results that flow from these Interactions. Special
attention will be devoted to interprofile and Intraprofile conditions
[54] and their roles in generating impossibility theorems.

Although the nature of our subject requires a degree of mathe-
matical analysis, it should be kept in mind that its conceptual core is
eminently practical, and is discernible without the mathematical
overlay. The basic question it addresses is: If a decision is required
among competing alternatives, and if the decision is to depend on
the values of the individuals in a society in certain specified ways,
are there choice procedures that satisty these specified depend-
encies? If the answer is “no” then we have an 1mpossibility
theorem. That is, the specifications relating the decision to the
individuals’ values are collectively incompatible; not all can be
satisfied simultaneously, and we may wish to relax one or more of
them to a point where the relaxed conditions are jointly compatible.

On the other hand, if the answer to the basic question is ‘‘yes”’,
then we have a possibility theorem. But this is only part of the

picture, for we still need to understand what kinds of choice
procedures obey the conditions that say how the decision is to

1



2 P. C. FISHBURN

depend on the individuals’ values. Once this is understood, we may
discover that all such procedures are unsatisfactory In some
unforeseen way or that even more conditions can be imposed
without forcing the result into the realm of impossibility.

Thus, two questions emerge, an existence question and a charac-
terization question. The existence question asks whether any choice
procedure satisfies the stated conditions. And, when such proce-
dures exist, the characterization question asks for their description.
In many instances, the two are intertwined and inform one another.
For example, one standard proof of Arrow’s impossibility theorem
is really a characterization proof since it shows that every social
choice function that satisfies all but his nondictatorship condition
lies within the class of dictatorial choice procedures.

The role of mathematics in all this is two-fold. First, 1t allows us
to formulate precisely the structure of the social decision process at
hand and the conditions that the choice procedure 1s to satisty.
Second, it facilitates the derivation of answers to the existential
and/or characterization questions. This is especially helpful since
these questions often involve combinatorial structures that are
difficult to penetrate otherwise.

The next section of the monograph begins our inquiry into social
choice impossibility by formulating the notion of a social choice
function. Section 3 then examines Arrow’s basic theorem in detail.
Section 4 elaborates on the types of conditions for social choices
used in Arrow’s theorem since later theorems employ similar
conditions. Section 5 considers a series of multiprofile impossibility
theorems that are most closely related to Arrow's multiprofile
theorem, and Section 6 follows suit for single-profile impossibility
theorems.

In Section 7 we shall recast Arrow’s approach in the language ot
utility theory and comment on allied results within this reformula-
tion. Sections 8 and 9 then consider more rigidly specified utility
structures for preference/utility profiles. The first of these sections
looks at cardinal utilities for individuals with no interpersonal
comparability. The second examines various degrees of interper-
sonal comparability of intrapersonal utilities.

Prior to Section 10, it is always assumed that the number of

individuals is finite. This 1s relaxed in Section 10 where we note
what can happen when infinite numbers of individuals are allowed.
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The final section comments on possibility/impossibility theorems
for four contexts that do not fall directly into the major theme of
the monograph. These concern the aggregation of equivalence

relations, probability distributions, and decisions under uncertainty,
and the topic of strategic voting.

2. SOCIAL CHOICE AND IMPOSSIBILITY

The central object of our study is a social choice function. This
describes how individuals’ values are combined to select one or
more alternatives from a specified set of feasible alternatives.
Moreover, it does this for every one of a number of possible
situations that might obtain. Each situation consists of two things,
the set of feasible alternatives under consideration and a description
of individuals’ preferences or values on a set of alternatives that
Includes the feasible set. The set of possible situations will be
referred to as the domain of the social choice function. The
nonempty subset of feasible alternatives that the social choice
function assigns to (chooses for) a situation will be referred to as the

choice set for that situation.
We illustrate this with two examples. Suppose first that a

professional society conducts a nomination process each year for the
office of president. Each member is allowed to nominate up to three
people by mail ballot, and each potential nominee who receives at
least 15 percent of these votes is placed on the election ballot. If
fewer than two nominees reach the 15 percent quota, only the two
with the most nominations go on the election ballot. Thus the
election ballot will have from two up to six names, and these names
constitute one feasible subset of alternatives. The other part of a
situtation is the members’ preference over the names on the
election ballot. Since these preferences might take many different
forms, many situations could obtain for that election ballot. If the
names on the election ballot are changed, then a different set of

situations applies. All possibilities that could thus arise constitute
the domain of the social choice function.

T'his function determines one or more names from the feasible set
as the choice set for each possible situation in its domain. We do




4 P. C. FISHBURN

not necessarily require the choice set to contain only one candidate
for every situation although a final unique choice is needed 1n any
practical context. In a manner of speaking, the social choice
function simply identifies the “best” candidates in a given situation
according to its specifications or the conditions that are used to
define how it makes choices on the basis of members’ preferences.

We shall not be concerned here with particular ballot instructions
or mechanisms by which individuals’ preferences or values are
elicited, or with voters’ responses to such mechanisms. In other
words, the implementation of social choice tfunctions and the
associated matters of ballot design and strategic voting lie beyond
our present concerns. With the exception of the final section of the
monograph, our sole focus is the specification of choice sets for
different situations when individuals’ preferences are presumed to be
known.

For a second example, suppose each of three interest groups will
nominate one policy for consideration by a committee or legisla-
ture, which will then adopt one of the three nominated policies.
Assuming that different interest groups will not nominate the same
policy, the potential feasible sets will be sets ot three policies. If
group i will nominate g; or b; (i =1, 2, 3) and {ay, b,}, {a,, b,}, and
{as, b;} are mutually disjoint, then there are eight potential feasible
sets. The relevant preferences for the other part of the domain
could be the preferences of the members of the committee or
legislature over the six policies in {a,, a,, as, by, by, b3}. The social
choice function would then assign a nonempty subset of the three
policies in a feasible set to every combination of a feasible set and a
profile of the members’ preferences over the policies.

An arbitrary social choice function will be described in the

following way. First, we assume that there 1s a nonempty universal
set X of potential decision alternatives and a nonempty set N of

individuals whose preferences or values may be taken into account.

We shall usually assume that N is finite, but will consider infinite
sets of individuals in Section 10. The set X could be finite, as in the
preceding examples, or infinite, as when it is the nonnegative
orthant of a finite-dimensional Euchdean space.

Second, we suppose that there is a nonempty set &/ of nonempty
subsets A, B, ... of X, which are interpreted as the potential
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feasible sets that might arise. In the second example above,

of = { {al,’ a,, a3}: {al,v ar, b3}, {al, b2, a3}, {al, bz, b3},}
{bly a, 03}, {bl) a-, b3}, {bl) b2) a3}) {bl,bz, b3} .

It X is the set of nonnegative m-dimensional real vectors

(X1, X2, ..., x,,) and Pi, - .., Pm, and b are positive real numbers,
then sets in &/ might be described as subsets of X that satisfy a
linear restriction such as

nm
Z p;X; <b.
=1

Different sets in &/ are obtained by varying the p; (prices) and b
(budget).

T'hird, we suppose that there is a nonempty set &, each element
ot which provides a description of the preferences or values of every
Individual in N. In most cases, the set on which each person’s
preferences are defined is either X or a set constructed from X by
well-defined operations. Each element P in 2 will be referred to as
a preference profile. Note that a preference profile, or profile for
short, describes the preferences of every person in N. When
individuals’ preferences are represented by real valued utility
functions, we shall often refer to a profile as a utility profile. Specific
assumptions about preference relations or utility functions that are
assumed to delineate admissible profiles in 2 will be introduced as
they are needed.

The domain of a social choice function is a nonempty set ¥ of
ordered pairs in the Cartesian product of & and P, 1.e., ¥ #J and

DA X P,

In most cases, all (4, P) in of X ? will be assumed to be in the
domain, and, when this is true, we have 9 = of X P. Each member
of & is a situation (A, P) composed of a feasible set A and a
preterence profile P. .

Finally, a social choice function (4, 54, 56| is a mapping C from a
domain & into the nonempty subsets of X such that, for every
(A, P)e 9,

C(A, P)c A

We refer to C(A, P) as the choice set for situation (A, P).
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Under circumstances that will be described later, it is often
convenient to replace C(A, P) by a binary social preference relation
>, or by a social utility function on X. When this is done, 1t 1s
understood that, for every two-alternative subset {x,y}InA, x>py
means the same thing as C({x, y}, P)={x}. When feasible sets
with more than two alternatives are involved in &, it is often
assumed that C(A, P)c {x e A:y>px fornoy e A}, or C(A, P)=
(xeA:y>px for no ye€ A}, when the latter set 1s nonempty.
However, various other connections between C(A, P) and the

> ,-maximal alternatives in A could be postulated.
Succeeding sections will consider various structures for & and &

along with conditions or restrictions on C. A general classification
of different types of conditions on social choice functions will be
presented in Section 4 after we examine the structure of one version
of Arrow’s impossibility theorem in Section 3. Briefly stated, there
are three main classes of conditions, namely structural conditions,
existential conditions, and universal conditions. Structural condi-
tions are concerned with the nature of «, 2, and 9, and say
nothing directly about C except by way of its domain %. Existential
conditions posit the existence of situations in 9% that satisfy certain
conditions in regard to C. Universal conditions apply to all
situations in 9. They may use the existential quantifier ‘“‘there
exists,” but only in a secondary manner, and restrict the behavior of
C in specified ways. The universal conditions subdivide 1nto two
main classes, which are referred to as intraprofile conditions and
interprofile conditions. These will receive special attention although
the others cannot be ignored since all are vital to the structure of
impossibility.

Impossibility theorems arise when the conditions imposed on C
cannot simultaneously hold for any social choice function. The
interest in such theorems stems from two factors. First, their
conclusions are often surprising or paradoxical, so they excite our
intellectual curiosity and challenge us to understand their structures.
Second, they provide very practical suidelines for the construction
of viable social choice procedures by clarifying the boundary
between the possible and the impossible. The role of possibility
theorems, mentioned in the preceding section, 1s especially impor-

tant in this regard.
Proofs of possibility/impossibility theorems follow the usual
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procedures of deductive mathematics. Ths most common form for
Impossibility theorems is proof by contradiction: we assume that C
satisfies all of the imposed conditions and show that this leads to an
absurdity. Alternatively, we may assume that C satisfies all but one
of the conditions and then deduce the conclusion that it must violate
the remaining condition. Proofs of possibility theorems may involve
either a demonstration that there is a social choice function which
satisfies the given conditions—without necessarily specifying the
exact form of such a function, or a constructive definition of a class
of social choice functions that are then shown to satisfy the
conditions. When the possibility theorem provides an exact charac-
terization of the class of social choice functions that satisty specified
conditions, it is also necessary to show that every C not in this class
violates one or more of the conditions.

next section to illustrate alternative proof techniques. Proofs of
theorems in later sections will be provided only when they are
relatively short and instructive.

3. ARROW’'S THEOREM

Condorcet’s phenomenon of cyclic majorities [34] occurs when the
Individuals in N have transitive binary preferences on the alterna-
tives 1n X that lead to intransitive majority comparisons. The
simplest example of this has N = {1, 2, 3} and X ={a, b, ¢} with
the following preference rankings for the three individuals:

1. abc (1 prefers a to b to ¢)
2. cab (2 prefers c to a to b)
3. bca (3 prefers b to ¢ to a).

Since two of the three individuals prefer a to b, another two prefer
b to ¢, and yet another two prefer b to c, majority preferences are

cyclic:

a>pyb (a has a majority over b)
b>pc (b has a majority over Cc)
¢c>ma (c has a majority over a).
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Because the simple-majority relation >, is cyclic, 1.€., @ > b >,
¢ >,,a, no alternative has a majority over each ot the others and
there is no clear way to specify a social choice on the basis of
majority comparisons. We could take C({a, b, c}, P)={a, b, c} tor
the given profile, but this resolves nothing.

There is an extensive literature on Condorcet’s phenomenon and
on social choice functions that select majority-dominant alternatives
within feasible sets when they exist: see, for example,

(4,12, 54, 60, 63, 68, 136].

Preliminaries

Arrow’s theorem [4] offers a striking generalization of Condorcet’s
phenomenon. In outline, Arrow’s theorem says that if the majority
relation >,, is replaced by general profile-specific social preference
relations >, that depend on individuals’ preferences in certain

appealing ways, and 1f a sufficient variety of preference profiles
formed from transitive preference orders are included in &, then

below). If stronger conditions are imposed on how >p depends on

individuals’ preferences, then there must be profiles for which >p

has cycles. We shall return to this case in Section 3.
The proofs at the end of the present section show that a key

factor in Arrow’s structure is the way that the >p relations for
different profiles interact with one another. This is brought about by
an interprofile condition that Arrow (4, p. 26] refers to as the
independence of irrelevant alternatives. Its version used here will be
called binary independence. Later, in Section 6, we shall note how
the interactions facilitated by binary independence can be mimicked
within a single profile, thus giving rise to what is referred to as a
single-profile impossibility theorem.

A few definitions will be helpful in stating Arrow’s theorem. Let

>, denote an asymmetric binary relation on a set 7T, so that, for all s
and tin T, if s >t then not (t>,s). We shall say that >, on T 1s a

weak order if it is negatively transitive, 1.€., for all r, s, t€ 1, not
(r>os) and not (s > t) imply not (r>ot), or, equivalently,

r>q t=>[r>¢s or s>¢tl.

It is easily checked that >, is transiive (r>os and s>t 1mply
r>,t) when >, is a weak order. Moreover, the symmetric comple-
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ment ~, of >, defined by
S ~ol 1L not (s>, ¢) and not (¢>, s),

Is also transitive (r ~,s and s~ ¢ imply r ~4¢) when >, is a weak

order. In this CAase, [r >o s and s ~0 t] $r>0 ,

lr ~4s and s>otl>>r>,t,

as readers can readily verify. The derived relation ~o partitions 7
Into a number of classes such that ~o holds between every pair of
elements within each class and, wherever I} and T, are different
classes, either ¢, >, ¢, for all tye lyand all t, € T;, or else ¢, >qt; for
allt; e 7y and all t, € T,. _

For convenience, we write the union of >o and ~, as =,, so that
S=Zot 1t either s >t or s ~,¢t. When >0 1S a weak order as defined
above in the asymmetric sense, =, is transitive and complete (for all
sand tin T, s=qt or t=,s), and such a relation is often reterred to
In the economics’ literature as a weak order or complete preorder.
In the present monograph, the asymmetric definition applies
throughout. Moreover, given any asymmetric binary relation >, its
symmetric complement will always be denoted by ~., and the union
of >, and ~, will always be denoted by =,.

Figure 1 pictures three weak orders on a seven-element set. In
each picture, r >, ¢ if r lies above ¢, and r ~ot 1f r and ¢ are on the
same level. Since ~, never holds between distinct clements in the
left picture, >, is a total order, or linear order, in that case. The
middle picture shows a weak order with four ~o classes. The right
picture has only one ~ class, in which case >0 1S empty, i.e., there
are no r and ¢ for which r >, t.

Individuals’ preference relations in Arrow’s theorem are assumed
to be weak orders on X. When N consists of 7 individuals, indexed

D

FIGURE 1
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where >, denotes one possible preference relation on X for
‘ndividual i. We read x>;y as ‘i prefers x 1o y,” and x~;y
(symmetric complement) as «; is indifferent between x and y.”
Superscripts, as in P’ = (>1, >3, - - >'), are used to signify other

The other half of Arrow’s domain, the set o of feasible subsets of
X, is assumed to contain every two-alternative subset {x, y} with
x #y. It may contain other subsets, but that is beside the point. The
connection between the definition of a social choice function C 1n
the preceding section and the social preference relations mentioned
earlier in the present section is made explicit by the definition

x>pyif x#yand C({x,y}, P)={x}.

That is, taking C as basic, we define x to be socially preferred to y
under profile P if x #y and {x} 1s the choice set from {x, y} when P
obtains. For convenience, we shall use >p in the statement of

Arrow’s theorem in place of C(-, P) on the two-alternative sets 1n
A.

Arrow’s theorem

TueoreM 1 Suppose C on D=AX P is a social function that
satisfies

A1l. N is a nonempty finite set,
A2 X has at least three elements, and  contains every IWo-

element subset of X,
A3. P is the set of all functions from N into the set of weak orders

on X.

Then C cannot satisfy all of the following conditions:

A4. For every i in N there exists a pair {x, y} e o and a profile
P € P for which x>;y and y =Zp 3x,

 For all P e P, >p is a weak order on X,

 For all x,yeX and all Pe P, if x>y for all i e N then
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of the social choice function.

Condition A4 is the one existential condition in the theorem. It
prevents any individual from dictating social preferences. If A4
fails, then there exists an i in N such that, for all x,y € X and all

P e P, x>py whenever i prefers x to y. We refer to such an i as a
dictator.

The final three conditions of Theorem 1 are universal conditions.
The first two, A5 and A6, are intraprofile conditions since they
apply to one profile P at a time. We refer to Arrow’s social ordering
condition AS as a passive Intraprofile condition since it does not
place special restrictions on P as antecedents to its conclusion. On
the other hand, the Pareto dominance condition A6 (if everyone

prefers x to y, then x is socially preferred to y) is an active
intraprofile condition since its conclusion, x>,y, is based on
specific aspects of P, namely x >, y for all ;.

The third universal condition, A7, is an interprofile condition
since it considers an interaction between two profiles. We referred
to 1t earlier as a binary independence condition. This is because it is
concerned with social choices from two-element subsets of X and

stipulates that choices from {x, y} under different profiles are to
depend only on the individuals’ preferences between x and y,
iIndependent of their preferences on all other pairs from X. In

shghtly different terms, A7 says that if x y and 1f the restriction of
P to {x, y} is identical to the restriction of P’ to {x, y}, then
C({x, ¥}, P)=C({x, y}, P"). If any confusion arises from the fact
that the conclusion of A7 says only that x >,y < x>, y, note that

it also entails y>px&y>,. x: simply interchange x and y
throughout.
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dictator. A variant of this proof appears 1n [8]. The second proot
assumes that all conditions hold except for the finiteness of N in Al

and then uses an induction argument to show that N must be

infinite.
Despite their differences, both proofs rely on preterence profiles

that have the following relations for some i € N and a,b,c € X:
a>.b>,;c,
a>;b and c>;b for allj#iin N.

According to the Pareto condition A6, a>p b for any such profile.
Hence, if b=pc, then the social preterence condition AS forces

a>pc; and if c=pa, then AS forces ¢ >pb. This shows how new
social preferences are generated by the Pareto condition and other

social preferences or indifferences. 1t is a key step in both proots.
For the first proof of Theorem 1, assume that all conditions

except A4 hold. For all nonempty subsets I of N and all distinct

x,y € X, write
xly if x >py whenever P has x >,y for

all i e I and y>; x for all i e N\I,

where in general A\ B denotes the set ot elements in A that are not
also in B. Also write

xiy if x >py whenever P has x >;y.

The proof has two main steps. The first shows that a{i}b tor some
i e N and some a,b € X. Given this i, the second shows that xiy for

all distinct x,y € X. But then i is a dictator, so A4 must fail.

Step 1. By A6, xNy for all distinct x,y € X. By Al (N finite),
there is a smallest I, say I*, such that al*b tor some a,b e X. Fix

e I*. We claim that I* = {i}. If not, consider any profile I € P
(justified by A2 and A3, with x € X\{a, b}) with

x>.a>;b,
a>;b>,x for all j € I*\{i},
b> x>;a for all j € N\I".

Then a>pb (by hypothesis and A7), x=pa (else a(I*\{i})x,
contradicting I* as the smallest such / ), and b=px (else x{i}b,
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again contradicting /* as the smallest). But {b=,x, x=pa, a>, b}
violates AS. Hence I* = {j}.

Step 2. Given a{i}b, take x € X\{a, b} by A2 and use A3 to
construct P with

X>,a>;b,
x>;a and b>;a for all j #i in N.

Ihen a>pb (by a{i}b) and x>pa (by A6), so x>, b according to
AS. Since the relations between x and b for ] #1 are arbitrary in P,
it follows from A7 that xib. A similar argument shows that aix.

These are true for all x ¢ {a, b}. Moreover, since x{i}b and a{i}x,
the same arguments can be reapplied (start with x,b instead of a,b,

for example) to get bix and xia, and then bia. Since this shows that
xty tor all distinct x and y in X, the proof is complete.

For the second proof of Theorem 1, assume that all conditions

hold except for the finiteness of N in Al. For all ie N and all
distinct x,y € X, write

xt™y if x >py whenever P has y >, x and
x>y for all j e N\ {i}.
Also, for each positive integer m, write

xmy 1if x >py whenever any m individuals for P

have y >; x and all others have x >, y.

Again, there are two steps to the proof. The first shows that x1y for
all distinct x,y € X. The second then shows that if xky tor all k <m

and all distinct x,y € X, then x(m + 1)y for all x #y in X. But then
N must be infinite, so A1 must fail.

Step 1. Since N #( by part of Al, choose any i € N. Then A2,
A3, and A4 (no dictator) imply that b =,a for some a,b € X and

some P e P that has a>;b. Take x € X\{a, b} by A2, and by A3
construct P’ so that

a>/x>'b,
a>;x and b>/x for all j #i in N,

and such that, for all i e N,a>;b&oa>band b>,a&ob >'a. Then
b=p-a by A7 (binary independence) and a >, x by A6, so b>, x
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by AS. It follows from A7 that bi*x. A similar demonstration gives
xi*a. With y e X\{x, b} by A2, let P' € ? be the same as P’ on
{x, b} and have x>,y >1p along with y >;b>; x for all j #i. Since
b>x, and y>p b by A6, AS implies that y >p1x, and therefore
yi*x by A7. This includes ai*x. By similar proofs, xi*b, bi*a, and
ai*b, so we conclude that xi*y for all distinct x,y € X.

Since this is true for all i € N, it follows that x1y for all distinct x
and y 1n X.

Step 2. Conditions A4 and A6 require N to have at least two
individuals. Let |N| denote the cardinality of N, so |N | = 2. Suppose

IN|>m=1 and xky for all 1sk<m and all distinct x,y € X.

Choose i € N and I = N such that i ¢ I and |I| =m, and let P be a
profile in # for which

y > X >4,
a>;y>;x for all jel,
x>;a>;y for all j e N\(L U {i}).

Then aly implies a >py, and xma implies x >pa, SO X >pYy by AS.
Since this contradicts A6 if |[N|=m + 1, we conclude that IN| >
m + 1. Moreover, since i,x, and y are arbitrary, x(m+ 1)y for all

distinct x and y. Since x1y by step 1, it follows by induction on m
that |N| > m for every positive integer m.

4. CONDITIONS ON SOCIAL CHOICE

The conditions on C in Theorem 1 are examples of the main types
of conditions used in other possibility/impossibility theorems. The
present section summarizes our classification of these types and then
Nustrates them further with conditions other than Al-A7. 'The
nitial illustrations weaken Arrow’s conditions one by one to obtain

a list of seven possibility theorems. We then introduce other
conditions that play important roles in social choice theory.

Summary classification

To avoid confusion that might arise from negations, we assume that
a1l conditions in the existential and universal categories of our
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classification use only the positive forms of the existential quantifier
“there exists” and the universal quantifier “for all.” For example,
the version of the ordering condition A5 that applies to the
classification is “for all P € P, >, is a weak order on X.”’ This 1S a
universal condition even though, with the use of negations, it is
tantamount to “‘it is false that there exists a P € 2 for which > p ON
X 1S not a weak order.”

The three main types of conditions noted earlier are:

1. Structural conditions that describe restrictions on the domain
& of C, including aspects of N (individuals), X (alternatives),
(feasible subsets of alternatives), and 2 (preference profiles);

2. Existential conditions that prescribe the existence of situations
In & that have specified behaviors under C. Their formal statements
must use the existential quantifier and may use the universal
quantifier (all without prefatory negations);

3. Universal conditions that specify aspects of the behavior of C
throughout % and whose formal statements do not use the
existential quantifier, except perhaps in a secondary manner (see
below). The universal conditions subdivide into two categories
according to the number of profiles involved in their statements
following the prefatory universal quantifiers:

3A. Intraprofile (single-profile) conditions consider one profile at
a time;

3B. Interprofile conditions consider more than one profile at a
time.

The only interprofile condition used thus far is A7, binary
independence. It is a two-profile interprofile condition since it Says
that 1if P and P’ in & relate to each other in a certain way, then
C(:, P) and C(-, P') must relate to each other in certain ways.
Interprofile conditions that may require simultaneous consideration
of more than two profiles are sometimes referred to as multiprofile
conditions.

Intraprofile conditions subdivide further into two categories
according to whether they impose restrictions on P e @ beyond
those used in the structural conditions that apply to @:

3Ap. Passive intraprofile conditions impose no further restric-

tions on P;
3Aa. Active intraprofile conditions impose further restrictions on

P.
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For example, the passive intraprofile condition “for all P & P, >p 1S
a weak order on X’ applies equally to all feasible profiles regardless
of their structures, whereas the active intraprofile condition ““for all
x,yeX and all Pe 2, if, forallie N, x>y, then x >y’ applies
only to profiles that contain dominance pairs (x >;y for all i e N).
As suggested above, there are conditions that we will adopt as
universal conditions even though they use the existential quantifier
in a secondary way. The important aspect of such conditions 1S that
they apply to all situations in & and do not posit the existence of
situations with special features under C. A case in point 1s the
following condition, which specifies the existence of a maximal

alternative for every situation on the basis of binary comparisons:

For all (A, P) € 9, there exists an x € A such that x € C({x, y}, P)
forally e A.

We regard this as a passive intraprofile condition, not as an
existential condition.

Possibility theorems

We now consider seven kinds of possibility theorems that arise
when the conditions of Theorem 1 are modified one at a time.
There are three reasons for doing this beyond the mere exercise of
exhibiting possibility theorems. First, it provides other examples tor
the preceding classification scheme. Second, 1t promotes an ap-
preciation of the delicate interactions among the conditions that
lead to Arrow’s result. And third, it identifies points of departure
for a number of other research topics in social choice theory.

In each of the seven succeeding paragraphs, we shall modify the
condition that introduces the paragraph. All other conditions ot
Theorem 1, including 9 = of X P, are assumed to hold.

A1l Suppose N is allowed to be any nonempty set. Then, as first
shown in [51] although it was independently discovered by Juhan
Blau about 1960, there are C that satisfy this modification of Al. By
Theorem 1, they require N to be infinite. Section 10 gives more
details.

A2. Change A2 by assuming that X has exactly two alternatives,
say x and y. Then >p defined by the simple majority relation >, for
each profile satisfies the conditions of Theorem 1 thus modified. An
axiomatic characterization of >,, for the two-alternative case was




INTERPROFILE CONDITIONS AND IMPOSSIBILITY 17

first given in [104]. A different change in A2 produces another
possibility theorem as follows. Suppose X consists of the union of

disjoint sets X, X,,..., X, (m=2), each X; has at least three
alternatives, and A € o if and only if |[A| =2 and the two alterna-

dictator for each X; set, but, when |N| =2, different individuals can
be dictators for different X;, so A4 can be satisfied along with the
other conditions. See [58] for additional details.

A3. Restrict & by requiring that all feasible preference profiles
be single-peaked with linear orders (no indifference between
distinct alternatives) for all individuals. Single-peakedness means
that the alternatives in X can be linearly ordered in such a way that,
for every ie N, the preferences of i increase up to a unique
most-preferred alternative and then decrease thereafter as we move
through the underlying linear order on X. Then, so long as |N| is
odd and greater than or equal to three, >,, will be a weak order on
X for every such profile, and hence all conditions of Theorem 1 can
hold under the single-peaked restriction on 2. Single-peaked
profiles were first investigated extensively in [12]. Similar profile
restrictions that guarantee the existence of an alternative that is
beaten by no other alternative under simple-majority comparisons
are discussed 1n [4,31, 54, 116, 136, 140]. More generally, [55]
shows how combinations of active intraprofile conditions and profile
restrictions lead to transitivity and similar properties for binary
social choices.

A4. Weaken A4 by assuming only that no i € N is an “absolute
dictator” rather than that no i e NV is a dictator. We say that i is an
absolute dictator if, for all x,y e X and all Pe P, x>,y >x >, y,
and x~;y >x~py. Stated as an existential condition in the
assumed format, our weakening of A4 is: For every i e N there
exists a pair {x,y}e€ .« and a Pe€ % for which either x>,y and

=pX, OF x~;y and x>py.” With N={1,2,...,n) and n=2,
all conditions in Theorem 1 thus modified will hold when we define
>p lexicographically as x>py if x>y or (x~;y,x>,y) or
(X~1y, x~y,x>3y) or ... or (x~.y,..., X~n 1Y, X>, V).
Then 1ndividual 1 is a dictator, but no individual is an absolute

dictator. Note also that >, is a weak order on X for each profile.
AS. Suppose we replace the social ordering condition A5 by the

less-demanding passive intraprofile condition “for all P € , >, is
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transitive on X.”” Then the modified conditions of the theorem hold
when > is defined either by

x>pyif x>;y foralliehN,
or by
x>pyif x=;yforallieN, and x>,y for some 1 € N,

since > » is transitive for each type of Pareto ordering. We examine

this and related weakenings of AS in the next section.
A6. Replace the active intraprofile Pareto-dominance condition

A6 by the existential condition “for all distinct x,y € X there exists a

P e @ such that x>py.” This condition is referred to as citizens’
sovereignty by Arrow [4,p. 28]. To see that 1t can hold along with
the other conditions of Theorem 1, just define >p by x>py 1t
y>,x. In a manner of speaking, this makes individual 1 an
“absolute anti-dictator,” but no person is a dictator, so A4 holds. In
the original edition of his book, Arrow used citizens’ sovereignty 1n
concert with a condition involving positive association between
individual and social preferences. These were later replaced by the
single Pareto condition A6 [4,p. 97]. It 1s this later version that 1s
stated as Theorem 1.

A7 Assume that X is finite and, for any weak order >, on X,
define the distance d, between x and y by d.(x,y)=01f x~,y,
d.(x,y)=k>0if x>,y and there are (k — 1) ~ classes between x
and y, and d,(x, y) =k <0if y>,x and d.(y, x) = —k. Replace A/
by another interprofile condition, as follows: “For all distinct x and
y in X, and all P,P' e P, i di(x,y)=d;(x,y) for all ie N, then
x>py&x>py.” Then the modified conditions of Theorem 1 hold
when >, is defined by

x>pyif O, di(x, y)>0.
i=1

Since d,(x, y) +d;(y, z) =d;(x, z) for any weak order >, and all
x,y, z€X, it follows readily that >, is a weak order tor every
profile. When every >, is a linear order on X, >p as just defined 1s
referred to as the Borda ordering of X, named after Borda [21].
Borda’s method is but one of a large number of ways to construct a
social preference ordering on the basis of individuals’ preferences.
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An 1ndication of the extensive research on positional scoring rules
can be obtained from [49, 50, 54, 69, 141, 153, 154].

Universal conditions

Since the central topic of our study is the role of profile conditions
In impossibility theorems, we shall say a bit more about universal
conditions at this point. Other structural and existential conditions
will be noted as they arise in settings considered in ensuing sections.

We consider passive intraprofile conditions first, then comment
on Interprofile conditions, and conclude with active intraprofile
conditions. In all cases it is to be understood that the conditions
apply to all situations in the domain of C.

Since passive intraprofile conditions apply to one P at a time and
make no demands on P apart from what is already implied by 9, it
Is convenient to suppress P in C(A, P) and simply write the choice
set for situation (A, P) as C(A). Thus, negative transitivity for >,
with an arbitrary P understood could be written as [y e
C(ix,y}), zeC{y, z})]=>z€e C({x, z}), and transitivity for >,
could be written as [x#yFz#x, C({x,y})={x}, C{y, z}) =

W= CUx, z}) ={x}.

Passive 1ntraprofile conditions, which are often referred to as
conditions of consistency or collective rationality, interrelate choice
sets C(A) for different A € &/ under the same preference profile.
Three essentially different types of passive intraprofile conditions
appear in the literature. We refer to these as uniform conditions,
expansion conditions, and contraction conditions. Many of these
have been classified by Sen [138], who notes a number of

Interrelationships among them. See also [5, 13, 54, 118].
Uniform conditions employ only A € & that have the same size

or cardinality. Examples for 4| =2 include AS, the condition that

every >p 1s transitive, and the condition which says that, for any
|A| =2, there is an x € A such that x e C({x, y}) for all y #x in A.
A generalization of the latter condition for m > 2 says that, for any

|A| =m, there is an x € A such that x € C(B) for every subset B of
A that contains exactly m alternatives, including x.

cxpansion conditions restrict choices from larger sets on the basis
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of choices from their subsets. Four examples are:

1. xeCAYNC(B)=>xeC(AUB),

2. [xeC({x,y}) forally e A]>>x € C(AU {x}),
3. [AcB;x,y e C(A);y e C(B)]>x e C(B),

4. C(AUB)=C[C(A)UC(B)].

Each of these has a straightforward interpretation. For example, 1
says that if x is in the choice sets of both A and B, then it will be 1n
the choice set of A U B, and 3 says that if x and y are in the choice
set of A, y is in the choice set of B, and A is a proper subset of B,
then x will be in the choice set of B. Condition 4 is Plott’s “path
independence” condition [118].

Contraction conditions restrict choices from smaller sets on the
basis of choices from their supersets. Examples include:

1. [AcB,ANC(B)#J]=>C(A)=ANC(B),

2. [xeAcB,xeC(B)]|=>xeC(A),

3. [xeAcB,C(B)={x}]>C(A)={x},

4. There is an x € C(B) such that x € C({x, y}) for every y € B.

Condition 3 is the specialization of condition 1 for unique choices.

Condition 4 is another case of a passive intraprofile condition with
an existential quantifer.

In contrast to the passivity of the preceding conditions with
respect to P, interprofile and active intraprofile conditions base
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