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PREFACE

This book attempts to communicate the central ideas and results of
game theory and related decision-making models unencumbered by their
technical mathematical details: thus, for example, almost no proofs are
included. It is a book about game theory, not a presentation of the
theory itself. By laying bare the main structure of the theory—its assump-
tions and conclusions, its deficiencies and aspirations—we hope that the
book will serve as a useful critical introduction to the theory and a guide
to the literature. We have tried, on the one hand, to make sufficiently
precise statements so that misunderstandings and misstatements will not
result from a reading of the book, but, on the other hand, we have striven
to keep the language and notation sufficiently familiar and simple that
there will be scientists who will benefit from it who would have found a
treatise on game theory unintelligible. There are many mathematicians,
even among those sympathetic to social science applications, who feel that
these goals are incompatible, and we cannot deny having reached times
of despondency when we were ready to agree.

In many ways the overall outline of this book parallels the original
structuring given to the theory by von Neumann and Morgenstern in
Theory of Games and Economic Behavior [1944, 1947], but in detail it is
different: First, in the decade since the second edition of their book there
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have been many additions to the theory, and we have tried to include
most of these. Second, our emphasis is almost totally on the concepts,
and so relatively little attention is given to the detailed “solutions” of
specific games. Third, our critical discussion and our examples are
strongly colored—at least as far as a mathematician is concerned—by a
social science point of view. We have tried, insofar as we could, to indi-
cate the major intuitive and empirical objections that social scientists
could or have raised against the theory—objections not to the mathe-
matics, but to the applicability of this mathematics to empirical problems.

This book may be correctly accused of having a critical tone. We do
not, however, intend this to be carping, and we would hope that our
readers do not use it for that purpose. Our aim is to warn and to chal-
lenge the reader at just those points where the theory is conceptually weak.
We believe that this can be done with relatively little mathematics, and
so we have gone to considerable pains to reduce the mathematical demands
made upon the reader. If we have not failed completely, then there
should be something of interest here for a wide group of scholars: econo-
mists concerned with economic theory, political scientists and sociologists
having a methodological bent or a theoretical concern with conflict of
interest, experimental psychologists studying decision making, manage-
ment scientists interested in theories of “rational” choice and organization,
philosophers intrigued with the axiomatization of portions of human
behavior, statisticians and other professionally practicing decision makers,
and finally mathematicians—those whose work, for the most part, we are
reporting.

Still one may ask: what exactly are the prerequisites? It is not easy to
say. Certainly neither the calculus nor matrix algebra as such are
required, but neither will hinder, for probably the most important pre-
requisite is that ill-defined quality: mathematical sophistication. We
hope that this is an ingredient not required in large measure, but that it
is needed to some degree there can be no doubt. The reader must be
able to accept conditional statements, even though he feels the supposi-
tions to be false; he must be willing to make concessions to mathematical
simplicity; he must be patient enough to follow along with the peculiar
kind of construction that mathematics is; and, above all, he must have
sympathy with the method—a sympathy based upon his knowledge of its
past successes in various of the empirical sciences and upon his realization
of the necessity for rigorous deduction in science as we know it.

Our primary topic can be viewed as the problem of individuals reach-
ing decisions when they are in conflict with other individuals and when
there is risk involved in the outcomes of their choices. In very general
and intuitive terms this problem is described in Chapter 1. As a back-
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ground to the theory of games itself, and to the other topics we shall dis-
cuss, we must examine the modern theory of individual decision making
in risky situations—utility theory. This is done in Chapter 2. From
Chapter 3 through 12 the theory of games is examined: Chapter 3 gives
the general model; Chapters 4, 5, and 6 present theories of two-person
games, and Chapters 7 through 12 the theories of games with more than
two players. Chapter 13 turns to the problem of individual decision
making when the outcomes are not simply risky but, rather, uncertain.
This material, like that in Chapter 14, is included partly because of its
inherent interest as part of the problem of decision making, but also partly
because these models are related in various ways to game theory. The
final chapter, 14, may be described as dealing with problems in group
decision making, in contrast to all the preceding work, which is devoted
to the individual in different ‘“‘environmental” contexts. The eight
appendices are concerned with more technical topics which arise naturally
in various parts of the book, but which we chose not to present in the body
of the book.

Depending upon his interests and background, the reader may elect
not to read the chapters in order or not to read all of them. Certain
plausible groupings come to mind, and these may be worth mentioning.

i. Chapters 1, 3, 4, 7, and 8 give the general coverage of game theory
without going into some of the more special and controversial topics.
Although this does not include utility theory (Chapter 2), it is probably
an adequate program of reading for a novice who wants some background
in the subject, but who does not care to go into it deeply or to explore the
various related topics.

ii. Chapters 5 through 12 delve into the conceptually difficult and not
fully satisfactory theory of general games—those which either have more
than two players or are not zero-sum or both. The reader already quite
familiar with two-person zero-sum theory may want to begin with Chapter
5, although we would also recommend that he read Chapter 3 where the
basic postulates about the players are introduced and criticized.

iii. The bulk of the research activity has been on games with only two
players, provided we include non-zero-sum, infinite, and recursive games
as well as the more familiar zero-sum two-person games, and many readers
can be expected to confine their attention to these topics. For them,
Chapters 4, 5, and 6 and Appendices 2, 3, 4, 6, 7, and 8 are relevant.

iv. Chapter 4 is really a sufficient background for reading Chapter 13,
provided the reader has already had some exposure to the axiomatic
method, so if he is interested solely in the problem of decision making
under uncertainty—including statistical decision making as a special
case—then he need only read these two chapters.



x Preface

v. What we have to say about linear programing and its relationship to
games is largely conceptual, not computational, and it is covered in Chap-
ters 1 and 4 and Appendices 5 and 6. No attempt is made to instruct
the reader in the delicate task of actually programing a computer to solve
a linear-programing problem.

vi. Readers interested in such topics as arbitration, group decision
making, social welfare planning, and processes of ‘“fair’’ division may wish
to concentrate their reading in Chapters 2, 4, 6, and 14. Perhaps Chap-
ter 11 can be added to this list, but then one should first read Chapters 7
and 8.

Other combinations are possible, and by consulting the table of con-
tents it should not be difficult to work up one suitable for any particular
set of needs.
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chapter 1

GENERAL INTRODUCTION
TO THE THEORY OF GAMES

1.1 CONFLICT OF INTEREST

In all of man’s written record there has been a preoccupation with con-
flict of interest; possibly only the topics of God, love, and inner struggle
have received comparable attention. The scientific study of interest
conflict, in contrast to its description or its use as a dramatic vehicle,
comprises a small, but growing, portion of this literature. As a reflection
of this trend we find today that conflict of interest, both among individuals
and among institutions, is one of the more dominant concerns of at least
several of our academic departments: economics, sociology, political
science, and other areas to a lesser degree.

It is not difficult to characterize imprecisely the major aspects of the
problem of interest conflict: An individual is in a situation from which one
of several possible outcomes will result and with respect to which he has
certain personal preferences. However, though he may have some con-
trol over the variables which determine the outcome, he does not have
full control. Sometimes this is in the hands of several individuals who,
like him, have preferences among the possible outcomes, but who in gen-
eral do not agree in their preferences. In other cases, chance events
(which are sometimes known in law as “acts of God’’) as well as other
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2 General Introduction to the Theory of Games [1.2

individuals (who may or may not be affected by the outcome of the situa-
tion) may influence the final outcome. The types of behavior which
result from such situations have long been observed and recorded, and it
is a challenge to devise theories to explain the observations and to formu-
late principles to guide intelligent action.

The literature on such problems is so vast, so specialized, and so rich
in detail that it is utterly hopeless to attempt even a sketch of it; however,
the attempt to abstract a certain large class of these problems into a
mathematical system forms only a small portion of the total literature.
In fact, aside from sporadic forays in economics, where for the most part
attempts have been made to reduce it to a simple optimization problem
which can be dealt with by the calculus, or in more sophisticated formula-
tions by the calculus of variations, the only mathematical theory so far
put forth is the theory of games, our topic. In some ways the name
‘““game theory” is unfortunate, for it suggests that the theory deals with
only the socially unimportant conflicts found in parlor games, whereas it
is far more general than that. Indeed, von Neumann and Morgenstern
entitled their now classical book Theory of Games and Economic Behavior,
presumably to forestall that interpretation, although this does not empha-
size the even wider applicability of the theory.

1.2 HISTORICAL BACKGROUNDS

The modern mathematical approach to interest conflict—game theory—
is generally attributed to von Neumann in his papers of 1928 and 1937
[1928; 1937]; although recently Frechet has raised a question of priority
by suggesting that several papers by Borel [1953] in the early ’20’s really
laid the foundations of game theory. These papers have been trans-
lated into English and republished with comments by Frechet and von
Neumann [1953]. Although Borel gave a clear statement of an impor-
tant class of game theoretic problems and introduced the concepts of pure
and mixed strategies, von Neumann points out that he did not obtain one
crucial result—the minimax theorem—without which no theory of games
can be said to exist. In fact, Borel conjectured that the minimax theorem
is false in general, although he did prove it true in certain special cases.
Von Neumann proved it true under general conditions, and in addition
he created the conceptually rich theory of games with more than two
players.

Of more interest than a debate on priority is the fact that neither group
of papers—the one in France and the other in Germany—attracted much
attention on publication. There are almost no other papers than those
mentioned before the publication in 1944 of von Neumann and Morgen-
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stern’s book,! and those were confined to the mathematical journals.
Apparently little interest was stimulated in the empirical sciences most
concerned with conflict of interest, but this is not surprising since the
original papers were written for mathematicians, not for social scientists.
Fortunately, von Neumann and Morgenstern attempted to write their
book so that a patient scientist with limited mathematical training could
absorb the motivation, the reasoning, and the conclusions of the theory;
judging by the attention given it in non-mathematical journals, as well as
in the mathematical ones, they were not without success in this aim. Only
a very few scientific volumes as mathematical as this one have aroused as
much interest and general admiration. Yet we know that much of the
material had lain dormant in the literature for two decades. Presumably
the recent war was an important contributing factor to the later rapid
development of the theory. During that period considerable activity
developed in scientific, or at least systematic, approaches to problems
that had been previously considered the exclusive province of men of
“experience.” These include such topics as logistics, submarine search,
air defense, etc. Game theory certainly fits into this trend, and it is one
of the more sophisticated theoretical structures so far resulting from it.

Though it is not directly relevant to the theory itself, it is worth empha-
sizing again that game theory is primarily a product of mathematicians
and not of scientists from the empirical fields. In large part this results
from the fact that the theory was originated by a mathematician and was,
to all intents and purposes, first presented in book form as a highly formal
(though, for the most part, elementary) structure, thus tending to make it
accessible as a research vehicle only to mathematicians. Indeed, we
believe that so far the impact of game theory has been greater in applied
mathematics, especially in mathematical statistics, than in the empirical
sciences.

1.3 AN INFORMAL CHARACTERIZATION OF A GAME

Game theory does not, and probably no mathematical theory could,
encompass all the diverse problems which are included in our brief charac-
terization of conflict of interest. In this introduction we shall try to cite
the main features of the theory and to present some substantive problems
included in its framework. The reader will easily fill in examples not now
in the domain of the theory, and as we discuss our examples we shall
point out some other important cases which are not covered.

1 The original edition of Theory of Games and Economic Behavior appeared in 1944, but
the revised edition of 1947 is the more standard reference and it includes the first state-

ment of the theory of utility, which we shall discuss in Chapter 2.  All of our references
will be to the 1947 edition.



4  General Introduction to the Theory of Games [1.3

First, with respect to the possible outcomes of a given situation, it is
assumed that they are well specified and that each individual has a con-
sistent pattern of preferences among them. Thus, if we ignore the fact
that the player is in conflict with others and concentrate only on the
outcomes, it is supposed that one way or another it can be ascertained
what choice he would make if he were offered any particular collection
of alternatives from which to choose. This problem of individual decision
making is crucial to the whole superstructure we shall discuss, and it is
important that there be no confusion about the assumptions that are made.
For this reason we have devoted the whole of Chapter 2 to the topic of
modern utility theory. In order that those familiar with the classical,
and somewhat discredited, uses of the word ‘“‘utility”’ not be misled, we
shall expend some effort in establishing how the modern work on utility
differs from the earlier ideas. In brief, the current theory shows that if
one admits the possibility of risky outcomes, i.e., lotteries involving the
basic alternatives, and if a person’s preferences are consistent in a manner
to be prescribed, then his preferences can be represented numerically by
what is called a utility function. This utility has the very important
property that a person will prefer one lottery to another if and only if the
expected utility of the former is larger than the expected utility of the
latter. Thus, the assumed individual desire for the preferred outcomes
becomes, in game theory, a problem of maximizing expected utility.

Second, the variables which control the possible outcomes are also
assumed to be well specified, that is, one can precisely characterize all the
variables and all the values which they may assume. Actually, one may
best think of them as partitioned into n 4 1 classes if there are n indi-
viduals in the situation or, in the terminology of the theory, if it is an
n-person game. To each person is associated one of the classes, which
represents his domain of choice, and the one left over is within the province
of chance.

As we said earlier, in this type of conflict situation we are interested in
only some of the resulting behavior. Actually, our curiosity may encom-
pass all of it—the tensions resulting, suicide rates or frequency of nervous
disorder, aggressive behavior, withdrawal, changes in personal or business
strategy, etc.—but of these, any one theory will, presumably, deal with
only a small subset. At present, game theory deals with the choices
people may make, or, better, the choices they should make (in a sense
to be specified), in the resulting equilibrium outcomes, and in some aspects
of the communication and collusion which may occur among players in
their attempts to improve their outcomes. Although much of what is
socially, individually, and scientifically interesting is not a part of the
theory, certain important aspects of our social behavior are included.



1.3] An Informal Characterization of a Game 5

A theory such as we are discussing cannot come into existence without
assumptions about the individuals with which it purports to be concerned.
We have already stated one: each individual strives to maximize his
utility. Care must be taken in interpreting this assumption, for a person’s
utility function may not be identical with some numerical measure given
in the game. For example, poker, when it is played for money, is a game
with numerical payoffs assigned to each of the outcomes, and one way to
play the game is to maximize one’s expected money outcome. But there
are players who enjoy the thrill of bluffing for its own sake, and they bluff
with little or no regard to the expected payoff. Their utility functions
cannot be identified with the game money payments. Indeed, there are
many who feel that the maximization assumption itself is tautological, and
that the empirical question is simply whether or not a numerical utility
exists in a given case. Assuming that behavior is correctly described as
the maximization of utility, it is quite another question how well a person
knows the functions, i.e., the numerical utilities, the others are trying to
maximize. Game theory assumes he knows them in full. Put another
way, each player is assumed to know the preference patterns of the other
players.

This, and the kindred assumptions about his ability to perceive the game
situation, are often subsumed under the phrase ‘“the theory assumes
rational players.” Though it is not apparent from some writings, the
term “rational” is far from precise, and it certainly means different things
in the different theories that have been developed. Loosely, it seems to
include any assumption one makes about the players maximizing some-
thing, and any about complete knowledge on the part of the player in a
very complex situation, where experience indicates that a human being
would be far more restricted in his perceptions. The immediate reaction
of the empiricist tends to be that, since such assumptions are so at variance
with known fact, there is little point to the theory, except possibly as a
mathematical exercise. We shall not attempt a refutation so early,
though we feel we have given some defense in later chapters. Usually
added to this criticism is the patient query: why does the mathematician
not use the culled knowledge of human behavior found in psychology and
sociology when formulating his assumptions? The answer is simply that,
for the most part, this knowledge is not in a sufficiently precise form to be
incorporated as assumptions in a mathematical model. Indeed, one
hopes that the unrealistic assumptions and the resulting theory will lead
to experiments designed in part to improve the descriptive character of the
theory.

In summary, then, one formulation of a class of conflicts of interest is
this: There are n players each of whom is required to make one choice from
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a well-defined set of possible choices, and these choices are made without
any knowledge as to the choices of the other players. The domain of
possible choices for a player may include as elements such things as “play-
ing an ace of spades” or “producing tanks instead of automobiles,” or,
more important, a strategy covering the actions to be taken in all possible
eventualities (see below). Given the choices of each of the players, there
is a certain resulting outcome which is appraised by each of the players
according to his own peculiar tastes and preferences. The problem for
each player is: what choice should he make in order that his partial
influence over the outcome benefits him most? He is to assume that
each of the other players is similarly motivated. This characterization
we shall come to know as the normalized form of an n-person game. Two
other forms—the extensive and the characteristic function form—will
play important roles in our subsequent discussion; but there is no need to
go into them now.

1.4 EXAMPLES OF CONFLICT OF INTEREST

Next, we should consider what significant problems of conflict of interest
are included in this formulation. Our brief examination will cite exam-
ples in each of three areas: economics, parlor games, and military situa-
tions. From these it is easy to generate analogous examples for other
substantive disciplines.

One basic economic situation involves several producers, each attempt-
ing to maximize his profit, but each having only limited control over the
variables that determine it. One producer will not have control over
the variables controlled by another producer, and yet these variables
may very well influence the outcome for the first producer. One may
object to treating this as a game on the grounds that the game model
supposes that each producer makes one choice from a domain of possible
choices, and that from these single choices the profits are determined.
It seems obvious that this cannot be the case, else industry would have
little need for boards of directors and elaborate executive apparatus.
Rather, there is a series of decisions and modifying decisions which
depend upon the choices made by other members of the economy. How-
ever, in principle, it is possible to imagine that an executive forsees all
possible contingencies and that he describes in detail the action to be
taken in each case instead of meeting each problem as it arises. By
“describe in detail” we mean that the further operation of the plant can
be left in the hands of a clerk or a machine and that no further interference
or clarification will be needed from the executive.

For example, in the game ticktacktoe, it is perfectly easy to write down
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all the different possible situations which may arise and to specify what
shall be done in each case (and for this reason adults consider it a dull
game). Such a detail specification of actions is called a (pure) strategy.
There is, of course, no reason why the domains of action need be minor
decisions; they may have as elements the various pure strategies of the
players. Looked at this way, a player chooses a strategy that covers all
possible specific circumstances which may arise. For practical reasons,
it is generally not possible to specify economic strategies in full, and as a
result a business strategy is usually only a guide to action with respect to
pricing, production, advertising, hiring, etc., which neither states in
detail the conditions to be considered nor the actions to be taken. The
game theory notion of strategy is an abstraction of this ordinary concept
in which it is supposed that no ambiguity remains with respect to either
the conditions or the actions. With this concept one apparent difficulty
in applying the game theoretic model to economic problems evaporates.
The notion of a pure strategy, and some related concepts, will receive
considerably more discussion in Chapters 3 and 4.

At least two problems render it difficult in practice to put many eco-
nomic problems in game form. In general, it is hard to specify precisely
the strategy sets available to the players. This may stem from a variety
of causes, but one of the most striking is the possible modification of the
strategy sets during the execution of the game. For example, this may
result from a new invention or scientific discovery which opens a whole
new range of activities to a producer. It is true that such complications
can be encompassed formally by using the theories of decision making
under uncertainty, which are discussed in Chapter 13, but this takes one
outside the realm of games as we have been discussing them. Moreover,
whether the current resolutions of, say, the invention problem are really
useful is, at this time, debatable. If we restrict ourselves to just the
formalism of risk, omitting uncertainty, then such a possibility causes
trouble and so we may only hope at best to obtain limited predictions.
This type of limitation seems to be regarded by many social scientists as a
terrible inadequacy, and yet it is a common difficulty in all of physical
science. It is analogous to a physical prediction based on boundary
conditions which may be subject to change during the process, either by
external causes or through the very process itself. The prediction will
only be valid to the extent that the conditions are not changed, yet such
predictions are useful and are used even when it is uncertain whether the
assumed invariance actually holds. In many ways, social scientists seem
to want from a mathematical model more comprehensive predictions of
complex social phenomena than have ever been possible in applied
physics and engineering; it is almost certain that their desires will never
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be fulfilled, and so either their aspirations will be changed or formal
deductive systems will be discredited for them.

A second complication in describing the strategy sets of many economic
situations is the fact that most decisions are not just described in terms
of the obvious alternatives but require a specification of time. The
importance of the timing of decisions is too obvious to need illustration.
There is no real conceptual difficulty in enlarging the set of alternatives
so as to include time as part of the choice, but any enlarging of these sets
tends to cause severe practical difficulties. The strategy sets become
gigantic very quickly, and so the determination of the quantities needed
to describe the economic situation as a game becomes a practical impossi-
bility. These are important difficulties, but, as we shall see, more can be
said which will render them less crucial than they might now seem.

To turn from economics, it is well known that for parlor games there is
always a clear-cut scoring procedure. In some games which are played
for money, such as poker, there is a finely graded ordering of the possible
outcomes. In others, such as chess, the outcome is simply winning or
losing, to which one can assign a more or less arbitrary numerical scale,
such as 1 and 0. Very often a player aims to maximize his expected gain
as described by the numerical score of the game; but, as we pointed out
earlier, there are cases when this score function cannot be identified with
the person’s utility, such as when an adult purposely loses to a child.

In a parlor game, as in our economic example, each player makes not
one choice but a whole series whose order and nature depend upon the
previous choices both he and the other players have made, that is, on the
previous play of the game. In exactly the same way as in the economic
situation one is able to show that the strategy notion allows this extensive
form to be reduced to the above-mentioned normal form. In Chapter 3
we shall do this in some detail.

One common difference between a parlor game and an economic game
is of the utmost importance in the theories developed. The rules, or at
least the social mores, almost always specify that there shall be no collusion
among the players of a parlor game. In economics, the concept of a
coalition, i.e., of collusion among some of the producers so that each
coalition member betters his position at the expense of the other producers
not in the coalition or at the expense of the consumer, is widely recognized
in theory, in the law, and in everyday discourse. It thus behooves a
theory which purports to have application beyond parlor games to be
concerned with this common phenomenon of conflict situations, and such
is the case in game theory.

A military conflict is, by definition, a conflict of interest in which
neither side has complete control over the variables determining the out-
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come, and in which the outcome is determined through a series of
“battles.” We may naively take the outcome to be winning or losing, to
which we might assign the numerical values 1 and 0. More subtle inter-
pretations of the outcomes are obviously possible, based on, say, the degree
of destruction, etc. Again we have the same two practical difficulties as
in the economic problem: there is actually a series of decisions on each
side, the timing of which is of vital importance, and the domain of choices
for these decisions is not usually well specified. The first problem can
be surmounted as before by the notion of a strategy, and, indeed, the con-
cept of a military strategy is common, even if it is not always clearly
formulated. The second problem is again more profound, and it appears
to render difficult a game theoretic analysis of many important military
situations; but certainly some significant ones are subject to the theory.
One of the simplest is the “duel,” which in an elementary form consists
of two players 1 and 2 having p and ¢ “shots” respectively. For each
player : there is a function which gives the probability that a shot fired by
7 at any time ¢ will result in a “hit,” let us suppose a fatal hit. We may
suppose that the domain of ¢ is limited, as it would be by the fuel supply in
an air engagement. The problem is then to determine when each player
best take each of his shots, assuming that he knows how many shots his
opponent has already taken, so as to maximize the probability that he
will hit his opponent before being hit. For most duel situations of inter-
est, the probability of a hit increases with time, as, for example, in the
classical duel of two men walking towards each other with guns leveled.

Political controversies are still another fertile source of situations involv-
ing conflicts of interest. In addition to the difficulties of the economic
and military problems with respect to ill-defined domains of action, we
know that here there is considerable ambiguity as to the outcome, or
payof, function even over a known domain of possible actions. This is to
some extent true in the other situations we have described, but it is over-
whelmingly obvious in the political realm, where, for example, the defeat
of a candidate has sometimes been attributed (after the fact) to a single
sentence out of the hundreds he spoke in a campaign.

A feature suggested by political and economic conflicts is the “‘social
arbiter.” Often it is felt that conflicts of interest should not be allowed
to resolve themselves in, shall we say, the open market of threats and
counter threats, but that there should exist social devices to take into
account the preferences and strategic potentialities of each of the players
and to arrive at a “fair’’ resolution of the conflict. Such a conciliation
device—be it a voting scheme or an individual classed as an arbiter—
must have the property that it is brought forth not to resolve a particular
conflict but a wide class which potentially may arise; and its fairness is
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evaluated in the abstract with respect to this domain of possible
conflicts.

Thus you have the compact summary that game theory is a model for
situations of conflict among several people, in which two principal modes
of resolution are collusion and conciliation. (Several of our colleagues
convinced us that we should not use the tempting, but flip, title Conffict,
Collusion, and Conciliation for this book.)

1.5 GAME THEORY AND THE SOCIAL SCIENTIST

From the above comments we see that there is some hope that the
normalized form of a game includes some socially important phenomena,
but it is clear that with respect to many situations there are serious practi-
cal difficulties. This, however, is not the entire picture. In developing
the theory of coalition formation in r-person games, von Neumann and
Morgenstern transformed the normal form into a mathematically simpler
structure—simpler in that much of the detail of the normal form is con-
densed—which, it appears, will allow a broader application of the theory
than the above discussion suggests. This is more appropriately discussed
in Chapter 8 than here, and we shall confine ourselves to remarking that
to attain such applications approximate estimates of the ‘“characteristic
function’ will have to be obtained, presumably by empirical techniques.
This does not appear to be beyond the scope of some of the techniques
under development in social psychology and sociology, and it is to be
hoped that some empiricists will be attracted to this problem. However,
this is conjectural, and we have the historical fact that many social scien-
tists have become disillusioned with game theory. Initially there was a
naive band-wagon feeling that game theory solved innumerable problems
of sociology and economics, or that, at the least, it made their solution a
practical matter of a few years’ work. This has not turned out to be the
case.

What then is the significance of game theory to the social scientist?
First, because there has not been a plethora of applications in a dozen
years,? it does not follow that the theory will not ultimately be vital in
applied problems. Judging by physics, the time scale for the impact of
theoretical developments is often measured in decades. Second, although
the present form of the theory may not be totally satisfactory—in part,
presumably, because of its so-called normative character—this does not
necessarily mean that abandoning it is the only possible course for a social
scientist. Much of the theory is of very general importance, but some

% An important addition to the literature of applied game theory will soon be forth-
coming: Martin Shubik’s Competition, Oligopoly and the Theory of Games [1957].
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revision may be required for fruitful applications. Attention to the
theory is needed, and not attention from the mathematician alone, as is
now the case. Third, game theory is one of the first examples of an
elaborate mathematical development centered solely in the social sciences.
The conception derived from non-physical problems, and the mathe-
matics—for the most part elementary in the mathematical sense—was
developed to deal with that conception. The theory draws on known
mathematics according to need—on set theory, on the theory of convex
bodies, etc.; furthermore, when known tools were not applicable new
mathematics was created. Most other attempts at mathematization
(with the exception of statistics which plays a special role) have tended to
take over small fragments of the mathematics created to deal with physical
problems. If we can judge from physics, the main developments in the
mathematization of the social sciences will come—as in game theory—
with the development of new mathematics, or significantly new uses of
old mathematics, suited to the problem. No one of these theories should
be expected to be a panacea, but their cumulative effect promises to be
significant.

The achievement of von Neumann and Morgenstern is remarkable: In
the first major publication on the subject, they formulated a clear abstrac-
tion, drawn from the relatively vague social sciences, having both con-
siderable breadth and mathematical depth, and they developed an
elaborate and subtle superstructure with masterful scope. The depth of
their contribution can be partially appreciated from the fact that today
the material still must be presented according to their outline; there have
been additions, true, but the main concepts are unchanged.



chapter 2

UTILITY THEORY

2.1. A CLASSIFICATION OF DECISION MAKING

The modern theory of utility is an indispensable tool for the remainder
of this book, and so it is imperative to have a sound orientation toward it.
Apparently this is not easy to achieve, judging by the many current mis-
conceptions about the nature of ‘“utility.” It is, perhaps, unfortunate
that von Neumann and Morgenstern employed this particular word for
the concept they created—unfortunate because there have been so many
past uses and misuses of various concepts called utility that many people
view anything involving that word with a jaundiced eye, and because
others insist on reading into the modern concept meanings from the past.
We certainly are not going to assert that there are no serious limitations
to the von Neumann-Morgenstern theory, but it can be frustrating to
hear devastating denunciations which, although relevant to theories of
the past, are totally irrelevant to—or incorrect for—the modern theory.

Pedagogically, it might be wise to defer this discussion until it is forced
upon us in the context of game theory. Certainly, the needs of game
theory would provide excellent reason to study the concept; however, it
would also necessitate a sizeable digression in what will prove to be an
already long argument. Furthermore, utility theory is not a part of
game theory. It is true that it was created as a pillar for game theory,
but it can stand apart and it has applicability in other contexts. So we
have elected to present it first. As background, we shall describe in this

12
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section how the problems of decision making have been classified, in this
way showing where utility theory fits into the overall picture. In the next
section we shall discuss the classical notion of utility and indicate how,
through its defects, it led up to the modern concept. No attempt is made
to trace the history of the concept in detail; an excellent history can be
found in Savage [1954]. In sections 2.4 and 2.5 we shall present a version
of the theory itself, and in 2.6 and 2.7 some of the more common fallacies
surrounding it. The chapter closes with a brief discussion of the experi-
mental problems. Appendix 1 describes a modification of utility theory
in which preference is assumed to be probabilistic.

The field of decision making is commonly partitioned according to
whether a decision is made by (i) an individual or (ii) a group, and accord-
ing to whether it is effected under conditions of (a) certainty, (b) risk, or
(c) uncertainty. To this last classification we really must add (d) a com-
bination of uncertainty and risk in the light of experimental evidence.
This is the province of statistical inference.

The distinction between an individual and a group is not a biological-
social one but simply a functional one. Any decision maker—a single
human being or an organization—which can be thought of as having a
unitary interest motivating its decisions can be treated as an individual
in the theory. Any collection of such individuals having conflicting
interests which must be resolved, either in open conflict or by compromise,
will be considered to be a group. These are not clearly defined formal
words in the theory; rather they are vague classificatory concepts suggest-
ing the identifications one might make in applications. Depending upon
one’s viewpoint, an industrial organization may be considered as an
individual in conflict with other similar organizations or as a group com-
posed of competing departments.

As to the certainty-risk-uncertainty classification, let us suppose that a
choice must be made between two actions. We shall say that we are in
the realm of decision making under:

(a) Certainty if each action is known to lead invariably to a specific out-
come (the words prospect, stimulus, alternative, etc., are also used).

(b) Risk if each action leads to one of a set of possible specific outcomes,
each outcome occurring with a known probability. The probabilities
are assumed to be known to the decision maker. For example, an action
might lead to this risky outcome: a reward of $10 if a “fair”’ coin comes
up heads, and a loss of $5 if it comes up tails. Of course, certainty is a
degenerate case of risk where the probabilities are 0 and 1.

(¢) Uncertainty if either action or both has as its consequence a set of
possible specific outcomes, but where the probabilities of these outcomes
are completely unknown or are not even meaningful.






















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































