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CHAPTER I

RATIONAL DEGISION MAKING IN PORTFOLIO MANAGEMENTS
A BRIEF SURVEY

All investment necessarily invelves the future and, therefore,
uncertainty. The extent of this uncertainty is a major factor in many
investment decisions including the choice among available portfolios.
The theory of the firm deals with the problems faced by business men
in an environment characterized by change and uncertainty. The problems
of portfolio management are similar in many respects. The rational
portfolio manager has goals similar to those of the rational entre-
preneur and is guided by similar criteria in making decisions.

This dissertation 1s a study in applied decision theory. It is
an attempt to analyze how a ratlonal portfolio manager, with specified
probability beliefs, should choose one portfolie to hold out of all
available portfolios. It does not deal with the problem of how to
allocate a portfolio on the basis of probability belle:

bout returns
from individual stocks and bonds. Rathex it deals with the related but
different problem of how to choose among portfolios on the basis of
probability beliefs about returns from portfolios. It is assumed that
the portfollo manager has formed probability beliefs, not necessarily
about returns from individual stocks and bonds, but about returns from
portfolios consisting of groups of stocks and bonds, and wishes to choose
among the portfolios on the basis of these beliefs, For example,



portfolio A in Table l.1 may be allocated 5 to General Motors Common
Stock, «R to UsSe Steel, and .3 to Pacific Gas and Electric. Portfolio
B may consist of the same securities but allocated in different propor-
tions or may consist of entirely different securities including bonds.
1In either case, the problem is to choose between the two portfolios, not
among the individual stocks and bonds making up the portfolicse

The portfolio manager who has & group of stocks and bonds! with
a market price of $100,000 can choose to continue to hold this portfolio
or to substitute any other portfolio available to him at that price.
In real life this choice is influenced by such factors as income and
inheritance taxes, inertia, and lack of knowledge about available port-
folios. BEven so, the rational portfolio manager must ask himself how
he should choose among portfolios aside from these influences, The
present dissertation is an attempt to answer this questionj the objective
is to analyze how his choice among portfolios should be made, not how
it is made usually.

Rational choice among portfolics involves two steps: (a) forming

1 For the purpose of this study it is assumed that the portfolio
manager has interests exactly the same as those of the wealth<holder or
portfolio owner. A portfolio consists of a combination of stock and
bonds and cash which may be considered to be equivalent to high-grade,
short=term, non-interest bearing bonds. Such combinations include h.lﬂu
stock on margin. More than 100 percent of the net value of the por
folio may be invested in stock. The funds borrowed are classed n nlg-
ative bond holding. Negative stock holding consists of selling stock
shert and holding the proceeds in cash. In syabolic form, let b be the
proportion of the not value of the portfolio held in bonds or cash and
q be the proportion held in stock. Then either b or q can be positive or
negative but always b+ q =1 4



probability beliefs about umrmz from portfolios as these returns will
be affected by future occurrencesj and (b) choosing among portfoliocs on
the basis of these bellefss The two steps may be illustrated by

Table 1.1 which shows the probability of occurrence of two future events
labeled "prosperity" and "depression® in the last xow and the estimated
effects of prosperity and depression on the returns from Portfolio A and
Portfolio B is the first two rows. Each such return is here called a
payout, axd a table showing the payout from each available portfollo

for each relevant future occurrence is here called a payout natrisd of

returns.
Table 1.1
Payout Matrix of Returns
Future Occurrence
Prosperity Depression
Portfollo A L0 90
Portfolio B 1.06 1.02
Probability of
Occurrence 8 2
B

2 Let R be the return and i be the gain (or loss) per investment
period per doller of principal. Then R=1 ¢ 1. If a wealth-holder
holds a portfolio which costs 81,000 at the beginning of the investment
period, pays §40 in dividends and interest during the period, and is
sold for $1,060 at the end of the period, his return is 1.10.

3 This is the simplest possible payout matrix. Payout matrices
may well show the combined effects of more than two types of future
occurrences on the one hand and more than two portfolios on the other,
For example, there might be three columns headed "increasing business,"
ngalling business," and "stable business," each with an estimated proba-
bility of occurrence. Returns from five different portfollos might then
be estimated for each of those conditions,




In tems of the payout matrix the portfolio manager has two
problens which correspond to the two steps above: (a) filling in the
payout matrix of returnsj and (b) choosing among portfolios on the basis
of this filled-in matrixe In real life, the first step~—~deciding upen
the size, measured by the number of columns and rows, of the payout
matrix and £illing in the matrix with reasonable estimates of payouts
and probabilities--~is by far the most difficult part of the portfolio
manager's Job, This dissertation has little to say about this pruhl-."
It deals with the second of the two steps in portfolio management: the
problem of how to choose among portfolios on the basis of a filledein
payout matrix., In Table 1.1, for example, this would be the problem of
choosing between Portfolie A and Portfolio B.

The uncertain consequences of choices among portfolios may be
expressed in terms of a payout matrix such as that of Table l.1. Such
matrices will be important tools in the analysis of rational decision
making, They will be used to define and describe the combined effects
of strategles (lses, courses of action) and future occurrences—~combined
effects which are involved in all choices with uncertain outcomes,
including gambling and portfolic management. The matrix in Table l.2,
for example, illustrates the problem of a man who has $1.00 in hand and

4 Probability beliefs about returns from portfolios may be derived
in various ways. For example, the probability distribution of returns
from a specified portfolio may ln built up by first making uﬂutn of
returns from the making up the per thes
returns will be affocted by future occurrences, and than combining these
estimates. Probability beliefs about returns from a specified ponhlio
may also be derived by starting from estimated returns frem hroad
of securities such as the Dow Jones Industrial Average.




has the option to bet or not to bet §1.00 on whether or not heads occurs

on the next toss of a fair coin.

Table L.2
Matrix of Money in Hand After One Toss of a Fair Coin
Outcome of Toss

Strategy Hoads Tails
Bet 2,00 0
No Bet 1.00 1.0

Probability of
Occurrence o5 o5

Payout matrices in general, like that of Table 1.2, show the
probabilities of all relevant future occurrences and the payouts re=
sulting from the combined effects of each possible strategy on the one
hand and each relevant future occurrence on the other. All this infor-
mation is needed to reach a rational decision on the proper choice of
a strategy. Consideration of the entire matrix is here taken to be an
essential requirement of rational decision makings It would be impossible
for a gambler to make a rational choice among strategies if he disre-
garded either the probability of the relevant future occurrences or any
of the possible payouts.

The central problem of rational portfolio management is that of
making repeated cholces among portfollos. The portfolio manager does
not make an irrevocable decision to hold indefinitely a particular group

of stocks and bondss instead, he is able to readjust his portfolio at
cholce of the

the end of any period.



portfolio to hold during each separate investment pcxiud’ must be
considered a separate dcciﬂnn." The consequences of these cholces are
uncertain, Furthermore, the effects of his reiterated choices among
portfolios must be cumulative unless all gains are withdrawn from the
portfolio and all losses are replaced at the end of each year,
Choosing among portfolios on the basis of a filled=in payout
matrix involves the selection of a criterion (that is, measure or
standard to be maximized or minimized) to be used as a guide in making
rational choices among strategiess The remainder of this chapter will
be devoted to a brief survey of the hieraxchy of goals underlying such
2 criteri For 1 of the goals underlying a
rational criterion will be defined first without reference to the

reiterative character of the choices, and then the discussion will be
widened to include repeated choices with cumulative effects.

Ine Hilerarchy of Goals and Guides

Rational choice among jies under of
involves a hierarchy of goals, and of guides for reaching these goals.
This hierarchy consists ofs (1) a goaly (2) a subgoaly (3) a criterion
for choosing among strategles to reach the subgoal (i.es, a measure
which must be maximized to attein the subgoal)s end, finally,
(4) methods for devising strategies which meximize the criterion. Methods

5 Individual investment periods may be days, weeks, months, or years,
but are hercafter called years.

6 Compare the old Wall Street sayings "To hold a stock is to buy
a stocks"



of devising strategies are the subject matter of later chapters of this
dissertation and will not be discussed at this time. The subgoal is a
crucial member of this hierarchy, It will form the basis of later
chapters entitled "Subgoals and Criteria" and "Subgoals and Subjective
Utility." This together with the following section is a brief overview
of goals, subgoals, and criteria.

The goal in rational decision making is the maximization of some
measure of value. Each decision is made for the sake of the différence
the cholce will make in terms of this objectives The measure of value
to be maximized, which will be referred to as the maximand, may be
either a subjective utility measure such as utiles, or an objective
measure such as money or bushels of wheat. The decision maker is con-
fronted with a payout matrix expressed in terms of a maximand and wishes
to select that one from among all available strategies which will
enable him to reach his goals

The goal can be reached only in the futures It cannot be used
as a basis for choosing among strategies with uncertain outcomes since
what strategy will lead to achievement of the goal depends on future
events. For example, congider tho gambler faced with the payout matrix
shown in Table 1.2, This ganbler has §1 in hand and has the option to
bet §1 on the toss of a falr coln. In theevent of heads he will have
42 1f he bets and §1 1f he does not bets In the event of teils he will
have 0 if he bets and $L if he does not bet. The mere fact that this
gambler wishes to maximize his money in hand at the end of the toss (his
goal) does not give him a rational hasis for deciding whother to bet or
not to bet.



Since the goal cannot be used as the basis for choosing among
strategies with uncertain cutcomes, a subgoal is necessary. The subgoal
is an objective which can be reached at the time of msking the choice by
the decision-maker who has a filled-in payout matrix. Subgoals give
bases for choosing among Gourses of action with uncertain outcomess In
terms of the payout matrix in Table 1.2, one subgoal is the maximization
of the of the 7 of cash
in hand at the end of the toss of a coin. This is called the expected~

value subgoal, Another subgoal is the maximization of the cash in hand
after the toss, assuming the most unfavorable outcome of the toss (called
the minimax subgoal).

A subgoal is necessary whenever the outcome of the choice is
uncertain, whether the maximand is expressed in terms of subjective
utility or of an objective measure of value. Consider the payout matrix
in Table 1.3 which is expressed in terms of subjective utility.

Table 1.3
Payout Matrix of Utility of Money in Hand at End of Toss
Qutcome of Toss
Strategy Heads Tails
Bet 3 0
No Bet 1 1
Probability of
Occurrence o5 o5

7 The probability distribution of a set of payouts is the array
of all possible payouts together with their probabilities of occurrences
The mathematical expectation of tho probability distribution of the set



The matrix in Table 1.3 corresponds to the matrix shown in
Table 1.2 when the subjective utility of having §2 in hand is three
times as great as the subjective utility of having §l in hand, The
goal of maximum utility at the end of the toss still is not a sufficient
basis fer choosing in a rational manner whether to bet or net to bet.
If heads occurs, the goal will be reached by betting; if tails occurs,
the goal will be reached by net bettings In this case, too, a subgoal
is necessary for rational choice among strategies.

The choice of a rational subgoal is at tho heart of rational
decision making under conditions of uncertainty. To be rational, a
subgoal must be based on consideration of the whole payout matrix and
must be coupled with the goal in a logical manners Later it will be
shown that one clearly defined subgoal—-the maximization of the proba-
bility, P!, of having a larger payout than from any other specified
strategy, hereafter called the maximum chance subgoale=is a rational
subgoal when cholces are repetitive and effects of these choices are
cumulative. Results from adopting this subgoal will be compared with
results from adopting alternative subgoals.

After a rational subgoal has been selected, it is necessary to
adopt a criterion to use as a guide in choosing among strategies to
reach the subgoal, Some ¢riteria are obvious. For example, the man

of payouts from a strategy is computed by multiplying all possible payouts
from that strategy by their respective probabilities, and then sumaing the
products, The term "arithmetic mean" of a probability distribution here
has exactly the same meaning as the term "mathematical expectation" of
that distribution, One term is used here to Ldentify the criterion and
the other to identify the subgoal.
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who has adopted the expected-value subgoal would use the arithmetic means
of the probability distributions of the payouts from the various strat-
egles as his criterions The man who has adopted the minimax subgoal
would use. the.smallest payoute from the available strategies.as his
criterion, Vhen maximization of P!, the probability of having a bigger
payout than that yielded by any.other specified strategy,.is-taken.as a
subgoal, however, the standard is not so obvious. It will be proved in

the next chapter that P! will be maximized when the geometric mean, G,
R st rhrokatl

of the pxoh-biucy of payouts is maximized,

G is the criterion for those declsion makers who wish to maximize P's
Methods for meximizing the cziteria fall into the fourth order
of the hierarchy of goals and guides for making rational choices. The
man who has adopted the oxpected-value gubgoal would choose that strategy
which has the probability distribution of payouts with the highest
arithmetic mean. The man who adopts the minimax subgoal would choose
that strategy with the highest payout assuming that the most unfavorable
event occurse It is mecessary to devise strategies or choose among

strategies so as to maximize the standard. In terms of portfolic manage-
Dol o s 2t orailzian

F_stocks
tn mlxin.l

lons Portfolios so
Aumhd reaeh &u subgoal nf h‘w portfolio managers Vhether they will

reach his goal will depend on future occurrencess

Goals and Guides for Repeated Cholces
yith Cupulative Effects
Portfolio has two stics which have not yet

been given the emphasis they deserve. In the first olio
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manager must repeat cholces ameny pertfolies year after year and,

secondly, the offects of these choices are usually cusulative, F
purposes of clarity in dealing with these charactoristics of pertfolie
managensant it is specified thats (1) the portfollo mansger is con=
fronted yoar after year with the same payout matrix of returns) and
(2) all returns are rotnvested. The purpose of this section is to
survey briefly, in tholight of these two specifications, the goal,
subgoals, and criteria used in meking rational choices among port=
folles, The findings are not limited to portfolio mansgesent but are
applicable to many other probleas involving recurrent cholces aseng
strategies with uncertain outcomes and cumulative effects.

The goal of portfolio management is taken to be the maximization
of portfollo value at the end of a period of tiee,? Tis period of
tine oxtends to the investment horizen of the portfolio manager and
tends to remain constant from year to year, It Ls breken up into a
large nuaber, n, of individual investaent periods called years. For
exasple, a floor trader may think in terms of day-to-day fluctuations

8 Both of these specifications will be relaxed and modified later,
In real 1ife, the payout matrix will presumably change froa yeer to
yoar, espocially since probability uxm about returns are influenced
by bellefs concerning the stage of the buainess cycle and the general
level of the stock market, This matter Lo discussed in the section en-
titled "Recurrent Risks" beginning on page 6.

9 Seo Frioderich and Vera Lutz, W

(pr! ¥ Princaton Unlm-llty mu. 1951), ps 164 The ultimate
goal pvthlll above corresponds wif nl ch the Professers Luts
asguns to underlie all .m.npnumn mut saxinizing behavier, They
says "We shall suppose that under all ¢ircumstances the entrepreneur will
want to maxialze the rate of return on his own capital over whatever
poriod he has In viewj this procedure will ebviously give hia the maximua
capital oua at the end of the xelevant peried."
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in prices and have an investaent horizon extending over only one calendar
year, In this case the calendar day would correspond to what is called
@ year, At the other extrems, many institutional investors, such as 1ife
i apanies, have an | horizon f1fty or more
years into the future. The individual investment period here may be as
long as one calendar year but, in practice, portfolios are alscst always
evaluated and readjusted much more frequantly, In either case, the

investment horizon recedes as time passes, so that n tends to remain
congtant from year to yur.w The pertfolio manager at both the beginning
of any year (year 1) and at the baginning of year § + L will wieh to
maxlsizo his portfollo at the end of, say, 100 years.

In the final analysis the rational man selects a goal becauss
he believes that achieving this goal will maximize his subjective
utility, There 1s no necessary conflict between maximizing subjective
utility and maxinizing objective pertfolio valus (or profit) except in
the unlikely event that the decision maker prefors lese wealth to more
woalth, other things being equal, It will be shewn later, however,
that one portfolio will have the greatest probability, P', of being
more valvable than any other specified portfollo at the end of n years,
n being large, and that P' for that one pertfollo will approach 1 as
n spproaches infinity,)l Either the portfolls mansger who maxiaires

10 It is ascused that n i¢ large, whether or not it remains
constant. If it does remain constant over time it is, in effect, in=
finitely large, In this case, the portfolio with the largest 0 ll alsost
certain to produce @ larger return than any other epecified portfoello.

11 P! 1s defined as the probability of having & luwr return then
any other specified portfol! The portfolio which produces the urn
return over n years also is the most valuable portfollo at the end
n years. Thus P' also is the probabllity of being more valusble than
any other specified portfollo at the end of n years.
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subjoctive utility will select the portfolio with the maximua P', called
the maximua chance portfollo, or he will select another pertfolio which
1s aloost certaln to be less valuable in the long run, If the utility of
a saall gain or loss varies inversely with the wealth already possessed,
the wealth-holder who bases his actions on subjective utility will
choose the portfollo with maximm p',12

The necessity for subgoals and the relation of these subgoals to
the goal har been indicated, It has been noted that rational subgoals
must ba baged on conaiderstion of the whole payout matrix and must be
logically related to the goal. There are two well known bases for
choosing among portfolioa (here called subgoals) which involve considers=
tion of the whole payout matrix and which are coupled logically with the
goal, These subgoals ares (1) maximization of the mathematical

on of the Y of follo returns
exprossed in monoy terms) and (2) maxiaization of the mathesatical
expectation of the probability distribution of the utilities of the
portfollo returnss These two subgoals will hereafter be called the
oxpected-value subgoal and the expected-utility subgoal. In this etudy
a third subgoal is proposed—the maximization of P'. This subgoal will
be called the maximua chance subgoal.
The cholce of the expected-utility subgoal, that is, the cholce

of that portfollo which has the greatest mathesatical expectation of the
utilities of returns, hes grest intultive sppeals For exasple, consider

12 The reletionships presented in this brief overview are developed
in Chapters II and III,
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the payout matrix in Table 1.3.) Here the gasbler will receive a payout
with a utility of 3 if heads come up and a utility of O if tails come up,
as compared with a utility of 1 if he does not bet, The mathematical
expectation of the utility of the payout after betting is 1.50 (i.e.,
«5x 3+ .5x0) as compared with 1.00 if the gambler does not bet. A
gambler faced with such a matrix probably would be highly tempted to bet.
However, when returns are reinvested, as is specified, the portfolio
which has the greatest mathematical expectation of utilities will net

be necessarily the pertfolio most likely to be the most valuable at the
end of n years. This relationship may be illustrated also by the payout
matrix in Table 1.3 assuaing that the gambler is faced with such a
matrix for n consecutive hluu.“ Such a gambler would maximize the
mathematical expectation of the utility of his payout at the end of n
tosses by betting all of his payouts on each toss, but he also would re-
duce his chances of having any payout at the end of n tossesi!® If he
bet on one toss of the coin, the mathematical expectation of the utility
of his payout would be 1.50 but his chance of having any payeut would be

e

13 Although the example involves gambling rather than pertfolio
management, the principle is the same.

14 This assumption may not be realistic, as the utluty of winning
relative to the utility of holding cash in hand would ly

after each toss. The example does, however, illustrate m pint made
heze.

15 In this example the gambler can phy unly one game at a time.
If he had the option to play many independent at once, he uuuld
maxinize the mathematical expectation of the utﬂlun of the ref
without great risk of total ruin. The problem of diversification of rhn
1s discussed on page 47 . Rigke which cannot be eliminated by diversi-
fication are of primary interost here
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only L out of 2, He would have a payout only if heads occurred. At the

his payout
would be (1.50)", but his probability of having any payout at all would
be only 1 in 2", He would have a payout only in the event of.n hsads and
no tails in n tosses.

end of n tosses the 9'_511{ utility

Thus, in this example, the portfolio with the highest mathematical
expectation of utility does not have the highest probability, P!, of
being the most valuable at the end of n years; instead, an alternative
portfolio will have the greatest P'. It will be proved that the port-
folio having the probability distribution of returns with the highest
geometric mean, called (l,16 also will have the greatest P' under the
conditions now under discussion——that is, when n is large and when all
returns are reinvested. As n becomes larger P' increases, so that when

n becomes very large it becomes almost certain (i

ey P! approaches 1)
that the portfolio with the highest G will be more valuable than any
different portfolie. Selection of the portfolio with the maximum P' is
accepted as a rational way to reach the goal of maximum portfolio value.
There may be other subgeals for choosing among portfolios. These other

subgoals must lead to the choice of either the portfolie with maximum P'

or to these portfolios will almost

16 It should be noted that both the probability distribution of

proof that the strategy having the probability distribution of payouts
with the highest geometric mean is also the strategy which has the highest
P's Later it will be shown that, 1f the utility of money varies in ace
cordance with Bernoulli's utility function, maxinization of G oxpressed

in money also will maximize the mathematical expectation of utility.



16

certainly be less valuable at the end of a long series of years than the
portfolio with maximum P's

In summary, the follewing are accopted as rational goals and guides
for a portfolio manager faced with repeated choices having cumulative

effectss

Goal.—Maxinization of portfolio value at the end of n years, n being
large, assuning reinvestment of returns.

Subgoal.~Maximization of P', the probability of being more valuable
than any other specified portfolio at the end of n years.

Criterion,—The geometric mean, G, the probability distribution of

eI RPN

Method,~=Allocate that proportion of the portfolle to stock which will

naxiaize G,



CHAPTER II
SUBGOALS AND CRITERIA

In this chapter a gambling model will be used to illustrate the

necessity for a subgoal, the necessity for consideration of the whole

payout matrix, and the relationship between the don of the

mathematical expectation of value of the portfolio and the maximization
of P, the probability of being more valuable than any other specified
portfolios It will be proved that the portfollo having the probability
distribution of returns with the largest geometric mean, G, also has
the greatest P' at the end of a long series of years (n years) assuming
reinvestment of returns, and that P approaches 1 as n approaches
infinity,

Many problems involving probability, including rational decision
making, can be clarified by the use of gambling situations where the
odds are known. The following game was dosigned to be analogous to the
problea of choosing among portfolios, and the payouts in the game were
chosen to illustrate various subgoals and criteria used as guides in
such cholcess

Sanbling Model

Lot a ganbler be given an opportunity to buy tickets which will
cost $1.00 each and which he belleves will surely pay off as shown in

Table 2.1, All wealth must bo bet on one color on every one of a large
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number, n, of tosses of a coln, The gambler wants to choose that coler

which will maximize his wealth at the end of the game (1 at the end

of n tosses)s

Table 2,1

Payout Matrix of Returns

OQutcone of Toss Griteria
Strategy Heads Tails A G
Red 2.50 0 125 0
Blue 2.25 «50 1.37  1.06
Greon 175 75 125 145
Black 1.2 1.0 1,015 1,004
lo Bet 1.00 1.00 1.00 1.00
Probebility of
Oceurrence N 5

The first column of Table 2.1 shows the returns for each color
in the event of heads and the probability of heads occurring., The second
coluan shows the Teturns in the event of tails and the probability of
tails occurring., A ls the arithmetic mean or, in other woxrds, the mathe-
matical expectation of the probability distribution of returns. For
oxaaploy Agq = o5 % 2450 4 o5 X 0 = L.25 where o5 k 2450 4s the proba-
bility of heads occurring multiplied by the return if heads occur, and the
socond torm is the corresponding figure 1f tails occur, In similar
fashion G is the geometric mean of the probability distribution of returnse
Grpg = 2:50°7 x 0% = 0 and 6, = 2.25°7 x ,50°% = 106,
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The terms of Table 2.1 can be adapted to fit not only the general
problen of choosing among courses of action but also the particular prob-
lem of portfollio management. The gambler is faced with the choice among
five strategles (

» possible courses of action)s he can bet on one
of the four colors and he can refuse to bet, The portfolio manager who
has a portfolio with a market price of $1,000 is faced with the choice
among all portfolios (i.e., groups of stocks and bonds, and cash) availe
able to him at that price. There are two relevant outcomes on each tess
of a coini heads and tails, These outcomes correspond to relevant

future in portfolie For example, portfolio A,
in Table 1.1, gives a return of 1,10 if business is prosperous in the
forthconing year (i.es, investment period) and a return of only .90 if
business is depresseds In these terms "prosperity" and "depressions"
are relevant future occurrences. If these are the only relevant future
occurzences, there will be only two payouts for each portfolio, but often
more than two must be considered, For example, tho matrix may contain
a colunn of payouts for the possible occurrence of depression in the
steel industry concurrent with prosperity in textiles.

It is specified that the gambler believes that the coin is faix,
Consequently, he believes that there is a probability of occurrence of
+5 for heads, of .5 for tails, and of 1,0 for either heads or tails.
1f h be the nuaber of heads which may occur in n trials, the gambler
believes that «5 1s the most 1ikely value of h/n when n is an even number,
and that I/n will approach o5 as n incresses.’ In 1ike fashion, the

1 This is not to say that he believes that the absolute difference
between the most likely value of h, that is, n/2, and the sctual value
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portfolio manager may believe that there is a probability of .8 that
business will be prosperous, of .2 that it will be depressed, and of 1
that either one or the other condition will prevail. Whether two or more
relevant future occurrences are included in the matrix, the sum of the
probabilities must add to 1. In other words, the matrix must contain
the payouts for all of the relevant future occurrences. The portfolio
manager may hold the same probability beliefs as to each of a long series
of forthcoming years, If so, the asymptotic properties of the proba-
bilities of business conditions are similar to those of the probabilities
in coin tessings If b is the number of years of good business in n
years, the portfolio manager believes that the most likely value of

ly/n is 8, and that b/n will approach «8 as n incresses,

The matrix (in Table 2.1) showing the payouts from cach strategy
for each future occurrence is expressed in terms of returns which are
defined as payouts per dollar bet (i.e., per dollar committed to a
strategy) per toes of the coin. For example, the return is 1.02 if black
is selected and heads come upe This represents the principal (1.00) plus
the gain (,02) and is equivalent to 1 plus the yield. In similar
fashion, the return from a portfolio consisting entirely of high grade
bonds bought to yleld 2 percent and maturing at the end of the year would
be 1402 A gambler can lose all of the money he has bet, and the port-
folio manager can lose his ontire portfolio but never more than this
amountj consequently, the return is always equal to or greater than 0.

of h will tend to become smeller and saaller s n increasess On the
contrary, the absolute difference, r/2 = h, tends to become larger and
larger as n increases.
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It is specified that the ganbler must bet all of his wealth on one
color on each toss of the coin. This specification is included in the
model in order to make the choices among colors analogous to the choice
among pertfolios and the returns from a color analogous to the returns
from a portfolio. For example, the pertfolio manager may be faced with
the choice between a portft isting entirely of stocks

and a more portfolio of part stocks and part
bondss In similar fashion the gambler is faced with the cholce of blue

tickets or the more conservative green tickets.

The problem of portfolio management may be stated again in terms
of the payout matrix. It is¢ the problem of the decision maker who is
faced with a payout matrix for n years and wants to choose in a rational
manner one from all available portfolios in each of the n years, Con=
struction of a payout matrix giving the outcomes of the strategles as
affected by the relevant future occurrences along with the probability
of each future occurrence is implicit in all rational decision making,
including rational portfolio management, However, it is mot the con-
struction of such matrices but the choice of ono from all of the strate-
gles after the matrix has been constructed which is the preblem under
discussions

The goal of the gambler faced with the cholce among colors 1s to
maxinize his wealth at the end of n tossos of a coin assuming that he
bets all of his wealth on each toss. The goal of the partfolio manager
is assumed to be maximization of wealth at the end of n years, n being
large, assuming reinvestment of all returns. When there 1s no uncertalnty,
the goal itself 1s a sufficlent guide in choosing among courses of actions



In the case of the gambler confronted with payout matrix 2.1, the goal
itself would form the basis for deciding rationally whether to bet or
not to bet. The returns from black tickets are greater than 1.00 whether
heads or talls occur, so the gambler can certainly gain by betting.

When there is certainty of what will happen next, the gambler merely
chooses the color which will maximize his payouts If he is certain that
heads are going to come up next, he will bet on red, the color with the
largest payout when heads occur, He will ignore the consequences of
tails occurring. If he is certain that tails are going to come up next,
he will bet on black, which has the highest payout when tails occur.

Ihe Subgoal

When the decision maker canmot identify the strategy which will
enable him to achieve his goal, a subgoal is needed, The decision maker
who adopts a subgoal does not forego his goal, He merely chooses the
subgoal as the best available landmark on the read to the goal. They
are landmarks which can surely be reached by the decision maker who is
confronted with a filled=in matrix such as that in Table 2.1, which
shows the probability of each relevant future occurrence and all coa~
bined effects of and future For example, the

ganbler cannot choose the particular color, or series of colors, which

will uminly maximize his wealth at the ond of 100 tosses of the coin.
The series of payouts depends not only en color but also on the outcome
of events about which he has only probability beliefs. The gambler can,
however, choose that color which would produce the highest mathemstical
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expectation of value at the end of 100 tosses, and he might make it his
subgoal to do so.

A rational decision maker must adopt a subgoal which is: (a) based
on a balanced consideration of the payout matrixs and (b) logically
coupled with the goals No attempt will be made to define "logically
coupled” in rigorous termss Instead, two subgoals will be presented
which ave logically coupled with the goal, and conditions will be stated
undor which one of these two subgoals might be preferred to the other.?
It is not assumed that there can be no other subgoals logically coupled
with the goals Subgoals fall into two classes depending on whether or
not they involve belanced consideration of the whole payout matrix. The
first class consists of subgoals which arise from a biased evaluation
of the true probabilities and are therefore irrational. It includes the
minimax and maximax subgoals to be described in the next paragraph. The
second class consists of subgoals which give due weight to the true
probabilities and are not ly irrational are they 1ly

rational. This class includes all subgoals based on measures of central
tendency, on dispersion, and on higher moments of the distributions of
payouts from the various strategles,

¥hen a decision maker attempts only to minimize his losees and
glves no weight to possible favorable occurrences, he is sald to have a
ninias’ subgoal. A ganbler adepting the minimax subgoal would examine
iy h 4 s:::ﬁd]::l:n:o ::ug:: subgoal, the expected-utility subgoal,

3 Th inax subgoal is so named because the decision maker who
adopts tM.- lub’ul attempts to minimize the maximum pessible losses.
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the payouts in the talls column in Table 2.1, and only those in the talls
columns In other words, he would use the payouts in the tails column
as his standard for choosing emong strategies. He would then choose that
color (black) which would give him the greatest return if the unfavorsble
event (i.e., tails) occurs. The minimax subgoal is of specisl interest
in game theory. In game theory, it is assumed that the gambler is playing

against an opponent who can choose among opposing strategles (1. future

occurrences) in such manner as to do the gambler as much damage as
possibles In Table 2.1 these opposing strategles are the occurrence of
heads and tails. If the gambler were convinced that he was playing
against an opponent who wanted to win from him and who could control the
outcome of each toss of the coin, he would be well advised to look for
the worst and to guide himgelf accordingly. Under these circumstances
1t would bs rational to adopt the minimax subgoal. But the minimax subgoal
is irrational in the gambling model here under discussion and in port-
follo managenents There is no opponent who controls the relevant future
occurzences; but rather the probability of each occurrence is known. It
1s not rational under these conditions to disregard the possibility of
favorable payouts in making choices among strategies.

The subgoal of the gambler who attempts to maximize his winnings
1f the most favorable combination of events occurs is called the
maximax subgoal. This subgoal may be adopted by the gambler who be-
lieves that luck 1s on his side and wants to take full advantage of his
luck, He considers only the most favorable payouts (the heads column
in Table 2.1) and chooses that strategy (red) which gives him the maxie
mun return when the most favorable event (heads) occurs. This choice,



1ike the minimax cholce, obviously does not give balanced consideration to
the probabilities of the relevant occurrences and is, therefore,
irrational,

In the gambling model it was specified that the probability of
heads is .5. In other words, the probabilities are indspendent and
future tosses are not affected by past occurrences. Under these circume
stances, it would be irrational for the gembler to take as his subgoal
the cholce of that strategy which might seem to have the greatest possi-
bility of a favorable payoff judged by the past pattern of tosses, It
would be irrational for such a gambler to attempt to improve the odds in
his favor by adopting such a strategy as "pick red after tails have come
up five times in @ rows" In similar fashion, it is specified that the
portfolio manager is dealing with the problem of repeated choice among
strategies when faced with the same payout matrix time after time. In
real life, past has a marked inf! on con=

structing the payout nf.rix." but given the matrix, it has no bearing on
choices among portfolios.

Subgoals which are based on consideration of the whole payout
matrix are not blased but they are not necessarily ratlonals A stretegy
with a probability distribution of payouts which has a small variance
usually is preferred to one which has a large varisnce. This wish to
avold uncertainty about returns cannot be described as irrational, but
1t is not logically coupled with the goal, Minimizing variance must be
rejected as a rational subgoal because it often leads to strategles which

4 This problem 1s discussed further in Chapter V.



2%

cannot possibly reach the goal. In the example shown in Table 2.1 the
gambler who wished to minimize variance would not bet on black even though
it pays 1.02 if heads occur and 1.01 if tails come up., The rational
gambler, on the contrary, would clearly prefor black to not betting even
though the distribution of returns from black has more variance than the
distribution of returns from not betting.

Two other unblased subgoals already have been identifieds the
expected-value subgoal and the maximin chance subgoals In terms of the
gambling model, ‘the first of these subgoals is the choice of that color
which maxinizes the mathematical expectation of returns at the end of
the game. This color would be blue, which has the probability distri~
bution of payouts with the largest arithaetic mean (A, = 1.37). The
arithmetic mean of the probability distribution of payouts is the
criterion when the expected-value subgeal is adopteds This cxiterion is
maximized when the color blue is ¢hosan, The mathematically expected
return for the gambler who repeatedly bet all of his wealth on blue would
bo 1.37 at the end of one toss and (1.37)" at the end of n tosses. The
latter return 1s the highest possible mathematical expectation of returns
at the end of n tosses. Any single bet on any other color during the

whole series of n tosses would reduce it.
JThe Maxiaun Chance Subaoal

The second unbiased subgoal, already identified, Ls the cholce of
that color which maximizes the probability, P', of having a higher payout
than from any other specified color at the end of n tosses, n being large.
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On an ex post facto basis, each of the colors included in Table 2.1 would
prove to be the best color to have selected for some combination of heads
and tails, For example, the color red, which has the highest payout
(2.50) when heads occur, would be the best color to choose if the next n
tosses were all heads and no tails occurred, The probability of occurrence
of this combination of heads and tails can be calculated exactly by using
the binomial expansion. It becomes smaller and smaller as n increases.
¥When thexe 1s only one toss the probability of occurzence of all heads
and no tails is .5, Under these conditions (1.0. when n =1),
P'oed = <9« Vhen n = 2 the probability of occurrence of all heads and
no talls is .25 so P‘rd = 425, When n = 100, 7"“ 1s 1 in 2'%°, The
P! for each color for any n ¢an be calculated in similar fashion.

The probability, P', of having a higher payout than any other
specified color at the end of n tosses, assuming that all returns are
bet on every toss, depends not only on the payouts from the various colors
but also on n. This is shown in Teble 2.2 which shows the payout matrix
of returns at the end of n tosses with n = 1, 2, 3, and 4.

The first four rows of Table 2.2 corzespond to the payout matrix
in Table 2,1 with the rows and columns trangposed, The fifth xow shows
the proportion of tha possible 404y the Py
in which cach color gives a larger payout than any other color when n = 1.
The red tickets give a larger return than any other tickets when heads
occur and the black tickets glve a larger return when tails occur, Conse-

quently, ‘“rd"’ and l"n-.'-imn‘l. In no outcome does blue
or green give a greater payout than any other colorj so P' for each of
these is zexo.



Table 2.2
Payout Matrix of Returns at End of n Tosses

Qn:au onw;uuy Color of Ticket
0 o
Toss Oceurrence Red Blue Green Black
n=l
hoty 1 0 <0 75 1.01
hyte 5 2,5 2,25 1,75 1,02
Mathy Expectation (A) 1.2 1.37 1.25 1,015
Geometric Mean (G) ] 1.06 LS L0144
P R 0 0 5
n=2
hota 25 [ 25 86 1,02
hyty N 0 112 131 1,03
hato 25 6,25 5406 3,06 1.04
Math, Expectation (A?) 1.56 1.89 1.56 1,03
Geometric Mean (G*) 0 112 L3 1.03
» 25 0 50 25
n=3
hots a2 0 a2 2 1.03
hyta .38 0 56 98 1.04
hatq .38 0 2.53 2.3 1,05
hsto BH] 1565 1140 5.35 1,06
Vath, Expoctation (A%) 1,95 2,60 1.95 1,05
Geometric Mean (G*) 0 119 1.5 1.05
1 BH 38 0 0
n=4
hots, 06 [ 06 a2 1,04
hyty 25 0 -] 4 1,05

hata .38 0 .27 L7 1,06



(Table 2.2~-Payout Matrix of Returns at End of n Tosses=econtinued)

on:- Pnb;:uity Color of Ticket
0 o
Toss Geeurrence Red Blue Green Black
(n=4)
hyts 25 0 5069 403 1,07
heto 06 39,10 25.65 9.35 1,08
Math, Expectation (a*) 2,44 3.58 244 1.06
Geometric Mean (G4) 0 L2 1.73 1.06
P 06 .25 .38 P

The possible outcomes of the tosses when n = 2 are two tails
(hot2)s tailehead, head=tall, and two hesds. The table shows all
possible payouts when n = 2 when all returns ave bet on each toss. Red
gives a larger payout than any othex color when two heads occur (..,
2,50 x 2.9 = 6.25). The probability of this is ,25. Consequently
P'“’ = 425 when n = 2, Correspondingly, green gives a larger return
than any other color when tail-head or head-tail occurs and thus has a
P! of .50 when n = 2,

In the illustrative game the gambler wishes to maximize his
wealth at the end of n tosses of a coin, n being large. The possible
future occurrences when n = 100 congist of all 101 possible combinations
of heads and tails in 100 tosses. The probability of each occurrence and
the payouts in the event that any one of the six colors is chosen is
stated in the form of a payout matrix of returns after 100 tosses in
Table 2.3.



Table 2,3
Payout Matrix of Returns After 100 Tosses

Qx:c;ome P:ob:t;iuty Color of Ticket

Toss Occurrence Red Blue Green Black

hotqeo (1/2)100 0 50100 5100 ) gy100
hytgg 100 x (1/2)'°° 0 2,25 x .50 1.75x.75% 1.02x101%
hiooto (1/2)100 2,50100 ARYRARS peerirfgiaten

Mathematical Expectation
(At00) 1,28%00 1,379  3,28%9%¢  ),015100

Geometric Mean (G'°°) 0 1,061 1,145'9° 1,0141%°

P (1/2)100 010 988 <002

In Table 2.3, hl s with 4 =0, 1y +ssy n , represents the number
of heads which may occur in n tosses of acaln, and ty Tepresents the
number of tails. The 101 possible combinations range from hoti0o to
hjooto when n = 100, The probability of each of these occurrences may
be calculated from the binomial expancion by cemputing ("')(h/,,)‘" s
These probabilities are shown in the first column of Table 2.3. The
first row of Table 2.3 shows the probability (first column) of 100 tails
and no heads in 100 tosses and the payouts from each strategy if this
combination of hoads and tails occurs. In Teble 2,3, A represents the
arithmetic mean of the probability distribution of returns after 1 toss

and A'°° is the mean ( ) of the distri=

bution of returns after 100 tosses. In similar fashion, G represents the






