
RATIONAL DECISION MAKING IN PORTFOLIO MANAGEMENT 

Henry Allen Latané 

A thesis submitted to the Faculty of 
the University of North Carolina in 
partial fulfillment of the requirements 
for the degree of Doctor of Philosophy 
in the Department of Economics 

Chapel Hill 

1957 

Approved by4 

Greril Like A



CHAPTER 

I. 

III, 

Vv 

' Standard Returns in Gain Years 

VI. 

TABLE OF CONTENTS 

RATIONAL DECISION MAKING IN PORTFOLIO MANAGEMENT: 
A BRIEF SURVEY 

The Hierarchy of Goals and Guides. 
Goals and Guta 

SUBGOALS AND CRETERI Aces «ee vase 

Gambling Medel os avuevteuae 

The Subgoal. +s eee ee eee evere 

The Maximum Chance Subgoal . 
Algebraic Statement of Ratiensd . Pertfolie. Managenent 
Proof of the Maximum Chance Theorem. » ee su eee 

SUBGOALS AND SUBJECTIVE UTILITY. « « 

Expected Value Subgoal . 2... e 
Expected Utility Subgoal « « o « 
The Maximum Chance Subgoal . .. 
Bernoulli's Utility Function « « 
Individual Risk Preference . s 
The Need for an Objective Criterion. . 

y oF 

eee 

eo + ¢ 

ef 

Appendixs Excerpt from "Exposition of a ten theory 

ee 

ee 

ee 

ese 

. 

° 

° 

e 

° 

6 

. 

° 

e 

e 

e 

° 

7 * @ 

ef 

ee 

e
c
e
e
t
e
e
 

e¢.e 

Measurement of Risk," by Daniel Bernoulli. . » s 

METHODS OF ALLOGATING PORTFOLIOS SO AS TO MAXIMIZE THE 
GEOMETRIC MEAN PORTFOLIO RETURN. oe ew pe eee eusenee 

Allocation When Returns are enn: Distributed 
ith 

Effects of Variance on Geometric Mean Return 
Chapter Summary. «se see eve veneos 

DEFINITIONS AND APPLIGATIONS . » « « « 

Returns from Stocks and Bonds Defined. 
Reinvestment of Returns. « » sso « 
Risk Which Cannot Be Eliminated, . 
Cholce Among Efficient Portfolios. 
Recurrent Risks. oeeree ee 

Proper Maximizing Action » 
Reference Period Returns « « 
Negative Bond Holding. « » « 
Empirical Tests of Formulas. 

* 

. 

. 

. 

a 

° Application of Formulas.e » e « 

. 

° 

oe 

nd Loss Years. 

SUMMARY AND CONCLUSIONS. ». 2 ee eesssea8 

GLOSSARY OF MATHEMATICAL SYMBOLS » ee ere eeorven 

PIRLIONT eo eee KEKE HES HEURES ES 

38, 45 
Caste 785369 

Ww: p ° 

ory ee With. Any. Distribution of. Astarns, i Saar 
G and q,,, Estimated from the Arithmetic Mean and Variance 

of Returns from the Risk Asset. «.see4- eee 

eee? 

eee 

es for Repeated Choices” with Gumalative "Bf fects, 10 

B
R
R
E
B
S
 

FS 
R
K
S
 

° 

Page 

F840 ORS Oe O08 6 ee Deh) he ee oD 

6 

° 
17 

FS
 

& 
KF 

R
V
E
B
S
H
R
G
 

R
E
K
K
 

s
e
e
 

R8
 

B
E
S



LIST OF TABLES 

TABLE 

1. Payout Matrix of Returns eee eee 

1.2 Matrix of Money in Hand After One. Toss of a “pair Coine oo o 
1.3 Payout Matrix of Utility of Money in Hand at End of Toss . . 

el Payout Matrix of Returns «ss. saeoseeeaeeeeet 

2.2 Payout Matrix of Returns at End of h Tosses, we eee ees 
203 Payout Matrix of Returns After 100 page eeeerones 
2.4 Payout Matrix of Portfolio Returns . ee ee eaee 
Re5 Payout Matrix of Geometric Mean Returns “for, a Years, eeee 

3.1 Payout Matrices for Bernoulli's Probleme «ses eenedse 

3.2 Payout Matrix of Gains pe LOSSOS. ss ee eee ese eaee 

3.3 Payout Matrix of Return oveveeer ver eeee 

364 Payout Matrix of Utility of Wealth at End of Lettery iwe s 
3.5 Payout Matrix of Returns eoevnreevtee8e @¢#eee#eeesetee#e#e#*¢ 

del Payout Matrix of Returns eeteeeee#gee#e##se*## #¢ # # # @ 

Ac2d Payout Matrix of Returné ec eo ese essere eenene 

43 Payout Matrix of Returns oss eases eee seesevnseeaoses 

4.4 Payout Matrix of Returns 2. secs severe evervenve 

4e5 Payout Matrix of Returns oe seers eee sens eees 

4.6 Payout Matrix of ReturnS§ «46 6 bs 8 OOS OOH BOs 

4.7 Payout Matrix of Returns « » ee ae + eoeorvreoes 

468 Comparison of Estimated with Actual Gevantvie Means 
of Sets of Returns. » « » eese 

4e9 Arrays of Estimated Geometric. Mean Portfolio Returns eeas 

Sel Stock Returns and thetical Portfolio Returns-- 
Se Fah 8s Reference "Perle Par . 

5.2 Bx Post Stock Returns nd Hypothetical Portfolio Returns— 
aa ess Reference piled esoeeeeeee eee ee 

5.3 Payout Matrix of Returns oe e eesee ree evreoee 

5.4 Payout Mateix of Return® sae rae veeeernesnenses 

5.5 Payout Matrix of Returns «se eee tee as eeveeees 

$.6 Payout Matrix of Returns . . Par or eee 
5.7 Maximum Chance Proportion of Portfolio to be Placed in Stock 

with Specified R and s® for Various Anticipated Bond 
YAGLGRy ay :6> hk eS: 029 e280 bee. & ees 

FIGURES 

FIGURE 

2.1 Expected Portfolio Return (A) and Standard Deviation (s) of 
Portfolio Returns Distributed by Proportion Bet on a 
Gambling Device Equally Probably Paying R+ s or R= 5 
per $1.00 MERCK NRO SORE KR ORR E RES 

§.2(a) and (b). ee 8 Fe COS £6 O86 Oe Oe 8 ee ee ke SS 

S& 
S9
3 

A
V
A
N
Y
S
F
S
 
V
V
S
R
E
 

R
E
B
R
E
 
m
u
n
e
 

a
s
x
 

9 
SF
 

8 
@ 

8D
 

c
e
e
 ef
 
©



CHAPTER I 

RATIONAL DEGISION MAKING IN PORTFOLIO MANAGEMENTs 

A BRIEF SURVEY 

All investment necessarily involves the future and, therefore, 

uncertainty. The extent of this uncertainty is a major factor in many 

investment decisions including the choice among available portfolios. 

The theory of the firm deals with the problems faced by business men 

in an environment characterized by change and uncertainty. The problems 

of portfolio management are similar in many respectse The rational 

portfolio manager has goals similar to those of the rational entre- 

preneur and is guided by similar criteria in making decisions. 

This dissertation is a study in applied decision theory. It is 

an attempt to analyze how a rational portfolio manager, with specified 

probability beliefs, should choose one portfolio to hold out of all 

available portfolios. It does not deal with the problem of how to 

allocate a portfolio on the basis of probability beliefs about returns 

from individual stocks and bonds. Rather it deals with the related but 

different problem of how to choose among portfolies on the basis of 

probability beliefs about returns from portfolios. It is assumed that 

the portfolio manager has formed probability beliefs, not necessarily 

about returns from individual stocks and bonds, but about returns from 

portfolios consisting of groups of stocks and bonds, and wishes to choose 

among the portfolios on the basis of these beliefs, For example,



portfolio A in Table lei may be allocated »5 to General Motors Common 

Stock, of to UeSe Steel, and 3 to Pacific Gas and Electric. Portfolio 

B may consist of the same securities but allocated in different propor- 

tions or may consist of entirely different securities including bonds. 

In either case, the problem is to choose between the two portfolios, not 

among the individual stocks and bonds making up the portfolios. - 

The portfolio manager who has a group of stocks and bonds! with 

a market price of $100,000 can choose to continue to hold this portfolio 

or to substitute any other portfolio available to him at that price, 

In real life this choice is influenced by such factors as income and 

inheritance taxes, inertia, and lack of knowledge about available port- 

folios. Even so, the rational portfolio manager aust ask himself how 

he should choose among portfolios aside from these influences, The 

present dissertation is an attempt to answer this question; the objective 

is to analyze how his choice among portfolios should be made, not how 

it is made usually. 

Rational choice among portfolios involves two steps: (a) forming 

l For the purpose of this study it is assumed that the portfolio 
manager has interests exactly the same as those of the wealth-holder or 
portfolio owner. A portfolio consists of a combination of stock and 
bonds and cash which may be considered to be equivalent to high-grade, 
short~term, non~interest bearing bondse ‘Such combinations include holding 
stock on margin. More than 100 percent of the net value of the porte 
folio may be invested in stock, The funds borrowed are classed as neg- 
ative bond holdinge Negative stock holding consists of selling stock 
short and holding the proceeds in cash. In symbolic form, let b be the 
proportion of the net value of the portfolio held in bends or cash and 
q be the proportion held in stock. Then either b or q can be positive or 
negative but always b* q=1,
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probability beliefs about returns” from portfolios as these returns will 

be affected by future occurrences; and (b) choosing among portfolios on 

the basis of these beliefs. ‘The two steps may be illustrated by 

Table 1.1 which shows the probability of occurrence of two future events 

labeled "prosperity" and "depression" in the last row and the estimated 

effects of prosperity and depression on the returns from Portfolio A and 

Portfolio B is the first two rows. Each such return is here called a 

payout, and a table showing the payout from each available portfolio 

for each relevant future occurrence is here called a payout matrix? of 

returns. 

Table 1.1 

Payout Matrix of Returns 

Future Occurrence 

Prosperity Depression 

Portfolio A 1.10 090 

Portfolio B 1.06 1.02 

Probability of 
Occurrence of 2 

amnenemeene 

2 Let R be the return and i be the gain (or loss) per investment 
period per doller of principal. Then R=1¢i. If a wealth-holder 
holds a portfolio which costs $1,000 at the beginning of the investment 
period, pays $40 in dividends and interest during the period, and is 
sold for $1,060 at the end of the period, his return is 1.10. 

3 This is the simplest possible payout matrix. Payout matrices 
may well show the combined effects of more than two types of future 
ececurrences on the one hand and more than two portfolios on the other. 
For example, there might be three columns headed “increasing business," 
"galling business," and "stable business," each with an estimated proba- 
bility of occurrence. Returns from five different portfolios might then 
be estimated for each of these conditions,



In terms of the payout matrix the portfolio manager has two 

problems which correspond to the two steps aboves (a) filling in the 

payout matrix of returns; and (b) choosing among portfolios on the basis 

of this filled-in matrix. In real life, the first step--deciding upon 

the size, measured by the number of columns and rows, of the payout 

matrix and filling in the matrix with reasonable estimates of payouts 

and probabilities—~is by far the most difficult part of the portfolio 

manager's job. This dissertation has little to say about this problea,* 

It deals with the second of the two steps in portfolio managements the 

problem of how to choose among portfolios on the basis of a filledein 

payout matrix, In Table lel, for example, this would be the problem of 

choosing between Portfolio A and Portfolio B. 

The uncertain consequences of choices among portfolios may be 

expressed in terms of a payout matrix such as that of Table 1.1. Such 

matrices will be important tools in the analysis of rational decision 

making. They will be used to define and describe the combined effects 

of strategies (ieee, courses of action) and future occurrencese-combined 

effects which are involved in all choices with uncertain outcomes, 

including gambling and portfolio management. The matrix in Table le2, 

for example, illustrates the problem of a man who has $1.00 in hand and 

4 Probability beliefs about returns from portfolios may be derived 
in various ways. For example, the probability distribution of returns 
from a specified portfolio may be built up by first making estimates of 
returns from the individual securities making up the portfolio, as these 
returns will be affected by future occurrences, and then combining these 
estimatese Probability beliefs about returns from a specified portfolic 
may also be derived by starting from estimated returns from broad groups 
of securities such as the Dow Jones Industrial Average.



has the option to bet or not to bet $1.00 on whether or not heads oceurs 

on the next toss of a fair coin. 

Table 1.2 

Matrix of Money in Hand After One Toss of a Fair Coin 

Outcome of Toss 
Strategy Heads Tails 

Bet 2-00 Q 

No Bet 1 200 1 200 

Probability of 
Occurrence 5 ] 

Payout matrices in general, like that of Table 1.2, show the 

probabilities of all relevant future occurrences and the payouts re- 

sulting from the combined effects of each possible strategy on the one 

hand and each relevant future occurrence on the other. All this infor- 

mation is needed to reach a rational decision on the proper choice of 

a strategy. Consideration of the entire matrix is here taken to be an 

essential requirement of rational decision making. I would be impossible 

for a gambler to make a rational choice among strategies if he disre- 

garded either the probability of the relevant future occurrences or any 

of the possible payouts. 

The central problem of rational portfolio management is thet of 

making repeated choices among portfolios. The portfolio manager does 

not make an irrevocable decision to hold indefinitely a particular group 

of stocks and bonds; instead, he is able to readjust his portfolio at 

the end of any individual investment period. Therefore, choice of the



portfolio to hold during each separate investment period? must be 

considered a separate decision.® The consequences of these choices are 

uncertain. Furthermore, the effects of his reiterated choices among 

portfolios must be cumulative unless all gains are withdrawn from the 

portfolio and all Losses are replaced at the end of each year, 

Choosing among portfolios on the basis of a filled-in payout 

matrix involves the selection of a criterion (that is, measure or 

standard to be maximized or minimized) to be used as a guide in making 

tational choices among strategies. The remainder of this chapter will 

be devoted to a brief survey of the hierarchy of goals underlying such 

a criterion. For convenience of presentation, the goals underlying a 

rational criterion will be defined first without reference to the 

reiterative character of the choices, and then the discussion will be 

widened to include repeated choices with cumulative effects. 

The Hierarchy of Goals and Guides 

Rational choice among strategies under conditions ef uncertainty 

involves a hierarchy of goals, and of guides for reaching these goals, 

This hierarchy consists ofs (1) a goals (2) a subgoals (3) a criterion 

for choosing among strategies to reach the subgoal (i.e., a measure 

which must be maximized to attain the subgoal)s and, finally, 

(4) methods for devising strategies which maximize the criterion. Methods 

§ Individual investment periods may be days, weeks, months, or years, 

but are hereafter called years. 

6 Compare the old Wall Street sayings "To hold a stock is to buy 

a stock."



of devising strategies are the subject matter of later chapters of this 

dissertation and will not be discussed at this time. The subgoal is a 

crucial member of this hierarchy. It will form the basis of later 

chapters entitled "Subgeals and Criteria and "Subgeals and Subjective 

Utility." This together with the following section is a brief overview 

of goals, subgoals, and criteria. 

The goal in rational decision naling is the maximization of some 

measure of value. Each decision is made for the sake of the difference 

the choice will meke in terms of this objective. ‘The measure of value 

to be maximized, which will be referred to as the maximand, may he 

either a subjective utility measure such as utiles, or an objective 

measure such as money or bushels of wheat. The decision maker is con- 

fronted with a payout matrix expressed in terms of a maximand and wishes 

to select that one from among all available strategies which will 

enable him to reach his goals 

The goal can ba reached only in the futures It cannot be used 

as a basis for choosing among strategies with uncertain outcomes since 

what strategy will Lead to achievement of the goal depends on future 

events. For example, consider the gambler faced with the payout matrix 

shown in Table 1.2, ‘This gambler has $1 in hand and has the option to 

bet $1 on the toss of a fair coins In theeent of heads he will have 

$2 if he bets and $1 if he does not betes In the event of tails he will 

have © if he bets and $1 if he does not bet. The mere fact that this 

gambler wishes to maximize his money in hand at the end of the toss (his 

goal) does not give him a rational basis for deciding whether to bet or 

not to bet.



Since the goal cannot be used as the basis for choosing among 

strategies with uncertain outcomes, a subgoal is necessary. The subgeal 

is an objective which can be reached at the time of making the choice by 

the decision-maker who has a filled=in payout matrix. ‘Subgoals give 

bases for choosing among courses of action with uncertain outcomes. In 

terms of the payout matrix in Table 1.2, one subgeal is the maximization 

of the mathematical expectation of the probability distribution’ of cash 

in hand at the end of the toss of a coin. This i¢ called the expected- 

value subgoal. Another subgoal is the maximization of the cash in hand 

after the toss, assuming the most unfavorable outcome of the toss (called 

the minimax subgoal). 

A subgoal is necessary whenever the outcome of the choice is 

uncertain, whether the maximand is expressed in terms of subjective 

utility or of an objective measure of value. Consider the payout matrix 

in Table 1.3 which is expressed in terms of subjective utility. 

Table 1.3 

Payout Metrix of Utility of Money in Hand at End of Toss 

Outcome of Toss 
Strategy Heads Tails 

Bet 3 0 

No Bet 1 1 

Probability of 
Occurrence 5 5 

7 The probability distribution of a set of payouts is the array 
of all possible payouts together with their probabilities of occurrences 
The mathematical expectation of the probability distribution of the set



The matrix in Table 1.3 corresponds to the matrix shown in 

Table 1.2 when the subjective utility of having §2 in hand is three 

times a¢ great as the subjective utility of having $1 in hand. The 

goal of maximum utility at the end of the toss still is not a sufficient 

basis fer choosing in a rational manner whether to bet or not to bet. 

If heads occurs, the goal will be reached by betting; if tails occurs, 

the goal will be reached by net bettinge In this case, too, a subgoal 

is necessary for rational choice among strategies. 

The choice of a rational subgoal is at the heart of rational 

decision making under conditions of uncertainty. To be rational, a 

subgoal must be based on consideration of the whole payout matrix and 

must be coupled with the goal in a legical mannere Later it will be 

shown that one clearly defined subgoal—the maximization of the proba- 

bility, P', of having a larger payout than from any other specified 

strategy, hereafter called the maximum chance subgoale-is a rational 

subgoai when choices are repetitive and effects of these choices are 

cumulative. Results from adopting this subgoal will be compared with 

results from adopting alternative subgoals. 

After a rational subgoal has been selected, it is necessary to 

adopt a criterion to use as a guide in choosing among strategies to 

reach the subgoal. Some criteria are obvious. For example, the man 

of payouts from a strategy is computed by multiplying all possible payouts 

from that strategy by their respective probabilities, and then summing the 
products, The term "arithmetic mean" of a probability distribution here 
has exactly the same meaning as the term "mathematical expectation" of 
that distribution. One term is used here to identify the criterion and 
the other to identify the subgoal.
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who has adopted the expected-value subgoal would use the arithmetic means 

of the probability distributions of the payouts from the various strat- 

egies as his criterione The man who has adopted the minimax subgoal 

would use.the.smallest payouts from the available strategies_as.his 

criterion, When maximization of P', the probability of having a bigger 

payout than that yielded by any other specified strategy, 1s taken as a 

the next chapter that P' will be maximized when the geometric mean, G, 
ornare a eehienaeneaadl 

of the probability distribution of payouts is maximized. Consequently 
G is the criterion for those decision makers who wish to maximize P'. 

Methods for maximizing the criteria fall into the fourth order 

of the hierarchy of goals and guides for making rational choices. The 

man who has adopted the expected-value subgoal would choose that strategy 

which has the probability distribution. of payouts with the highest 

arithmetic mean. The man who adopts the minimax subgoal would choose 

that strategy with the highest payout assuming that the most unfavorable 

event occurs. It is necessary to devise strategies or choose among 

strategies so ag to maximize the standard. In terms of portfolio manage= 

ry 

and bonds in such a manner as to maximize the Griterion. Portfolios so 

allocated reach the subgoal of the portfolio manager. Whether they will 

reach his goal will depend on future occurrences. 

Goals and Guides for Repeated Choices 

with Cumulative Effects 

Portfolio management has two characteristics which have not yet 

been given the emphasis they deserve. In the first rtfolio
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manager aust repeat choices among portfolios year after year and, 

secondly, the effects of these choices are usually cumlative. F 

purposes of clarity in dealing with these characteristics of portfolic 

management it is specified thats (1) the portfolio manager ie con- 

fronted yoar after year with the same payout matrix of returns; and 

(2) all returns are reinvested.” The purpose of thie section is to 

Gurvey briefly, in the light of those two specifications, the goal, 

subgoals, and criteria used in making rational choices among port= 

folios. The findings are not Limited to portfolio manegesent but are 

applicable to many other problems involving recurrent choices among 

strategies with uncertain outcomes and cumulative effects. 

The goal of portfolio management is taken to be the maximization 

of portfolio value at the end of a period of tine.? This period of 

tine extends to the investment horizon of tho portfolio manager and 

tends to remain constant from yoar to year, It is broken up into a 

large number, n, of individual investment periods called years. For 

example, a floor trader may think in terns of day-to-day fluctuations 

8 Both of these specifications will be relaxed and modified a 
In real life, the payout matrix will presumably change froa year to 
year, especially since probability beiiefe about returns are influenced 
by beliefs concerning the stage of the business cycle and the genoral 
level of the stock market. Thio matter ie Patra in the section en- 
titled "Recurrent fisks" beginning on page 7 

9 Seo Friederich and Vera Lutz, Ihe Theory of Invastnent of the 
Eira (Princetons Princeton University. Press, 1951), ps 16. The ultinate 
goal postulated above corresponds with the goal which the Professors Luts 
asoune to underlie all entrepreneurial profit Cibiitctag behavier, They 
saya "We shall suppose that under all circumstances the entrepreneur will 
want to maximize the rate of return on his own capital over whatever 
period he has in views this procedure will obviously give him the maxima 
capital sum at the end of the relevant period,”
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in prices and have an investaent horizon extending over only one calendar 

year, In this case the calendar day would correspond to what is called 

a years At the other extreme, many institutional investors, such as life 

insurance companies, have an investment horizon extending fifty or more 

yoars into tho future. The individual investment perlod here may be as 

long a6 one calendar yoar but, in practice, portfolios are alncst always 

evaluated and readjusted mich more frequently. In either case, the 

investment horizon recedes as time passes, so that n tends to remain 

constant from year to yoar, +9 The portfolio manager at both the beginning 

of any year (year 1) and at the beginning of year 1 + 1 will wish to 

maximizo his portfolio at the end of, say, 100 yoars, 

In the final analysis the rational man selects a goal because 

he belioves that achieving this goal will maximize his subjective 

utility, There is no necessary conflict betwoen maximizing subjective 

utility and maximizing objective portfolio value (or profit) except in 

the unlikely event that the decision maker prefors less woalth to more 

wealth, other things being equal. It will be shown later, however, 

that one portfolio will have the greatest probability, P', of boing 

more valuable than any other specified portfolio at the ond of n years, 

n being Large, and that P* for that one portfolio will approach 1 as 

A approaches infinity, 12 Either the portfolio manager who maxinizes 

LO It 1s aseumed that n ic large, whether or not it renains 
constant. If it does remain constant ovor time it is, in effect, in- 
finitely large, In this eae, the portfolio with the Largest G Le almost 
certain to produce a larger return than any other specified portfolio. 

11 P! is defined as the probability of having a larger return then 
any other specified portfolio. The portfolio which produces the largest 
return over n years also is the most valuable portfolio at the end of 
n years. Thus P' also is the probability of being more valuable than 
any other specified portfolio at the end of n years.
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subjective utility will select the portfolio with the maximus P', called 

tho maximum chance portfolfo, or he will select another portfolio which 

1s almost certain to be loss valuable in the long run, If the utility of 

a eoall gain or loss varies inversely with the wealth already possessed, 

the wealth-holder who bases his actions on subjective utility will 

choose the portfolio with maxima p!,/4 

The necessity for subgoals and the relation of these subgoale to 

the goal har been indicated, It has been noted that rational subgoals 

must be based on conaideration of the whole payout matrix and mist be 

logically related to the goal. There are two woll known bases for 

choosing among portfolios (here called subgoals) which involve considera- 

tion of the whole payout matrix and which are coupled logically with the 

goal. These subgoals aros (1) maximization of the mathematical 

expectation of the probability distribution of portfolio returns 

expressed in monoy termsg and (2) maximization of the mathematical 

expectation of the probability distribution of the utilities of the 

portfolio returns. Those two subgoale will hereafter be called the 

expected-value subgoal and the expected-utility subgoal. In this otudy 

a third subgoal is proposed—the maximization of P'. This subgoal will 

be called the maximum chance subgoal. 

The choice of the expected-utility eubgoal, that is, the choice 

of that portfolio which has the greatest mathematical expectation of the 

utilities of returns, hos great intuitive appeal. For example, consider 

12 The relationships presented in this brief overview are developed 
in Chapters II and III,
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the payout matrix in Table 1.3.9 Here the gambler will receive a payout 

with a utility of 3 if heads come up and a utility of O if tails come up, 

as compared with a utility of 1 if he does not bet. The mathematical 

expectation of the utility of the payout after betting is 1.50 (i.e, 

«5 x 3 + .5 x 0) as compared with 1.00 if the gambler does not bet. A 

gambler faced with such a matrix probably would be highly tempted to bet. 

However, when returns are reinvested, as is specified, the portfolio 

which hag the greatest mathematical expectation of utilities will not 

be necessarily the portfolio most likely to be the most valuable at the 

end of n years. This relationship may be illustrated also by the payout 

matrix in Table 1.3 assuming that the gambler is faced with such a 

matrix for n consecutive tosses.“4 such a gambler would maximize the 

mathematical expectation of the utility of his payout at the end of n 

tosses by betting all of his payouts on each toss, but he also would re= 

duce his chances of having any payout at the end of n tossess2> If he 

bet on one toss of the coin, the mathematical expectation of the utility 

of his payout would be 1.50 but his chance of having any payout would be 

13 Although the example involves gambling rather than portfolio 
management, the principle is the same. 

14 This assumption may not be realistic, as the utility of winning 

relative to the utility of holding cash in hand would presumably change 
after each toss. The example does, however, illustrate the point made 

here. 

15 In this example the gambler can play only one game at a time. 
If he had the option to play many independent games at once, he could 
maximize the mathematical expectation of the utilities of the returns 
without great risk of total ruin. The problem of diversification of risks 
ts discussed on page 47, Riske which cannot be eliminated by diversi“ 
fication are of primary interest here.
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only 1 out of 2. He would have a payout only if heads occurred, At the 

end of n tosses the mathematical expectation of the utility of his payout 

would be {1.50)", but his probability of having any payout at all would 

be only 1 in 2". He would have a payout only in the event of.n beads and 

no tails in pn tosses. 

Thus, in this example, the portfolio with the highest mathematical 

expectation of utility does not have the highest probability, P', of 

being the most valuable at the end of n years; instead, an alternative 

portfolio will have the greatest P'. It will be proved that the port- 

folio having the probability distribution of returns with the highest 

geometric mean, called 6,16 also will have the greatest P' under the 

conditions now under discussion—that is, when n is large and when all 

returns are reinvested. As n becomes larger P' increases, so that when 

n becomes very large it becomes almost certain (i.e., P' approaches 1) 

that the portfolio with the highest G will be more valuable than any 

different portfolio. Selection of the portfolio with the maximum P! is 

accepted as a rational way to reach the goal of maximum portfolio value. 

There may be other subgoals for choosing among portfolios. These other 

subgoals must lead to the choice of either the portfolio with maximum P! 

or to different portfolios; these different portfolios will almost 

16 It should be noted that both the probability distribution of 
returns and G are expressed in terms of an objective measure of value. 
If payouts are expressed in terms of subjective utility, there is no 
proof that the strategy having the probability distribution of payouts 
with the highest geometric mean is also the strategy which has the highest 
P', Later it will be shown that, if the utility of money varies in ace 
cordance with Bernoulli's utility function, maximization of G expressed 
in money also will maximize the mathematical expectation of utility.
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certainly be less valuable at the end of @ long series of years than the 

portfolio with maximum P', 

In summary, the following are accepted ag rational goals and guides 

for a portfolio manager faced with repeated choices having cumulative 

effects: 

Goal.—Maximization of portfolio value at the end of n years, n being 

large, assuming reinvestment of returns. 

Subgoal.--Maximization of P*, the probability of being more valuable 

than any other specified portfolio at the end of n years. 

Criterion.—The geometric mean, G, of the probability distribution of 

PRERESLSE REREENG 

tore ethod.—-Allocate that proportion of the portfolio to. stock which will 

maxinize Go



CHAPTER II 

SUBGOALS AND CRITERIA 

In this chapter a gambling model will be used to illustrate the 

necessity for a subgoal, the necessity for consideration of the whole 

payout matrix, and the relationship between the maximization of the 

mathematical expectation of value of the portfolio and the maximization 

of P*, the probability of being more valuable than any other specified 

portfolio. It will be proved that the portfolio having the probability 

G@istribution of returns with the Largest geometric mean, G, also has 

the greatest P* at the end of a long series of years (n years) assuming 

reinvestment of returns, and that P* approaches 1 as n approaches 

infinity. 

Many problems involving probability, including rational decision 

making, can be clarified by the use of gambling situations where the 

odds are known. The following game was designed to be analogous to the 

problem of choosing among portfolios, and the payouts in the game were 

chosen to illustrate various subgoals and criteria used as guides in 

such cholcese 

Gambling Medel. 

Let 2 gambler be given an opportunity to buy tickets which will 

cost $1.00 each and which he believes will surely pay off as shown in 

Table 2.1. All wealth must be bet on one color on every one of a large
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number, n, of tosses of a coin. The gambler wants to choose that color 

which will maximize his wealth at the end of the game (i.e,, at the end 

of n tosses). 

Table 2.1 

Payout Matrix of Returns 

Outcome of Toss Criteria 
Strategy Heads Tails A G 

Red 2650 0 1.25 0 

Blue 2.25 50 1.37 1,06 

Green 1.75 075 1625 9 14145 

Black 1.02 1.01 1,015 1.014 

No Bet 1.00 1.00 1,00 1.00 

Probability of 
Occurrence 5 05 

The first column of Table 2.1 shows the returns for each color 

in the event of heads and the probability of heads occurring. The second 

column shows the returns in the event of tails and the probability of 

tails occurring. A is the arithmetic mean or, in other words, the mathe- 

matical expectation of the probability distribution of returns. For 

examples A,.g = +5 % 2050 + 05 XO = 125 where +5 x 2050 is the proba- 

bility of heads occurring multiplied by the return if heads occur, and the 

second term is the corresponding figure if tails occur, In similar 

fashion G is the geometric mean of the probability distribution of returns. 

Gigg = 2450°7 x 072 = 0 and G, = 2.25°9 x .50° = 1.06,
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The terms of Table 2.1 can be adapted to fit not only the general 

problem of choosing among courses of action but also the particular prob- 

lem of portfolio management. The gambler is faced with the choice among 

five strategies (ise. possible courses of action)s he can bet on one 

of the four colors and he can refuse to bet. The portfolio manager who 

has a portfolio with a market price of $1,000 is faced with the choice 

among all portfolios (i.e., groups of stocks and bonds, and cash) avail~ 

-able to him at that price. There are two relevant outcomes on each toss 

of a coint heads and tails. These outcomes correspond to relevant 

future occurrences in portfolio management. For example, portfolio A, 

in Table 1.1, gives a return of 1,10 if business is prosperous in the 

forthcoming year (i.e., investment period) and a return of only .90 if 

business is depressed. In these terms "prosperity" and "depressions" 

are relevant future occurrences. If these are the only relevant future 

occurzences, there will be only two payouts for each portfolio, but often 

more than two must be considered, For example, the matrix may contain 

a column of payouts for the possible occurrence of depression in the 

steel industry concurrent with prosperity in textiles. 

It is specified that the gambler believes that the coin is fair. 

Consequently, he believes that there is @ probability of occurrence of 

+5 for heads, of .5 for tails, and of 1.0 for either heads or tails. 

If h-be the number of heads which may occur in n trials, the gambler 

believes that «5 is the most likely value of h/n when n is an even number, 

and that b/n will approach .5 a6 n inereases.! In 1ike fashion, the 

1 This 4s not to say that he believes that the absolute ae 
between the most likely value of h, that is, n/2, and the actual vali
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portfolio manager may believe that there is a probability of .8 that 

business will be prosperous, of .2 that it will be depressed, and of 1 

that either one or the other condition will prevail. Whether two or more 

relevant future occurrences are included in the matrix, the sum of the 

probabilities must add to 1. In other words, the matrix must contain 

the payouts for all of the relevant future occurrences. The portfolio 

manager may hold the same probability beliefs as to each of a long series 

of forthcoming years. If so, the asymptotic properties of the proba- 

bilities of business conditions are similar to those of the probabilities 

in coin tossing. If b is the number of years of good business inn 

years, the portfolio manager believes that the most likely value of 

b/n is 08, and that b/n will approach .é as n increases, 

The matrix (in Table 2.1) showing the payouts from each strategy 

for each future occurrence is expressed in terms of returns which are 

defined as payouts per dollar bet (ise, per dollar committed to a 

strategy) per toes of the coin. For example, the return is 1.02 if black 

is selected and heads come upe This represents the principal (1.00) plus 

the gain (.02) and is equivalent to 1 plus the yield. In similar 

fashion, the return from a portfolio consisting entirely of high grade 

bonds bought to yield 2 percent and maturing at the end of the year would 

be 1.02. A gambler can lose all of the money he has bet, and the port- 

folio manager can Lose his entire portfolio but never more than this 

amounts consequently, the return is always equal to or greater than 0. 

of h will tend to become smaller and smaller as n increases. On the 
contrary, the absolute difference, n/2 «= h, tends to become larger and 
larger as nm increases.
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It is specified that the gambler must bet all of his wealth on one 

color on each toss of the coin. This specification is included in the 

model in order to make the choices among colors analogous to the choice 

among portfolios and the returns from a color analogous to the returns 

from a portfolio. For example, the portfolio manager may be faced with 

the choice between a portfolio consisting entirely of speculative stocks 

and a more conservative portfolio consisting of part stocks and part 

bonds. In similar fashion the gambler is faced with the choice of blue 

tickets or the more conservative green tickets. 

The problem of portfolio management may be stated again in terns 

of the payout matrix. It is the problem of the decision maker who is 

faced with a payout matrix for n years and wants to choose in a rational 

manner one from all available portfolios in each of the n years, Con- 

struction of a payout matrix giving the outcomes of the strategies as 

affected by the relevant future occurrences along with the probability 

of each future occurrence is implicit in all rational decision making, 

including rational portfolio management. However, it is not the con- 

struction of such matrices but the choice of one from all of the strate~ 

gies after the matrix has been constructed which is the problem under 

discussion. 

The goal of the gambler faced with the choice among colors is to 

maximize his wealth at the end of n tosses of a coin assuming that he 

bets all of his wealth on each toss. The goal of the pgrtfolio manager 

is assumed to be maximization of wealth at the end of n years, n being 

large, assuming reinvestment of all returns. When there is no uncertainty, 

the goal itself 1s a sufficient guide in choosing among courses of action.



In the case of the gambler confronted with payout matrix 2.1, the goal 

itself would form the basis for deciding rationally whether to bet or 

not to bet. The returns from black tickets are greater than 1.00 whether 

heads or tails occur, so the gambler can certainly gain by betting. 

When there is certainty of what will happen next, the gambler merely 

chooses the color which will maximize his payout. If he is certain that 

heads are going to come up next, he will bet on red, the color with the 

largest payout when heads occur, He will ignore the consequences of 

tails occurring. If he ig certain that tails are going to come up next, 

he will bet on black, which has the highest payout when tails occur. 

The_Subgoeal 

When the decision maker cannot identify the strategy which will 

enable him to achieve his goal, a subgoal is needed. The decision maker 

who adopts a subgoal does not forego his goal, He merely chooses the 

subgoal as the best available landmark on the road to the goal. They 

are landmarks which can surely be reached by the decision maker who is 

confronted with a filledein matrix such as that in Table 2.1, which 

shows the probability of each relevant future occurrence and all com- 

bined effects of strategies and future occurrences. For example, the 

gambler cannot choose the particular color, or series of colors, which 

will certainly maximize his wealth at the end of 100 tosses of the coin. 

The series of payouts depends not only on color but also on the outcome 

of events about which he has only probability beliefs. The gambler can, 

however, choose that color which would produce the highest mathematical
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expectation of value at the end of 100 tosses, and he might make it his 

subgoal to do so. 

A rational decision maker must adopt a subgoal which ise (a) based 

on a balanced consideration of the payout matrixg and (b) logically 

coupled with the goal. No attempt will be made to define "logically 

coupled" in rigorous terms. Instead, two subgoals will be presented 

which axe Logdeally coupled with the goal, and conditions will be stated 

under which one of these two subgoals might be preferred to the other.” 

It is not assumed that there can be no other subgoals logically coupled 

with the goal. Subgoals fall into two classes depending on whether or 

not they involve balanced consideration of the whole payout matrix. The 

first class consists of subgoals which arise from a biased evaluation 

of the true probabilities and are therefore irrational. It includes the 

minimax and maximax subgoals to be described in the next paragraph. The 

second class consists of subgoals which give due weight to the true 

probabilities and are not necessarily irrational--nor are they necessarily 

rational. This class includes all subgoals based on measures of central 

tendency, on dispersion, and on higher moments of the distributions of 

payouts from the various strategies. 

When a decision maker attempts only to minimize his losees and 

gives no weight to possible favorable occurrences, he is said to have a 

minimax? subgoal. A gambler adopting the minimax subgoal would examine 

2 A third logically coupled subgoal, the expected-utility subgoal, 
will be discussed in the next chapter. 

imax subgoal is so named because the decision maker who 
adopts Any fevooe attempts to minimize the maximum possible losses.
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the payouts in the tails column in Table 2.1, and only those in the tails 

column. In other words, he would use the payouts in the tails column 

as his standard for choosing among strategies. He would then choose that 

color (black) which would give him the greatest return if the unfavorable 

event (i.e,, tails) occurs. The minimax subgoal is of special interest 

in game theory. In game theory, it is assumed that the gambler is playing 

against an opponent who can choose among opposing strategies (i.e., future 

occurrences) in such manner as to do the gambler as much damage as 

possible. In Table 2.1 these opposing strategies are the occurrence of 

heads and tails. If the gambler were convinced that he was playing 

against an opponent who wanted to win from him and who could control the 

outcome of each toss of the coin, he would be well advised to look for 

the worst and to guide himself accordingly. Under these circumstances 

it would be rational to adopt the minimax subgoal. But the minimax subgoal 

is irrational in the gambling model here under discussion and in port- 

folio management. There is no opponent who controls the relevant future 

occurrencess but rather the probability of each occurrence is known. It 

is not rational under these conditions to disregard the possibility of 

favorable payouts in making choices among strategies. 

The subgoal of the gambler who attempts to maximize his winnings 

if the most favorable combination of events occurs is called the 

maximax subgoale This subgoal may be adopted by the gambler who be- 

lieves that luck is on his side and wants to take full advantage of his 

luck, He considers only the most favorable payouts (the heads column 

in Table 2.1) and chooses that strategy (red) which gives him the maxi~ 

mum return when the most favorable event (heads) occurs, This choice,
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like the minimax choice, obviously does not give balanced consideration to 

the probabilities of the relevant occurrences and is, therefore, 

irrational, 

In the gambling model it was specified that the probability of 

heads is .5. In other words, the probabilities are independent and 

future tosses are not affected by past occurrences. Under these circum- 

stances, it would be irrational for the gambler to take as his subgoal 

the choice of that strategy which might seem to have the greatest possi- 

bility of a favorable payoff judged by the past pattern of tosses. It 

would be irrational for such a gambler to attempt to improve the odds in 

his favor by adopting such a strategy as "pick red after tails have come 

up five times in a rows In similar fashion, it is specified that the 

portfolio manager is dealing with the problem of repeated choice among 

strategies when faced with the same payout matrix time after time. In 

real life, past performance undoubtedly has a marked influence on con= 

structing the payout matrix,” but given the matrix, 1t has no bearing on 

choices among portfolios. 

Subgoals which are based on consideration of the whole payout 

matrix are not biased but they are not necessarily rationale A strategy 

with a probability distribution of payouts which has a small variance 

usually 1s preferred to one which has a large variance. This wish to 

avoid uncertainty about returns cannot be described as irrational, but 

it is not logically coupled with the goal, Minimizing variance must be 

rejected as a rational subgoal because it often leads to strategies which 

4, This problem is discussed further in Chapter V,
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cannot possibly reach the goal. In the example shown in Table 2.1 the 

gambler who wished to minimize variance would not bet on black even though 

it pays 1.02 if heads occur and 1.01 if tails come up. The rational 

gambler, on the contrary, would clearly prefer black to not betting even 

though the distribution of returns from black has more variance than the 

distribution of returns from not betting. 

Two other unblased subgoals already have been identifieds the 

expected-value subgoal and the maximum chance subgoal.e In terms of the 

gambling model, the first of these subgoals is the choice of that color 

which maximizes the mathematical expectation of returns at the end of 

the games This color would be blue, which has the probability distri- 

bution of payouts with the largest arithmetic mean (Aj),,, = 1.37). ‘The 

arithmetic mean of the probability distribution of payouts is the 

criterion when the expected-value subgoal 1s adopted. This criterion is 

maximized when the color blue is chosen. The mathematically expected 

return for the gambler who repeatedly bet all of his wealth on blue would 

be 1.37 at the end of one toss and (1.37)" at the end of n tosses. The 

latter return is the highest possible mathematical expectation of returns 

at the end of n tosses. Any single bet on any other color during the 

whole series of n tosses would reduce it, 

The Maximum Chance Subaoa), 

The second unbiased subgoal, already identified, is the choice of 

that color which maximizes the probability, P', of having a higher payout 

than from any other specified color at the end of n tosses, n being large.
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On an ex post facto basis, each of the colors included in Table 2.1 would 

prove to be the best color to have selected for some combination of heads 

and tails. For example, the color red, which has the highest payout 

(2.50) when heads occur, would be the best color to choose if the next n 

tosses ware all heads and no tails occurred. The probability of occurrence 

of this combination of heads and tails can be calculated exactly by using 

the binomial expansion. It becomes smaller and smaller as n increases. 

When these is only one toss the probability of occurrence of all heads 

and no tails is .5. Under these conditions (i.0., when n = 1), 

Pr ied = *5+ When n = 2 the probability of occurrence of all heads and 

no tails is .25 so P!_ 4, = «25. When n = 100, PY, ds 1 in 21°, The 

P' for each color for any n can be calculated in similar fashion. 

The probability, P', of having a higher payout than any other 

specified color at the end of n tosses, assuming that all returns are 

bet on every toss, depends not only on the payouts from the various colors 

but also on n. This is showm in Table 2.2 which shows the payout matrix 

of returns at the end of n tosses with n = ly 2) 35 and 4. 

The first four rows of Table 2.2 correspond to the payout matrix 

in Table 2,1 with the rows and columns transposed. The fifth row shows 

the proportion of the possible occurrences (i.e., the probability, ?') 

in which each color gives a Larger payout than any other color when n = 1. 

The red tickets give a larger return than any other tickets when heads 

occur afd the black tickets give a larger return when tails occur, Conse~ 

quently, PP, = +5 and Ph =F when n= 1, In no outcome does blue 

or green give a greater payout than any other colors so P! for each of 

these 16 zero.
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Payout Matrix of Returns at End of n Tosses 

— or Color of Ticket 
° ° : 

Toss Oseurrence Red Blue Green Black 

n=] 

hot 05 6 250 075 1.01 

hyto § 2.50 2025 1,75 1,02 

Math» Expectation (A) 1,25 1.37 1.25 1.015 

Geometric Mean (6) 0 1.06 1. 145 1 2014 

pe 5 9 0 05 

n=2 

hota 225 16) 25 56 1,02 

hyty 50 0 1.12 1.32 1.03 

hato «25 6.25 5.06 3.06 1.04 

Math, Expectation (a*) 1.56 1.89 1.56 1.03 

Geometric Mean (G*) r) 1,12 1.32 1.03 

p 025 9 250 ond 

n=3 

hots 12 0 212 42 1.03 

hyta 238 0 -% +98 1.04 

hat, «38 0 2.53 2.30 1.05 

hsto el2 15.65 11.40 5.35 1.06 

Vath. Expectation (A>) 1.95 2.60 1.95 1.05 

Geometric Mean (G7) 0 1.19 1.50 1.05 

Pp! 012 «38 0 -0 

n= 

hot, +06 0 +06 +32 1.04 

hats 025 0 a o%, 1.05 

hata 38 9 1,27 1.72 1,06



(Table 2.2—-Payout Matrix of Returns at End of n Tosses--continued) 

Outcome Probability Golor of Ticket 
of of 

Toss Gceurrence Red Blue Green Black 

(n * 4) 

hat, 25 0 5.69 he03 1.07 

hate 06 39,10 25.65 9635 1,08 

Math, Expectation (a*) 2hh 3.58 2.44 1.06 

Geometric Mean (G*) 0 1.27 1.73 1.06 

PI +06 25 38 +31 

The possible outcones of the tosses when n = 2 are two tails 

(hota), taileheads head=tail, and two heads. The table shows all 

possible payouts when n = 2 when all returns are bet on each toss. Red 

gives a lasger payout than any other color when two heads occur (i.ée, 

2.50 x 2.50 = 6.25). The probability of this is .25. Consequently 

oem = .25 when n = 2 Gorrespondingly, green gives a larger return 

than any other color when tail~head or head-tail occurs and thus has a 

P! of .50 when n = 2, 

In the illustrative game the gambler wishes to maximize his 

wealth at the end of n tosses of a coin, n being largee The possible 

future occurrences when n = 100 consist of all 10] possible combinations 

of heads and tails in 100 tosses. The probability of each occurrence and 

the payouts in the event that any one of the six colors is chosen is 

stated dn the form of a payout matrix of returns after 100 tosses in 

Table 2.3.



Table 2,3 

Payout Matrix of Returns After 100 Tosses 

Outcome Probability Color of Ticket 

Ne eles Red Blue Green Black 

hotyoo (1/2)19° 0 250100 675109 = 4.9, 100 

hytgs 100 x (1/2)'9° 0 2.25 x .50°° 1.75 x.75% 1.021019? 

. ‘ F : ° . 

: : ; i 4 , 

Niooto (1/2) 1¢8 2.50799 RERPOe REO Raat 

Mathematical Expectation 
(Ato#) Leeptee ia7'o? 152538" 1,015'9° 

Geometric Mean (G'°°) 9 1.068? =. 245'°" 201410? 

pI (1/2)'9° = oO 988 002 

In Table 2.3, hy » with i =O, 1, «ee, mn y represents the number 

of heads which may occur in n tosses of acainy and t, represents the 

number of talis. The 10] possible combinations range from Kotyoo tO 

Kyooto when n = 100, The probability of each of these occurrences may 

be calculated from the binomial expansion by computing (T) (n/n) 12° P 

These probabilities are shown in the first column of Table 2.3. The 

first row of Table 2.3 shows the probability (first column) of 100 tails 

and no heads in 100 tosses and the payouts from each strategy if this 

combination of heads and tails occurs. In Table 2,3, A represents the 

arithmetic mean of the probability distribution of returns after 1 toss 

and a’°° ts the arithmetic mean (mathematical expectation) of the distrie 

bution of returns after 100 tosses. In similar fashion, G represents the
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geometric mean of the probability distribution of returns after 1 toss and 

G9 ig the geometric mean of the distribution after 100 tosses. 

The payout matrix of returns for each of the 101 possible 

occurrences for each of the five strategies (1.e., Table 2,3) includes 

a column showing the distribution of all possible payouts from holding 

blue tickets on each of the 100 tosses. Letting h be the number of heads 

which may occur in na tosses, the distribution of payouts from the blue 

tickets is 2025" x .50"" , since blue pays 2425 when heads occur and 

+50 when tails occur and all returns are reinvested, The corresponding 

distribution of payouts from the green tickets is 1.75" x hl . 

The returns from the blue tickets are equal to or greater than the re= 

turns from the green tickets when 

(2.1) 2426 x 450° > 1.75" x 99h 

or, expressed in loge, when 

h(log 2.25) + (n»h)(log .50) 2 h(log 1.75) + (n=h) (log .75) 

that is, when 

(202) h/n > (log 2.25+1og .75-1log .50-1og 1.75)/(log «75 10g .50) > .615» 

Equation (2.2) indicates that when 62 or more heads out of 100 

tosses occur, the blue ticket gives a greater return than the green ticket. 

The probability of 62 or more heads out of 100 tosses of a fair coin is 

only .01049 (as obtained from binomial tables’), 60 green produces greater 

5 Sees for example, Computation Laboratory of Harvard University, 
Tables of the Gum Binomial Probability Di (Cambridge, 

$$, ¢ versity Press, .


