WILEY PUBLICATIONS IN STATISTICS






Statistical

Decision Functions






Statistical

Decision Functions

The Late ABRAHAM WALD

Professor of Mathematical Statistics
Columbia University

New York - John Wiley & Sons, Inc.

London



CorYrIGHT, 1950
BY
Jorn WiLey & Sons, Inc.

All Rights Reserved

This book or any part thereof must not
be reproduced in any form without the
written permission of the publisher.
However, reproduction in whole or in
part 18 permitted for any purpose of the
United States Government.

CoryriaaT, CANADA, 1950, INTERNATIONAL COPYRIGHT, 1950
JoEN WiLEY & Sons, INc.,, PROPRIETORS

All Foreign Rights Reserved
Reproduction in whole or in part forbidden

FIFTH PRINTING, MAY, 1964

PRINTED IN THE UNITED STATES OF AMERICA



Preface

This book presents the foundations of a recently developed general
theory of statistical decision functions. It is mainly an outgrowth of
several previous publications of the author on this subject and contains
a considerable expansion and generalization of the ideas and results
given in the earlier papers. A major advance beyond previous results
is the treatment of the design of experimentation as a part of the gen-
eral decision problem.

Until about ten years ago, the available statistical theories, except
for a few scattered results, were restricted in two important respects:
(1) experimentation was assumed to be carried out in a single stage;
(2) the decision problems were restricted to problems of testing a hy-
pothesis, and that of point and interval estimation. The general
theory, as given in this book, is freed from both of these restrictions.
It allows for multi-stage experimentation and includes the general
multi-decision problem. A brief historical note on the developments
leading up to the present stage of the theory is given in Section 1.7 of
Chapter 1.

The first chapter is devoted to the formulation of the general decision
problem and various basic concepts. It is shown that the decision
problem may be interpreted as a zero sum two-person game in the
sense of von Neumann’s theory of games. The second chapter deals
with a generalization of von Neumann’s theory of zero sum two-person
games, which is then used in Chapter 3 for the development of the
theory of statistical decision functions. In Chapter 4 a number of ad-
ditional results are given in the case of a sequence of identically and
independently distributed chance variables. In Chapter 5 various
special problems of interest are discussed, partly for the purpose of il-
lustrating the general theory.

Throughout the book, general ideas and results are emphasized
rather than specific methods or techniques. Some knowledge of proba-
bility, including probability distributions in the infinite dimensional
space, is necessary for the understanding of the book. Because sta-
tistical concepts and ideas are developed in the book from the very
beginning, a previous knowledge of statistics is not essential, although
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vi PREFACE

still desirable. A knowledge of calculus and some familiarity with the
elements of set, measure, and integration theories will suffice as a
mathematical background for the reading of the book.

I am indebted to J. M. G. Fell, E. L. Lehmann, M. Loéve, C. Stein,
and J. Wolfowitz for reading the manusecript and for making valuable
suggestions and remarks. The book was written under the sponsor-
ship of the Office of Naval Research, and I wish to express my thanks
for their generous support. Mrs. E. Bowker was most helpful in the
preparation of the manuscript for publication, and I take this op-
portunity to thank her for her careful work.

AW
Columbia University
May, 1950
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Chapter 1. THE GENERAL STATISTICAL DECISION PROB-
LEM: DEFINITIONS AND PRELIMINARY DISCUSSION

1.1 Formulation of the Statistical Decision Problem

1.1.1 The Stochastic Process Underlying the Statistical Decision
Problem

Any statistical decision problem is formulated with reference to a
stochastic process. By a stochastic process we mean a finite or infinite
collection of chance variables having a joint probability distribution.
We shall restrict ourselves to the case where the stochastic process
consists of a countable collection of chance variables. Thus we shall
assume that the stochastic process is given by a sequence X = {X;}
(t=1, 2, ---, ad inf.) of chance variables. For any sequence
z={z;} G=1,2 ---, ad inf.) of real values, let F(z) denote the
probability that the inequalities X; < z; hold simultaneously for all
positive integral values 7; i.e., F(z) is the (cumulative) distribution
function of X. Statistical decision problems with reference to the
stochastic process X arise only when the distribution function F(z)
of X is not completely known. A characteristic feature of any statis-
tical decision problem is the assumption that the unknown distribution
F(z) is merely known to be an element of a given class Q of distribution
functions. The class @ is to be regarded as a datum of the decision
problem; it will generally vary with the decision problem and the
stochastic process under consideration. In most decision problems the
class @ will be a proper subset of the class of all possible distribution
functions.

A frequent assumption in statistical problems is that the chance
variables X;, X,, ---, ete., are independently and identically dis-
tributed. If this is all that is known about the distribution F(z) of
X, then the class @ consists of all distribution functions F(z) which

can be written in the form F(zr) = [] G(z;), where G(y) may be any
i1

univariate distribution function. In some problems merely the inde-

pendence of the chance variables X3, X3, - - -, ete., is postulated. The

class @ is then the class of all distribution functions F(z) which can

be written in the form [] Gi(z;), the Gi(z;) being any univariate
=1

distribution functions. Much of the present-day statistical literature
1



2 THE GENERAL STATISTICAL DECISION PROBLEM

deals with problems where € is a finite-parameter family of distribution
functions. For example, if the chance variables X, X5, - - -, etec., are
known to be independently distributed with the same normal distribu-
tion, but the mean and the standard deviation of the common normal
distribution are unknown, then © will be a two-parameter family of
distribution functions. Here is another simple example of a parametric
class Q: Suppose that it is known that for given values z;, - - -, z,, of
X, --+, Xm, respectively, the conditional distribution of X,
(m =1, 2, ---, ad inf.) is normal with standard deviation ¢ and ex-
pected value az,, + B8, where the values of the constants «, 8, and o
are unknown. Suppose also that X; is known to be normally dis-
tributed with mean zero and standard deviation ¢. Then Q will be a
three-parameter family of distribution functions.

1.1.2 Space of Possible Decisions at Termination of
Experimentation

A statistical decision problem arises when we are faced with a set
of alternative decisions, one of which must be made, and the degree of
preference for the various possible decisions depends on the unknown
distribution F(z) of X.

As will be seen later, which of the possible decisions should be made
will generally be determined only after some experimentation. By
experimentation we mean making observations on some of the chance
variables in the sequence {X;}. Since the decisions under discussion
here are made at the termination of experimentation, we shall refer
to them as terminal decisions, as distinguished from decisions as to
how to continue experimentation, which will be discussed in the next
section. We shall use the symbol d* to denote a terminal decision and
the symbol D! to denote the space of all possible terminal decisions d’.
In any decision problem there will be given a space D* whose elements
d* represent the possible terminal decisions. The space D! is to be
regarded as a datum of the decision problem and will generally vary
with the problem under consideration.

As an illustration, consider the following simple example. Suppose
that a lot consisting of N units of a manufactured product is submitted
for acceptance inspection. Suppose, in addition, that each unit is
classified in one of two categories, defective or non-defective, and that
the proportion p of defectives in the lot is unknown. We shall assign
the value 1 to any defective unit, and 0 to any non-defective unit.
The two possible terminal decisions under consideration here are
acceptance or rejection of the lot. Obviously the degree of preference
for acceptance or rejection of the lot will depend on the proportion p
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of defectives in the lot. In general it will be possible to specify a
value po such that acceptance is preferred when p < po and rejection
is preferred when p = po. A decision problem arises if complete
inspection of the lot is too costly and we have to decide on acceptance
or rejection on the basis of a limited random sample drawn from the
lot. For this problem the space D consists of the two elements d;*
and d’, where d,* denotes the decision to accept the lot, and dy* the
decision to reject the lot. The stochastic process underlying this
decision problem consists of the finite sequence {X;} ¢ =1, ---, N)
of chance variables corresponding to successive random drawings
from the lot without replacement (X; corresponds to the 7th drawing).
The joint distribution of X3, ---, Xy is determined as follows: Each
X; can take only the values 0 and 1. The probability that X; = 1 is
equal to p. The conditional probability that X,, = 1, given that
m—1

pN — El Z;
N—-—m+1"
this problem is a one-parameter family of distribution functions, the
only unknown parameter being p. Experimentation consisting of the
inspection of m units drawn from the lot means making observations
on the first m chance variables X;, - - -, X,.

In general it will be possible to associate each element df of the
space D! with some subset w of © such that the decision d can be
interpreted as the decision to accept the hypothesis that the true
distribution F(z) of X is an element of w. For instance, in the example
discussed above the decision d; can be interpreted as the decision to
accept the hypothesis that p < po, and d,’ as the decision to accept the
hypothesis that p = p,.

Suppose that for any element F of Q and for any two elements d;*
and d,’ of D* one (and only one) of the following three statements is
true: (1) d,? is preferred to dy®* when F is true; (2) dy® is preferred to d;*
when F is true; (3) neither of the two decisions d;* or d,’ is preferred
when F is true.

An element d* of D may be called optimal relative to an element F
of Q if there is no element of D? that is preferred to d* when F is true.
With each element d® we associate the set wy of all elements F of Q
relative to which d* is optimal. In general it will be possible to inter-
pret d¢ as the decision to accept the hypothesis that the true distribu-
tion F is an element of wg, provided that wy is not empty. Although
in most decision problems the set ws will not be empty for any df,
there are problems, not without interest, where w, is empty for some
d* and the above-mentioned interpretation of d* becomes meaningless.

Xy =1z, -+, Xn_y = Tm_y, is equal to Thus Q@ in
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In most of the problems treated so far in statistical literature, each
element d’ of D* is defined from the outset as the decision to accept
the hypothesis that F is an element of a certain subset w of 2. While
this is undoubtedly the most important case to be considered, we do
not wish to restrict the generality of our investigations by imposing
such a condition on the nature of the elements d°.

1.1.3 Space of Possible Decisions as to How to Continue
_ Experimentation at Any Given Stage

As mentioned in Section 1.1.2, by experimentation we mean making
observations on some of the chance variables in the sequence {X,}
(t=1,2, --- ad inf.). It will be assumed that at most one observa-
tion is made on each chance variable X;. There is no loss of generality
in making this assumption. Suppose, for example, that the experi-
menter makes 7(r > 1) independent observations on X, say X;, -,
Xr; then X; can be replaced by a finite set of independently and iden-
tically distributed chance variables X;, ---, X;,, and z; can be
regarded as a single observation on X;.!

We shall permit experimentation to be carried out in several stages.
The first stage consists of the selection of a certain finite set of chance
variables from the sequence {X;} and observation of their values.
After the first stage has been completed, the second stage is carried
out by selecting a finite set from the remaining chance variables in
the sequence {X;} and observing their values, and so on. If experi-
mentation is terminated after the kth stage, we shall say that the experi-
ment has been carried out in k stages. Experimentation in several
stages is frequently preferable to experimentation in a single stage,
since in the former type of experimentation the selection of the chance
variables to be observed in the next stage may be made dependent
on the observed values obtained in all the preceding stages.

Before the start of experimentation, the experimenter is confronted
with the following question of choice for the first stage of experimenta-
tion: Which finite group of elements of the sequence {X;} should he
observe? Thus any decision concerning the first stage of experimen-
tation can be represented by a finite set of posmve integers %3, -, %
which are pairwise different. The set {;, - - -, 7z} represents the deci-
sion to make an observation on each of the chance variables X, -- -,

1 More generally, the sequence {X;} can be replaced by the double sequence

{Ys} G, 5=1,2, ---, ad inf.) of chance variables, where the distribution of
Y;=1{Yi4}(G=1,2, ---,adinf.) isidentical with thatof X = {X;} (j = 1,2, ---,
ad inf.) and Y3, Yo, - -, etc., are independent. The double sequence {Yj;} can

be arranged in a single sequence Z = {Z;}, and we may regard Z as the stochastic
process underlying the decision problem.
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X;. Consider now a later stage of experimentation when observations
have already been made on Xj,, ---, X, but on no other chance vari-
ables. Then any possible decision to continue experimentation one
stage further can be represented by a finite subset of I — {7y, - --, 7},

where I denotes the set of all positive integers. If hy, ---, hy, are
elements of I — {ji, - - -, jr}, then the set {hy, - -, by} represents the
decision to observe X;,, -+, X,

At this point, one may raise the question why a single stage of
experimentation should consist of more than one observation. On
first thought, it may seem more reasonable to select merely one chance
variable for observation at a time and to make further selections of
chance variables dependent on the observed value of that chance vari-
able. There are situations, however, where such a procedure would
be rather costly and impractical. For example, if making an observa-
tion requires a considerable amount of time, as it frequently does in
agricultural experimentation, the selection for observation of merely
one chance variable at a time may make the time needed for the com-
pletion of the experiment so long as to make its value almost worthless.
There may also be other reasons why the selection of more than one
chance variable at a time may be desirable.

Let D¢ be the space of all possible decisions as to the first stage of
experimentation; i.e., D° is the space of all finite (non-empty) subsets
of the set I of all positive integers. Thus any element d° of D° is
simply a finite (non-empty) subset of I. After observations have
been made on X, - - -, X;;, but on no other chance variables, the space
D¢, ..., of all possible decisions on the next stage of experimentation,
if experimentation is to be continued at all, consists of all elements d°
of D° which are subsets of the set I — {7y, - -+, 7%}

As an illustration, consider the following example: Suppose that the
elements of {X;} (¢ =1, 2, ---) are independent, those with odd sub-
scripts are normally distributed with mean 6; and variance 1, and
those with even subscripts are normally distributed with mean 6,
and variance 9. The values of the parameters 6, and 6, are assumed
to be unknown. Let the decision space D' consist of the two elements
d,* and dy’, where d;® denotes the decision to accept the hypothesis H
that 6; < 62, and do* the decision to reject the hypothesis H. Since
the X’s with odd subscripts, as well as those with even subscripts, are
identically distributed, the question as to how experimentation should
be carried out reduces to this: How many X’s with odd subseripts,
and how many with even subscripts, should be observed in the first
stage of the experiment? After the first stage has been completed, the
question is again how many X’s with odd, and how many with even,
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subscripts should be observed in the second stage of the experiment,
and so on. Since the standard deviation of an X with even index is 3
and that of an X with odd index is 1, it is intuitively clear that it will
be advantageous to observe more X’s with even subscript than X’s
with odd subscript, provided that the cost of observing the value of
X is independent of 7.

1.1.4 Decision Functions

We are now in a position to define the notion of a decision function.
First we shall give the definition of a special type of decision funec-
tion, the so-called non-randomized decision function. Let D be the
set-theoretical sum of D¢ and D¢; i.e., D consists of all elements d* of D*
and all elements d° of D°. Furthermore, for any subset {7;, ---, %}
of the set I of all positive integers, let D;, ...;, be the set-theoretical
sum of D* and D%, ...;. A function d(z; sy, ---, s) is said to be a
non-randomized decision function if: (1) it is a single-valued function
defined for all positive integral values k&, for any sample point z, and
for any finite disjoint sets s;, - - -, sk of positive integers; (2) the value
of d(z; 81, - - -, sx) is independent of the coordinates z; of = for which
the integer 7 is not contained in any of the sets sy, ---, sz; (3) it is a
constant when & = 0 [we shall denote this constant by d(0)]; (4) for
k = 1, the value of the function d(z; s;, - - -, sx) may be any element
of D ...;, where the set {71, ---, %,} is the set-theoretical sum of
81, -+, Sk; (B) for &k = 0, the value of d(z; sy, - - -, sp), i.e., the value
d(0), may be any element of D.

Such a decision function can be used to determine uniquely a rule
for carrying out the experimentation and for selecting a terminal
decision d®. This can be done as follows: If d(0) is an element d’ of D,
no experimentation is made and the terminal decision d(0) is chosen.
If d(0) is an element d® = s; = (34, - - -, %,) of D?, then observations are
made on the chance variables X, - - -, X; and the value of d(z, s;) is
computed. If d(z;s;) is an element d* of D?, experimentation is stopped
and the terminal decision d(z; s;) is made. If d(z; s;) is an element
d® = sp = (J1, * * *, Ju), then observations are made on X, - - -, X; and
the value of d(z; s;, s2) is computed. If d(z; s;, s2) is an element d*
of D¢, experimentation is stopped with the terminal decision d(z; sy, s3).
If d(z; s, s2) is an element of D?, observations are made on the corre-
sponding set of chance variables, and so on.

Let Cp be a certain Borel field 2 of subsets of the space D which

2 A class C of subsets of a space A is said to be a Borel field if (i) the empty set
belongs to C; (ii) if a subset « of A belongs to C, then the complement of « also
belongs to C; (iii) the sum of a sequence {a;} (2 = 1,2, ---, ad inf.) of subsets of 4
belongs to C if a; belongs to C for each 2.
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contains all denumerable subsets of D as elements. By a probability
measure § on the space D we shall mean a probability measure defined
for all elements of the Borel field Cp. Let A be the space of all prob-
ability measures §. For any subset {7y, - - -, %} of I, let A; ..., be the
class of all probability measures § for which §(D;, ...;) = 1.

A function 6(z; s, - - -, sx) whose values are elements of A is said to
be a randomized decision function if: (1) it is a single-valued function
defined for any positive integer &, for any finite disjoint sets sy, - - -, %
of positive integers, and for any sample point z; (2) it is a constant
5(0) when k = 0; (3) 8(z; s1, -« -, s) is an element of A; ..., if r = 1,
and 4(0) is an element of A where {7, - - -, 7,} is the set-theoretical sum
of sy, ---, sg; (4) the value of 8(z; s, ---, sx) is independent of the
coordinates z; of z for which the integer ¢ is not contained in any of
the sets sy, - - -, sk

Clearly, a randomized decision function is equivalent to a non-
randomized decision function if for any values &, sy, - - -, si, and z the
probability measure 8(x; s;, ---, Sk) assigns the probability 1 to a
single element of D. Thus a non-randomized decision function may
be regarded as a special case of a randomized decision function.? A
randomized decision function 6(z; sy, - - -, sk) can also be used to deter-
mine uniquely a procedure for making the experimentation and
selecting a terminal decision. First an element d of D is selected with
the help of a chance mechanism constructed so that the probability
distribution of the selected element d is equal to §(0). If the element d
so selected is a terminal decision df, no experimentation is made and
the terminal decision d® is adopted. If the element d so selected is an
element d°* = s; = (33, - - -, %,) of D? then observations are made on
X;, -+, X;, and the value of &(z; s;) is computed. Then the prob-
ability distribution &(z; s;) is used to select an element d of D. If the
element d so selected is contained in D?, experimentation is stopped
with the corresponding terminal decision. If it is an element of D°,
observations are made on the corresponding set of chance variables,
and so on. The procedure is the same as in the non-randomized case,
except that at each stage, instead of choosing a particular element d,
the experimenter chooses a probability measure § on D and then the
element d is selected with the help of a chance mechanism that produces
the desired probability distribution é.

It would seem reasonable to assume that §(z; s, - - -, sx) = 8(z; &'y,

.+, §,) if the set-theoretical sum of sy, ---, s is equal to that of
'y, +--, §'». We shall, however, not make this restriction on & for
reasons that will be apparent in Chapter 3.

3 We may identify “selection with probability 1” with “selection with certainty.”
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In what follows the term ‘“‘decision function’ will be used for ran-
domized as well as for non-randomized decision functions, since the
latter are a special case of the former. For any subset D* of D, we
shall denote the probability that deD* by §(D* | z; s1, - - -, s) when
&(z; sy, -+, sx) (k> 0) is the probability measure on D, and by
8(D* | 0) when §(0) is the probability measure on D.

An important special case arises when the decision function
5(z; sy, - - -, sx) used is such that it is certain that experimentation is
carried out exactly in one stage. This will be the situation when
B(Del 0) = 1 and &(D? l z; 8;) = 1 for any z and s;. We can charac-
terize this case also by saying that we decide in advance (before
experimentation starts) which chance variables in the sequence {X;}
should be observed during the total course of experimentation. This
is the classical non-sequential case. A decision function &(z; sy, - - -, k)
will be said to be sequential if it is such that, if adopted by the experi-
menter, the probability is positive that the experiment will be carried
out in more than one stage.

1.1.6 Losses Due to Possible Wrong Terminal Decisions and

Cost of Experimentation
The experimenter is confronted with the problem of choosing a
particular decision function 8(z; s, - - -, si) for carrying out the experi-

mentation and making a terminal decision. But, to be able to judge
the relative merit of any given decision function, it is necessary that
something be stated about (1) the relative degree of preference given
to the various elements d* of D when the true distribution F of X is
known, and (2) the cost of experimentation.

The degree of preference given to the various elements d* of D’
when F is known can be expressed by a non-negative function W(F, d%),
called weight function, which is defined for all elements F of @ and
all elements d* of D!. For any pair (F, d°), the value of W(F, d) ex-
presses the loss suffered by making the terminal decision d* when F
is the true distribution of X. We shall say that d* is a correct terminal
decision when F is true, if W(F, d¢) is zero. If W(F, d*) > 0, we shall
say that d* is a wrong terminal decision when F is true. A terminal
decision d,¢ is said to be preferable to another terminal decision dp*
when F is true, if W(F, d;*) < W(F, dg?).

The weight function W(F, d%) is to be regarded as a datum of the
problem. In some problems, however, it may be difficult to set up a
numerical weight function W(F, d%), especially when d° means the
acceptance or rejection of a certain scientific hypothesis. Even in
those cases where there is no difficulty in principle in assigning a numer-
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ical value to W(F, d*) for any F and df, the resulting weight function
may be rather complicated and it would be desirable to replace it by
some simplified function. We shall say that a weight function W (F, d¢)
is simple if it can take only the values 0 and 1. In many statistical
problems it will be sufficient for practical purposes to consider only
simple weight functions. In problems where there is difficulty in
assigning definite numerical values to losses due to terminal decisions,
there will generally be no such difficulty in constructing a simple
weight function, since the latter merely requires that for any given F
the elements d* of D* be classified in two categories only, wrong and
correct decisions. If a numerical weight function W(F, d*) can be
constructed, but we wish to replace it by a simple weight function
W*(F, d*) for reasons of simplicity, we may proceed as follows: For
any F let ¢(F) be some properly chosen positive value. We then put
W*(F, d) =0 when W(F, d*) < c(F), and W*(F, d°) = 1 when
W(F, d¥) =z c¢(F).

As an illustration, consider the example discussed in Section 1.1.2.
In that example the space D! consists of two elements d;* and dyf,
where d;* denotes the decision to accept the lot and d,® the decision
to reject the lot. Since the proportion p of defectives in the lot is the
only parameter on which F depends, we may replace F by p in the
weight function W(F, d*). Consider the following weight function:

W(p,di*) =0 forp <po, =ci(p—po) forp > po
W(p, d2*) = co(po — p) for p < po, =0 for p > po

It will generally be possible to choose the constants py, ¢;, and ¢z so
that the resulting weight function will express the preference scale
sufficiently well for practical purposes. If we want to replace the
above weight function by a simple weight function W*(p, d%), we
choose two values p; and p2(p1 < po < p2) and put

W*(p, di¥) = 0 when p < p,, =1 whenp > p,
W*(p,ds*) =1 when p < p, =0 whenp > p,

Such a simple weight function, if p; and p, are chosen properly,
will frequently be satisfactory for practical purposes.

The cost of experimentation may depend on the chance variables
selected for observation, on the actual observed values obtained, and
also on the stages in which the experiment has been carried out. Thus
we shall denote the cost by c¢(z; s1, - - -, sx) when (1) the experiment
was carried out in & stages; (2) the 7th stage consisted of the observa-
tions on the chance variables Xj for all j that are elements of s;; (3) z is
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the observed sample point. Of course, the cost c(z; 1, - - -, sx) does
not depend on the coordinates z; of z for which 7 is not contained in
any of the sets sy, - - -, Sg.

A special case of interest is that where the cost of experimentation
depends only on the number of observations made and is proportional
toit. A cost function of this sort will be called a simple cost function.
In many problems it will be possible to approximate the cost function
by a simple one.

1.1.6 Statement of the Decision Problem

We are now in a position to give a formulation of the general decision
problem. It may be stated as follows:

Given (1) the stochastic process {X;}, (2) the class @ of distributions
which is known to contain the true distribution F of X as an element,
(3) the space D? of possible terminal decisions, (4) the weight function
W(F, d*) defined for all elements F of @ and all elements d‘ of D,
and (5) the cost function c(z; s;, ---, sx) of experimentation, the
problem is to choose a decision function é(z; sy, - - -, sx) to be adopted
for carrying out the experiment and for making a terminal decision.

The adoption of a particular decision function by the experimenter
may be termed “‘inductive behavior,” since it determines uniquely the
procedure for carrying out the experiment and for making a terminal
decision. Thus the above decision problem may be called the problem
of inductive behavior.*

In attempting to solve the above decision problem, the first essential
step is to set up some principles which will lead to a complete, or at
least a partial, ordering of all possible decision functions with respect
to their suitability for purposes of inductive behavior. This will be
done in Sections 1.2 and 1.3 by introducing the notions of uniformly
better decision functions and admissible decision functions.

1.2 Consequences of the Adoption of a Particular Decision Function

1.2.1 The Risk Function

First we shall introduce some notation that will prove to be con-
venient. Let s;, - - -, s, be r disjoint subsets of the set I of all positive
integers, and let s denote the sequence {s;, - - -, s,} of the sets sy, - - -, s,.
For any sequence z = {z;} (¢ = 1,2, ---, ad inf.) of real numbers we
shall use é(z; s) as an alternative notation for é(z; sy, +-+, s,) and

4The term ‘inductive behavior” was introduced by Neyman [38]. (The
number in brackets refers to an item in the Bibliography at the end of the book.)
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c(z; s) as an alternative notation for c(z; sy, - - -, s,); i.e., we put
(1.1) 8(z; 81, =+, &) = 8(z; 8)
(1.2) c(z; 81, -+, 8) = c(z; 9)

In accordance with the notation in (1.1), for any subset D* of D,
we shall use the symbols §(D* | z; 81, -+, 8,) and 8(D*| z; s) synony-
mously to denote the probability that the decision d made will be
contained in D* when the decision function § is used, z is the observed
sample, and r stages of the experiment have been carried out in accord-
ance with s, - - -, s, respectively.

We shall occasionally use the same symbol, d% to denote a given
element of D°, as well as to denote the set of positive integers by which
this element of D° is represented, provided that this can be done with-
out any danger of confusion.

If the decision function §(y; s) is adopted and if z = {z;} is the
observed sample point, i.e., z; is the observed value of X;, then the
probability that the experiment will be carried out in % stages, the
first stage in accordance with d,°, the second in accordance with
ds®, ---, the kth stage in accordance with di%, and that the terminal
decision will be an element of the subset D* of D! is given by

13) P ds°, -+, &7, D*| 2, ) = 5(d1° | 0)5(ds* | 2; 1)
8(ds® | z; 1% da?) -+ 8(d | 23 1%, -+, % 1)8(D* | 25 dy%, -, di)

For k = 0, the right-hand member of (1.3) reduces to §(D*| 0).

The probability of the same event when merely the adopted decision
function 8(y; s) but not the observed sample point z is given, and when
F is the true distribution, is equal to 3

(1‘4) Q(dle) B dke; Bt l F} 6) = f p(dle’ ) dk‘) Et I z, 6) dF(Z)
) M

where M denotes the whole sample space; i.e., M is the totality of all
sequences z. Thus the probability that the terminal decision will be
an element of D® when § is used and F is true is given by

(15  PD'|F,8)=2 > g -, & D|F,9)
k=0 di°%---, d°
8 The integral in (1.4) has a meaning only if p(dy?, - - -, di%, D* | z, 5) is a measurable
function of z. The precise measurability conditions which will insure the existence
of this integral, as well as that of the integrals which will appear in subsequent
formulas of this chapter, will be stated in Cth’oer 3. ... -
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Hence the expected value of the loss W(F, d¥) when § is used and F is
true is equal to

(1.6) rn(F, s) = L W(F, &) aP(D* |F, 5)

The expected value of the cost of experimentation when F is true
and the decision function 8(y; s) is used is given by ¢

A7) rF, 8 =2, 2 c(z; di°, ds, -+ -, di®)
k=1 d1%---,a*
p(dle, IR dke, D! I z, 6) dF(x)

The sum of the expected value of W(F, d°) and the expected cost of
experimentation is called the risk; i.e., the risk is given by

(1.8) r(F, 8) = ri(F, 8) + ro(F, 9)

The risk r(F, 6) will be called simple risk if the underlying weight
and cost functions are simple.

It seems reasonable to judge the merit of any given decision function
8o for purposes of inductive behavior entirely on the basis of the risk
function r(F, &) associated with it. This already permits-a partial
ordering of the decision functions as to their suitability for purposes
of inductive behavior. Clearly, if the merit of any decision function
is judged entirely on the basis of its risk function, the decision function
8; will be preferred to the decision function &, if the following in-
equalities hold:

(1.9) r(F, &) = r(F, &)
for all Fin Q, and
(1.10) r(F, 8;) < r(F, &)

for at least one element F of Q.

If the above inequalities hold, we shall also say that §; is uniformly
better than 5.

As an illustration, we shall discuss briefly the following simple
example. Let X,;, X5, ---, ad inf., be independently and normally
distributed chance variables with variance 1 and common mean 8, the
value of which is unknown. Suppose that the space D! of terminal
decisions contains only two elements d;’ and d,’, where d,® is the deci-
sion to accept the hypothesis H that § < 0, and dy* is the decision to

¢ Formula (1.7) is valid if the probability is 1 that the experiment will be carried
out in a finite number of stages. Otherwise, ro(F, 8) = o, since it will be assumed

in Chapter 3 that the cost of making infinitely many observations is «. The cost
of taking no observations is assumed to be zero.
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reject the hypothesis H. In this case, @ is a one-parameter family of
distributions, since each element F of @ is determined by a particular
value of . We shall assume that the cost of experimentation is pro-
portional to the number of observations made and that the weight
W (0, d*) is given as follows: W (8, d;*) = 0 when # < p and = 1 when
0> p; W, ds*) = 1when 8 < —p and = 0 when § = —p, where p is
a given positive value. Thus we have a simple weight function and a
simple cost function. Consider now the particular decision functions
0; and 3, defined as follows: 8;(0) assigns the probability 1 to the
elementd® = (1,2, ---,9), and 8[z1, - - -, z9; (1, 2, - - -, 9)] assigns the
probability 1 to d;® or ds? according to whether £ = (z; +-- - +29)/9
= 0 or >0. The probability measure 62(0) assigns the probability 1
tod® = (1,2, ---,9),and dfzy, -+, z9; (1,2, - - -, 9)] assigns the prob-
ability 1 to d,® or dy’ according to whether the median £ of (z;, - - -, o)
is <0 or >0. Thus, if §; is adopted, the experimenter makes one
observation z; on X;for7i=1,2, ---, 9, and accepts H if £ < 0 or
rejects H if £ > 0. If §, is adopted, again one observation z; is made
on X; for each 7 < 9, and then H is accepted if £ < 0 and H is rejected
if £ > 0. We shall now compute the risk functions associated with
61 and 8;. Let G(y) be the Gaussian distribution function; i.e.,

1,
(L.11) G(y)=\/2_1rf_ o272 gy

Clearly the probability that the terminal decision d;* will be made
when 6 is true and §; is used is given by

(1.12) P(d:t| 6, ;) = G(—36)

and the probability of the same event when 6 is true and &, is used is

given by .

9 ) .
w13 Pale s = X (5)6-op - a-or-
j=5 \J
The risk associated with 8; ( = 1, 2) is equal to
(1.14) 76, 8;) = 9c + P(ds'|6,8;) wheno < —p
= 9c when —p <0 =<p

=9¢ + P(d:*| 6, 5;) when o >p

where ¢ is the cost of a single observation and P(d2‘| 0, &)
=1— P(di*|6, 8;). Clearly r(6, 5,) = r(6, 65) when | 6| < p. One:
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can verify that r(6, &) < (6, 8;) when | ] > p. Thus §; is uniformly
better. The decision functions 8; and &, are of the classical type, since
according to both decision functions experimentation is carried out
in one stage. Since the cost function assumed in this example does not
depend on the number of stages in which the experiment is carried
out, a reduction of the risk is possible if one uses decision functions
for which the probability is positive that the experiment will be carried
out in more than one stage. Consider, for example, the decision func-
tion 03 defined as follows: 83(0) assigns the probability 1 to d® = (1, 2,
3, 4). 83z, z2, 73, z4; (1, 2, 3, 4)] assigns the probability 1 to
d®*=(56,7 8 9) if —a < (z; +---+24)/4 < a, the probability
1 to d if (z; +---+ 2z4)/4 < —a, and the probability 1 to
dy' if (z; +---4 z4)/4 = a, where a is a given positive number.
Furthermore we put 83[z;, ---, z9; (1, 2, 3, 4), (5, 6, 7, 8, 9)] = & [z,
ceey zg; (1, ---, 9)]. Clearly the expected cost of experimentation
associated with 63 will be smaller than that associated with §;, the
reduction being considerable when |8 | = a. On the other hand, if a
is sufficiently large, the expected value of the loss W (6, df) when &3
is used will for all practical purposes coincide with that corresponding
to é;.

1.2.2 The Performance Characteristic

The probability P(D*| F, §) that the terminal decision will be an
element of a given subset D! of D! when F is true and the decision
function & is adopted becomes a function of the two variables D? and
F if § is specified. For any particular §, say 8y, we shall call the func-
tion P(D* l F, &) the performance characteristic of §, regarding
terminal decisions.

Let g(di% - -+, di® | F, 8) be equal to q(d;*, - -, di’, D' | F, 8), where
q(d:% ---, di*, D*|F, &) is the function defined in (1.4). Thus
q(ds%, ---, di*| F, 8) is the probability, when F is true and & is used,
that the experiment will be carried out in k stages, the first stage in
accordance with d;% ---, the kth stage in accordance with di°. For
any given 8, say &, the function g(d,°, - - -, di* | F, &) will depend only
onk, d% ---,ds’, and F. This function will be called the performance
characteristic of 8y regarding experimentation.

The performance characteristic regarding terminal decisions deter-
mines uniquely the expected value of W(F, d°) for any given weight
function W(F, d*) [see formula (1.6)]. The performance characteristic
regarding experimentation determines uniquely the expected cost of
experimentation for any given cost function, provided that the cost
of experimentation c(x; d;° ---, di’) does not depend on z; i.e.,



ADMISSIBLE DECISION FUNCTIONS AND COMPLETE CLASSES 15

c(z; di° -+, di®) = c(dy® ---, dix®), which will be the case in most
problems arising in applications.

1.3 Admissible Decision Functions and Complete Classes of Decision
Functions
A decision function § will be said to be admissible if there exists no
other decision function 6* which is uniformly better than 3, i.e., if
there exists no decision function &* satisfying the following two con-
ditions:

(1.15) r(F, 6*) < r(F, &)
for all F in Q, and
(1.16) r(F, &) < r(F, d)

for at least one element F of Q.

A class C of decision functions & will be said to be complete if for
any & not in C we can find an element §* in C such that &* is uniformly
better than 4.

A complete class C will be said to be a minimal complete class if
no proper subeclass of C is complete. If a minimal complete class exists,
it must be equal to the class Cy of all admissible decision functions.
This can be seen as follows: Let C; be a minimal complete class.
Clearly Cy must be a subset of C;. Suppose that there exists an
element &’ of C; that is not an element of Co. Then there exists a
decision function 8" which is uniformly better than &’. Since C; is a
minimal complete class, 8" cannot be an element of C;. But then
there exists an element &'” in C; that is uniformly better than &’
and, therefore, also uniformly better than &', which is not possible
since C} is a minimal complete class. Thus C; = Cj.

If the class Cy of all admissible decision functions is complete, it is
evidently a minimal complete class. Since no minimal complete class
exists that is different from Cyp, a necessary and sufficient condition for
the existence of a minimal complete class is that C be complete.

As will be seen in Chapter 3, the class Cp will be complete under
very general conditions. Exceptional cases may arise, for example,
when the space D is not complete in the following sense: there exists a
sequence {d;’} (¢ = 1,2, - -+, ad inf.) such that lim W(F, d;*) = W(F)

i=w®

but no element d? exists such that W(F, d¥) = W(F).
The notions of admissibility and complete classes are of basic im-

portance in the theory of decision functions. They will be studied in
Chapter 3.
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1.4 Bayes and Minimax Solutions of the Decision Problem

14.1 Decision Functions which Minimize Some Average Risk
(Bayes Solutions)

Let Cg be a Borel field of subsets of @ which contains all denumerable
subsets of @ as elements. By a probability measure £ on @ we shall
mean a probability measure defined for all elements of Co. The ques-
tion of how to choose Cg will be discussed in Chapter 3. A probability
measure £ in Q will also be called an a prior: distribution in Q.

If an a priori distribution £ in Q exists and is known to the experi-
menter, a decision function for which the average risk (averaged with
the a priori distribution £), i.e., the expression

(1.17) f r(F, 8) dt = r*(¢, o)

]

takes its minimum value may be regarded as an optimum solution.
A decision function §, which minimizes r*(¢, §), i.e., for which

(1.18) (& %) = r*(§, 0)

for all § is called a Bayes solution relative to the a priori distribution £.
Let £r be the particular a priori distribution which assigns the
probability one to the element F of Q. Then obviously we have

(1.19) r(F, 8) = r*(¢F, 9)

Thus we can interpret the value of r(F, §) as the value of r*(¢r, §). In
what follows we shall write r(%, 8) for r*(%, 8), and r(F, 8) will be used
synonymously with r(¢r, 8§). This can be done without any danger of
confusion.

In many statistical problems the existence of an a priori distribution
cannot be postulated, and, in those cases where the existence of an
a priori distribution can be assumed, it is usually unknown to the
experimenter and therefore the Bayes solution cannot be determined.
The main reason for discussing Bayes solutions here is that they enter
into some of the basic results in Chapter 3. It will be shown there
that under certain rather weak conditions the class of all Bayes solu-
tions corresponding to all possible a priori distributions is a complete
class.

Let {¢} (1 = 1,2, - -+, ad inf.) be a sequence of a priori distributions
and §p a decision function. We shall say that §, is a Bayes solution
relative to the sequence {£;} if
(1.20) lim [Inf; r(&; 8) — r(&;, 8)] =0

f=w
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where the symbol Inf; means infimum with respect to 8.

We shall say that a decision function § is a Bayes solution in the
strict sense if there exists an a priori distribution ¢ such that § is a
Bayes solution relative to £. A decision function § will be said to be
a Bayes solution in the wide sense if there exists a sequence {£;} of a
priori distributions such that § is a Bayes solution relative to the
sequence {£;}.

One of the main results in Chapter 3 is that under very general
conditions the class of all Bayes solutions in the wide sense is a com-
plete class. It is also shown there that, under some further restrictions,
the class of all Bayes solutions in the strict sense is already a complete
class.

Consider the following simple example: Q@ consists of two elements

F; and Fy, where F; = [] Pi(z;) (i = 1, 2), and P;(u) is a given one-
j=1

dimensional distribution admitting a density function p;(u). The
decision space D? consists of two elements d;* and d.?, where d;’ denotes
the decision to accept the hypothesis that the true distribution F is
equal to F; (z = 1, 2). Let g; be the a priori probability that F; is
true (2 = 1, 2). Assume that experimentation is to be carried out in
one stage and consists of m observations; i.e., the values of X3, - -+, X,
are observed. Let the loss due to making a wrong terminal decision
(accepting a hypothesis that is not true) be 1. Then a Bayes solution
will be a decision function given as follows: After the sample z;, -+, Zp,
has been drawn, the a posteriori probability of the hypothesis H; that
F is equal to F; is given by

_ g:pi(21) - -+ Pi(Tm)
g101(@1) - -+ P1(&m) + gop2(21) - -+ D2(Zm)

If g1m > gom, accept Hi; if gim < gom, accept Ha; if g1m = gom, any
chance mechanisms may be used to decide between H; and H,. The
inequalities gom % gim are equivalent to pom/Pim % g1/92, where
Pim = Pi(x1) + - pi(xn). Thus the decision rule may be formulated
as follows: If pom/P1m > 91/92, accept He; if pom/p1m < 91/92, accept
H;; if Pom/P1m = g1/92, any chance mechanisms may be used to decide
between H; and H,. Let 3, denote the above Bayes solution when
g1/g92 = c¢. It follows from the results in Chapter 3 that the class of
all Bayes solutions §, corresponding to all non-negative values of ¢
is a complete class, provided that experimentation is restricted to a
one-stage experiment with m observations.?

Jim (1' =1, 2)

7For a more detailed discussion, see Section 5.1.1.
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142 Decision Functions which Minimize the Maximum Risk
(Minimax Solutions)

A decision function &y is said to be a minimax solution of the decision
problem if it minimizes the maximum of r(F, §) with respect to F,
ie., if

(1.21) Supr r(F, &) < Supr r(F, 8)

for all 8, where the symbol Supr stands for supremum with respect to F.

In the general theory of decision functions, as developed in Chapter
3, much attention is given to the theory of minimax solutions for two
reasons: (1) a minimax solution seems, in general, to be a reasonable
solution of the decision problem when an a priori distribution in @
does not exist or is unknown to the experimenter; (2) the theory of
minimax solutions plays an important role in deriving the basic results
concerning complete classes of decision functions.

There is an intimate connection between minimax solutions and
Bayes solutions. It will be seen in Chapter 3 that under general
conditions a minimax solution is also a Bayes solution. More pre-
cisely, a minimax solution is, under some weak restrictions, a Bayes
solution relative to a least favorable a priori distribution. An a priori
distribution &, will be said to be least favorable if

Infs r(%o, 8) = Infs r(§, 8)
for all &.

In a number of cases a minimax solution can easily be obtained by
finding an a priori probability measure £ and a Bayes solution &
relative to ¢ such that Supr r(F, &) = r(§ &). Obviously & is a
minimax solution and £ is a least favorable a priori distribution.

1.5 Relation to Earlier Theories

1.5.1 Testing a Hypothesis Viewed as a Special Case of the
General Decision Problem

By a hypothesis we mean a statement that the unknown distribution
F of X is an element of a given subset w of 2. For any non-empty
subset w of Q, we shall use the symbol H, to denote the hypothesis
that Few. The problem of testing a hypothesis H is a special case of
the general decision problem. In the case of testing a hypothesis H,
the space D* of terminal decisions consists of two elements d;* and d,,
where d;* denotes the decision to accept H and do’ the decision to
reject H. '

The theories of testing hypotheses, as developed during the last
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thirty years by Fisher, Neyman and Pearson, and their schools, deal
almost exclusively with the case where experimentation is carried out
in a single stage; i.e., it is determined in advance (before experimenta-
tion starts) how many and what kind of observations should be made
during the whole course of experimentation. In other words, the choice
of the experimenter is restricted to decision functions § which satisfy
the following condition: 8(D°|0) = 1 and 8(D*|y; s;) = 1 for any
sequence ¥ of real values and for any subset s; of the set of all positive
integers.

It should also be remarked that the problem of design of experiments
as treated by Fisher [18] and his school is contained as a special case
in our formulation of the decision problem. If experimentation is
carried out in a single stage, the problem of design reduces to deciding
(in advance of the experimentation) how many and what kind of
observations should be made during the whole course of experimenta-
tion. In other words, the problem of design reduces to the question
of how to choose the value 5(0) of the decision function & to be adopted.
As an illustration, consider the following example: Suppose that we
are interested in investigating the yields of m agricultural varieties
vy, ***, Un. Suppose also that for the purpose of experimentation a
piece of land consisting of m? plots {p;;} (3,7 = 1, - - -, m) is available
and that one variety can be planted in each plot p;;. The problem of
design that arises here is the problem of how to assign the varieties
to the different plots. Let the chance variable X;;; stand for the
yield that would be produced on the plot p;; if the variety v; were
assigned to it. Thus there are altogether m® possible chance variables
Xk (4,5, =1, .-+, m). Since we can observe only m? of them (one
variety is to be assigned to each plot), the problem of design here is
simply the problem of which subset of m? chance variables of the set
{Xie} G, 4, k=1, ---, m) of m® chance variables we should select
for observation. But this is precisely the problem of choosing the value
8(0) of the decision function & to be adopted. A subset S of m? chance
variables of the given set {X;;;} of m® chance variables is said to be a
Latin square 8 if for any prescribed values of two of the three indices
1, J, k there is precisely one element X;;; in S having the prescribed
values for these two indices. The solution of the design problem
suggested by Fisher is to select a Latin square at random from the
class of all possible Latin squares. Each Latin square is a particular
element d° of the space D°. Let N be the total number of possible
Latin squares. Then Fisher’s solution of the design problem can be
expressed in our notation and terminology as follows: We choose §(0)

8 See, for example, Fisher [18].
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to be the probability distribution in D® for which §(d® | 0) = 1/N if d°
is a Latin square and §(d° | 0) = 0 if d° is not a Latin square.

It may be of interest to point out the relation between some of the
notions in the present general decision theory (when applied to testing
a hypothesis) and the corresponding notions in the Neyman-Pearson
theory.® For this purpose we shall restrict ourselves to non-randomized
decision functions according to which experimentation is carried out
in a single stage by observing the values of the first N chance variables
of the sequence { X}, since this is the only case treated in the Neyman-
Pearson theory. In this case 8(0) assigns the probability 1 to the
element d* = (1, 2, ---, N), and it is sufficient to define the value of
5(z; s) when s is equal to the set (1, 2, ---, N). Thus, since § is a
non-randomized decision function and since D° consists of the two
elements d;* and dy’, the decision function & can be expressed by a
function d(z,, - - -, zn), which is defined for all real numbers z;, - - -, zn
and can take only the values d,* and dy’ for each point (z;, - - -, zn). If
z, - -+, zn are the observed values of X;, - --, Xy, respectively, then
we accept the hypothesis H under test when d(z,, - - -, znx) = d;® and
reject H when d(z;, - --, z5) = do’. In the Neyman-Pearson theory
the set of all sample points z = (2, ---, znx) for which we decide to
reject H is called the critical region. Thus the choice of a critical
region in the Neyman-Pearson theory is equivalent to the choice of a
decision function in our terminology. Let the hypothesis H under
test be the hypothesis that Few. In the Neyman-Pearson theory, the
probability that H will be rejected when some F, not an element of o,
is true is called the power of the critical region with respect to F. Thus
the power function is a function of F defined for all F not in w. The
probability of rejecting H when some F is true that is an element of w
is called the size of the critical region with respect to F. Thus the size
function is a function of F defined for all F in w. The notions of size
and power are special cases of the notion of risk in the general decision
theory. In fact, let W(F, d°) be defined as follows: W(F, d,*) =0
when Few and = 1 when Few; W(F, do’) .= 1 when Few and = 0 when
Fe¢w. Thus W(F, d°) is a simple weight function. We can disregard the
cost of experimentation here, since we restricted the choice of the
experimenter to decision functions for which the expected cost of experi-
mentation is the same constant. Then the simple risk corresponding
to the above simple weight function is equal to the size of the critical
region when Few, and to (1 — power) when Few.

In the Neyman-Pearson theory the choice of the critical region is
subject to certain conditions imposed on the size function, such as

9 See, for example, [35] and [37].
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that the size function be equal to a prescribed constant «, or that the
size function be bounded from above by a prescribed constant . The
imposition of such bounding conditions on some part of the risk func-
tion may be desirable when the errors due to possible wrong terminal
decisions fall into classes which are of completely different kinds (e.g.,
one type of error may result in loss of life, the others in economic
losses). The general decision theory, as developed in Chapter 3,
remains applicable also when the choice of the decision function is
subject to certain bounding conditions imposed on the probabilities
of some types of errors. This is due to the fact that the class D of
decision functions & to which the choice of the experimenter is re-
stricted, is not assumed to be the class of all decision functions. The
class D is permitted to be any class satisfying a certain set of condi-
tions. This set of conditions remains generally satisfied if bounding
conditions of the above-mentioned type are imposed on the risk
function.

In recent years a sequential method for testing a hypothesis H has
been developed.’® In this theory the restriction that the experiment
is to be carried out in a single stage is removed. It is assumed, however,
in that theory that (1) each stage of the experiment consists of a single
observation, and (2) the chance variable X is observed in the 7th stage.
There is no loss of generality in the first restriction if we assume that
the cost of experimentation depends on the total number of observa-
tions but not on the number of stages in which the experiment is
carried out. The second restriction is more serious, since it does not
leave freedom of choice for the selection of the chance variable to be
observed at any stage of the experiment. In the special case when the
chance variables X;, X, - - -, ad inf., are independently and identically
distributed, there is no loss of generality in the second restriction either.

1.5.2 Point and Interval Estimation Viewed as Special Cases of the
General Decision Problem

The problem of point estimation is the problem of deciding, on the
basis of the results of the experiment, which element F of @ should be
adopted as our estimate of the true (but unknown) distribution of X.
For any element F of Q let dr* denote the terminal decision to adopt F
as our (point) estimate of the true distribution. Thus a point estima-
tion problem is a special case of the general decision problem charac-
terized by the fact that D* consists of the elements dr® corresponding
toall Fin Q.

‘" The theory of point estimation as developed by Fisher and others

 See, for example, [65].
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during the last thirty years * deals almost exclusively with the case
where experimentation is carried out in a single stage by observing
the values of the first N chance variables in the sequence {X;}. It
may be of interest to point out the connection between some of the
notions of the present general decision theory and the corresponding
notions in the point estimation theory of Fisher and his school. For
this purpose we shall restrict ourselves to non-randomized decision
functions § according to which experimentation is carried out in a single
stage by observing the values of X;, ---, Xn. In this case the non-
randomized decision function & can be expressed by a function d(z;,
++-, zy) defined for all real values z;, -+, zxy. For any sample
(z1, * - -, zx) the value of d(zy, - - -, zw) is an element d* of D¢, and the
experimenter makes the terminal decision d(z;, ---, zx) when z; is
the observed value of X; ( =1, ---, N). We shall also assume that
Q is a finite-parameter family of distribution functions F'; i.e., each
element F can be represented by particular values of a finite number
of parameters, 6y, - - -, 6; (say). For the purpose of our discussion it
will be sufficient to consider the case where there is only a single un-
known parameter . We shall use the symbol W (6, 6*) to denote
W (F, dp«*), where 0 is the parameter value corresponding to F and 6*
is the parameter value corresponding to F*. Thus W (6, 6*) is the loss
suffered when 6 is true and 6* is adopted as a point estimate of 6. The
decision function d(z;, ---, x) can be represented by a real-valued
function 6*(zy, - - -, zy) such that the value 6*(z,, - - -, ) is adopted
as our point estimate of 8 when z;, - - -, zx are the observed values of
Xy, ---, Xn, respectively. In the theory of point estimation the
function 6*(xy, - -+, zx) is also called an “estimator.” Since the cost
of experimentation is independent of the choice of the estimator
6*(zy, -+, zn), we shall disregard it in computing the risk associated
with the estimator 6*(z;, - - -, zx). Then the risk is simply the expected
value of W9, 6*(xz;, ---, zx)] when 6 is true. Suppose that
W, 6*) = (6* — 6)2. Then the risk is simply the second moment of
the estimator referred to the true parameter value 6. If 6*(zy, - - -, zn)
is an unbiased estimator, i.e., if the expected value of 6*(X;, - -+, Xn) is
equal to the true parameter value 6, then the risk becomes equal to
the variance of the estimator. A great deal of the literature on point
estimation is devoted to the study of unbiased estimators with min-
imum variance, which are called efficient estimators. This theory
can be regarded as a special case of the general decision theory when
W(, 6*) is given by (6* — 6)>. Minimum variance is not the only
possible criterion for a “best’ estimator. Various other definitions of
1 See, for example, [15] and [16].
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“best” estimators have been considered in the literature. Most of
these theories can be represented as special cases of the general decision
theory corresponding to some particular choices of the weight function
W, 6*). For example, Pitman [41] considered the problem of finding
an estimator 6*(x;, ---, zy) for which the probability that
| 0*(xy, +++, zy) — 0 [ =< c is maximized, where ¢ is a positive value.’?
This becomes equivalent to the problem of minimizing the risk if
W (8, 6*) is defined as follows: W (6, 6*) = O when | 6 — 6* l < ¢, and
=1when|0—6*| >ec.

The problem of interval estimation is again a special case of the
general decision problem. For the purpose of the present discussion
it will be sufficient to consider the case when @ is a one-parameter
family of distribution functions. Let 6 be the unknown parameter.
The problem of interval estimation may be formulated as follows:
Let C be a given class of intervals. For example, C may be the class
of all intervals, or the class of intervals of a given length, or the class
of intervals whose length does not exceed a given value, and so on.
The problem is to decide on the basis of the results of the experiment
which element of C should be adopted as an interval estimate of 6.
For any element I of C let d;* denote the terminal decision to adopt I
as an interval estimate of . Thus an interval estimation problem is a
special case of the general decision problem where D’ consists of the
elements dr* corresponding to all elements I of a given class C of
intervals.

In the theory of interval estimation as developed by Neyman 13 the
only case considered is that where experimentation is carried out in a
single stage by observing the first N chance variables of the sequence
{X;}. In this case any non-randomized decision function & can be

expressed by an interval function I(z,, ---, zx) which associates an
element I of C with each sample (z;, ---, zx). The rule is then to
take the terminal decision d'r,, ..., zyy When z;, ---, zy are the

observed values. The weight function can now be represented as a
function W (9, I) of the true parameter value  and the interval I
adopted as an interval estimate of . We shall disregard the cost of
experimentation, since it is independent of the choice of the decision
rule when experimentation is carried out in one stage by observing
the values of X, -+, X5. Then the risk associated with a given
interval estimator I(z;, ---, zn) is simply the expected value of
w6, I(Xy, -+, Xx)l. A simple choice of W (6, I) is to put W(6,I) = 1

2 Pitman [41, page 401] calls an estimator 6* “best” if the probability that
|o* -0 | < cis maximized for all positive values c.
13 See, for example, [38].



24 THE GENERAL STATISTICAL DECISION PROBLEM

when 6¢l, and = 0 when fel. Then the risk associated with a given
interval estimator I(z;, ---, zn) is equal to the probability that
I(X,, -+, Xn) will not cover the true parameter value. Neyman
calls an interval function I(z;, ---, zx) a confidence interval if the
probability that I(X;, ---, Xx) will cover the true parameter value
is equal to a fixed value v, no matter what the true value of the pa-
rameter is. This fixed value vy is called the confidence coefficient
associated with the confidence interval I(z;, ---, zx). If the weight
function W (9, I) is defined as above, and if I(z,, - - -, zx) is a confidence
interval with confidence coefficient v, the risk associated with I(z,,
---,zy) isequal to 1 — .

1.6 Interpretation of the Decision Problem as a Zero Sum
Two-Person Game

1.6.1 Definition of the Normalized Form of a Zero Sum
Two-Person Game

The theory of games was developed by von Neumann [55]. It will
be shown in Section 1.6.3 that the decision problem may be viewed
as a zero sum two-person game and, therefore, the theory of such
games can be applied to the statistical decision problem. A precise
definition of a game was given by von Neumann. We shall not give
it here, since for purposes of statistical applications it will be sufficient
to consider merely the so-called normalized form of the game. As
von Neumann has shown, any game can be brought into a normalized
form.

The normalized form of a zero sum two-person game is given by
von Neumann as follows: There are two players, and there is given a
bounded and real-valued function K(a, b) of two variables ¢ and b,
where @ may be any point of a space A and b may be any point of a
space B. Player 1 chooses a point @ in A and player 2 chooses a point b
in B, each choice being made in complete ignorance of the other.
Player 1 then gets the amount K(a, b) and player 2 the amount
—K(a, b). Clearly player 1 wishes to maximize K(a, b) and player 2
wishes to minimize K(a, b).

Any element a of A will be called a pure strategy of player 1, and
any element b a pure strategy of player 2. A mixed strategy of player
1 is defined as follows: Instead of choosing a particular element a of 4,
player 1 chooses a probability measure £ defined over a Borel field A
of subsets of A, and the point a is then selected by a chance mechanism
constructed so that for any element o of A the probability that the
selected element a will be contained in « is equal to £(e). Similarly a
mixed strategy of player 2 is given by a probability measure 5 defined
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over a Borel field B of subsets of B, and the element b is selected by a
chance mechanism so that for any element 8 of B the probability that
the selected element b will be contained in B is equal to »(8). The
expected value of the outcome K(a, b) is then given by

(1.22) K*@E ) = || K(a,b)dtdn
If

We can now reinterpret the value of K(a, b) as the value of K*(%,, 1),
where £, and 7, are probability measures which assign probability 1
to a and b, respectively. In what follows, we shall write K(%, 5) for
K*(¢, 7). Furthermore K(a, b) will be used synonymously with
K(&, nv), K(a, 1) synonymously with K(&, 1), and K(¢, b) synony-
mously with K(%, #5). This can be done without any danger of con-
fusion. The function K(%, ) is called the outcome function of the
game.

1.6.2 Minimax, Minimal, Maximal, and Admissible Strategies
A strategy &, of player 1 will be said to be a minimax strategy if

(1.23) Inf, K(£, n) = Inf, K(£ 7)

for all £. Similarly a strategy o of player 2 will be said to be a mini-
max strategy if

(1.24) Sup; K (£, 7o) < Sup; K(£, 7)

for all 9. Minimax strategies play a fundamental role in the theory
of two-person games, as we shall see in Chapter 2.

A strategy no of player 2 is said to be minimal relative to a strategy &
of player 1 if

(1.25) K(&, mo) = Min, K(&, n)

Clearly, if 5o is 2 minimal strategy relative to £, then 7o is an optimum
strategy for player 2 when player 1 uses the strategy £.

A strategy % of player 1 will be said to be maximal relative to a
strategy » of player 2 if

(1'26) K(EO; 77) = Ma‘xf K(Ey 77)

If player 2 uses the strategy 5, then £ is an optimum strategy for
player 1.
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A strategy no of player 2 will be said to be minimal relative to the
sequence {£} (z =1, 2, - -+) of strategies of player 1 if

(1.27) ,li,“& [K (%, m0) — Inf, K(&; 7)] =0

A maximal strategy £, of player 1 relative to a sequence {#;} of strate-
gies of player 2 is defined similarly.

A strategy 5 will be said to be minimal in the strict sense if there
exists a strategy £ of player 1 such that 7 is minimal relative to £&. A
strategy 7 will be said to be minimal in the wide sense if there exists a
sequence {£;} such that % is minimal relative to {f;}. Maximal
strategies £ in the strict and wide sense are defined correspondingly.

A strategy n; of player 2 is said to be uniformly better than the
strategy 79 if

(1.28) K(& m) < K(& n2)
for all £, and if
(1.29) K(& m) < K(§ n2)

for at least one £ Similarly a strategy £ of player 1 is said to be
uniformly better than the strategy & if

(1.30) K(&, 1) = K(&2, n)
for all 9, and if
(1.31) K(&1, 1) > K(&2, 1)

for at least one 7.

A strategy of player ¢ (2 = 1, 2) is said to be admissible if there is
no uniformly better strategy for player <.

A class C of strategies of player ¢ (z = 1, 2) will be said to be com-
plete if for any strategy not in C there exists a strategy in C that is
uniformly better.

1.6.3 The Decision Problem Viewed as a Zero Sum Two-Person
Game

In a decision problem the experimenter wishes to minimize the risk
r(F, 8). The risk, however, depends on two variables F and §, and the
experimenter can choose only the decision function § but not the true
distribution F. The true distribution F, we may say, is chosen by
Nature, and Nature’s choice is unknown to the experimenter. Thus
the situation that arises here is very similar to that of a two-person
game. As a matter of fact, the decision problem can be interpreted as
a zero sum two-person game by setting up the following correspondence.
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Two-PERsON GAME
Player 1
Player 2

Pure strategy a of player 1
Space 4 of pure strategies of player 1
Pure strategy b of player 2

Space B of pure strategies of player 2

Outcome K(a, b)
Mixed strategy ¢ of player 1
Mixed strategy n of player 2

Outcome K (%, 1)
Minimax strategy of player 2
Minimax strategy of player 1

Minimal strategy of player 2
Admissible strategy of player 2

DEcisioN PrRoBLEM

Nature
Experimenter

Choice of true distribution F by Nature

Space @

Choice of decision function & by ex-
perimenter

Space D of all possible decision func-
tions &

Risk 7(F, 8)

A priori distribution £ in ©

Probability measure 7 defined over a
Borel field of subsets of the space
o

rg,m = [ [ (F, 5 dgdn

Minimax solution of decision problem

Least favorable a priori distribution in
Q

Bayes solution

Admissible decision function

It would have been possible to regard only the non-randomized
decision functions as the pure strategies of the experimenter. The
choice of a probability measure (mixed strategy) in the space of all
non-randomized decision functions can be shown to be equivalent to
the choice of some randomized decision function 8. For purposes of
developing the general theory, as given in Chapter 3, it seemed, how-
ever, to be more convenient to regard the randomized decision func-
tions themselves as the pure strategies. By doing so, it will be possible
to disregard altogether mixed strategies for the experimenter, since,
as will be seen in Chapter 3, the choice of a probability measure » in
the space D is equivalent to the choice of a particular element & of D.

The analogy between the decision problem and a two-person game
seems to be complete, except for one point. Whereas the experimenter
wishes to minimize the risk 7(F, §), we can hardly say that
Nature wishes to maximize r(F, §). Nevertheless, since Nature’s
choice is unknown to the experimenter, it is perhaps not unreasonable
for the experimenter to behave as if Nature wanted to maximize the
risk. But, even if one is not willing to take this attitude, the theory
of games remains of fundamental importance for the problem of statis-
tical decisions, since, as will be seen in Chapter 3, it leads to basic
results concerning admissible decision functions and complete classes
of decision functions.



28 THE GENERAL STATISTICAL DECISION PROBLEM

The theory of zero sum two-person games was developed by von
Neumann for finite spaces A and B, i.e., when both players have only a
finite number of pure strategies at their disposal. In statistical decision
problems, however, the corresponding spaces @ and D generally have
infinitely many elements. In the next chapter the theory of zero sum
two-person games is extended to the case where the players have
infinitely many strategies at their disposal.

1.7 Note on Some Ideas and Results Preceding the Present
Developments

Until about ten years ago, the available statistical theories, except
for a few scattered results, were restricted in two important directions:
(1) only decision functions were treated for which experimentation is
carried out in a single stage; (2) the decision problems were restricted
to problems of testing a hypothesis, and that of point and interval
estimation.

Among the few early results not subject to restriction (1), a double
sampling inspection procedure by Dodge and Romig [14] may be
mentioned. According to their scheme the decision whether or not a
second sample should be drawn before a terminal decision is made
depends on the outcome of the observations in the first sample. The
need for multi-stage experimentation had been recognized long before
any systematic theory regarding such experimentation was available.
This was clearly shown by the occasional practice in the past of design-
ing a large scale experiment in successive stages. A very interesting
example of this type is the series of sample censuses of area of jute in
Bengal carried out under the direction of Mahalanobis [31]. A number
of preliminary sample censuses were taken, and the information con-
tained in these samples was then used to design the final sampling of
the whole jute area.

The possibility of an extension of the theory of testing a hypothesis
H by admitting three terminal decisions, acceptance of H, rejection
of H, and no choice between H and non-H, was considered by Neyman
and Pearson [34] as early as 1933. The “decision” character of the
test and estimation procedures has been emphasized by Neyman, who
termed the adoption of a particular test or estimation procedure
“inductive behavior.”

The basic ideas of a general theory of non-randomized decision func-
tions when experimentation is carried out in a single stage and when
the space D’ of terminal decisions is any general space were first out-

U4 See, for example, [38].
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lined by the author in a publication in 1939 [56]. In this publication
the notions of weight and risk functions are introduced ** and the
nature of the minimax and Bayes solutions are studied. The results
of this paper were considerably extended, and the relationship to the
theory of games was recognized in 1945 [59], but the assumption of
one-stage experimentation had still been maintained.

A major advance in the theory of multi-stage experimentation took
place during World War II with the development of sequential analy-
sis.® This theory deals mainly with the problem of testing a hypothesis
(D? contains only two elements) with no definite upper bound on the
number of stages of experimentation. It is assumed, however, that
the 7th stage of experimentation consists of a single observation on X;
(¢=1,2, ---, ad inf.). Thus, if the experiment is carried out in n
stages, it consists of the observations on X, - -, X,,. The number of
stages of the experiment is, of course, a chance variable, since it depends
on the observed values obtained. The main part of the theory consists
of the development of the so-called sequential probability ratio test,
a particular sequential method for testing a hypothesis. Contributions
to the further development of sequential analysis have been made in
the last few years by several authors in this country and in England,
notably by Anscombe [2], Armitage [3], Barnard [6], Bartlett [8],
Blackwell [10-12], Burman [13], Girshick [19-21], Mosteller [21],
Savage [46], Stein [49-52], Stockman [53], Wald [57, 60-71], and
Wolfowitz [69, 71, 73-75].

A very interesting paper by Bartky in 1943 [7] may be regarded as a
forerunner of sequential analysis. In this paper a multiple sampling
scheme is given for testing the mean of a binomial distribution.

In 1945 Stein [49] published a highly interesting double sampling
method for obtaining a confidence interval of fixed length for the mean
of a normal distribution with unknown variance. His method is
particularly interesting, since no confidence interval of fixed lengtb
can be obtained with any single sampling method.

The concept of a complete class of decision functions was introduced
by Lehmann, and the first result regarding such classes is due to him [30].
He obtained the minimal complete class of decision functions in the
following special case: the chance variables X;, X, ---, X, admit a

15 The idea of assigning weights to the various possible wrong decisions had
already been considered by Neyman and Pearson as early as 1933 [34]. Also the
minimax principle is mentioned in [34] as a possible approach to the decision
problem.

18 See, for example, [48b] and [65].



30 THE GENERAL STATISTICAL DECISION PROBLEM

joint probability density function f(zj, ---, ., 6) which is known
except for the value of a single parameter 6 (2 is a one-parameter family
of distribution functions). Experimentation is carried out in a single
stage by observing the values of X3, - -+, X,. The function f(z,, - - -,
Zn, 0) satisfies essentially the conditions formulated by Neyman [37]
to insure the existence of a uniformly most powerful unbiased test
[these include the fulfillment of a certain differential equation by the
function f(zy, - - -, zs, 6)]. The problem considered is to test the hy-
pothesis that 6 is equal to a specified value 6.

Soon after Lehmann’s paper appeared, the author obtained general
results concerning complete classes of decision functions in three
successive papers [66, 67, 70], the first of which deals with the non-
sequential case and the second and the third with the sequential case.
It was shown that under very general conditions the class of all Bayes
solutions is a complete class.

The general theory of non-sequential decision functions contained
in the author’s paper in 1945 [59] was extended to the sequential case
in two successive papers in 1947 [67] and 1949 [70]. These papers deal
with the general decision problem where experimentation may be
carried out in any number of stages, but it is assumed that the 4th
stage of the experiment consists of a single observation on X.

Stein [52] was the first to formulate a model for statistical decision
procedures which includes the design of experimentation (selection of
the chance variables to be observed) as a part of the decision problem.
His scheme is, however, restricted in several ways. The space @ and
the space D? of terminal decisions are assumed to be finite.” Further-
more there is a fixed finite upper bound for the total number of observa-
tions that can be made. The problem considered by Stein is related
to, but different from, and more special than, the problem treated in
the present book. He is concerned with the problem of finding a
decision function which is optimum in the sense that, under some side
conditions on the probabilities for making wrong decisions, it minimizes
the expected cost of experimentation when a particular element Fy of Q
is the true distribution. His main result consists in giving sufficient
conditions for a decision function to be optimum in his sense. The
question whether decision functions satisfying his sufficient conditions
always exist is left open. In a number of special cases, however, he
verified that such decision functions exist.

The present book is mainly an outgrowth of several previous publica-

17 Actually it is not assumed that Q is finite, but the theory developed by Stein

is such that only a finite number of elements of Q enter and the rest of the space @
can be disregarded.
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tions of the author on the general theory of decision functions [59, 66,
67, 70], and it contains a considerable expansion and generalization of
the ideas and results obtained in these papers. Particularly, the re-
striction is dropped that the ¢th stage of the experiment consists of a
single observation on X; making it possible to treat the design of
experimentation as a part of the decision problem.



Chapter 2. ZERO SUM TWO-PERSON GAMES WITH
INFINITELY MANY STRATEGIES

2.1 Conditions for Strict Determinateness of a Game

2.1.1 The Problem of Strict Determinateness of a Game and the
Introduction of an Intrinsic Metric

Extending von Neumann’s definition for finite spaces of strategies
to the infinite case,! we shall say that a game is strictly determined if

1) Sup; Inf, K(£, 1) = Inf, Sup; K(£, 7)

where the symbol Sup; stands for supremum with respect to ¢ and
Inf, stands for infimum with respect to 7. The common value of the
left- and right-hand members of (2.1) is called the value of the game.
The question of strict determinateness is of basic importance in the
theory of games for the following reason. If the game is strictly
determined and both players use minimax strategies, provided that
such strategies exist, then neither player can improve his situation by
finding out his opponent’s strategy; i.e., neither player will have any
inducement, to abandon his own minimax strategy even if he finds out
his opponent’s strategy. Thus, for strictly determined games, the
use of minimax strategies creates a perfectly stable situation and the
minimax strategies may be regarded as good strategies. On the other
hand, if (2.1) does not hold, no stable situation exists; i.e., no matter
what strategies are chosen by the players, at least one of them can
improve his situation by finding out his opponent’s strategy.

The main theorem proved by von Neumann ? states that, if the
spaces A and B of pure strategies are finite, (2.1) always holds; i.e.,
the game is always strictly determined. A game with infinitely many
strategies, however, is not necessarily strictly determined, as shown
by the following simple example. Let A and B each be the space of
all positive integers. The outcome K(a,d) = 1ifa > b, =0ifa = b,
and =—1if a <b. One can easily verify that for this game we have
Sup; Inf, K(%, 9) = —1 and Inf,Sup; K(§, ) = 1. Thus (2.1) does
not hold.

Necessary and sufficient conditions for strict determinateness were
given by the author [58] for the case when the spaces A and B have

1See Section 14.5.1 in [55].
2 See Section 17.6 of [55].
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countably many elements. A special result for spaces A and B with
continuously many elements was obtained by Ville [54]. He considered
the case where A and B are finite and closed intervals of the real axis
and K(a, b) is a continuous function of a and b. He proved that in
this case the game is strictly determined. A more general result was
obtained later by the author [67]. Conditions for strict determinate-
ness will be given here in Sections 2.1.3, 2.1.4, and 2.1.5. The results
contained in Sections 2.1.4 and 2.1.5 go somewhat beyond previously
published results.

To give a precise meaning to the relation (2.1) in the case of infinite
spaces A and B, we have to define the Borel field A of subsets of A
and the Borel field B of subsets of B for which the probability measures
£ and 7 are defined, respectively. We shall define Borel fields ¥ and B
with the help of an intrinsic metric in the spaces A and B. The
(intrinsic) distance §(a;, as) of two elements a; and a, is defined by 3

(22) 5(as, a) = Sups | K(a1, b) — K(az, b) |

Similarly the (intrinsic) distance of two elements b; and bs in B is
defined by

23) 8(by, bg) = Sup, | K(a, b1) — K(a, by) |

The metric in A, as well as that in B, satisfies the triangle inequality,*
but it may happen that two different elements of A, or B, have the
distance zero. We can, however, replace the original spaces A and B
by the spaces A* and B* defined as follows: For any element a of A
let oy be the set of all elements of A which have the distance zero
from a. Clearly, for any two elements a; and ap of A, the sets o,
and a,, are either disjoint or identical. The space A* is then the space
of all subsets a, of A. Let a;* and as* be two different elements of A*.
Then there exist two elements a; and a; of A such that a;* = a5,
as* = a,,, and o, has no common element with a«,,. We put
8(a*, ag*) = 8(ay, az). The space B* and the metric in B* are defined
in a similar way. The distance between two different elements of A*
or B* is always positive. In the theory of games only the spaces A* and
B* play a relevant role. In what follows we shall assume that any
two different elements of A or B have a positive distance. There is
no loss of generality in this assumption, since the spaces 4 and B can

3 A similar distance definition corresponding to a certain function of two variables
was used by Helly [24] in connection with linear spaces. He refers to it as the
“polar distance function.”

4 The triangle inequality is said to be satisfied if for any three points aj, as,
and a3 of the space we have 8(a;, a2) + 3(az, as) = 8(ay, as).
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always be replaced by A* and B¥* respectively. Thus the distance
definitions given in (2.2) and (2.3) make the spaces A and B metric
spaces.

The distance definitions given in (2.2) and (2.3) can be extended to
the spaces of mixed strategies. We put

(2.4) 3(£1, &) = Sup, | K1, n) — K(&s, 1) |
and
(2.5 8(m, n2) = Supg | K¢, m) — K n2) |

Of particular interest are the Borel fields %; and 8B;, where %, is
the smallest Borel field of subsets of A containing all open subsets, in
the sense of the metric (2.2), of A as elements, and 9B, is the smallest
Borel field of subsets of B containing all open subsets of B as elements.
Clearly all denumerable subsets of A and B are elements of ; and B,
respectively. It will be seen in Section 2.1.4 that, if the space A(B) is
separable ¢ in the sense of its intrinsic metric, there will be little interest
in considering a Borel field A(B) different from A;(B;). However,
for non-separable spaces of strategies, the consideration of Borel fields
different from ¥A; and B; may be useful, as Section 2.1.5 will indicate.
Whenever we speak of a subset of A(B), we shall always mean an
element of the Borel field A(B).

Let Ao be the smallest Borel field containing all denumerable subsets
of A as elements, and let By be the smallest Borel field containing all
denumerable subsets of B as elements. We shall consider only Borel
fields A and B which contain Ay and By, respectively, as subfields.

Any theorem or lemma stated in the present chapter is meant to
be valid for % = ¥A; and B = B, unless stated otherwise.

Let C = A X B be the Cartesian product of A and B,% and let € be
the smallest Borel field of subsets of C which contains the Cartesian
product of any member of ¥ with any member of 3. In this study we
shall restrict ourselves to games for which the outcome K(a, b) is a
bounded function of @ and b and is measurable (€). In the next section
we shall prove some lemmas which will then be used to derive con-
ditions for strict determinateness of a game.

It is of interest to note that if A = A;, B = By, and one of the
spaces A and B is separable, K(a, b) is always measurable (§). For
example, let A be separable and let ¥ be the subset of C consisting of
all points (a, b) for which K(a, b) < r, where r is a given real number.
We shall now show that v is a member of €. Let a be the subset of A
consisting of every point a for which there exists an element b of B

42 For a definition of “separable,” see Section 2.1.4.
5 See page 82 of [44].



STRICT DETERMINATENESS 35

such that (@, b) is an element of 4. Clearly « is an open subset of A.
For any positive value p, let S(a, p) denote the closed sphere in A with
center a and radius p; i.e., S(a, p) is the totality of all points a’ whose
distance from a does not exceed p. For any subset o’ of « let B(<’)
be the totality of all those points b of B for which the Cartesian product
o X bisasubset of y. Clearly for any a and p for which S(a, p) C «,
the set B[S(a, p)] is open. Let o* be a denumerable dense subset of «,
and consider the subset v* of C given by
v* = 2 {8(a, p) X BIS(a, P}
a,p

where the summation is to be taken over all pairs (a, p) for which
aea®, p is rational, and S(a, p) is a subset of a. Since for each pair
(a, p), the set S(a, p) X BlS(a, p)] is a member of €, the set v* is
also a member of €. Clearly v* is a subset of y. We shall now show
that v* = v. Let (ap, bo) be any point of yv. We merely have to
show that (ao, bo) is a point of v*. Clearly there exists a positive value pg
such that S(ao, po) X S(bo, po) is a subset of v, where S(b, p) denotes
the closed sphere in B with center b and radius p. Hence there exists
an element a; of o* and a positive rational number p; such that
S(a;, p1) € S(ag, po) and ag is an element of S(a;, p;). Clearly
S(a1, p1) X B[S(a1, p1)] contains the point (ao, bo). Since S(as, p1)
X BiS(ay, p1)] is a subset of 4*, the point (ao, by) must be an element
of 4*. This completes the proof of our statement that K(a, b) is
measurable (€) where one of the spaces A and B is separable.

2.1.2 Some Lemmas

In what follows, for any subset o of A the symbol £, will denote a
probability measure £ on A for which £(a) = 1. Similarly, for any
subset 8 of B, 73 will denote a probability measure 4 on B for which
7(8) = 1. We shall now prove the following lemma.

Lemma 2.1. Let {a;} (2 =1,2 ---, ad inf.) be a sequence of subsets
of A such that o; C a;4q and let a = Eai. Then
=1

26) lim Supe,, Inf, K (£, n) = Supy, Inf, K(ta, )

Proof: Clearly the limit as 7 — « of Supy,, Inf, K (Ea‘,, n) exists and
cannot exceed the value of the right-hand member of (2.6). Put

@27 hin Supg,, Inf, K&, 1) =

and
2.8) Supg, Inf, K(¢s, 7) = p+ 8 (8 =0)
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Suppose that 8 > 0. Then there exists a probability measure £,° such
that

6
(2.9) K& 7D zp+ 3
for all 5. Let £,° be the probability measure given as follows: For
any subset a* of a; we have
£.2(a*)

2.10 - 0(*) = :
( ) ‘( ) an(ai)

Then, since lim (@ — ;) =0 and since K(a, b) is uniformly

=00

bounded, we have
(2.11) lim K(£,0, 1) = K(&°, )

uniformly in %. Hence for sufficiently large ¢ the inequality
6
(2.12) Inf, K(Em'o7 7 Zp+ g
holds. But this is not possible because of (2.7). Thus, § = 0 and

Lemma 2.1 is proved.

Interchanging the role of the two players, Lemma 2.1 yields the
following lemma.

Lemma 2.2. Let {8;} (¢ = 1,2, ---, ad inf.) be a sequence of subsets
of B such that B; C B;y1 and let 8 = D B;. Then
t=1

(2.13) 1.1:1:101° Inf,,p' Supg K(§, 1) = Inf,,B Sup; K(£, 7g)

‘We shall now prove the following lemma.
Lemma 2.3. The inequality
(2.14) Sup; Inf, K(%, 1) < Inf, Sup; K(¢ 7)

always holds.
Proof: Clearly

(2.15) K(¢ 1) < Sup; K(¢ n)
Hence

(2.16) Inf, K(, 7) < Inf, Sup; K(§, 7)
This gives

(2.17) SupE Inffl K n) = Inf'q SUPE K( )
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and our lemma is proved. This proof is essentially the same as that
given by von Neumann [55] for finite spaces A and B.

Lemma 2.4. If there exists a subset o of A such that

(2.18) Supy, Inf, K(£s, n) = Inf, Sup; K (£, 7)

then the game is strictly determined.
Proof: Suppose that there exists a subset a of A for which (2.18)
holds. Clearly

(2.19) Sup; Inf, K(£ 7) = Supy, Inf, K(&, 1)
From this and (2.18) we obtain
(2.20) Supg Inf, K(¢, 7) = Inf, Sup; K(¢, 5)

From Lemma 2.3 it follows that the equality sign must hold in (2.20),
and Lemma 2.4 is proved.

Interchanging the two players, Lemma 2.4 yields the following
lemma.

Lemma 2.5. If there exists a subset B of B such that
(2.21) Inf, . Supg K (£, ng) = Sup; Inf, K(§, 7)
then the game ts strictly determined.

2.1.3 The Case when the Space of Strategies of One of the Players
Is Conditionally Compact

We shall consider here the case when one of the spaces A or B is
conditionally compact in the sense of its intrinsic metric given in (2.2)
or (2.3). A metric space C is said to be conditionally compact if any
sequence {c;} (z =1,2, ---, ad inf.) of elements of C admits a Cauchy
subsequence {c;} (j = 1,2, ---, ad inf.), i.e., a subsequence {c;} with
the property that

lim 8(c;;, c;;) = 0

i iy
2=
where &(ck, ¢;) denotes the distance of the points ¢ and ¢;.

Theorem 2.1. If one of the spaces A and B 1is conditionally compact,
both spaces are conditionally compact.

Proof: Suppose that A is conditionally compact. Then for any
& > 0 there exists a finite subset « of A that is ¢;-dense in A. A subset
a of A is said to be e-dense in A if for any point @ in A there exists
a point a’ in « such that §(g, a’) < e If we replace the space A by
its e;-dense subset ¢, then the metric in the space B, as defined in (2.3),
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will be changed. Let 5,(b;, b2) denote the new distance when A is
replaced by «. Since a is finite, it follows easily from the definition of
da(b1, bs) that for any e; > 0 there exists a finite subset 8(e;) of B
which is e;-dense in B in the sense of the metric §,(by, b2). Clearly

(2.22) | 8(b1, b2) — 8a(by, b2) | < 26

Hence the set B(ez) must be (e; + 2¢;)-dense in B in the sense of the
original metric §(by, by). Since ¢ and e; can be chosen arbitrarily small,
we find that for any § > 0 there exists a finite subset 8 of B that is
5-dense in B according to the original metric §(b;, by). But this is
equivalent to conditional compactness,® and Theorem 2.1 is proved.

Theorem 2.2. If onme of the spaces A and B 1is conditionally compact,
the game s strictly determined.

Proof: Suppose that A is conditionally compact. Then, according
to Theorem 2.1, B is also conditionally compact. Let e be any posi-
tive value. Because of the conditional compactness of the spaces A
and B we can subdivide A and B into a finite number of non-empty
disjoint subsets the diameter of each of which does not exceed e. Let
A,, ---, A, be non-empty subsets of A, and By, ---, B; non-empty
subsets of B satisfying the above conditions; i.e.,

(2.23) Ay +---+A4r=4; B +---+B =

the sets Ay, - -, Ag, By, - -+, B; are disjoint; and the diameter of any
of these sets does not exceed ¢. Let a; be a particular point of A;
(Z=1, ---, k) and b; a particular point of B; j =1, ---, ), and let «
denote the finite subset {a;, ---, ax} of A and B the finite subset
{by, -+, by} of B. With any probability measure £° on A we associate
the probability measure &, defined as follows: £,°(a;) = £°(4,) (¢ = 1,
2, -+, k). Similarly, with any probablhty measure 7° on B, we asso-
clate the probability measure 74° given by 7¢°(b;) = 1°(B;) (_1 =1, 2
-, ). We then have

(2.24) | K&, n) — K(an, IEX

for all 5, and

(2.25) | K, 1) — K& 1% | <

for all £. It follows easily from (2.24) that

(2.26) Sup; Inf, K(¢, 1) — e < Sup, Inf, K(&, )

< Sup; Inf, K(§, 7)
¢ See, for example, page 108 of [23].
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From (2.25) we obtain
.27) Supg, Inf, K (£, 1) < Supy, Inf,  K(£, 15)
= Supy, Inf, K(£, 1) + ¢

Equations (2.26) and (2.27) imply that
(2.28) Supg Inf, K(%, 7) — ¢ < Sup,, Inf, " K(%,, 18)

< Sup; Inf, K(¢, 1) + €
In a similar way, we obtain the inequality
(229)  Inf,Sup; K( 1) — € < Inf,, Supe, K (£, 19)

=< Inf, Sup; K(§, 7) + ¢

According to von Neumann’s theorem, for finite spaces we have

(2.30) Sup,, Inf,,ﬁ K(ta, 18) = Inf,,B Sup;, K(£a, 18)

Since e can be chosen arbitrarily small, Theorem 2.2 follows from
(2.28), (2.29), and (2.30).

In the remainder of this section we shall prove some theorems
concerning the change in the value of the game when the original
spaces A and B are replaced by some subsets « and B, respectively.
In what follows, for any subset o of A and any subset 8 of B, we shall
mean by the game relative to («, ) the game we obtain when A is
replaced by o and B by B. The Borel fields % and 8 will be assumed
to remain unchanged when A and B are replaced by « and B, respec-
tively. Thus the replacement of A(B) by «(B8) simply means that
player 1(2) can use any probability measures £(n) defined over the
elements of A(B) for which £(a)[4(B)] is equal to 1.

Theorem 2.8. If one of the spaces A and B is conditionally compact,
for any € > 0, there exists a finite subset a of A and a finite subset B
of B such that the value of the game relative to (A, B) differs at most by €
from the value of each of the following three games: the game relative to
(a, B), that relative to (4, 8), and that relative to (c, B).

Proof: Let the subsets 4;, ---, Ax of A and the subsets By, -+, B;
of B be chosen as in the proof of Theorem 2.2. Also let @ = {a,, -- -,
ar} and B = {by, - --, bi}, where a; is an element in A; and b; is an
element in B;. It follows from (2.26) and Theorem 2.2 that the value
of the game relative to («, B) differs from that of the game relative to
(4, B) at most by e. Similarly one sees that the value of the game
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relative to (4, B) differs from that corresponding to (4, B) at most by e.
Equation (2.28) and Theorem 2.2 imply that this is true also for the
game relative to (¢, 8). Thus our theorem is proved.

Theorem 2.4. If one of the spaces, say the space A, is finite, then for
any € > 0 there exists a finite subset B of B such that the number of poinis
contained in B does not exceed the number of points contained in A and
the value of the game is not changed by more than e when B is replaced by B.

Proof: According to Theorem 2.3 there exists a finite subset 8* of B
such that the value of the game is changed at most by e¢ when B is
replaced by 8*. If 8* contains more points than A, then, according to
a result by Kaplansky [27], we can replace 8* by a subset 8 of 8* such
that the value of the game relative to (4, B) is the same as the value
of the game relative to (4, 8*) and A and B contain the same number
of elements. This proves our theorem.

Theorem 2.5. If one of the spaces, say A, conststs of m points (m < «)
and if B is compact, then there exists a finite subset B of B such that 8
contains at most m points and the value of the game remains unchanged
when B 1s replaced by B.

Proof: Let {¢;} (=1, 2, ---, ad inf.) be a sequence of positive
numbers such that

l.im € = 0

According to Theorem 2.4 there exists a subset B8; of B such that B;
contains at most m points and the value of the game is changed at
most by ¢; when B is replaced by 8;. Clearly there exists a subsequence
{77} G=1,2, ---, ad inf.) of the sequence {7} (=1, 2, ..., ad inf.)
such that the number of points contained in 8; (=1, 2, ---, ad
inf.) is equal to a fixed integer n, independent of j, and the points in
B; converge to some limit points as j — . Let 8 be the limit of g
asj — . Since the value of the game corresponding to (4, 8;;) con-
verges to the value of the game corresponding to (4, 8), the value of
the game corresponding to (4, B) is equal to the value of the game
corresponding to (4, B). Thus our theorem is proved.

2.14 The Case when the Space of Strategies of One of the Players
Is Separable
A space C is said to be separable if there exists a countable subset v
of C that is dense in C, i.e., a subset v with the property that for any
point ¢ in C there exists a sequence {c;} of points in 4 such that
lime; =¢

ix=
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Separability of one of the spaces A and B does not necessarily imply
the separability of the other space, as shown by the following example.
Let A be the space of all positive integers and B the space of all sub-
sequences of the sequence of positive integers. Thus any element a
of A is a positive integer, and any element b of B is a subsequence of
the sequence of all positive integers. Let K(a, b) = —1 if a is not
an element of the sequence b, and let K(a, b) = 1 when a is an element
of b. In this case A is separable but B is not, since the distance between
two different elements of B is always 2 and the number of elements in
B is non-denumerable.

Theorem 2.6. If one of the spaces A and B, say A, is separable and
tf @ is a dense subset of A, then the class of all probability measures &4
1.e., the class of all probability measures & for which () = 1 is dense in
the class of all probability measures £ in the sense of the metric given
n (2.4).

Proof: Let {¢;} 2 =1, 2, ---, ad inf.) be a sequence of positive
numbers such that im ¢; = 0. Since A is separable, there exists a

sequence {oy, ...} (h =1,2, ---,adinf., ¢ =1,2, ---, ad inf,, .- -,
=12 --+,adinf, k=1,2, ---, ad inf.) of subsets of A such that
the following conditions are satisfied: (1) The sets a;; ... 55 and o, ... 5%
are disjoint for j % 7*; (2) _21 Wiy ooy = Uiy ooy B) 2,y = A

%= 1=1
(4) the diameter of oy ... does not exceed ¢; (5) the intersection
@y ... 0f aand o ... 5 isnot empty. Foranyk, 7y, - -+, ik, let a;, ... 5
be a given point in &; ...;. For any probability measure £° and for
any k, let £° be the probability measure for which £°(a; ... 3)
= %oy, ... ) for all values of 73, - -+, 4. Clearly

(2'31) IK(EO’ 77) - K(Ekoy 77) l S e
for all . Hence
(2.32) ;11339 K&, n) = K&, )

uniformly in 7. Theorem 2.6 is an immediate consequence of (2.32).

If A is separable, there exists a denumerable subset « that is dense
in A. It then follows from Theorem 2.6 that the class of discrete
probability measures £ lies dense in the class of all probability measures
£ A probability measure £ is said to be discrete if there exists a
denumerable subset « of A such that £(a) = 1. Thus, if A is separable
and if the game is strictly determined, the value of the game is not
affected by the choice of the Borel field o, provided that A contains all




































































































































































































































































































































































































































