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Learning and Sequential Decision Making

Andrew G. Barto, Richard S. Sutton, and Christopher
J. C. H. Watkins

1 Introduction

In addition to being studied by life scientists, learning is studied by engi-
neers and computer scientists interested in developing useful devices and
programs. The study of synthetic learning has produced an extensive
collection of methods and mathematical theories pertaining to such tasks as
pattern classification, prediction, and the adaptive control of dynamical
systems. Within these theories learning is usually formulated as a search
conducted in an abstractly defined space, and a large collection of mathe-
matical concepts can be brought to bear on the problems of understanding
and designing procedures, or algorithms, for enabling a device or program
to improve its performance over time. What is the nature of the corre-
spondence, if there is any, between the behavior of an animal in a dassical
conditioning experiment and the mathematical theories and computational
procedures developed for synthetic learning? Is this behavior trivial from a
computational perspective, or is it complex and subtle? The answers to
these questions that we attempt to justify in this chapter are that the
behavior observed in classical conditioning experiments is far from compu-
tationally trivial; its strongest ties are to mathematical theories and compu-
tational procedures that are exceedingly useful in practice and surprisingly
complex. By relating the behavior of an animal undergoing classical con-
ditioning to perspectives developed for understanding synthetic learning
systems, we hope to provide a framework that may lead to increased
understanding of animal behavior and to novel computational procedures
for practical tasks. ,

Our analysis is based on the temporal-difference (TD) model of classical
conditioning described by Sutton and Barto in chapter 12 of the present
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volume and in their 1987 paper. In this chapter we view the TD model
as a computational method that can be useful in solving engineering
problems. Sutton (1988) has shown how computational methods making
use of “temporal differences,” including the TD model of conditioning, are
useful for adaptive prediction, and other publications illustrate how TD
methods can be used as components of synthetic learning systems (Ander-
son 1987; Barto et al. 1983; Sutton 1984). Here, we restrict our attention
to a slightly simplified version of the TD model, which we call the TD
procedure. We show how the TD procedure is related to theoretical princi-
ples which serve both to explain the operation of TD methods and to
connect them to existing theories of prediction, control, and learning. Some
of the observations we make are further elaborated in Sutton 1988 and
in Watkins 1989, and some of the connections to existing theory were
previously described in Werbos 1977 and in Werbos 1987.

We show how a TD method can be understood as the synthesis of
concepts from two existing theoretical frameworks: the theory of stochastic
dynamic programming, which addresses sequential decision tasks in which
both short-term and long-term consequences of decisions must be con-
sidered, and the theory of parameter estimation, which provides the ap-
propriate context for studying learning rules in the form of equations
for updating associative strengths in behavioral models, or connection
weights in connectionist networks. Although a clear explanation of how
the relevant theoretical ideas fit together requires a certain amount of
mathematical notation, it is not our purpose to present a mathematically
rigorous account of these ideas, and there are many issues that we do not
pursue very deeply or do not discuss at all. Our goals are to explain the
main ideas clearly and to provide some access to the large body of relevant
theoretical literature.!

Drawing precise parallels between behavioral models and computational
procedures facilitates the exchange of ideas between researchers studying
natural learning and those studying synthetic learning. Sutton and Barto
(1981) pointed out that the Rescorla-Wagner (1972) model of classical
conditioning is identical (with some minor caveats) to the equation pre-
sented by Widrow and Hoff (1960) as a procedure for approximating
solutions of systems of linear equations. As a behavioral model, this equa-
tion provides a remarkably simple account of a range of stimulus context
effects in classical conditioning; as a computational procedure, it has proved
exceedingly useful in technological applications, where it is called the LMS
(least mean squares) algorithm. This and closely related algorithms are
widely used in the fields of signal processing and pattern classification, and
are playing a major role in the emerging field of connectionist modeling
(Anderson and Rosenfeld 1988; Hinton and Anderson 1981; McCelland
and Rumelhart 1986; Rumelhart and McClelland 1986). The connection
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between the experimental and computational literatures due to the parallel
between the Rescorla-Wagner model and the LMS algorithm has allowed
a fruitful exchange between researchers having widely differing ranges of
expertise. In this chapter we hope to expand this basis for exchange by
extending the parallels pointed out in Sutton and Barto 1981. Within the
framework adopted here, the Rescorla-Wagner model—and hence also the
LMS algorithm—appears as a specialization of the TD procedure.

The relationship between the TD procedure and dynamic programming
outlined in this chapter also has the potential for fostering communication
between animal learning theorists and behavioral ecologists. Dynamic pro-
gramming has been used extensively in behavioral ecology for the analysis
of animal behavior (Krebs et al. 1978; Houston et al. 1988; Mangel and
Clark 1988). In these studies, dynamic programming is used to determine
decision strategies meeting certain definitions of optimality to which ani-
mal behavior is compared. Behavioral ecologists do not suggest that the
animals themselves perform dynamic programming—indeed, most of the
forms of behavior studied are regarded as innate, and dynamic program-
ming would appear to provide a poor model of learning. In a sense that will
be made clear below, dynamic programming methods work backward,
from the end of a decision task to its beginning, calculating information
pertinent to decision making at each stage on the basis of information
previously calculated from that stage to the task’s end. As a result of this
back-to-front processing, it is difficult to see how dynamic programming
can be related to learning processes that operate in real time as a system
interacts with its environment. However, we show how the TD procedure
can accomplish much the same result as a dynamic programming method
by repeated forward passes through a decision task (that is, through re-
peated trials) instead of by explicit back-to-front computation. This re-
lationship of the TD procedure to dynamic programming suggests a range
of research questions involving links between animal behavior in carefully
controlled learning experiments and the less restricted forms of behavior
studied by behavioral ecologists.

Sections 2 and 5 present the basic ideas of stochastic dynamic pro-
gramming. Section 2 describes, in both informal and mathematical terms, a
general class of tasks, known as stochastic sequential decision tasks, to which
the methods of stochastic dynamic programming apply; section 5 describes
some of these methods. This material is tutorial in nature and is based on
the formulation of Ross (1983). Section 6 is a tutorial on parameter estima-
tion based on the view taken in the field of adaptive control as described
by Goodwin and Sin (1984). Some of this material also appears in Barto (in
press). Section 7 shows how the TD procedure emerges as a synthesis of
the ideas from dynamic programming and parameter estimation covered in
the aforementioned sections. Here we also show how the TD procedure
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can be used in conjunction with another procedure and applied to stochastic
sequential decision tasks to produce an analogue of instrumental learning.
The combination of these two procedures corresponds to the use of the
“adaptive critic element” and the “associative search element” in the pole
balancer of Barto et al. (1983). The framework of stochastic sequential-
decision theory helps explain the interaction of these two procedures and
suggests other learning methods for this and related tasks. We conclude
with a discussion of what the theoretical basis of the TD procedure sug-
gests about animal learning and of some directions that can be taken in
extending this approach.

2 Sequential Decision Tasks

Animals face many situations in which they have to make sequences of
actions to bring about circumstances favorable for their survival. We are
interested in tasks in which the consequences of an action can emerge at a
multitude of times after the action is taken, and we shall be concerned with
strategies for selecting actions on the basis of both their short-term and
their long-term consequences. Tasks of this kind can be formulated in terms
of a dynamical system whose behavior unfolds over time under the influ-
ence of a decision maker’s actions.

Modeling the behavior of such a system is greatly simplified by the
concept of state. The state of a system at a particular time is a description
of the condition of the system at that time that it is sufficient to determine
all aspects of the future behavior of the system when combined with
knowledge of the system’s future input. Whatever happened to the system
in the past that is relevant to its future behavior is summed up in its current
state—future behavior does not depend on how the system arrived at its
current state, a property sometimes called “path independence” of the
system description. The concept of state is also useful in describing systems
which operate according to probabilistic rules. In this case, the system state
and future input determine the probabilities of all aspects of the future
behavior of the system independently of how the state was reached. This
is the Markoo property of a stochastic dynamical system.

Consider a decision-making agent, which we simply call an agent, facing
the following task: The agent interacts with a system in such a way that at
the beginning of each of a series of discrete time periods it observes the
system and is able to determine the system state at that time. On the basis
of observed state, the agent performs an action, thereby causing the system
to deliver to the agent a “payoff,” which we think of as a number whose
value depends on the system state, on the agent’s action, and possibly on
random disturbances. The system then makes a transition to a new state
determined by its current state, by the agent’s action, and possibly by
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random disturbances. Upon observing the new state, the agent performs
another action and receives another payoff, and the system changes state
again. This cycle of state observation, action, payoff, and state change
repeats for a sequence of time periods. The agent's task, described mathe-
matically in section 4, is to select the actions that maximize the total, or
cumulative, amount of payoff it receives over time. This is more difficult
than merely trying to maximize each individual payoff. Some actions may
be useful in producing a high immediate payoff, but these same actions
may cause the system to enter states from which lafer high payoffs are
unlikely or impossible. Hence, performing these actions would result in a
smaller total amount of payoff than might be possible otherwise. Con-
versely, some actions that may produce low payoff in the short term are
necessary to set the stage for greater payoff in the future. The agent’s
decision-making method must somehow account for both the short.term
and the long-term consequences of actions.

The total amount of payoff received by the agent over many time
periods depends on the number of time periods over which this total is
determined, on the sequences of actions and states that occur over these
time periods, and on the outcomes of whatever random factors influence
the payoffs and the state transitions. The number of time periods over
which the total amount of payoff is determined is called the horizon of the
decision task. If the horizon is finite, the total amount of payoff is simply
the sum of the individual payoffs received at each time period until the
task’s horizon is reached. If the horizon is infinite, however, this sum may
not be finite—a difficulty that is remedied by introducing a discount factor
that allows payoffs to be weighted according to when they occur. In this
case, what we mean by the total amount of payoff over an infinite number
of time periods is a weighted sum of the infinite number of individual
payoffs received, where the weights decrease with increasing temporal
remoteness of the payoffs (we define this precisely in section 4). If the
discount factor is chosen appropriately, then this weighted sum will always
have a finite value despite its dependence on an infinite number of payoffs.
In chapter 12, Sutton and Barto refer to this as imminence weighting. In this
chapter, we restrict our attention to infinite-horizon tasks where a discount
factor is used in determining the relevant measure of the total amount of
payoff.

Describing a decision task in terms of system states permits one to make
a relatively simple statement of how action and state sequences determine
the total amount of payoff an agent receives. Suppose the agent uses a rule
to select action depending on system state. This rule, called the agent's
decision policy, or simply its policy, associates an action with each system
state. The agent’s action upon observing a state is the action associated
with that state by the policy. If no random factors are involved in the task,
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then the sequences of actions and states depend only on the agent’s policy
and on the system at the beginning of the task (i.e., the task’s initial state).
Consequently, the total amount of payoff received until the task’s horizon
is reached (where the total amount is determined by discounting if the task
has an infinite horizon) also depends only on the agent’s policy and on the
task’s initial state. By a policy’s refurn for a given system state we mean the
total amount of payoff the agent receives until the task’s horizon is reached,
assuming that the task’s initial state is the given state and the agent uses
the given policy. For infinite-horizon tasks where a discount factor is used,
a policy’s return for a state is the weighted sum (where the weights depend
on the discount factor) of the payoffs the agent would receive over an
infinite number of time periods for the given initial state if the agent were
to use the given policy to select an infinite sequence of actions.? Thus,
when no random factors are involved in a sequential decision task, the
payoff for a system state depends on a single action of the agent, but the
return for a state depends on the consequences of the agent’s decisions as
specified by its policy for the duration of the task.

When a decision task involves random factors, a policy’s return for each
system state is a random variable. In this case, one can define the expected
return for each policy and system state. For the infinite-horizon case with
discounting, which is our concern here, the expected return for a policy and
a system state is the mathematical expectation, or mean, of the random
variable giving the return for that policy and state. The expected return
depends on the distribution functions of all the random factors influencing
the task and can be thought of as the average of an infinite number of
instances of the decision task, where the agent uses the same policy and the
system starts in the same initial state in each instance. As formulated here,
the objective of a sequential decision task is defined in terms of expected
return: The objective is to find a policy that maximizes the expected return
for all possible initial system states. Such a policy is called an optimal policy.

Although we discuss tasks requiring maximizing expected return, this
class includes as special cases tasks in which the objective is to obtain any
payoff at all. For example, suppose that for all but one system state the
payoffs received by the agent are zero no matter what action the agent
selects. Also suppose that the task ends when a nonzero payoff is obtained.
One can think of the state from which nonzero payoff is available as the
goal state. In this case, a policy’s return for each initial state is zero unless
its use by the agent brings about the goal state. Hence, in this case,
selecting actions to maximize return is the same as selecting actions that
cause the system to enter the goal state. If a discount factor.is used, it turns
out that the return is maximized by selecting actions that bring about the
goal state in the fewest time periods. Tasks such as this, in which the
objective is to reach a designated goal, are included in the theory we
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describe, and the example used throughout this chapter is an instance of
this type of task.

There are numerous examples of sequential decision tasks, many of
which have great practical significance. The task of finding the least costly
route from one place to another is perhaps the most generic example.
Choice points along a route correspond to the states of the system, actions
determine what place is reached next, and the magnitude of the payoff
received in response to an action is inversely related to the cost of the path
traveled (so that by maximizing the total amount of payoff, one minimizes
the total cost of the path). More complex tasks involving resource alloca-
tion, investment, gambling, and foraging for food are also examples of
sequential decision tasks. Most of the planning and problem-solving tasks
studied by artificial intelligence researchers are sequential decision tasks.
Other examples are studied by control engineers, such as the problem of
placing a spacecraft into a desired orbit using the least amount of fuel. In
some sequential decision tasks, the distinction between the agent and the
system underlying the decision task may not be as clear-cut as our discus-
sion would lead one to believe. For example, in a foraging model in
behavioral ecology, the state of the system may be the forager’s energy
reserves (Mangel and Clark 1988), a quantity apparently describing an
aspect of the agent itself instead an external system. It can be misleading
to identify an agent with an entire organism.

We use a simple route-finding task to illustrate the concepts and methods
described in this chapter. This is merely an example; these concepts and
methods are applicable to tasks that are much more complex.

Example
Figure 1 shows a grid representing a region of space. Each intersection of
the grid lines is a “location,” and the region contains a C-shaped barrier and
a goal location. For the 8-by-12 grid shown, there are 96 locations. Two
locations are adjacent if they are connected by a grid line that does not pass
through any other locations. A path is a set of line segments tracing a route
through the region, where each segment connects two adjacent locations
in the region. The length of a path is the number of distinct line segments
it contains. The task we consider is to find, for each location, a path to the
goal that begins at the given location, does not cross the barrier, and has
the smallest possible length. Each such shortest path is an optimal path.
We can formulate this task as a sequential decision task by considering
an agent that can move from its current location to an adjacent location in
each time period. The spatial environment defines the system underlying
the decision task. For each time period, the state of the system is the current
location of the agent, and the state at the next time period—the new
location of the agent—is determined by the the current location of the
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Figure 1
Plan view of a spatial environment for the route-finding example. The intersections of the
lines are possible locations for the agent.

agent and by the action chosen: We let the agent choose any one of the
four actions North (N), South (S), East (E), and West (W) at each time
period. The effect of an action depends on the current system state, i.e., the
current location of the agent. For most locations, the action causes the
agent to move to the location adjacent to its current location in the
direction indicated by the action. However, for locations from which a
move is blocked by a barrier or would take the agent out of bounds, the
effect of any “disallowed” action is to leave the agent’s location unchanged.
If the agent is located at the goal, it stays there no matter what action it
performs. Thus, the set of actions available to the agent is always the same,
but actions can have differing consequences depending on the agent’s
locations.?

A policy, in this example, is a rule that assigns an action to each location.
One could think of a policy as one of the many possible patterns of placing
at each location a signpost (indicating N, S, E, or W) which the agent is
compelled to follow. The objective of the task is to form a policy (i.e., to
place a pattern of 96 signposts) that directs the agent from each location to
the goal in the fewest possible time periods—that is, that directs the agent
along an optimal path. To formulate this as the problem of finding a policy
that maximizes expected return, we effectively punish the agent every time
period in which it is not at the goal. The agent always receives a payoff of
—1 unless the agent is located at the goal, in which case it receives a
payoff of 0 for any action. Therefore, the sum of payoffs over a path from
a starting location to the goal, i.e, the return produced over the path, is the
negative of the number of time periods taken to reach the goal (assuming
no discounting). Selecting actions to maximize return therefore minimizes
the number of time periods taken to reach the goal. An optimal policy
directs the agent along an optimal path from each location.
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In what follows, we discuss several versions of this task that differ in
terms of the amount of knowledge we assume for the agent. Although all
these tasks are relatively easy instances of the tasks encompassed by the
theory, some of the sources of additional complexity can be appreciated
clearly by means of the route-finding example. For example, the payoff
received for a move need not always be —1 but can instead reflect the
distance of a path, or the degree of difficulty encountered in traversing
it. Additionally, the payoffs and the state transitions need not be deter.
ministic. Actions may only influence the probabilities that specific places
are reached. Finally, additional complexity, which we do not address at all
in what follows, occurs if the agent does not have access to complete state
information—a situation that would appear in the route-finding example
when the agent is unable to distinguish all possible locations.

Before discussing solution methods for sequential decision tasks, we make
several observations about the theoretical framework implied by this class
of tasks. All these observations are reminders that it can be misleading to
take the abstractions involved in this framework too literally.

* Discrete time. What do the discrete time periods of a decision task
mean in terms of real time? In the kinds of discrete-time models to which we
restrict our attention, these time periods are called fime steps and are merely
computational instants that may correspond to instants of real time separated
by some interval, or to separate collections of events (such as trials). In
modeling conditioning behavior, for example, a time step may represent
some small interval of real time, as in the TD model presented by Sutton
and Barto in this volume. Alternatively, each time step might be an entire
conditioning trial, as in a trial-level model such as that of Rescorla and
Wagner (1972). In the discussion to follow, a time step merely refers to a
time period of an abstract sequential decision task.

* Receiving payoff. The framework described above is sometimes inter-
preted to mean that payoffs are delivered to the agent as if there were
a single sensory pathway dedicated to this function. If one identifies the
agent with an entire animal (which can be misleading, as we emphasized
above), this view suggests that an animal has a single sensory input
dedicated to the function of receiving all primary reinforcement, which is
obviously not the case. It is better to think of the payoff at each time period
as a concise way of summarizing the affective significance of the immediate
consequences of performing an action. Because the immediate payoff and
the system’s next state are both functions of the current action and the
system’s current state, it is a special case to regard each payoff simply as a
function of the system’s current state. One can think of this function as
being computed by the agent itself and not by the system underlying the
decision task.
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o Complete state information. The assumption is made that at each time
step a complete description of the state of the system underlying the task
is available to the agent. Clearly, this is a strong assumption. Although the
consequences of weakening this assumption are theoretically significant
and relevant to the study of natural learning, they are complex and beyond
the scope of the present chapter. However, it is important to keep in mind
the following two observations. First, one need not think of the current
system state as something that must be read directly from the agent’s sense
organs. More generally, the state of the system can be provided through
the aid of complex world models and memories of past sensations and
behavior. The theory requires the availability of state information, but it is
not sensitive to how this information is obtained. Second, knowing the
current state of the system underlying a decision task is not the same
as knowing beforehand how the system will behave in response to actions;
that is, it is not the same as having an accurate model of the decision task.

¢ Optimality. The objective of a decision task considered here is to find
an optimal decision policy—a policy that maximizes the expectation of
the discounted sum of future payoffs. Some theories of animal behavior
invoking optimality principles are “molar” optimality theories which pro-
pose that behavior can be understood in terms of optimization, but they do
not specify mechanistic computational procedures by which the conditions
of optimality can be achieved. “Molecular” optimization theories, on the
other hand, specify procedures that operate from moment to moment but
which only approximate optimal solutions in most tasks (see, for example,
Rachlin et al. 1981 and Staddon 1980). Although here it is not our
goal to provide a theory of animal behavior, we can describe the kind
of theory with which the perspective taken in this chapter is consistent.
The framework of sequential decision theory adopted here provides a
molar view of behavior involving a specific optimality criterion, and the
temporal-difference and policy-adjustment procedures we describe provide
molecular accounts of how optimal behavior might be approximated.
Because these procedures usually only approximate optimal policies, they
do not imply that optimal behavior will be achieved. The performance of
these procedures in specific decision tasks depends on the specification of
many details, such as the manner of representing system states. Choices
made in specifying these details strongly influence the degree of optimality
achievable.

3 Solving Sequential Decision Tasks

Because so many problems of practical interest can be formulated as se-
quential decision tasks, there is an extensive literature devoted to the study
of solution methods for this type of task, the large majority of which
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require the agent to have a complete model of the decision task. Even if one
has a complete model of the decision task, which means knowing all the
state-transition and payoff probabilities of the system underlying the task,
determining the best policy can require can extremely large amount of
computation because it effectively requires a sea.ch through the set of all
possible state sequences generated by all possible sequences of actions.
Except for very specialized tasks in which analytical methods can be used
instead of search, the required amount of computation increases so rapidly
with increases in a task’s size (as determined by its horizon, its number of
states, and its number of actions) that it is not feasible to perform this
search for large tasks. Dynamic programming, a term introduced by R. E.
Bellman (1957), consists of particular methods for organizing the search
under the assumption that a complete model of the decision task is avail-
able. Although these methods are much more efficient than explicit exhaus-
tive search of all possible state sequences, the amount of computation still
grows so rapidly with the size of the task that large tasks remain intract-
able. Search methods specialized to take advantage of specific kinds of
“heuristic” knowledge can be applied to some types of larger tasks, but
these methods.also require a complete model of the decision tasks and can
still require prohibitive amounts of computation.*

Methods for estimating optimal policies in the absence of a complete
model of the decision task are known as adaptive or learning methods.
Because the most difficult aspect of applying dynamic programming is
often the accurate modeling of the decision task, adaptive methods have
great practical importance. In addition, if an adaptive method can improve
a decision policy sufficiently rapidly, the amount of computation required
may be less than would be required by an explicit solution via dynamic
programming. How can an optimal policy be constructed when a complete
model of the decision task is not available? Instead of being able to gen-
erate a solution by manipulating a task model, it is necessary to learn about
the system underlying the task while interacting with it. Two general
approaches are possible. The one that has been much more widely studied
is the model-based approach, which requires constructing a model of the
decision task in the form of estimates of state-transition and payoff proba-
bilities. These probabilities can be estimated by keeping track of the fre-
quencies with which the various state transitions and payoffs occur while
interacting with the system underlying the decision task. Assuming that
these estimates constitute an accurate model of the decision task, one can
then apply a computational technique for finding an optimal policy, such as
a dynamic programming technique, which requires an accurate model of
the decision task.’

In this chapter our concern is with other approaches to learning how to
solve sequential decision tasks, which we call direct approaches. Instead of
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learning a model of the decision task (that is, instead of estimating state-
transition and payoff probabilities), a direct method adjusts the policy as a
result of its observed consequences. Actions cannot be evaluated unless
they are actually performed. The agent has to try out a variety of decisions,
observe their consequences, and adjust its policy in order to improve
performance. We call this process reinforcement learning after Mendel and
McLaren (1970), who describe its relevance to adaptive control.® To facili-
tate the direct learning of a policy, it is possible to adaptively improve the
criteria for evaluating actions so that the long-term consequences of actions
become reflected in evaluations that are available immediately after an
action is performed. The TD procedure is a method for accomplishing this.

In terms of theories of animal learning, a policy is a stimulus-response
(S-R) rule, and the payoffs delivered to the agent at each stage of the
decision task correspond to primary reinforcement. The TD procedure
provides a gradient of secondary reinforcement by anticipating events that
provide primary reinforcement. According to this view, secondary re-
inforcement is defined in terms of estimates of the expected sum of future
primary reinforcement (possibly discounted). In subsection 7.2 we describe a
direct method for adjusting policies on the basis of primary and secondary
reinforcement, but it is not our aim to propose this method as a model of
animal learning in instrumental tasks. Such learning probably involves
more than can be accounted for by this kind of S-R model (see, for example,
Dickinson 1980 and Rescorla 1987). Combining the TD procedure with
model-based methods may provide a more satisfactory account of animal
behavior in instrumental conditioning tasks. Watkins (1989) discusses some
of the issues that arise in combining direct and model-based learning
methods.

4 Mathematical Framework

4.1 Systems and Policies

We assume that the system underlying the decision task is a discrete-time
dynamical system with a finite set of states, X. At any time step f = 0, 1,
2, ..., the system can be in a state x € X. After observing the system state
at time step ¢, the agent selects (and performs) an action from a finite set,
A, of possible actions. Suppose that at time step £, the agent observes state
x and selects action a. Then, independent of its history, the system makes
a transition from state x to state y with a probability that depends on the
action a. We denote this probability P, (a). When this state transition
occurs, the agent receives a payoff, denoted r, which is determined ran-
domly in a manner depending on x and a. This sequence of events repeats
for an indefinite number of time steps. Because we shall be concerned only
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with the expectation of the total amount of payoff accumulated over time, it
is not necessary to specify the details of the probabilistic process by which
a payoff depends on states and actions. It suffices to specify only how the
expected value of a payoff depends on actions and states. We let R(x, a)
denote the expected value of a payoff received as a consequence of per-
forming action a when observing state x. We assume that the payoff whose
expected value depends on the system’s state and on the agent’s action at
time step ¢ is received by the agent at the next time step: ¢ + 1. Although
this formalism can be modified to let the set of actions available to the
agent depend on the system'’s state, for simplicity we have chosen to let the
set of actions, A, be the same for each state.

The objective of the decision task is to find a policy for selecting actions
that is optimal in some well-defined sense. In general, the action specified
by the agent’s policy at a time step can depend on the entire history of the
system. Here we restrict attention to stationary policies, which specify
actions entirely on the basis of the current state of the system. A stationary
policy can be represented by a mapping, denoted =, that assigns an action
to each state. The action specified by policy = when the system is in state
x is denoted 7(x). For the route-finding example, a policy specifies what
direction to move from any location. In subsection 7.2, we consider policies
that specify actions probabilistically based on the current state of the
system.

Letting z, denote the system state at time step f, if the agent is using
policy n then the action it takes at step f is a4, = n(x,). The system state
changes according to

Prob{x,,, = y|xo. a0, %y, 4y,...,%, = x,8, = a}
= Prob{x,,; = ylx, = x,a4, = a} = P, ,(a).

Letting r,,, denote the payoff received by the agent at time step ¢ + 1, we
have

Elr,4y|x,. a] = R(x,, a,), (1)

where E indicates expected value. Figure 2 illustrates this formulation by
showing when the relevant quantities are available to the agent, how they
change over time, and on what information they depend. Because we
assume the policy = is stationary, the sequence of states forms a Markov
chain with transition probabilities P,, = P, (rn(x)). For this reason, decision
tasks of this kind are called Markov decision tasks.

For the route-finding example, the state set, X, consists of the 96 differ-
ent locations, one of which is the goal; the action set, A, is {N, S, E, W};
R(x,a) = —1 for all states x and actions a4, except for the goal state, g, for
which R(g,a) = 0 for all actions 4. Because the system in this example is
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Figure 2

How the state, the action, and the payoffs change over time in a sequential decision task.
The computation of the action, the state, and the payoff are shown for three successive time
steps. The squares labeled =, P, and R respectively represent the decision policy, the
state-transition computation, and the payoff computation. The stochastic aspects of the
system are illustrated as disturbances influencing the latter two computations. In “space-
time” diagrams of this type, several of which appear below, the quantities between two bold
vertical lines are labeled with the same time subscript (exceptions to this which occur below
are explained in the text). The repetition of a rectangle representing a system component
indicates the same component viewed at different times.

deterministic, R(x, ) is the actual payoff received by the agent for perform-
ing action 4 in location z, and the transition probabilities equal either 1 or
0: P, (@) = 1 if action @ moves the agent from location x to location y, and
is zero otherwise.

4.2 Return and Evaluation Function

It is now possible to define a policy’s return, which for our purposes will be
the infinite-horizon discounted return. Suppose an agent begins interacting
with a system at time step t = 0 and is able to continue for an infinite
number of time steps. Using discount factor 7, the measure of the total
amount of payoff that the agent will receive over this infinite time period is

oty YAy @)

When 0 <y < 1, the powers of y weighting the payoffs form a decreasing
sequence so that later payoffs are weighted less than earlier ones, with
payoffs in the far distant future contributing negligibly to the return. If
7 = 0, the sum in expression 2 is simply the immediate payoff, r,, due to
the first action, ao; if y = 1, it is the sum of all the payoffs received and it
generally is not finite.” The discount factor adjusts the degree to which the
long-term consequences of actions must be accounted for in a decision task
and influences the rate at which learning occurs. Although we do not
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discuss the problem of determining what discount factor is appropriate for
a particular application, it is clear that a value close to 1 is appropriate
when there is a high degree of certainty about how the system will evolve
over time. One would want to sacrifice short-term return only for long-
term return that is highly certain. We also do not discuss procedures for
dynamically adjusting y with experience, even though this would be useful
in many applications.

In addition to depending on the system underlying the decision task, the
initial system state, and the decision policy used by the agent, the sum
given by expression 2 depends on unknown or random factors influencing
the state transitions and the payoffs. The expected value of this sum over
all possible decision tasks starting with initial state x when the agent uses

policy 7 is

E[Zo P*ralxo = x], 3)
P

where E, indicates that the expected value is taken under the assumption
that policy = is used to select actions. We can think of this quantity as the
value of a function, denoted V*, assigning an expected retumn to each
system state x:

Ve = E[z Vroos |70 } (@

This function is the evaluation function for policy m. For each state x, V*(x)
is the expected return over the infinite number of time steps beginning at
t = 0 under the conditions that the system begins in state x and the agent
uses policy n, where it is understood that the discount factor, y, has some
specified value. We call V*(x) the evaluation of state x.

Because a system state has the property that the future behavior of the
system does not depend on how or when the system arrives at a state, the
evaluation of a state is in fact the expected return over an infinite number
of time steps beginning whenever the system enters that state under the
condition that the agent continues to use policy = thereafter. The evalua-
tion of a state is a prediction of the return that will accrue throughout the
future whenever this state is encountered. If one can determine the evalua-
tion of a state merely from observing the system when it is in that state,
then this prediction is effectively available immediately when the system
enters that state, even though the prediction contains information about
the entire future.

For the route-finding example, the evaluation of location x for policy
depends on the expected number of time steps the agent takes to reach the
goal from location x using policy . If = always brings the agent to the goal
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in, say, n time steps from a location z, then
Vir) = —1 —y ___.),2 e 7"_1.

The series has n terms because the payoff is 0 for all time steps after the
goal is reached. When y = 1, this series sums to —n, and as y decreases,
the sum becomes less negative, approaching — 1 as y approaches 0. The
evaluation of the goal, V*(g), is 0 for any policy. In this task, because a
location’s evaluation is directly related (depending on y) to the negative of
the number of time steps to the goal, the larger a location’s evaluation for
policy =, the fewer time steps are required to move from it to the goal
using 7. If n does not generate a path from x to the goal in any finite
number of steps, which can happen if 7 produces a looped path, then

a0

Vi = — Y 7,

t=0
which converges to
—1/1—-y< -1
fo<y<l

4.3 Optimality

Let = and n’ be any two policies. Policy n' is an improvement over policy
7 if the expected return for 7’ is no smaller than that for = for any state,
and is larger for at least one state. More precisely, n’ is an improvement
over m if V™ (x) > V™(x) for all states x, with strict inequality holding for at
least one state. A policy is an optimal policy, which we denote =*, if no
policy is an improvement over it. Because the optimality of policies de-
pends on the discount factor, technically we should refer to y-optimal
policies. As y changes, different policies become optimal because a policy
best for short-term versions of a task will generally not be best for long-
term versions. However, for simplicity, we omit reference to y if no confu-
sion is likely to result, and we assume that whenever policies are compared
they are compared according to expected returns defined for the same y. In
the route-finding example, recalling that a location’s evaluation is directly
related to the negative of the number of time steps to the goal, an optimal
policy takes the agent from any location to the goal in the fewest possible
time steps.

There can be many optimal policies for a given decision task. For
example, in the route-finding illustration, there are several different ways to
move from most locations to the goal in the minimum number of time
steps. However, the evaluation functions for any two optimal policies must
be identical. In the route-finding example, this corresponds to the simple
observation that all the minimum-time paths from any location to the goal
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must be traversable in the same number of time steps. We can therefore
define the unique optimal evaluation function (which we denote V*) for a
given decision task as the evaluation function for any optimal policy. For
any optimal policy 7%,

Ve(x) = V()

for all states x. An agent using an optimal policy will maximize the ex-
pected return from any system state. The object of a sequential decision
task is to find one of the optimal policies.

5 Stochastic Dynamic Programming

The definition of the evaluation function for a given policy given by
equation 4 does not immediately suggest how the values of this function
can be computed. For policy =, the evaluation of a state depends on all
possible state sequences that can occur when policy 7 is used, and on the
probabilities that these sequences occur. Even if one knows all the transi-
tion probabilities and the expected values of all payoffs, it is not immedi-
ately obvious how one can compute the evaluations of states. Similarly, it
is not obvious how to determine the optimal evaluation function or an
optimal policy. Stochastic dynamic programming provides methods for
computing the evaluations of states, or for approximating their evaluations
as closely as desired, as well as for approximating the optimal evaluation
function and an optimal policy, under the assumption that one has an
accurate model of the decision task. Having an accurate model of the
decision task means knowing the payoff expectations, R(x,a), and state-
transition probabilities, P, (a), for all states x and y and all actions a.

We first describe a dynamic programming method for finding the eval-
uations of states for a given policy, 7, under the assumption that we have
an accurate model of the decision task.® Then we describe dynamic pro-
gramming methods for finding the optimal evaluation function and an
optimal policy, again assuming an accurate model of the decision task.
Consequently, in this section we discuss the computation of these various
functions given that we have all the relevant knowledge about the decision
task. These computational methods provide the background for under-
standing how these various functions can be learned without assuming this
kind of knowledge using the methods presented in subsections 7.1 and 7.2.

5.1 Computing State Evaluations for a Given Policy

The evaluation of state x for policy n, V*(x), gives the expected return if
policy 7 is used throughout an infinite-horizon decision task beginning in
state x. One method for determining a state’s evaluation is to approximate
it as the evaluation for a finite-horizon version of the task with a horizon
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chosen large enough to produce an approximation of sufficient accuracy.
As the horizon of this finite-horizon task increases, the approximation
approaches the state’s true evaluation. This is a simple method of succes-
sive approximations, although it can be computationally costly if there is a
large number of states.

If the agent interacts with the system by using policy = for some finite
number of time steps, 1, then we can consider the expected return for this
finite-horizon task. This n-step expected return for state x, denoted V*(x),
is the expected value of the sum of the first n terms of expression 2. We
call this the n-step evaluation of state x. The successive approximations
method begins with n = 1. It is easy to find the one-step evaluation of
state x, V{"(x). This is the expected value of the payoff the agent will receive
by using policy n for one step starting in state x. According to the
framework described in section 4, we know that the action the agent will
make is determined by applying policy = to the state x. This action is
a = n(x). We also know from equation 1 that the expected value of the

_payoff as a result of performing action a from state x is R(x, a). Then we
have

V¥ (x) = R(x,a) = R(x, n(x)).

Applying this equation to all system states completely determines the
one-step evaluation function, V', for policy .

Suppose this has been accomplished so that V{* is known, and now
suppose that the agent faces the two-step task starting in state x. After the
agent performs action a = n(x), it receives payoff with expected value
R(x, a), and the next system state is y with probability P, (a). If we call the
actual next state y, then the agent faces the one-step task from state y, and
it already knows that the expected return for using policy = for one step
beginning in state y is the one-step evaluation of y, V;*(y). Thus, if the next
system state is y, the two-step evaluation of x (i.e., the two-step expected
return for state x) will be the expected value of the immediate payoff,
R(x, a), plus the one-step evaluation, discounted by y, of y, which is yV*(y).
However, in general, the transition to a next state, y, occurs with prob-
ability P, (a). Thus, instead of using the one-step evaluation of the actual
next state, one must use the expectation over all possible next states of the
one-step evaluations of these states, which is

2 Po@Vi(y).
¥

We therefore have »
Vi(x) = R(x,a) +y ZX P, (a)Vi*(y) (5)
ye
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for all states x, where a = n(x). In a similar manner we can determine V7
from V7, VJ from V¥, and so on. The general rule for determining V;* in
terms of V", is a basic equation of stochastic dynamic programming:

Vi) = Rx, n(x) + 7y ZX P, (n(x) Vi (y) (©)
ye

for all system states x.

This iterative process for computing the evaluations of system states
makes it clear why dynamic programming methods are said to proceed
from a tasks’s end to its beginning. Computing V{* can be viewed as
considering the decision task when one step remains before the horizon is
reached; computing VJ can be viewed as considering the decision task
when two steps remain before the horizon is reached; and so on. For an
infinite-horizon task, which is our major concern here, it turns out that
the desired evaluation function is the unique limiting function generated
by continued successive application of equation 6 (provided y < 1) and,
further, this evaluation function is the unique function, V™, satisfying the
following equation for each state x:

V*x) = R(x, n(x)) + ZX P, (@) V*(y). ?)

ye

In fact, the function V™ satisfying this equation is the unique limiting
function generated by successive application of equation 6 beginning with
an arbitrary real-valued function of system states, and not just with V.
Because of the discount factor, the influence of the initial function on V,*
decreases with repeated applications of equation 6. However, choosing the
initial function to be a good approximation of the desired evaluation
function can considerably reduce the number of iterations required to
achieve a given degree of accuracy, as can reducing y.°

The successive application of equation 6 can be illustrated with the
route-finding example. First, we know from the description of the task in
section 2 that V{*(x) = —1 for all locations x except the goal, where it is 0.
Now apply equation 6 with n = 2 to determine V}(x) for each location x.
To do this , note that, because the task is deterministic, for any location z,
P,,(n(x)) = 1 only for the one location y (say y = x') that is always reached
from x by performing action n(x). Therefore,

Z ny(n(x)) Vi(y) = Vit (x').

So we need only consider in turn each location, z, and its immediate sequel,
x', determined by the action =n(x). Applying equation 6 with n = 2, if
neither x nor 1’ is the goal, g, we have

Vi = —1+yx(=1)=—-1—y
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if x # g but 2’ = g, then
Vi@)= —1+yx0= —1.

and if x = g then it must be that 2’ = gand
V@) =049 x 0=0.

We can now apply equation 6 with # = 3 to each location to determine
V3. Again consider in turn each location, x, and its immediate sequel, 1/,
determined by the action (x). Applying equation 6 with n = 3, if neither
x nor x" is the goal, we have

Vi) = —1+yx(=1—9)=—1—y—4%
if x # g but 1’ = g, then

Vie)= —1+yx0= —1;
and if x = g then it must be that x’ = gand

Vi) =04y x 0=0.

Continuing the application of equation 6 eventually produces the location
(or state) evaluations given in subsection 4.2.

5.2 Computing an Optimal Policy
We now discuss two methods for finding a policy that maximizes expected
return under the assumption that a complete and accurate model of the
decision task is available. Consequently, we assume that R(x, a) and P, (a)
are known for all actions a and for all states x and y. Recall that an optimal
policy is a policy that cannot be improved upon in terms of expected
return—that is, in terms of the expected total amount of payoff (suitably
discounted and summed) it produces over the course of the decision task.
The optimal evaluation function is the evaluation function corresponding
to an optimal policy. Although there can be many optimal policies, there is
only one optimal evaluation function.

If we know the optimal evaluation function, V*, it is relatively easy to
form an optimal policy. The optimal action when the system is in state x is
the action, 4, that maximizes

R(x,a) + y ZX P @ V*(y). (8)
ye

This is the sum of the expected value of the immediate payoff, R(x, a), and
the expected value, taken over the states that can be reached in one step,
of the infinite-horizon evaluations of possible next states, discounted by 7,
under the assumption that an optimal policy is used throughout the future.
Selecting an action that maximizes expression 8 effectively answers the
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question “What action is best to perform now, on the assumption that an
optimal policy will be followed in selecting all the future actions?” If we
know V*, it is relatively easy to select an action that maximizes the
quantity given by expression 8. We need only examine the consequences
of applying action sequences of length 1, because the consequences of all
the longer action sequences are summarized in the known optimal evalua-
tion function, V*. Because we are assuming a complete model of the
decision task and knowledge of V*, all the quantities involved in expression
8 are known. Hence, we can find an optimal action for state x by calculating
expression 8 for x and each action, 4, and selecting the action that produces
the largest result. Doing this for all system states x produces an optimal
policy. For a discount factor close to 0, the optimal action for each state is
most strongly influenced by the expected value of the immediate payoff,
R(x, a); for a discount factor equal to 1, on the other hand, the estimated
total amount of payoff that will be accumulated throughout the future,
given by

Y. Po@V*(y)
yeX

is given a weight nearly equal to that of immediate payoff. Therefore
the discount factor can be regarded as determining how the agent trades
off an estimate of future return with an estimate—which is usually more
accurate—of immediate payoff.

According to the above analysis, for an infinite-horizon task, finding an
optimal policy can be reduced to the task of finding the optimal evaluation
function. The optimal evaluation function can be approximated by a
method of successive approximations similar to the one described above
for approximating the evaluation function for a given policy (equation 6).
Here, however, it is necessary to determine the maximum expected return
at each step. Let V' denote the optimal evaluation function for the first n
steps of the infinite-horizon decision task; that is, V*(x) is the maximum
expected return if the decision task is terminated n steps after starting in
state x. For n = 1, the maximum expected return is just the maximum of
the expected values for the immediate payoff:

Vi (x) = max R(x, a). 9
acAd

Suppose, then, that we know VY, and the agent now faces the two-step
task starting in state x. If the agent performs an action a (whatever it may
be), it will receive a payoff with expected value R(x, a), and the next state
of the system will be y with probability P, (). If we call the actual next
state y, then the agent faces the one-step task from state y, and we already
know that the maximum expected return for this one-step task is V(y).
Thus, if the next system state is y, the maximum expected return for
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two steps starting in state x is obtained by performing the action that
maximizes the sum of the expected value of the immediate payoff, R(x, a),
and the one-step optimal evaluation, discounted by the factor y, of y, which
is yV{'(y). However, because the transition to the next state, y, occurs with
probability P, (a), instead of using the one-step optimal evaluation of the
actual next state, one must use the expectation over all possible next states
of the one-step optimal evaluations of these states, which is

Y P, @Vi(y).
¥y

We therefore have
Vi) = maX[R(r, a)+y ) P,@) Vf(y)] (10)
ac A yeX

for all states x. In a similar manner we can determine Vi from V3, V? from
V3, and so on. The rule for determining a V¥ in terms of V*_, is

Vi) = maj( [R(x, a) +y ZX P, (a) V,:’_l(y):l (11)
ae ye

for all states x (cf. equation 6).

The limiting values obtained by the repeated application of equation 11
are the values of the desired optimal evaluation function, V*. Moreover,
this function is the unique function that satisfies the following equation,
which is another basic equation of stochastic dynamic programming (cf.
equation 7):

V*(x) = max [R(x, a)+y ) P, V”(y)] (12)
acA yeX

for all states x. The repeated application of equation 11 is a method of
successive approximations, called value iteration, for computing the optimal
evaluation function. Here too, it is not necessary to begin the process with
Vi'; one can begin with an arbitrary real-valued function of the system
state.!® Choosing this function to be a good approximation of the optimal
evaluation function can reduce the number of iterations required to achieve
a given degree of accuracy.

In order to find an optimal policy, then, one first approximates the
optimal evaluation function, V*, by value iteration (repeated applications of
equation 11) and then determines an optimal policy, n*, by defining it to
select an action that maximizes expression 8 for each state x. If more than
one action maximizes equation 8, it does not matter which one is selected.
If V* is computed with sufficient accuracy, this process produces a policy
(there may be others) that maximizes the expected return given by equa-
tion 4.
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To make value iteration more concrete, consider how it applies to the
route-finding task. Assuming that we have no better approximation for the
optimal evaluation function, we begin by determining the one-step optimal
evaluation function using equation 9. For the one-step task, no matter what
action is chosen from any non-goal location, the one-step return is —1.
Hence, Vi'(x) = —1 for all locations x # g, and clearly V}'(g) = 0. Apply-
ing equation 11 with n = 2 to find the optimal two-step evaluation func-
tion can be visualized as follows. For each location xz, determine the result
of applying each of the four actions in terms of the sum of the immediate
payoff and the discounted evaluation, V', of the location that results
from the action. The maximum of these four sums is V3 (). In this case,
V3(x) = —1 — y for all locations x except the goal, g, and those locations
immediately adjacent to g: g retains an evaluation of 0, and locations
adjacent to g retain the evaluation — 1. In a similar manner, one can see that
V3(x) is O for x = g; it is — I for locations immediately adjacent to g, it is
—1 — y for locations two steps away from g, and it is —1 — y — 72 for all
other locations. As this computation is repeated, the evaluations of loca-
tions stabilize from the goal outward until the evaluations of all locations
are determined. In the route-finding task this happens in a finite number of
applications of equation 11, because all optimal paths must reach the goal,
after which payoff no longer accumulates. An optimal policy always moves
the agent to the adjacent location that has the largest evaluation according
to the optimal evaluation function. If two or more adjacent locations have
this maximum evaluation, it does not matter which one is chosen.

We now describe a different method of successive approximations for
constructing an optimal policy that is more closely related to the learning
method we describe in section 7 than is value iteration. This method is
called the policy-improvement method, or policy iteration (Howard 1960; Ross
1983), because it generates a sequence of policies, each of which is an
improvement over its predecessor.

Although one needs to know the optimal evaluation function in order to
define an optimal policy, the policy-improvement method is based on the
observation that all one need know in order to improve a given policy is the
evaluation function for that given policy. Suppose that the current policy
is = and that we have constructed the evaluation function, V*, for this
policy. Further, suppose that n" is some proposed policy, and that we wish
to see if n’' is an improvement over m. Recall that a policy n’ is an
improvement over n if V™ (x) > V*(x) for all system states x, with strict
inequality holding for at least one state, where V* and V* are the evalua-
tion functions, respectively, for policies n’ and . Thus, one way to de-
termine if 7’ is an improvement over © would be to compute V™ (x) and to
compare it with V" (z) for every state x. However, there is a much simpler
way to do this that does not require constructing V. Consider the ex-
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pected return, starting in state x, that would result from using policy n’ for
one step and then using policy n thereafter. The expected return for this
composite policy is

R(x,n'(x)) + v Zx P (n@)V™(y). (13)

ye

If this quantity is greater than or equal to V*(x) for all states x, and strictly
greater for at least one state, then it can be shown that n’ is an improve-
ment over 7.

Instead of using expression 13 just to check if a proposed policy is an
improvement over the current policy, one can use it to define a new policy
that improves over the current one. Define a new policy to be the one that
for each state, x, specifies the action, n’(x), that maximizes expression 13.
Thus, the new policy is an optimal policy with respect to the evaluation
function of the current policy, V™. It can be shown that either this new
policy is an improvement over the current policy or else both the current
policy and the new policy are optimal (Ross 1983). Because we are assum-
ing that we know the evaluation function for the current policy, determin-
ing the new policy by maximizing expression 13 requires lookmg only one
step ahead from every state.

The policy-improvement method is based on the foregoing ideas and
works as follows. First select an arbifrary initial policy; call it n,. Then
compute the evaluation function, V™, for n, by solving the system of
equations defined by equation 7 by the repeated application of equation 6
or some other means. Given V™, determine a policy which is optimal with
respect to it by defining that policy to select for each state, x, an action, a,
that maximizes

R(x,a) + v ZX P, (@) V™(y).
ye

Call the resulting policy =,. Either n, is an improvement over 7, or else
they are both optimal. If they are not optimal, the next step is to compute
the evaluation function, V™, for policy =, and then define a policy that is
optimal with respect to it. Call this policy =,. It will be an improvement
over 7y, or else both n, and =, are optimal. The method continues in this
way; policies are formed, evaluation functions corresponding to them are
computed, and then new, improved policies are formed. If the state set, X,
of the system underlying the decision task is finite, this method will
produce an optimal policy after some finite number of iterations.

This completes our exposition of the basic concepts and computational
methods of stochastic dynamic programming, all of which are well known
to control and decision theorists. In addition to requiring a complete
and accurate model of the decision task in the form of knowledge of all
the state-transition and payoff probabilities, the procedures described
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above for approximating the evaluation function for a given policy, the
optimal evaluation function, and an optimal policy can require considerable
amounts of computation. The concepts and methods of stochastic dynamic
programming permit clear statements of some of the most important things
we would like an agent to learn from its experiences interacting with a
dynamical system, but they do not provide more than hints about how to
devise learning methods that can operate in real time and that do not
require a complete model of the decision task. For this we have to turn to
another body of theory, also well known within mathematical and engi-
neering disciplines, that concerns techniques for estimating parameter
values. We shall see in section 7 that the temporal-difference procedure is a
method for estimating the parameters specifying the evaluation function
for a given policy in the absence of a model of the decision task. We shall
also describe how the TD procedure can be incorporated into real-time
procedures for improving decision policies.

6 Parameter Estimation

The TD procedure is a method for estimating an evaluation function by
means of parameter estimation. Methods for parameter estimation are central
to the fields of pattern classification (Duda and Hart 1973; Sklansky and
Wassel 1981), adaptive signal processing (Widrow and Stearns 1985), and
adaptive control (Goodwin and Sin 1984), as well as to the field of con-
nectionist modeling (Anderson and Rosenfeld 1988; Hinton and Anderson
1981; McClelland and Rumelhart 1986; Rumelhart and McClelland 1986).
For example, one way to construct a useful pattern classifier is to assume
that the classification rule, or decision rule, is a member of a specific class
of rules, where each rule in the class is specified by selecting values for a set
of parameters. The problem of constructing a useful decision rule is there-
fore reduced to the problem of finding parameter values that specify a
useful decision rule. The latter problem is usually formulated as one of
estimating the parameter values that are optimal according to some pre-
defined measure of decision-rule performance.

In signal processing and control, one is often seeking mathematical
formulas capable of producing numerical values that match values mea-
sured from some physical system. One may wish, for example, to have a
formula giving a patient’s blood pressure as a function of the amount of a
drug administered (Widrow and Stearns 1985). Such a formula constitutes
a model of a functional relationship implemented by the physical system,
and it can be used for a variety of prediction and control purposes. We call
this functional relationship the modeled function.'* Given an encoding of
some input information (e.g., the amount of a drug administered), the
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model output should match the output of the modeled function for that
same input (e.g., the patient’s resulting blood pressure).

Among the most important elements in formulating a parameter-
estimation task is the selection of a method for representing the physical
aspects of the problem as signals that act as input and output of the
decision rule or model. What aspects of objects, inputs, states, etc. should
be measured to provide data for decision making or modeling? If basic
physical variables (e.g., blood pressure) are obvious candidates, should they
be represented simply as real-valued measurements, or should they be
coded in some other way? Similarly, how is the output of the decision rule
or model to be interpreted? There is little useful theory to guide these
aspects of formulating a parameter-estimation task.

Another aspect of formulating parameter-estimation tasks for which
there is little theory is the selection of the parameterized class of decision
rules or models, a choice that includes deciding how many parameters to
use and how their values define the rule or model. Generally, one must
make a compromise between the complexity of a rule or a model and its
adequacy for the application. In this chapter, we restrict our attention to
one of the simplest classes of models and use a very simple representation
for the route-finding example, but we indicate how more complex choices
can be accommodated.

Other important elements in formulating a parameter-estimation task are
the choice of a performance measure and the type of estimation algorithm
most appropriate.’? Estimating parameters depends on comparing the per-
formance of the different decision rules or models specified by different
parameter values. The best measure of performance might evaluate the
overall, final performance of the system that makes use of the decision rule
or model. However, in practice one has to devise simpler criteria that are
closely correlated with overall performance and yet can be measured easily
and quickly. It is common to measure performance by the average of the
squared error between the output of the decision rule or model and some
target values.

Parameter-estimation methods are classified as either off-line or on-line
methods. Off-line methods operate when all the information relevant to
measuring the performance of a decision rule or model is available at one
time. This information is collected before the analysis that determines
suitable parameter values is performed. On-line methods, on the other
hand, process information as it becomes available over time. Because
on-line methods of parameter estimation incrementally adjust parameter
values while a decision rule or model is in use, they are often regarded as
learning methods, and the information they use to adjust parameter values
is called training information. For applying on-line methods to classification
tasks, training information takes the form of a collection of training
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patterns together with their correct classifications, which are assumed to be
supplied by a “teacher.” For modeling tasks, training information consists
of examples of how the modeled function behaves for a variety of inputs.
In this case, the role of the teacher is played by the modeled function.

We shall be concerned exclusively with on-line methods of parameter
estimation in this chapter. Nearly all the learning methods for connectionist
networks are on-line parameter-estimation methods in which the form of
the decision rule or model is determined by the structure of the network
(which includes the types of units, how many of them there are, and how
they are interconnected). The parameter values correspond to the synaptic
weights. Similarly, many models of animal learning, such as the Rescorla-
Wagner model and the TD model discussed by Sutton and Barto in this
volume, can be regarded as on-line parameter-estimation methods in which
the parameter values correspond to the associative strengths of the compo-
nents of stimuli.

Viewing a learning process as on-line parameter estimation does not
imply a tabula rasa view of that process. Prior knowledge is incorporated in
the task representation, in the class of decision rules or models, in the initial
parameter values, and in the constraints enforced among parameter values
during learning. Using increased levels of prior knowledge in selecting
these aspects of a task can both accelerate the learning process and improve
the utility of the solutions achieved. The roles played by prior knowledge
in parameter estimation may correspond to the roles played in animal
learning by genetically specified mechanisms and behavior.

6.1 Feature Vectors, Decision Rules, and Models

The framework in which parameter-estimation techniques are applied is
essentially the same for classification tasks and tasks requiring the modeling
of functional relationships. For a classification task, let x denote any one of
the objects we wish to classify. For a function-modeling task, let x denote
any of the collections of data that can be provided as input to the modeled
function. In what follows we will call all such collections of data patterns,
even though this is not the usual term in many function-modeling tasks.
Suppose that a set of measurements can be made of pattern x to produce a
description in the form of a list of attribute or feature values. If there are n
measurements, let ¢, (i = 1, ..., n) denote the “measuring instruments.” If
we assume that the measurements are real numbers, as is usual, each ¢; is a
function from the set of possible patterns to the real numbers.!* With ¢(x)
denoting the value of the ith measurement of z,

$@) = (¢ (@), ..., $u®)T

is the feature-vector description of x. (We assume here that vectors are
column vectors, so the superscript T indicates that the row form shown is
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the transpose of the default column form.) We can think of ¢(x) as the
parameter-estimation system’s internal representation of pattern r.

For a classification task, suppose that each decision rule among the rules
to be considered is defined by a vector of n + 1 parameters,

v= (v, ..., n+1)Tf

where each v, (i = 1,..., n + 1) is a real number. For example, one might
assume that the decision is made by weighting each feature value ¢,(x) by
v; and comparing the weighted sum to a threshold given by —u,,, (the
minus sign is present for a technical reason to be made clear below). The
object is in class 1 if the weighted sum exceeds 0 it is in class 2 if the
weighted sum is less than 0. Each decision rule of this type has the form
. {dass I ifod @)+ + 0,8,0) > —0v,.,
xis . (14)
class 2 ifv, ¢, (x) + - + Upex) < — 0,44
for some parameter vector v. This is the linear threshold rule often used in
connectionist networks, where it is implemented by an abstraction of a
neuron. The parameter values (synaptic weights) specifying the best ap-
proximation to the desired decision rule are initially unknown and are
estimated through the use of a parameter-estimation method.
In a modeling task, one of the simplest classes of models consists of
linear models defined by weighted sums of n feature values, plus the
parameter v, ,:

06,0 + - + nd@) + 0, (15)

This sum is the output of the model specified by the parameter vector v
for input x. Although the development of efficient parameter-estimation
methods for nonlinear models is important for the utility of the methods
discussed in this chapter, the issues we address here are very different, and
for simplicity we assume the use of linear models. It should be clear,
however, that the learning procedures we discuss can be extended to
nonlinear cases (Anderson 1986, 1987).14
Two conventions are usually followed when decision rules or models in
the form of expressions 14 and 15 are used. First, to the list of 1 functions
¢, one adds an (n + 1)st, which is always 1; that is, for any pattern x,
w+1(X) = 1. This makes it possible to write the decision rule given by
expression 14 as follows:

N {class 1 ifoTg@x) >0
i

class 2 ifoTg(x) < 0, (16)

where 0T¢(x) = v, ¢, (x) + --- + Un+10n+1(2) is the inner product, or scalar
product, of the vectors v and ¢(x). Similarly, the parameterized linear model
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given by expression 15 can be written as
T (x). (17

A second useful convention is to refer to the fime at which pattern x
appears for classification, or as input to the modeled function, instead of
referring directly to x. Let ¢, and v, respectively denote the feature vector
and the parameter vector at time £. The set of values that the time variable,
. can take depends on whether one considers continuous or discrete-time
parameter estimation. We restrict attention to discrete-time methods, so ¢
is a non-negative integer.

6.2 Parameter-Estimation Methods

The methods for parameter estimation that we consider are error-
correction methods because they adjust parameters on the basis of errors
between actual and desired outputs of the decision rule or model. Error-
correction methods operate by receiving sequences of training pairs, each
pair consisting of a feature vector and the cutput desired of the decision
rule or model when it is presented with that feature vector as input. The
collection of all training pairs that are available constitutes the training data
for the parameter-estimation task. This paradigm is known as “supervised
learning” or “learning with a teacher.” In the classification task a “teacher”
provides the correct object classifications, whereas in the modeling task the
modeled function acts as a teacher. In what follows, we discuss parameter
estimation in the context of modeling a functional relationship instead of
forming a decision rule, because the TD procedure can be best understood
in this context. Parameter estimation applied to forming a decision rule
becomes relevant in subsection 7.2, where we discuss the estimation of
optimal policies.

An on-line estimation method operates as follows (see figure 3). At time
step £, there is a current estimate, v, for the unknown parameter vector that
specifies the best model within the class of models under consideration.
There is also available a feature vector, ¢, describing the current input, x,,
to the modeled function (so that ¢, is a simpler way to write ¢(x,)). The
feature vector is used as input to the model specified by the parameter
estimate v, and the resulting output of this model is an estimate for the
output of the modeled function given input x,. For the linear model given
by expression 17, this estimate is vT4,. This estimate is then compared with
the actual output of the modeled function, which we assume becomes
available at the next time step, ¢ + 1. This actual output, denoted y,,,, can
be thought of as the “target” value for the estimated output 9”4, and the
estimation error is the scalar

Eev1 = Yra1 — vtT¢t' (18)
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On-line parameter estimation for modeling a functional relationship. The error, ¢,,,, result-

ing from comparing the output of the modeled function, y,,,, with the model’s estimate of

this output, v 4,, is used to update the parameter vector, v,. The input to the model is the

feature vector, ¢, = ¢(x,), determined from the input to the modeled function, x,, by the box
labeled “Representation.” The output of the modeled function is assumed to be a linear
function of the feature vectors. The circle labeled “Y." in this and following figures is a
summation unit, with the signs of the summed quantities labeling each input. Error updates
parameter vector.

In the most widely used methods, a new parameter vector, Upyy, IS
determined from the current vector, v, as follows:

Ut = U + Mt£t+1 ¢z" (19)

where M, is sometimes called the algorithm “gain” at step f. A number of
on-line methods for parameter estimation follow the form of equation 19
but differ in what M, is and in how it is computed. In some methods, M, is
an (n + 1) X (1 + 1) matrix computed in an iterative manner on the basis
of the training data (Goodwin and Sin 1984). Here we restrict our attention
to the simplest case, in which M, is replaced by a positive constant, §,13
which, together with the magnitude of the error, determines the magnitude
of changes in parameter values from one step to the next. In this case we
can write the following parameter-up date rule:

Usr = U + Beidy. (20)

Figure 4 is an elaboration of figure 3 showing how the various quantities
involved in on-line parameter estimation change over time and showing on
what quantities their successive values depend. It shows these quantities for
two successive time steps. The box labeled “Update Parameters” imple-
ments a parameter-update rule such as the one given by equation 20. The
inputs to this box correspond to the variables on the right-hand side of
equation 20.

Because we express parameter-update rules in the vector notation of
equation 20 throughout this chapter, it is important to understand how an
equation written in this form specifies how the value of each parameter
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Figure 4

How the various quantities involved in on-line parameter estimation change over time.
Values for two successive time steps are shown, and a linear model is assumed. The box
(shown once for each time step) labeled “Update Parameters” implements a parameter-
update rule such as the LMS rule.

making up the parameter vector is updated. In equation 20, § and ¢, are
single numbers (scalars) and v, and ¢, are vectors having the same number
of components. Hence, this equation indicates that at time step f one adds
Be,+y times the feature vector ¢, to the parameter vector 0, to form the next
parameter vector, v,,;. This means that the value of the ith parameter at
step £ + 1 is its old value plus Be,,, times the value of the ith feature at
step t.

If the parameterized linear model given by expression 17 is assumed,
then equation 20 can be expanded via equation 18 to yield

U+1 =0 + ﬁ(ytﬂ - vlT¢l)¢t' (21)

This estimation method, presented by Widrow and Hoff (1960) and also
known as the LMS rule, is essentially the same as the Rescorla-Wagner
model of classical conditioning (Rescorla and Wagner 1972; Sutton and
Barto 1981).1¢

Some on-line estimation procedures, such as the LMS rule, can be under-
stood as gradient-descent procedures, which are methods for finding a local
minimum of a surface by moving down the slope, or gradient, of the
surface.!” According to this view, there is a surface, defined over the
space of parameter vectors, whose height at each parameter vector gives a
measure of the error over all patterns of the model specified by that pa-
rameter vector. The task is to search for a parameter vector at which this
surface is minimal. Updating estimates according to equation 19 tends to
form new estimates that are steps down on this error surface. The gain






































































































