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First of all I’d like to express my deep appreciation for all the wonderful work

that’s been done by those who worked as research assistants on the TPS Theorem

Proving System over the years. Here they are, in chronological order:

Eve Longini Cohen 1974–1980

Dale A. Miller 1978–1983

Frank Pfenning 1980–1986

Sunil Issar 1984–1990

Carl Klapper 1984–1987

Dan Nesmith 1987–1991

Hongwei Xi 1992–1995

Matthew Bishop 1992–1999

Chad E. Brown 1999–

Some of them never met each other, but they were essentially able to work effec-

tively as a team in developing TPS over a period of almost thirty years. This was

greatly facilitated by the fine organization for our file system which Frank Pfenning

developed when we were converting everything to Common Lisp.

Sometimes different people have different ideas about the best ways to do var-

ious things. We often resolved such situations by implementing both ideas, and

having flags in TPS which allowed us to experiment with the alternatives.

⋆ This work was supported by NSF grant CCR-0097179.
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One of the great advantages of having bright research assistants is that your

ambition is not inhibited by concerns about the difficulties of the project you have

in mind. I no longer remember who implemented proofwindows in TPS, but I do

remember that when I realized that it would be very nice to have a proofwindow to

display and update a proof as one worked on constructing it interactively, I had no

idea how such a thing could be done. Nevertheless, the research assistant helping

me at the time soon came up with a way of doing it.

The research assistants working on TPS did far more than implement ideas

which I proposed. They also developed and implemented their own ideas, which

have contributed enormously to TPS. Dale Miller, Frank Pfenning, Sunil Issar, and

Matthew Bishop all wrote theses [17, 35, 38, 43] and associated papers [16, 34, 39,

40, 42, 44] whose ideas have been implemented in TPS. Chad Brown is currently

working to finish up his thesis, which will also give TPS a great step forward.

You may recall that Chad presented a paper [19] at the CADE in Copenhagen last

summer. The contributions of the research assistants to TPS are also reflected in a

variety of joint papers [6–15, 18, 41].

I thought it might be appropriate at this time to discuss some historical matters,

particularly matters related to my work, to higher-order logic, and to Herbrand’s

theorem. In the process I will have opportunities to make it clear how contributions

by others have been very helpful to me.

When I was an undergraduate at Dartmouth I was concerned about how various

problems in the world might be solved, or at least alleviated, and I became aware

of how complicated many of these problems are. Attempts to solve them can have

unforeseen side-effects and create new problems. We need very sophisticated meth-

ods of thinking about complex problems. Our technology and scientific knowledge

progress steadily, but are we any better at thinking than Socrates or Pythagoras?

At about this time I took my first logic course, which was taught by John

Kemeny. Kemeny was a remarkable person. While a student at Princeton he was

Einstein’s assistant. At Dartmouth he was Chairman of the Mathematics Depart-

ment and later President of the college. He developed the programming language

Basic and was very active teaching and writing. When he was a graduate student

at Princeton, he undertook to prove rigorously that Zermelo Set Theory was equiv-

alent to type theory in logical strength. This was generally believed at the time.

He found it difficult to do this, and in frustration he exclaimed to his advisor,

Alonzo Church, “I don’t even think it’s true.” To this Church replied, “All right,

prove that”, and Kemeny soon had a proof that the consistency of type theory

could be proved in Zermelo Set Theory, from which it follows by Gödel’s Second

Theorem that Zermelo Set Theory must be stronger than type theory. Kemeny was

a wonderful teacher, and I was enthralled by the discovery that one can actually

study the mysterious process of reasoning in a mathematically rigorous way.

I went to Princeton for graduate work, where Alonzo Church was also my ad-

visor. Of all the things I have to thank Church for, I think the most important one

was inventing the system of simple type theory which he introduced in 1940 [20].
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Of course, Bertrand Russell had developed type theory [49, 60], and I’m very

grateful for this. However, Russell was concerned about avoiding semantic para-

doxes such as Grelling’s paradox⋆ as well as more mathematical paradoxes such

as Russell’s paradox, so in Principia Mathematica he used ramified type theory,

with Axioms of Reducibility to alleviate some of the ramification. The result of

this and other features of Russell’s formulation of type theory made it seem quite

complicated, so in spite of the enormous influence of Principia Mathematica as a

landmark in the development of logic, it was the book that everyone talked about,

but practically no one read.

Church’s type theory is much simpler, and is at the same time a richer, more ex-

pressive language, since it recognizes functions as first-class objects which do not

have to be regarded as sets of ordered n-tuples, and it has λ-notation for functions

and sets. It permits one to express mathematical ideas in ways that are very close

to traditional mathematical notation. Nevertheless, the feeling that type theory is

complicated persists, and many people who are otherwise quite logically sophisti-

cated shy away from it. A simple introduction to type theory can be found in the

last three chapters of my book [5].

I was in graduate school in the early ’60s, when pioneering work in automated

theorem proving was being done, but the resolution method hadn’t yet been in-

vented. As I came to appreciate what a marvelously expressive language Church’s

type theory is, I realized that what interested me most was the development of

a sufficiently deep understanding of how to prove theorems of this system that

one could, in principle, automate the process. I knew that one of the fundamental

theorems underlying proof procedures and decision procedures for first-order logic

was Herbrand’s theorem.

As we seek to understand how to prove theorems efficiently, one of the things we

can ask is “Why is a particular wff a theorem?” A theorem is not simply a wff that

happens to have a proof. It has special structural properties which guarantee that it

is true in all interpretations. The essential idea underlying Herbrand’s theorem is to

focus on this structural aspect of theorems.

Herbrand’s theorem plays a fundamental role in the pioneering papers of Quine

[47], Gilmore [27], Prawitz [45], Davis and Putnam [22], and Davis [21]. In his

paper [48] introducing the resolution method, Robinson referred to his resolution

Theorem as a form of Herbrand’s theorem.

Herbrand was by all accounts a brilliant mathematician. He died in a moun-

taineering accident in the Alps at the age of 23. This was a tragic loss to logic and

mathematics. Herbrand’s proof of his theorem was in his thesis [30].

While I don’t want to get into too many technical details, let’s review the most

important results in this thesis.

⋆ An autological adjective applies to itself. For example, the word “polysyllabic” is polysyllabic,

so it is an autological word. A heterological adjective is one that does not apply to itself. For example,

the word “long” is not long, so it is a heterological word. Grelling’s paradox concerns the question

whether the word “heterological” is heterological.
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Herbrand introduced a system of first-order logic which we shall call H . It can

be described as follows:

(1) All quantifier-free tautologies are axioms of H .

The rules of inference of H are the following:

(2) Rules of Passage [31, pp. 74, 225] for pulling out or pushing in quantifiers, as

when transforming to prenex normal form or miniscope form.

(3) Universal Generalization.

(4) Existential Generalization.

(5) Simplification: From [P ∨ P] infer P.

(6) Modus Ponens: From P and [P ⊃ Q], infer Q.

The rule of Alphabetic Change of Bound Variables is also an implicit rule of

inference of H .

It is easy to see that H is equivalent to a traditional Hilbert-style system of

first-order logic.

We shall use G as a name for the system obtained from H by deleting Modus

Ponens from the list of rules of inference and replacing the Simplification rule by:

(5′) Generalized Simplification: Replace [P ∨ P] in a theorem by P.

Thus, G can be described as follows:

(1) All quantifier-free tautologies are axioms of G.

The rules of inference of G are the following:

(2) Rules of Passage for pulling out or pushing in quantifiers, as when transform-

ing to prenex normal form or miniscope form.

(3) Universal Generalization.

(4) Existential Generalization.

(5′) Generalized Simplification: Replace [P ∨ P] in a theorem by P.

The rule of Alphabetic Change of Bound Variables is also an implicit rule of

inference of G.

Note that G is a cut-free system, but unlike a Gentzen-style system, it has no

rule of Conjunction Introduction.

Herbrand showed how to associate with a wff P of first-order logic certain

quantifier-free wffs which we shall call Herbrand expansions of P. Let us say that a

wff P has the Herbrand property iff some Herbrand expansion of P is tautologous.

Actually, for technical reasons the Herbrand property appears in three forms in

Herbrand’s thesis: Property A, Property B, and Property C. As part of the proof it

is established that they are equivalent to each other.

Herbrand’s proof involved establishing the following claims about any wff P of

first-order logic:



ACCEPTANCE SPEECH 173

(1) If P has the Herbrand property, then ⊢G P.

(2) If ⊢G P, then ⊢H P.

(3) If ⊢H P, then P has the Herbrand property.

The first claim follows from an analysis of the relation between a tautologous

Herbrand expansion of a wff and the wff itself. The second claim is a trivial con-

sequence of the fact that the rules of inference of G are all primitive or derived

rules of inference of H . The third claim is the most difficult to establish; the proof

involves showing that each rule of inference of H preserves the Herbrand property.

Thus, Herbrand asserted that the following are equivalent:

(a) P has the Herbrand property.

(b) ⊢G P.

(c) ⊢H P.

Note that this implies that modus ponens is a derived rule of inference of the sys-

tem G, a result that is closely related to Gentzen’s Cut-Elimination Theorem [25].

It seemed natural to try to extend Herbrand’s theorem to Church’s type theory.

There are elegant proofs of Herbrand’s theorem using semantical concepts. For

example, there is one in section 35 of my book [5]; this proof is inspired by Quine’s

1955 paper [47]. However, the semantics of type theory involve certain matters

that do not arise for the semantics of first-order logic, so I thought I should see if

a purely syntactic proof of Herbrand’s theorem could be extended to higher-order

logic. This meant working with Herbrand’s original proof.

I started work developing a proof of a Herbrand theorem for type theory, using

Herbrand’s proof of his theorem for first-order logic as a guide. However, I kept

running into difficulties and reformulating my approach. Finally, I decided that

I didn’t understand Herbrand’s proof well enough, so I looked at it more carefully.

As van Heijenoort remarks in his anthology, “Herbrand’s thesis bears the marks of

hasty writing. . . . Herbrand’s thoughts are not nebulous, but they are so hurriedly

expressed that many a passage is ambiguous or obscure” [59, p. 525].

I kept trying to make sense of Herbrand’s proof, but finally I told Professor

Church that there seemed to be a gap in the proof.

I should remark that the problem in Herbrand’s proof was with Lemma 3.3 of

Chapter 5. For each positive integer p, Herbrand defined what it meant for a wff to

have Property C of order p. One can describe this at least roughly by saying that

a wff has Property C of order p iff the Herbrand expansion of the wff using all

terms from the Herbrand universe with depth of nesting less than p is a tautology.

The lemma asserted that for each positive integer p, the Rules of Passage preserve

Property C of order p.

Professor Church advised me to consult Burton Dreben at Harvard, who was

the greatest authority on Herbrand’s work, at least in the United States, and whose

work involved applications of Herbrand’s theorem to solvable cases of the decision
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Figure 1. First page of 1962 April 9 letter from Andrews to Dreben.

problem. So I wrote to Dreben. For the sake of historical clarity, some of our

correspondence is shown in the figures included here.⋆

In my letter of April 9 (Figures 1 and 2), I described the problem with the proof

and provided an example where a certain part of Herbrand’s argument did not work.

⋆ Dreben’s letters to the author are published here with the kind consent of his widow, Juliet

Floyd.
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Figure 2. Second page of 1962 April 9 letter from Andrews to Dreben.

In his reply of May 18 (Figures 3 and 4), Dreben ascribed my difficulty under-

standing Herbrand’s argument to a slight ambiguity in it.

On May 31 I pointed out (Figure 5) that there still seemed to be a problem with

the proof.

We agreed that we needed to discuss this matter face-to-face, so I drove to Cam-

bridge and we had a long discussion of Herbrand’s proof on June 19, 1962. Dreben

tried to show me that while Herbrand’s argument was obscure at some points, it was

essentially correct. I’ve learned over the years that many people think faster than I

do, but this was one discussion for which I was well prepared. Every time Dreben

proposed another interpretation of Herbrand’s argument, I already knew what was
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Figure 3. First page of 1962 May 18 letter from Dreben to Andrews.

wrong with it. We discussed it for hours, but finally Dreben realized that there really

was a problem with Herbrand’s proof. Our discussion turned to ways of patching

up the proof, but we didn’t find a way to do this, and I went back to Princeton.

A few weeks later I received the letter in Figure 6. Dreben had found an actual

counterexample to Lemma 3.3. He had found that the wff

[∀y1My1 ∨ ∀y2Ny2 ∨ ∃x3 ∼ Gx3]

∨[∃x1 ∼ Mx1 ∧ ∃x2 ∼ Nx2 ∧ ∀y3 ∼ Hy3]

∨[∃x4Hx4 ∧ ∀y4Gy4]
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Figure 4. Second page of 1962 May 18 letter from Dreben to Andrews.

has property C of order 2, while the wff

[∀y1My1 ∨ ∀y2Ny2 ∨ ∃x3 ∼ Gx3]

∨∃x1∃x2[∼Mx1 ∧ ∼Nx2 ∧ ∀y3 ∼ Hy3]

∨∃x4[Hx4 ∧ ∀y4Gy4],

which can be obtained from it by Rules of Passage, has Property C of order 4 but

of no smaller order.

A simplification of Dreben’s counterexample is discussed in a letter that I sent

to Dreben on July 16 (Figures 7 and 8).

∼[∀x
x ∨ ∼∀yRy] ∨ ∀y1
y1 ∨ ∼∀x1Rx1

has Property C of order 2, while the wff

∼∀x[
x ∨ ∼∀yRy] ∨ ∀y1
y1 ∨ ∼∀x1Rx1,

which can be obtained from it by one application of a Rule of Passage, does not

have Property C of order 2.

Throughout the fall Dreben kept working on weaker forms of the lemma which

would still suffice to prove the theorem, and finding counterexamples to them.

In November I received the letter in Figure 9, stating that Herbrand’s error was

much deeper than Dreben had previously thought, and mentioning some work by

Aanderaa which showed this.

As a result of all this we published the paper [23] giving counterexamples to

Herbrand’s key lemma.

Dreben pursued this matter vigorously, and a few years later he and John Denton

finally managed to prove [24] a weaker form of the lemma which was still sufficient

for filling the gap in Herbrand’s proof.
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Figure 5. First page of 1962 May 31 letter from Andrews to Dreben.

This finishes one chapter in the story of Herbrand’s theorem, but there are some

footnotes.

While our paper on false lemmas was being written, I was considering where I

should be the following year, and I heard a suggestion that I should find out if there

might be any kind of suitable visiting position at the Institute for Advanced Study in

Princeton. I wrote to Kurt Gödel about this, and by way of introduction mentioned

that I had found a mistake in Herbrand’s proof. Gödel subsequently mentioned to
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Figure 6. 1962 July 13 letter from Dreben to Andrews.

Church on the telephone that he had known of errors in Herbrand’s work, and when

I told Dreben about this, he sent a draft of our paper to Gödel. Gödel chose not to

reply to this letter, but when Gödel’s papers were examined after his death, it was

found⋆ that in the early 1940’s Gödel had seen the fallacy in Herbrand’s argument

(though there is no evidence that he had an explicit counterexample to Herbrand’s

lemma), and he had devised a correction which was in all essentials the same as

that in Dreben and Denton’s paper [24].

⋆ See page 389 of [28].
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Figure 7. First page of 1962 July 16 letter from Andrews to Dreben.

Warren Goldfarb has speculated [29, p. 113] that one factor which may have

contributed to Gödel’s reticence to discuss his correction was that Gödel was not

sure that Herbrand’s lemma (which was much stronger than the corresponding

lemma in Gödel’s correction) was actually false.

I mentioned Herbrand’s error to Georg Kreisel when he visited Princeton in the

spring of 1963, and he mentioned it in a letter to Paul Bernays. Bernays replied in

a letter⋆ to Kreisel that Gödel had mentioned Herbrand’s error to him in 1958.

⋆ This letter was mentioned in a letter from Andrews to Dreben dated 1963 April 7.
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Figure 8. Second page of 1962 July 16 letter from Andrews to Dreben.

It is interesting to ask where a correct proof of some form of Herbrand’s the-

orem was first published. A likely candidate is [32, pp. 2–33, 157ff]. Of course,

Herbrand’s theorem is closely related to Gentzen’s sharpened Hauptsatz [25].⋆

I next turned my attention to formulating and proving a cut-elimination theorem

for Church’s type theory, and eventually came up with what seemed like a rather

nice proof. After checking it carefully I took it to Professor Church. He read it

thoroughly with me and agreed that it looked like a good proof.

⋆ See page 106 of [26].
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Figure 9. 1962 November 27 letter from Dreben to Andrews.

However, I had heard that Gaisi Takeuti had done some work [56] which might

be relevant, and I thought it was time to find out about it. Takeuti was working

with a rather different formulation of type theory. He had done extensive work on

the cut-elimination problem for this system, which was generally referred to as

Takeuti’s Conjecture. If one adds an Axiom of Infinity to type theory, one obtains

a system in which one can formalize mathematical analysis and much more, so

it is appropriate to use Analysis as the name for the logical system consisting of

type theory with an Axiom of Infinity. Takeuti had shown that a cut-free system of

analysis must be consistent; thus, on the metatheoretic level Takeuti’s Conjecture

implies the consistency of Analysis [57].

I soon saw that the same basic ideas did indeed apply to the context in which I

was working, and that my cut-elimination theorem implied the consistency of my

formulation of analysis. Various technicalities involving axioms of extensionality

and descriptions arise, and some years later I published a paper [2] explicating

these matters. Some work by Robin Gandy plays a key role in that paper.

My proofs of the cut-elimination theorem and the derivation of the consistency

of analysis from it were purely syntactic, and it was clear that they could be for-

malized within the formulation of analysis I was working with. Thus, it seemed
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clear that I had all the ingredients of a proof of the consistency of this system

within itself. By Gödel’s Second Theorem, this could happen only if this system of

analysis were actually inconsistent. Clearly, I had a problem.

I went back and looked at my cut-elimination proof very critically, and eventu-

ally I did indeed find an error in it, well hidden in a part of the proof which seemed

like the last place one would expect any difficulty. I am grateful to Takeuti and

Gödel, for without the benefit of their work I probably would not have reexamined

this proof, and eventually someone else would have found the error.

One sees over and over again that mistakes do occasionally occur in mathemat-

ical reasoning, and we can look forward to the day when this community builds

tools which will make it practical for serious mathematical proofs to be checked

routinely.

A few years later Takahashi proved Takeuti’s conjecture [55] using semanti-

cal methods which could not be formalized within analysis, and by coincidence

Prawitz proved the same result [46] at just about the same time. Both proofs relied

on some ideas that had been developed by Schütte [50].

Ray Smullyan had developed a very elegant metatheorem which we know as

Smullyan’s Unifying Principle [52, 53], and I built on the ideas of Schütte, Taka-

hashi, and Smullyan to establish [1] a version of Smullyan’s Unifying Principle

for the subsystem of Church’s type theory which I call elementary type theory.

This is Church’s system minus axioms of extensionality, descriptions, choice, and

infinity. Elementary type theory embodies the logic of propositional connectives,

quantifiers, and λ-conversion in the context of type theory. From this Unifying

Principle I derived the completeness of a rather weak form of resolution for type

theory, as well as a cut-elimination theorem for elementary type theory.

Gérard Huet, who was a student at that time, read this paper, or a preprint of it,

and came to talk to me about it. He was interested in the problem of a unification

algorithm for type theory, which was still open, and I encouraged him to work

on it. He soon devised a unification algorithm for type theory [33]. By coinci-

dence, Jensen and Pietrzykowski [36] devised a similar algorithm about the same

time.

Our group developed a theorem proving system called TPS [41] which searched

for matings [4] using higher-order unification [33], and translated these into nat-

ural deduction proofs [3]. TPS could prove some theorems of type theory as well

as theorems of first-order logic, but it was far from complete for higher-order

logic.

I then proved the following

THEOREM. A sentence is provable in elementary type theory if and only if it has

a tautologous development.

DEFINITION. A development of a sentence is a wff obtained from it by a sequence

of the following operations, which may be applied to parts of the wff that are not

in the scopes of quantifiers:
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• Delete an essentially universal quantifier after assuring that its variable is not

free in the current wff.

• Duplicate an essentially existential quantifier.

• Instantiate an essentially existential quantifier with an arbitrary wff.

• Apply λ-reduction.

Note that we are working here with provability rather than refutability, so we

instantiate existential rather than universal quantifiers.

This theorem is a consequence of the cut-elimination theorem. It is an exten-

sion to type theory of Herbrand’s theorem inspired by Herbrand’s Property A. The

theorem and its proof were eventually published in [15].

This provided a significant step toward developing a general theorem proving

system for type theory, but a better representation of higher-order Herbrand ex-

pansions was needed. Dale Miller developed the idea of using a tree-like structure

called an expansion tree proof, otherwise known as an an expansion proof, to con-

cisely represent the theorem, the substitution terms, the tautology, the associated

mating, and the relationships between these entities.

MILLER’S EXPANSION PROOF THEOREM. A sentence is provable in elemen-

tary type theory if and only if it has an expansion proof [38, 40].

This is a very elegant generalization of Herbrand’s theorem to Church’s type

theory. The proof used Smullyan’s Unifying Principle for type theory.

Miller also gave the details of an explicit algorithm for converting expansion

proofs into natural deduction proofs, and proved that it works.

In his thesis [43] Frank Pfenning investigated a variety of issues in higher-order

proof transformations and developed an improved method of translating expansion

proofs into natural deduction proofs based on the use of tactics.

The ideas developed by Miller and Pfenning lie at the heart of the current

version of the automated Theorem Proving System TPS [9, 58] and provide a

firm foundation for automated theorem proving in higher-order logic and for the

investigation of essential structural features of theorems of higher-order logic.

This completes another chapter in the story of Herbrand’s theorem.

Herbrand’s theorem, and various extensions, enhancements, and refinements of

it, have served us very well. Who knows what other fundamental insights into the

structures of theorems remain to be discovered? We may think that theorem proving

is simply hard, and at least in the realm of classical first-order logic without equal-

ity, all we can do is continue to find very efficient ways of searching exhaustively

within the context of currently known theoretical frameworks. However, the history

of science is full of surprises. In the latter part of the nineteenth century it seemed to

many people that all the fundamental discoveries that could be made in physics had

been made. Then along came twentieth century physics. Who knows what waits to

be discovered in our field?
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I’d like to conclude by emphasizing what a wonderful field this is to work in.

Logical reasoning plays such a fundamental role in the spectrum of intellectual

activities that advances in automating logic will inevitably have a profound impact

in many intellectual disciplines. Of course, these things take time. We tend to

be impatient, but we need some historical perspective. The study of logic has a

very long history, going back at least as far as Aristotle. During some of this time

not very much progress was made. It’s gratifying to realize how much has been

accomplished in the less than fifty years since serious efforts to mechanize logic

began. We’re making very satisfying progress.

References

1. Andrews, P. B.: Resolution in type theory, J. Symbolic Logic 36 (1971), 414–432.

2. Andrews, P. B.: Resolution and the consistency of analysis, Notre Dame J. Formal Logic 15(1)

(1974), 73–84.

3. Andrews, P. B.: Transforming matings into natural deduction proofs, in W. Bibel and R. Kowal-

ski (eds.), Proceedings of the 5th International Conference on Automated Deduction, Les Arcs,

France, Lecture Notes in Comput. Sci. 87, 1980, pp. 281–292.

4. Andrews, P. B.: Theorem proving via general matings, J. ACM 28 (1981), 193–214.

5. Andrews, P. B.: An Introduction to Mathematical Logic and Type Theory: To Truth Through

Proof, 2nd edn, Kluwer Academic Publishers, 2002.

6. Andrews, P. B. and Bishop, M.: On sets, types, fixed points, and checkerboards, in P. Miglioli,

U. Moscato, D. Mundici and M. Ornaghi (eds.), Theorem Proving with Analytic Tableaux and

Related Methods. 5th International Workshop (TABLEAUX ’96), Terrasini, Italy, Lecture Notes

in Artificial Intelligence 1071, 1996, pp. 1–15.

7. Andrews, P. B., Bishop, M. and Brown, C. E.: System description: TPS: A theorem proving

system for type theory, in [37], 2000, pp. 164–169.

8. Andrews, P. B., Bishop, M., Issar, S., Nesmith, D., Pfenning, F. and Xi, H.: TPS: An interactive

and automatic tool for proving theorems of type theory, in J. J. Joyce and C.-J. H. Seger (eds.),

Higher Order Logic Theorem Proving and Its Applications: 6th International Workshop, HUG

’93, Vancouver, B.C., Canada, Lecture Notes in Comput. Sci. 780, 1994, pp. 366–370.

9. Andrews, P. B., Bishop, M., Issar, S., Nesmith, D., Pfenning, F. and Xi, H.: TPS: A theorem

proving system for classical type theory, J. Automated Reasoning 16 (1996), 321–353.

10. Andrews, P. B. and Brown, C. E.: Tutorial: Using TPS for higher-order theorem proving and

ETPS for teaching logic, in [37], 2000, pp. 511–512.

11. Andrews, P. B. and Cohen, E. L.: Theorem proving in type theory, in Workshop on Automatic

Deduction, Cambridge, MA, 1977, 5 pp.

12. Andrews, P. B. and Cohen, E. L.: Theorem proving in type theory, in Proceedings of the 5th In-

ternational Joint Conference on Artificial Intelligence, IJCAI-77, MIT, Cambridge, MA, 1977,

p. 566.

13. Andrews, P. B., Issar, S., Nesmith, D. and Pfenning, F.: The TPS theorem proving system, in E.

Lusk and R. Overbeek (eds.), Proceedings of the 9th International Conference on Automated

Deduction, Argonne, IL, Lecture Notes in Comput. Sci. 310, 1988, pp. 760–761.

14. Andrews, P. B., Issar, S., Nesmith, D. and Pfenning, F.: The TPS theorem proving system,

in [54], 1990, pp. 641–642.

15. Andrews, P. B., Miller, D. A., Cohen, E. L. and Pfenning, F.: Automating higher-order logic,

in W. W. Bledsoe and D. W. Loveland (eds.), Automated Theorem Proving: After 25 Years,

Proceedings of the Special Session on Automatic Theorem Proving, 89th Annual Meeting



186 PETER B. ANDREWS

of the American Mathematical Society, held in Denver, Colorado, January 5–9, 1983, 1984,

pp. 169–192.

16. Bishop, M.: A breadth-first strategy for mating search, in H. Ganzinger (ed.), Proceedings of

the 16th International Conference on Automated Deduction, Trento, Italy, Lecture Notes in

Artificial Intelligence 1632, 1999, pp. 359–373.

17. Bishop, M.: Mating search without path enumeration, Ph.D. thesis, Department of Mathemat-

ical Sciences, Carnegie Mellon University. Department of Mathematical Sciences Research

Report No. 99–223, 1999. Available at http://gtps.math.cmu.edu/tps.html.

18. Bishop, M. and Andrews, P. B.: Selectively instantiating definitions, in C. Kirchner and H.

Kirchner (eds.), Proceedings of the 15th International Conference on Automated Deduction,

Lindau, Germany, Lecture Notes in Artificial Intelligence 1421, 1998, pp. 365–380.

19. Brown, C. E.: Solving for set variables in higher-order theorem proving, in A. Voronkov

(ed.), Proceedings of the 18th International Conference on Automated Deduction, Copenhagen,

Denmark, Lecture Notes in Artificial Intelligence 2392, 2002, pp. 408–422.

20. Church, A.: A formulation of the simple theory of types, J. Symbolic Logic 5 (1940), 56–68.

21. Davis, M.: Eliminating the irrelevant from mechanical proofs, in Experimental Arithmetic, High

Speed Computing and Mathematics, 1963, pp. 15–30.

22. Davis, M. and Putnam, H.: A computing procedure for quantification theory, J. ACM 7 (1960),

201–215.

23. Dreben, B., Andrews, P. and Aanderaa, S.: False lemmas in Herbrand, Bull. Amer. Math. Soc.

69 (1963), 699–706.

24. Dreben, B. and Denton, J.: A supplement to Herbrand, J. Symbolic Logic 31 (1966), 393–398.

25. Gentzen, G.: Untersuchungen über das Logische Schließen I und II, Math. Z. 39 (1935), 176–

210, 405–431. Translated in [26].

26. Gentzen, G.: Investigations into logical deductions, in M. E. Szabo (ed.), The Collected Papers

of Gerhard Gentzen, North-Holland, Amsterdam, 1969, pp. 68–131.

27. Gilmore, P.: A proof method for quantification theory, IBM J. Research and Development 4

(1960), 28–35.

28. Gödel, K.: Collected Works, Vol. IV, Clarendon Press, 2003. Edited by Solomon Feferman,

John W. Dawson, Jr., Warren Goldfarb, Charles Parsons, and Wilfried Sieg.

29. Goldfarb, W. D.: Herbrand’s error and Gödel’s correction, Modern Logic 3(2) (1993), 103–118.

30. Herbrand, J.: Recherches sur la théorie de la démonstration, Travaux de la Société des Sci-

ences et des Lettres de Varsovie, Classe III Sciences Mathematiques et Physiques 33 (1930).

Translated in [31].

31. Herbrand, J.: Logical Writings, Harvard University Press, 1971. Edited by Warren D. Goldfarb.

32. Hilbert, D. and Bernays, P.: Grundlagen der Mathematik, Vol. 2, Springer, 1939.

33. Huet, G. P.: A unification algorithm for typed λ-calculus, Theoret. Comput. Sci. 1 (1975), 27–

57.

34. Issar, S.: Path-focused duplication: A search procedure for general matings, in AAAI–90.

Proceedings of the Eighth National Conference on Artificial Intelligence, Vol. 1, 1990,

pp. 221–226.

35. Issar, S.: Operational issues in automated theorem proving using matings, Ph.D. thesis,

Carnegie Mellon University, 1991, 147 pp.

36. Jensen, D. and Pietrzykowski, T.: Mechanizing ω-order type theory through unification,

Theoret. Comput. Sci. 3 (1976), 123–171.

37. McAllester, D. (ed.): Proceedings of the 17th International Conference on Automated De-

duction, Pittsburgh, PA, USA, Lecture Notes in Artificial Intelligence 1831, Springer-Verlag,

2000.

38. Miller, D. A.: Proofs in higher-order logic, Ph.D. thesis, Carnegie Mellon University, 1983,

81 pp.



ACCEPTANCE SPEECH 187

39. Miller, D. A.: Expansion tree proofs and their conversion to natural deduction proofs, in [51],

pp. 375–393.

40. Miller, D. A.: A compact representation of proofs, Studia Logica 46(4) (1987), 347–370.

41. Miller, D. A., Cohen, E. L. and Andrews, P. B.: A look at TPS, in D. W. Loveland (ed.),

Proceedings of the 6th International Conference on Automated Deduction, New York, USA,

Lecture Notes in Comput. Sci. 138, 1982, pp. 50–69.

42. Pfenning, F.: Analytic and non-analytic proofs, in [51], pp. 394–413.

43. Pfenning, F.: Proof transformations in higher-order logic, Ph.D. thesis, Carnegie Mellon

University, 1987, 156 pp.

44. Pfenning, F. and Nesmith, D.: Presenting intuitive deductions via symmetric simplification,

in [54], pp. 336–350.

45. Prawitz, D.: An improved proof procedure, Theoria 26 (1960), 102–139.

46. Prawitz, D.: Hauptsatz for higher order logic, J. Symbolic Logic 33 (1968), 452–457.

47. Quine, W. V.: A proof procedure for quantification theory, J. Symbolic Logic 20 (1955), 141–

149.

48. Robinson, J. A.: A machine-oriented logic based on the resolution principle, J. ACM 12 (1965),

23–41.

49. Russell, B.: Mathematical logic as based on the theory of types, Amer. J. Math. 30 (1908),

222–262. Reprinted in [59], pp. 150–182.

50. Schütte, K.: Syntactical and semantical properties of simple type theory, J. Symbolic Logic

25(4) (1960), 305–326.

51. Shostak, R. E. (ed.): Proceedings of the 7th International Conference on Automated Deduction,

Napa, California, USA, Lecture Notes in Comput. Sci. 170, Springer-Verlag, 1984.

52. Smullyan, R. M.: A unifying principle in quantification theory, Proc. Nat. Acad. Sci. U.S.A. 49

(1963), 828–832.

53. Smullyan, R. M.: First-Order Logic, Springer-Verlag, Berlin, 1968.

54. Stickel, M. E. (ed.): Proceedings of the 10th International Conference on Automated Deduction,

Kaiserslautern, Germany, Lecture Notes in Artificial Intelligence 449, Springer-Verlag, 1990.

55. Takahashi, M.: A proof of cut-elimination theorem in simple type theory, J. Math. Soc. Japan

19 (1967), 399–410.

56. Takeuti, G.: On a generalized logic calculus, Japan. J. Math. 23 (1953), 39–96. Errata: ibid, 24

(1954), 149–156.

57. Takeuti, G.: Remark on the fundamental conjecture of GLC, J. Math. Soc. Japan 10 (1958),

44–45.

58. TPS and ETPS Homepage. http://gtps.math.cmu.edu/tps.html.

59. van Heijenoort, J.: From Frege to Gödel. A Source Book in Mathematical Logic 1879–1931,

Harvard University Press, Cambridge, MA, 1967.

60. Whitehead, A. N. and Russell, B.: Principia Mathematica, Vol. 1, 2nd ed., Cambridge

University Press, 1927.


