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Abstract

We show that determining the Jones polynomial of an alternating link is #P-hard.
This is a special case of a wide range of results on the general intractability of the
evaluation of the Tutte polynomial T(M; x, y) of a matroid M except for a few listed
special points and curves of the (x, t/)-plane. In particular the problem of evaluating
the Tutte polynomial of a graph at a point in the (x, y) -plane is #P-hard except when
(x-l)(y-l) = l or when (x,y) equals (1,1), ( - 1 , - 1 ) , (0 , -1) , ( -1,0) , (i, -i),

(-».*), U,f): (f,j) where j = e™'\

1. Introduction

The original problem motivating this paper is to decide whether or not computing
the Jones polynomial of a link is, in general, a feasible computation. To put this
question in perspective, it is well known that computation of the Alexander-Conway
polynomial of a link is 'easy' (that is, can be done in time polynomial in the size of
the input) being just the expansion of a one-variable determinant, but that the
computations of the Homfly and Kauffman polynomials of a link are iVP-hard
(Jaeger [15], Thistlethwaite[40]). The Jones polynomial could be regarded as lying
somewhere between the Alexander-Conway polynomial and these two other link
polynomials in terms of computational difficulty. However, as we shall see, it turns
out to be computationally intractable in a very strong sense, even for the special case
of alternating links.

To obtain this result we use intimate relationships between links, graphs and
matroids representable over various fields. The common basic concept is the Tutte
polynomial T(M;x,y) (or equivalently the Whitney rank generating function) of a
matroid M. For cycle matroids of planar graphs, this two-variable polynomial
specializes along a particular hyperbola of the plane to the Jones polynomial of an
alternating link (up to a normalization factor). Many other specializations of the
Tutte polynomial are known, in areas as diverse as statistical mechanics (via the
Ising and Potts models), percolation and reliability theory, colouring and flows in
graphs and in determining the weight enumerator of a code. Details of some of these
specializations are given in Section 2.
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As far as the notions of computational complexity are concerned, one of its main
aims is to classify and explain the gulf that separates tractable problems from the
apparently intractable. We will now briefly review the main ideas of complexity as
applied to enumerative problems.

We will regard a computational problem as a function mapping instances to
solutions (a link diagram to its Jones polynomial, for example). A problem is
polynomial time computable if there exists an algorithm which computes this function
in a length of time (number of steps) bounded by a polynomial in the size of the
problem instance. The class of such problems we denote by P. As usual the formal
model of computation is the Turing machine and if A,B are two problems we say that
A is polynomial time (Turing) reducible to B, written A oc B, if it is possible with the
aid of an oracle (or sub-routine) for problem B to solve A in polynomial time (in other
words, counting calls to the 2?-oracle as a single step the number of steps needed to
solve A is polynomially bounded).

The class #P can be described informally as the class of enumeration problems in
which the structures being counted are recognizable in polynomial time, that is, there
is an algorithm which in time polynomial in the size of the problem instance will
verify whether a given structure has the correct form to be included in the count.

For example, suppose the problem is to count the number of truth assignments of
a Boolean formula of length n in conjunctive normal form. Since it is easy to check
in time polynomial in n whether a given assignment satisfies the given formula, the
problem of counting the satisfying assignments is in the class #P. Thus the class #P
is the enumerative analogue of the more well known class NP of decision problems
solved in polynomial time by a non-deterministic Turing machine.

What makes #P important is that it contains problems called #P-complete
problems which are proven to be at least as hard as any problem in the class. A
problem A in #P is #P-complete if for any problem B in #P, B is polynomial-time
reducible to A. If a polynomial time algorithm were found for any such problem it
would follow that #P £ P.

Examples of #P-complete problems are the counting of truth assignments for a
Boolean formula in conjunctive normal form, counting the number of Hamiltonian
paths in a graph, evaluating the permanent of a square (0,1) matrix, together with
several of the more intractable enumerative problems of statistical physics.

In the same way as a problem is described as NP-hard if some AP-complete
problem is polynomial time reducible to it, a problem is #P-hard if some #P-complete
problem is polynomial time reducible to it. If a problem n is #P-hard, then the
existence of a polynomial time algorithm for n would imply the existence of such an
algorithm for all problems in #P. Since #P contains such notoriously intractable
problems as those mentioned above, proving that a problem is #P-hard is very strong
evidence of its computational intractability.

For a precise and more formal treatment of these ideas see Garey and Johnson [10]
or Valiant [43].

We shall show in Section 6 that determining the Jones polynomial of an
alternating link is #P-hard. To do this we use its relationship with the Tutte
polynomial of an associated planar graph [39]. In fact we obtain more general results
on the computational complexity of other well known polynomials associated with
graphs, codes and matroids.
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The reader will notice that many of our results will show that certain evaluations
and computations are #P-hard. We should draw attention to the point that in every
case they are also polynomial time Turing reducible to any #P-complete problem.
However, in general, they are not #P-complete themselves because they are not,
strictly speaking, members of #JP.

2. Matroids and the Tutte polynomial

The Tutte polynomial was originally defined by W. T. Tutte for graphs [41] and
is closely related to an earlier graph polynomial introduced by Whitney [47]. Both
polynomials have a natural extension to matroids [4, 8] in which context they have
several different interesting interpretations. The graph terminology we use is
standard; see for instance [3]. A matroid can be denned in many equivalent ways (see
[45]) but it is probably simplest here to regard it as a pair M = (S,p) where S is a
finite ground set and p: 2 s -> Z is the rank function and satisfies the conditions
(i) 0 ̂  p(A) «S \A\ for all A^S, (ii) p(X) < p(Y) for X £ y c S, (iii) p is submodular,

that is for any two subsets X, Y of S,

p(X U Y) +p(X n Y) < p(X) + p(Y).

A subset of S is independent in M if its rank equals its cardinality, it is a base if it
is a maximal independent set and it is spanning if its rank equals the rank of S. It
is now easy to recognize a matroid as an abstraction of the idea of linear
independence as originally proposed by Whitney [48]. It can be shown that the
collection of its independent sets or spanning sets or bases uniquely determines a
matroid.

Associated with every matroid M = (S, p) is its dual matroidM* = (S, p*) with rank
function defined by

p*{A) = \A\+p(S-A)-p(S) forevery A £ S.

Note that (M*)* = M and the independent sets, spanning sets, bases of M* are the
complements respectively of the spanning sets, independent sets, bases oiM.

An element e of S is a loop of i f if p({e}) = 0, and is a coloop of M if it is a loop of
M*.

Two matroids are isomorphic if there is a bijection between their ground sets which
preserves rank function (and hence independent sets, etc.) in the obvious way.

The matroid M = (S,p) is coordinatizable or representable over a particular field if
there exists a vector space V over that field and a map <f>: S -*• V such that A is
independent in M if and only if <f>(A) is a collection of linearly independent vectors
of V. A matroid is binary (ternary) if it is representable over (F2 (respectively F3).

For any graph G = (V,E) we denote by M(G) the cycle matroid on the ground set
E whose independent sets are those collections of edges which contain no cycle. A
matroid is graphic if it is isomorphic to the cycle matroid of some graph. It is easily
shown that every graphic matroid is coordinatizable over every field. When M is the
cycle matroid of a plane graph its dual matroid is the cycle matroid of the dual plane
graph. For further details of the relationship between graphs, matroids and
representability we refer to the original paper of Whitney [48] or the monograph of
Welsh [45].
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Two fundamental constructions in matroid theory, and particularly in the theory
of the Tutte polynomial are the following Let i f = (S, p) and eeS. The deletion of e
from M is the matroid M\e = (S\{e},p') where p'(A) = p(A) for every A c S\{e}.

The contraction of e from M is the matroid M/e = (S\{e},p") where p"(A) =

p(A U {e})—p{{e}) for every A c: <S\{e}, or equivalently M/e = (J/*\e)*. In particular
for a graph G, deletion and contraction in M(G) correspond to deletion and
contraction of edges in the graph. Any matroid obtained from M by a sequence of
deletions and contractions is a minor of M. It can be shown that the order in which
the deletions and contractions are done does not affect the result.

A less familiar notion is the following. Let M = (S,p) and N= (T, A) be two
matroids on disjoint ground sets 8 and T, and let eeS, feT. For A £ S\{e} and
B c T\{f}, define 8{A,B) to be 1 if p(A) = p(A U {e}) and A(B) = X(B U {/}), and to
be 0 otherwise. The 2-sum of M and N at elements e and / is the matroid on ground
set (S U T)\{e,f} for which the rank of A U B is

p(A) + A(B)-S(A,B) +8(0,0).

For instance, if M = M(G) and N = M(H) for two disjoint graphs G,H, the 2-sum of
M and JV corresponds to the identification of the edges e and / into a new edge which
is then deleted. The concept of 2-sum was introduced by Seymour [36] and is closely
related to the parallel connection introduced earlier by Brylawski[4]. It is of crucial
importance in our proofs, in particular in the use of Brylawski's tensor product [6] of
matroids which we introduce in Section 7.

Let M = (S,p) be a matroid. Its Whitney rank generating function R(M;x,y) is
denned by

(2-1) R{M;x,y)= £ j^ i -^jMMi) .
ASS

Its Tutte polynomial T(M;x,y) is defined by
(2-2) T{M;x,y)=R{M;x-\,y-\).

Basic properties of the Tutte polynomial are given below.
(2-3) If M* denotes the dual of M then T(M*;x,y) = T(M;y,x).

(2-4) T(M; 1,1) counts the number of bases of M.

(2-5) T(M; 2,1) counts the number of independent sets of M.

(2-6) T(M; 1,2) counts the number of spanning sets of M.

(2-7) When M = M(G) and G is a graph with vertex set {vlt..., vn}, the score vector

associated with an orientation of G is the ordered w-tuple (slt... ,sn) where s( is the
number of edges oriented away from v{. It is shown in [38] that T(M;2,1) is the
number of distinct score vectors of G.

(2-8) When M is graphic Rosenstiehl and Read [35] show that

T(M\ - 1 , - 1 ) = (-l) | £ ; |(-2) ( i<B),

where B is the binary bicycle space of M and d denotes dimension. This is easily
extended to binary matroids.

(2-9) When M is a ternary matroid, then for j = e2l"/3,

where B is the ternary bicycle space of any ternary representation oiM and d denotes
dimension (see Jaeger[16]).
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(2-10) When M = M(G) for some graph G, T(M;2,0) counts the number of acyclic
orientations of G (see Stanley [38]). This has been generalized to regular matroids [5],
matroids representable over 05 [49] and oriented matroids [24].

(2-11) When M = M(G), and m is a positive integer, if W(G, m) denotes the number
of pairs (6, (j>) such that 6 is an acyclic orientation of G and <p: V(G)^-{1,2, ...,m} is
such that <f>(u) ^ <p(v) for every edge of G directed from u to v, then from [38],
T(M(G);m+1,0) = W(G;m). When m = 1 this reduces to (2-10).

(2-12) If G is a graph with k connected components and M = M(G) then

AkT(M; 1 -A, 0) = ( - 1)"<M)P(G; A),

where P(G;A) is the chromatic polynomial of G, which when A is a positive integer
n counts the number of vertex colourings of G using n colours.

(2-13) If G = (V, E) is a graph and M — M(G), and H is any abelian group of finite
order h, the number of nowhere zero flows with values in H (see [17]) on the edges of
G (with respect to an arbitrary orientation) is denoted by F(G;H) and is given by

F(G;H) = (-l)W->*M)T(M;0,l-h).

This evaluation gives one of the most interesting Tutte-Grothendieck invariants,
and at the same time one of the quickest proofs of the curious fact that the number
of such flows only depends on the order of the group H.

Suppose now that for a e C we let
(2-14) Ha = {(x,y):{x-l)(y-l) = a}.

Then it is trivial to use (2*1) and (2-2) to verify
(2-15) for any matroid M and point (x, y)eH1

T(M;x,y) = xn{x-\)r~n,

where n is the size and r the rank of M.

(2-16) When M is the cycle matroid of a graph G and (x,y)eH2, the Tutte
polynomial of M evaluates the partition function of the Ising model on G (see [1]).

(2-17) If # is a linear code of length n and dimension r over the finite field F9 the
weight enumerator Ag(^,z) of %> (see [29]) is given by

where M is the matroid induced on the set of columns of a generator matrix of ^ with
independence defined by linear independence over fq (see [12]).

In other words, using a suitable parametrization, along the hyperbola Hg, T

evaluates the weight enumerator of <€.

Apart from the axes and the integer hyperbolae, another 'curve' on which T has
an interesting interpretation is the line x = 1.

(2-18) For any connected graph G = (V, E) and real q with 0 < q < 1, suppose that
each edge of G is, independently of all other edges, removed with probability q or
retained with probability p = l—q. We denote by Q(G;p) the percolation probability

which is the probability that the resulting random subgraph of G connects all the
vertices of G. Then as noted in [31], we have

Q(G;p) = f
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(2-19) Along the hyperbola Hq, the Tutte polynomial of M(G) gives the g-state
Potts model of statistical mechanics (see Baxterfl]). This generalizes (216) which
corresponds to the case q = 2.

(2-20) A much more important evaluation as regards this paper is along the
hyperbola xy = 1, on which curve T specializes to the Jones polynomial of a link. See
Thistlethwaite[39]. We return to this specialization in Section 6.

3. The complexity of the Tutte polynomial

The fundamental algorithmic problem with which we are concerned is the
following.

(PI) For a given class ^ of matroids is there an algorithm which will compute the
Tutte polynomial of any member of the class ^ in time polynomial in the size of the
matroid ?

Here we call the size of a matroid the cardinality of its ground set.
Note that T(M;x, y) has a description of length polynomial in the size n oiM as a

list of n2 integer coefficients each of length O(n).

Ideally we would like to be able to carry out the computation in time which is a
polynomial function of n, the size of the matroid. However, for the class of all
matroids, this is not possible. If/(w) denotes the number of non-isomorphic matroids
on a set of n elements then it is known [45] that

2n-|logn+O(loglogn) 2>j-llogn+O<loglogn)

Hence there are too many matroids of size n for it to be possible even to describe (or
input) the matroid to the algorithm (machine) in time which is subexponential in n.

In other words for the class of all matroids the natural size of the input is 0(2"). On
the other hand there is a standard algorithm for determining the Tutte polynomial
of a matroid using a recursive formula which expresses T(M) in terms of T(M\e) and
T{M/e) for any element e. This takes time which is exponential in n.

A study of the computational complexity of general matroid properties has been
carried out by Robinson and Welsh [34]. However, here we are concerned with
practical questions concerning relatively special classes such as graphic and binary
matroids.

If <& is the class of graphic (binary) matroids on n elements then it is clearly
possible to specify completely the matroid in a length which is polynomial in n (a
graph with n edges or an r by n matrix of zeros and ones).

Hence in order that our original question (PI) about polynomial time complexity
should make sense we impose the following restriction in terms of the representation
or description of the matroids in a class.

We say that a class ^ of matroids has a succinct description or is succinct if there
is an injective mapping (or encoding) e of the members of # into strings from some
finite alphabet S, such that if |e(il/)| denotes the length (number of symbols) of e(M),

,M = (S,p),\S\ = n} and e(n) = max{\e(M)\:Me^n}

then there exists some polynomial p such that e(n) ^ p(n) for all n. I t is clear that a
class ^ has a succinct description if and only if |#n| is O(25(n)) for some polynomial q.

But in fact we shall be interested only in 'concrete' succinct descriptions which
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satisfy certain compatibility requirements (see Section 4), although we do not feel it
necessary to formalize this concept.

Although this seems excessively formal, it is usually easy to see that such an
encoding e exists, as the following examples show.

Example (a). When # is the class of graphic matroids there is a natural encoding
of M6^ by the vertex edge incidence matrix of any graph G such that M = M(G).

Example (6). When ^ is the class of binary matroids and MeW has rank r and size
n we can represent M by any r x n-matrix A of zeros and ones such that M is
isomorphic to the matroid induced on the columns of A by linear independence over
the field F2. A similar presentation is assumed when we are dealing with matroids
represented over any finite field.

These two examples show that the classes of graphic and binary matroids are
succinct, as are many other classes which arise naturally in examples.

In what follows we shall only be concerned with succinct classes and moreover it
is important because of complexity considerations that when we speak of matroids
belonging to any of these classes we assume that they are being described in some
standard succinct description, for example graphs by incidence matrices, binary
matroids by some minimal binary matrix representation and so on.

The problem (PI) which we described loosely earlier can now be more precisely
posed in what has become the standard format of complexity theory (see [10]).

v$e\: #-TUTTE POLYNOMIAL
Instance: matroid M belonging to the succinct class ^'.
Output: the Tutte polynomial of M.

For all but the most trivial classes ^ this problem will be #P-hard. For example
when <& is the class of cycle matroids of planar graphs the above problem contains
that of counting the 3-colourings of the vertices of a planar graph which is known to
be #P-complete. An explicit reference for this result (which is part of the 'folklore'
of the complexity of enumeration problems) is hard to locate. It would be natural to
expect that the transformation used by Garey, Johnson and Stockmeyer[ll] in their
proof that the corresponding decision problem (3-colouring planar graphs) is NP-

complete is what is called a parsimonious transformation. This turns out to be not
the case. However, a modification of their transformation communicated to us by M.
Jerrum[20] does give a parsimonious transformation and thus gives an explicit
' constructive' proof. An alternative proof is to use the padding technique introduced
by Berman and Hartmanis[2] in their proofs that the enumeration problems
associated with the well known iVP-complete problems are #P-complete.

As seen in Section 2 it is also of interest to determine the Tutte polynomial
T(x,y) at particular points and along particular curves in the (x,y)-plane. When
examining the complexity of these computations, it is necessary to consider how
numbers are encoded as finite strings from some finite alphabet, and how arithmetic
operations are performed on these. This problem is considered in more detail in [13]

and [43]. If we want to work within a field F, say, then clearly F must be countable.
Also there must be polynomial time algorithms for the various arithmetical
operations to be used. In any polynomial time algorithm or Turing reduction using
these operations, it is necessary that both the number of arithmetic operations
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performed, and the length of the results, are polynomially bounded. This depends on
the field and the encoding of its elements. For our purposes we choose the field F to
be a finite-dimensional algebraic extension of the rationals. Elements of F can be
represented as vectors with rational entries, and arithmetic reduced to rational
arithmetic which has been well studied in the complexity of enumeration problems:
see [43]. For reasons to become apparent in Section 4, F should contain the complex
numbers i and j = e2m/3.

The problem of evaluating T at a point (a, b), where a, beF can now be formulated
precisely as follows:

(n2): ^-TUTTE POLYNOMIAL EVALUATION at (a, b)

Instance: matroid M belonging to the succinct class <€.

Output: T(M;a,b).

Abbreviating this problem to n^, a, b], it is obvious that for any %>, a, b, we have

Finally consider the problem of evaluating T along a curve L in the (x, r/)-plane. We
restrict our attention to the case where L is a rational curve, that is the set of points
parameterized in standard form by

_ / - v _ « ( « ) . . / . » _ « ' ( « )

where u, v, w, z are given polynomials in F[s]. By a rational function in standard form

we mean that the numerator and denominator are relatively prime and the
denominator has leading coefficient one. A rational function can easily be put in
standard form in polynomial time using Euclid's algorithm. Then along L the Tutte
polynomial ofM will be a rational function of s and hence the following is a well posed
computational problem.

(TT3): #,L-TUTTE POLYNOMIAL
Instance: matroid M belonging to the succinct class <€.

Output: T(M;x(s).y(s)) as a rational function of s in standard form.

We denote this problem by vj$> ,L\ and make the obvious remarks

ff3[<f,L]oc»r1[<i?]) (3-2)

and for any (a,b)sL

7T2[
(#,a,b]oc7T3[

(g,L]. (3-3)

Our results in Section 4 show that in many cases the converse polynomial time
reduction holds for (3-2) or (3-3).

4. Statement of the main theorems

In order to present and prove our results we need some further definitions.
A pointed matroid Nd is a matroid on a ground set which includes a distinguished

element, the point d, which will be assumed to be neither a loop or coloop. For ease
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of notation we will let N denote Nd and then define the tensor product M ® N of an
arbitrary matroid M with the pointed matroid N as the matroid obtained by taking
a 2-sum of M with N at each point e of M and the distinguished point d of N. For
further details see Brylawski[6] or Brylawski and 0xley[7].

The Tutte polynomial ofM (g)N, where./!/ = (S,p) is then given by

T(M ® N; x, y) = TC(N; x, yf^S)TL(N; x, yY<S)T(M; X, Y) (4-1)

where

(*-l) Tc(N;x,y) + TL(N;x,y) Tc(N;x,y) + (y-l)TL(N;x,y)
TL(N;x,y) ' Tc(N;x,y)

and where Tc, TL are polynomials which are determined by the equations

(x-l)Tc(N;x,y) + TL(N;x,y) = T(N\d;x,y),)
\ (4-2)

TC(N; x, y) + (y- 1) TL(N; x, y) = T(N/d; x, y).)

We observe that taking the tensor product with a pointed matroid N gives rise to
a transformation (x, y) i-* (X, Y) of the plane F2 but that whatever the choice of N, the
identity

means that, for each <xsF, the hyperbola

is transformed into itself.
Note also that the degenerate hyperbola Ho is the union of

H* = {(x,y):x=l} a n d H* = {(x,y):y=\),

both of which are transformed into themselves under the above transformation for
any choice of N.

We define a curve L = ((x(s),y(s)):ssF) to be special if (x(s) — 1)(y(s) — I) is
constant. Special curves have an important role in what follows.

Two particularly simple forms of tensor product are obtained by taking N to be the
uniform matroid Uk k+1 or U1 k+1, with k ̂  1. (The uniform matroid Ur n has a ground
set of n elements and bases all subsets of size r.) We c&WM ® Uk k+1 the k-stretch of
M and M ®U1 k+1 the k-thickening of M. Note that since uniform matroids have
transitive automorphism groups the choice of point to be distinguished is immaterial.
Performing a ^-stretch (respectively, ^-thickening) on M amounts to replacing each
of its elements by k elements in series (respectively, parallel).

If # is any class of matroids we say it is closed under expansions if for any Met!

and any positive integer k, both the A-stretch and ^-thickening of M belong to <€.

Now in order to prove our two main results it is necessary not only that the classes
of matroids under consideration are closed under expansions, but also that when the
matroid is presented in its succinct representation the operations of fc-stretch and k-

thickening can be done in time which is polynomial both in k and in the size of the
matroid, yielding a corresponding succinct representation of the new matroid.
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Any class of matroids which is closed under expansions and polynomially closed in
this sense is said to be closed. I t is easy but tedious to check that all the classes of
matroids used explicitly in this paper are closed.

We are (at last) in a position to state and prove our main results.

THEOREM 1. Let %> be a succinct closed class of matroids and let L be a rational curve

in F2. Then the problem n^] of determining the Tutte polynomial on the plane for

members of^ is polynomial time reducible to the problem -n^€,L\ of evaluating the Tutte

polynomial for members of <6 on the curve L, provided that L is not a special curve.

In other words, determining the Tutte polynomial completely along a non-special
curve is no easier than determining it in the whole plane.

Our second theorem relates evaluation along special curves with evaluation at a
particular point.

T H E O R E M 2. Let %> be a succinct closed class of matroids and let L be a special curve

in F2. Then the problem -n^6,L~\ of evaluating the Tutte polynomial for members of ^

along L is polynomial time reducible to the problem n ^ , a, b]for any (a, b) eL which is

not one of the nine points (1,1), (0,0), ( — 1, — 1), ( 0 , - 1 ) , ( — 1,0), {i, — i), ( — i,i) and

(j,j2), (j2,j) where i2 = — 1 and j = eini/3.

In other words, apart from these nine points which we call special points,

evaluating the Tutte polynomial at a point is no easier than evaluating it along the
whole special curve containing the point. Since we will use this fact repeatedly we
state it explicitly as follows:

COROLLARY. For aeF, ifir^6, Ha] is fP-hard then TJ^€, a, b] is also #P-hard for any

non-special point (a,b) of Ha.

The proofs of Theorems 1 and 2 are rather technical and are postponed to
Section 7.

5. Examples and applications

In this section we illustrate the applications of Theorems 1 and 2 by giving as
complete a statement as we can of the computational difficulty of evaluating T at the
special points and along the special curves.

Let ^ be a succinct closed class of matroids. We say that a point (a, b) (curve
L £ F2) is easy for ^ if there is a polynomial time algorithm for the problem
7T2[#,a, b] (respectively -nj$>,L\). We similarly abuse notation by describing the point
(curve) as #P-hard for <€ if the corresponding evaluation problem is #P-hard. We
deal first with the special points.

(5-1) (0,0) is trivially easy for any class (€.

(52) (1,1) is the point where T counts the number of bases. This is easy for graphs
by KirchhofFs determinantal formula which has been extended to regular matroids
but is not known to be easy for binary matroids.

(53) ( — 1, — 1) is easy for binary matroids by (28), but is #P-hard for the class of
matroids coordinatizable over any other finite field except the field F4 of 4 elements,
where it is also easy and is related to the bicycle dimension over F4 (see Vertigan [44]).

(54) (0, — 1) and ( — 1,0) are easy for binary matroids. This is because for a binary
matroid M = (S,p), T(M;0, - 1 ) equals 0 if M has an odd cocycle and ( -
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otherwise. For any other finite field different from F2, these points are #P-hard for
the class of matroids represented over this field (see [44]).

(5-5) The points (j, j2) and (f, j) are easy for ternary matroids. This follows from
Jaeger [16]. On the other hand we know from [44] that they are #P-hard for the class
of matroids representable over any other finite field.

(5-6) (i, — i) and ( — i, i): We will present in the next section an interpretation at
those points when M is the cycle matroid of a planar graph. This is in terms of the
Arf invariant of a related alternating link. The evaluations are easy for binary
matroids (but #P-hard for the class of matroids representable over any other finite
field) and are related to the binary bicycle space (see Vertigan[44]).

We now turn to the special curves. Recall that no other curve can be easy for any
class ^ unless the complete determination of T is easy for that class.

(5-7) H1: this is easy for any class ^ since by (2-15) along H1, T = xn(x—l)r~n

where n is the size and r is the rank of the matroid.
(5-8) H2: since this evaluation gives the Ising partition function, it is #P-hard for

the class of graphic matroids (Jerrum[19]), but easy for the class of planar graphs
(the Ising problem can be reformulated in terms of perfect matchings: see Fisher [9]
and Kasteleyn[22]).

(5-9) H% is hard for cycle matroids of graphs since by (2-18) it corresponds to the
calculation of the percolation probability (or reliability polynomial) of the graph
which is #P-hard by [33].

(5-10) H\ is hard for the class of planar graphic matroids. This follows from
different independent arguments of Jerrum[20] and Vertigan[44].

(5-ll) Hn, where n is an integer and n ^ 3, is #P-hard for the class of graphic
matroids since it contains the point (1— n, 0) which corresponds by (2-12) to the
counting of n-colourings, a known #P-hard problem (see [10]).

(5-12) Ha for aeF\N: This special curve contains the point (1— a,0). We shall
show that this point is #P-hard for cycle matroids of graphs. Consequently Ha is #P-
hard for the class of graphic matroids. Moreover, by the Corollary of Theorem 2, each
of its points, being non-special is also #P-hard for this class.

To show that (1—a,0) is #P-hard, we note that by (2-12) for any graph G,

T(M(G);l—a,0) equals P(G;a.) up to a simple factor. We now use an idea of
Linial[27] to reduce polynomially the computation of P(G;3) to that of P{G\a).

Let G+Kp be the graph obtained from G by adding p new vertices forming a clique
Kp and adjacent to every vertex of G. Clearly

Hence for every aeF\N and pe N, P(G;a — p) can be computed in polynomial time
from P(G + Kp;a). By doing this for \V(G)\ + l values of p we obtain P(G;A) for
\V(G)\ +1 distinct values of A and since P(G; A) is a polynomial with maximum degree
\V(G)\ this yields P(G';A) by Lagrange interpolation. The reduction is clearly a
polynomial time reduction and this completes the proof of our assertion.

Thus we have a complete description of the complexity of the evaluation of the
Tutte polynomial of graphic matroids which we sum up in the following proposition.

PROPOSITION 1. If%> is the class of graphic matroids, then the problem Tt<ffi;a,b\ of

evaluating the Tutte polynomial of a member of^ at (a, 6) is fP-hard at any point of the
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set i?12\(^1 U S), where S is the set of 9 special points listed in Theorem 2. On F2 fl (H1 U 8)

the problem of evaluating the Tutte polynomial is easy.

Proof. This follows immediately from (5-l)-(5-12) above and the Corollary to
Theorem 2.

A Corollary of Proposition 1 is the following result.

PROPOSITION 2. Counting nowhere-zero flows with values in Zk in a graph is #P-hard

for k^3.

Proof. This is because, by (2-13), the number of nowhere-zero flows with values in
Zk in a graph G is given (up to an easily determined constant) by T(M(G); 0,1 — k) and
since (0,1 — k) is not special this is no easier than evaluating T along Hk, which we
know to be #P-hard for k ^ 3.

Note that for k ^ 6, by Seymour's theorem [37], the corresponding decision
problem is trivial. Note also that by duality (see (2-3)) Proposition 1 holds with
graphic replaced by cographic.

6. Polynomials for knots and links

Here is a brief outline of the relevant parts of knot theory. More details can be
found in Kauffman[23] or Lickorish[26].

A link K with c(K) components consists of c(K) disjoint smooth simple closed
curves embedded in three-dimensional space. A knot is a link with one component.
A link is oriented if each component is assigned a direction. Two links are equivalent

if there exists a continuous deformation of space (ambient isotopy) which transforms
one onto the other.

It is well known (see for example [23] or [26]) that links can be represented as plane
graphs in which each edge is assigned a positive or negative sign. An alternating link

K is a link which can be represented by a plane graph G(K) with all edges positive.
In this case the Jones polynomial of K (provided with some orientation) can be
expressed in terms of the Tutte polynomial of G(K) as follows (see [39]).

(6-1) For an alternating oriented link K, the Jones polynomial of K is

VK(t) =fK(t)T(M(G(K));-t,-l/t),

where fK(t) is an easily determined factor and is plus or minus a half integer power
of t.

In other words the Jones polynomial of an alternating link is an evaluation of the
Tutte polynomial of the corresponding planar graph along the hyperbola xy = 1. But
we know from Theorem 1 that this is a #P-hard curve for the class of planar graphs.
Since every plane graph is easily seen to be of the form G(K) for some alternating link
K we have shown

THEOREM 3. Determining the Jones polynomial of an alternating link is #P-hard.

An immediate corollary is that determining any of the polynomials (such as the
Kauffman or Homfly polynomial) which specialize to the Jones polynomial must also
be #P-hard. This strengthens the observation of Jaeger [15] which shows that
determining the Homfly polynomial is iVP-hard and the similar result of
Thistlethwaite [40] that determining the Kauffman polynomial is iVP-hard.
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It is interesting also to consider Theorem 2 as applied to links. Suppose we wish
to evaluate the Jones polynomial at a particular point, t = a 4= 0. Then we need to
be able to evaluate T at the point ( — a, — I/a). This point lies on the special curve
Hc where C = (a+l)2/a. Except when a is one of the 8 values 1 , - 1 , —j, —j2, i, —i,

j , j 2 , we know from Theorem 2 and the discussion in Section 5 that the problem is
likely to be difficult. More precisely we have the following pessimistic result:

(6-2) evaluating the Jones polynomial VK(t) at t — a for an alternating oriented
link K is no easier than determining the Tutte polynomial of a planar graph along the
hyperbola Hc unless a is 1. — 1, —j, —j2, i, — i. (It is easy for a = j or j 2 , since then
( — a, —I/a) lies on H1.)

At the particular special points which we have found there is already an
interpretation of the Jones polynomial (see Lickorish[26]):

(6-3) VK(l) = (-2)c<*>-1 where c(K) is the number of components of K.

(6-4) VK{ — 1) = AK(—1), where AK(t) is the Alexander polynomial of K.

(6-5) VK(i) = ( - \/2)c(*H1( - l ) A r l m or 0 if Art(K) is undefined, where Arf(K) is the
Arf invariant of K (see [26]). If K is the mirror image of if then VK( — i) = VR(i).

(6-6) VK(-j2) = 8{K)ic(K)-i{W&)d(DlK)\ where d(D{K)) is the dimension of the first
F3-homology of the double cyclic cover of S3 branched along K and S(K) = + 1 is
determined by Lipson[28]. Also VK{—j) = Vg{— j2).

(6-7) VK(j) = VK(j2) = 1 for all K. (Note that when the number of components of
K is even, VK(t) is actually y/t times a polynomial in t. The above values are based
on one choice of root, and if the other is chosen, then multiply by ( —I)"'10"1.)

All the above values are polynomially computable functions of the link K

represented by its link diagram [23, 26]. A realistic conjecture based on the above
study of special points was the following.

(6-8) For any value of t other than + 1 , +i, +j, +j2 the evaluation of the Jones
polynomial VK(t) of an alternating link is a #P-hard problem.

This would follow immediately if Proposition 1 (with H1U S replaced by
H1 U H2 U S) held for the class of matroids of planar graphs. This turns out to be true
but its proof is more involved (note that the techniques of (5-11), (5-12) fail for planar
graphs) and is given in Vertigan[44].

7. Proof of Theorems 1 and 2

We turn now to the proof of our two main results. The basic idea in both cases
involves using the tensor product of Brylawski [6]. For example, determining the
Tutte polynomial of ̂ -stretches or ̂ -thickenings of a matroid ilf at a fixed non-special
point (a, b) gives the Tutte polynomial of M at several points on the special curve
containing (a, b). Using Lagrange interpolation this gives the polynomial along this
curve. Despite the inherent simplicity of this main idea we see no way of avoiding
some of the technicalities in what follows.

In what follows it will often be easier to work with the Whitney rank generating
function R rather than the Tutte polynomial T. The transformation (41) becomes for
M = (S, p) ( r , \

R(M®N)Rf*sm^B[M^?§±) (71)

where Rc and RL are abbreviations for Rc(N;x,y) and RL(N;x,y), which like
R are obtained from Tc(N;x,y), TL(N;x,y) by the simple translation R(x,y) =

T
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In the special case where we are taking the fc-stretch and fc-thickening it is useful

to note that the formulae (4-2) yield for the A;-stretch

Tc =

Kc =

y . l C - 1
TL=l,

(7-2)

and for the fc-thickening

Rc =
y

(7-3)

Proof of Theorem 1. Let Metf be a matroid of size w and consider the curve

L = {(x(s),y(s)):seF}.

We will be working with the rank generating function R so we assume that x(s) y(s)

is not constant in order that the computation of R along L corresponds to the

computation of T along a non-special curve. For the moment we assume also that x(s)

is not constant.

Let M' be the fc-stretch of M, where k is a positive integer to be determined later.

From the formulae (7-l)-(7-2) we know that

where

Write

R(M';

X(s) =

R(M;X(s),

x(s),

= {x(s

Y(s))

y(a)) = [-

) + l ) f c - l

n n

i-Oj-0

= h

r(c\+ \\k— \~\\S\-P(S)

JX\1V1 ,j\\b), I \b))

, Y(s) = x(s)y(s)/[(x(s) + l)k— 1].

n n >

tjX(sY Y(sY = S S rtj(X(s) Y(s))}X(s)'-i

i-Oj-0

rn+u(X(s) Y(s)yX(s)>

(7-4)

(7-5)

(7-6)

by letting h = i—j and where the second summation is over integers j such that

0 ^ j ' ^ n, 0 ̂ j + h < n. Our purpose is to recover the coefficients rtj.

Since L is a rational curve we can put

v(s)'

and X(s) =
w(s)

where the right-hand sides are rational functions expressed in standard form.

Then, for the moment ignoring the dependence on s,

R(M;X,Y)=
A — n \ )

-" 2 ffi
ft—n j

\w"



Computational complexity of polynomials 49

and combining this with (74) and (7-6), if

we obtain

S thw
n+hzn~h = (vwz)nr ' R(M';x,y). (7-7)

I x ]A—n

We now present a polynomial time algorithm for determining the ry from knowledge
of the Whitney rank generating function of M' on the curve L.

The rational functions x(s),y(s) are given so the polynomials u,v are easily
obtained, but w and z depend on the choice of k. The algorithm demands
that the degree of either w(s) or z(s) is greater than that of any of the polynomials
th(s) (—n < A ^n).

If x(s) = xl(s)/x2{s) is in standard form, it can be checked that

max {deg (w), deg (z)} = k max {deg (Xj), deg (x2)}.

To see this simply put w = (xl + x2)
lc — x\ and z = x2 and then check that the above

equality holds and that w(s)/z(s) is a rational function in standard form (by the
unique factorization property a common prime divisor of w and z would divide x1 and
x2 so that w and z are relatively prime). Note also that the right-hand side is non-zero
since x(s) is not constant (by the initial hypothesis). Also

max {deg (th): —n ^ h ^ n} ^ nmax {deg («), deg (v)}

as follows immediately from the definition of th. Hence a sufficiently large k is easily
found.

Once k is chosen, the polynomials w(s) and z(s) are easily found and the ^-stretch
M' of M easily constructed. Since ^ is closed under expansions, the algorithm
applied to M' yields the rational expression R(M' ;x{s),y(s)) and using (7-7),
multiplication by suitable known polynomials yields the polynomial

n
\n+h ~io\n—h<ft(s)w;(s)n+ft2(s)"

h—n

Without loss of generality we may assume (by symmetry) that 2(5) has degree
greater than any th(s). Now

tn(s)w{s)2n = A(s) mod z(s),

and using the Euclidean algorithm the unique iu(s) eF[s] having degree less than that
of z(s) and satisfying

w(s)w(s) = lmodz(s)

is easily found. This gives tn(s) as the unique polynomial of degree less than that of
2 and such that . . . ._. ..,„ . . . , . ,

tn(s) = (w(s))2nA(s) mod z(s),

and again this is easily determined.
Subtracting tn(s) (w(s))2n from A(s) and dividing by z(s) we repeat the procedure to

find <„_! and by repeated recursion the remaining th.

The same procedure is used to obtain the coefficients ry (i,j = 0 , 1 , . . . , n) from the
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(now known) <ft(s) ( — n ^ h ^ n). (Note that since the ry are constants and x(s)y(s)

is not, at least one of u(s) and v(s) has degree higher than that of every rtj.)

It is routine (but tedious) to check that, apart from the one call to the oracle giving

T on the curve L, the algorithm runs in polynomial time as required for a polynomial-

time reduction. Hence the theorem is proved except for non-special curves L with x(s)

constant. But since the dual argument, using fc-thickening instead of A;-stretch, works

for non-special curves except those with y(s) constant, and since a non-special curve

cannot have both x(s) and y(s) constant, the theorem is proved. I

We now turn to the proof of Theorem 2. First note that every special curve is

contained in exactly one of Ha (aeF\{0}) or H% or H\ except for the trivial

(degenerate) curve consisting of the single point (1,1). Thus there is no loss of

generality in regarding the special curve L as parametrized by

x(s) = s+l, y(s) = a/s + i (aeF,seF), (7-8)

which means L = Ha when a #= 0 and L = H\ when a = 0.

(The line H% is covered by dualizing the argument and any other special curve is

obtained by reparametrizing s to some rational function of itself.)

We now define a point (a, b) to be typical with respect to a class # if with Lab

denoting the unique special curve (parametrized as above) through (a, b), the

problem of evaluating the Tutte polynomial along Lab for a member of # is Turing

reducible to evaluating the Tutte polynomial at (a, b).

Proof of Theorem 2. We must show that (a, b) is typical with respect to a class <£

provided that it is not one of the nine points listed in the statement of Theorem 2.

Let Me^? have size n and note that

(
„ \ n n n

s J i=0j=0 h=-n

wnere rh — Zjrn+j,i V ^ ^ '
i

and where the summation is over integers j such that 0 ̂ j ^n and 0 ̂  j + h ^ n as

in the proof of Theorem 1.

Recall that we need to recover the coefficients rh (this is what is meant by

determining T along the curve L), and we will do this by determining T at 2n+i

distinct points of L and using Lagrange interpolation.

Now if M' is the ^-stretch of M, then by (4-1) and (7-2)

\ l + a + . . . -

Thus provided H - a + . . . -fa*"1 + 0 we can determine the Tutte polynomial of M at

x = ak, y =

by constructing M' and calculating its Tutte polynomial at (a,b)€L. Provided a

is not zero or a root of unity then doing this for k = 1.2,..., 2n+ 1 gives values of

T{M;x,y) at 2n+l distinct points on L and hence determines it everywhere along
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the curve. Thus (a, b) is typical. Similarly if b is not zero or a root of unity we can use

the ^-thickening rather than the fc-stretch in the above argument and again (a,b)

is typical.

Thus we have shown that if (a,b) is not typical then |a|e{0,1} and |6|e{0,1}.

To complete the proof of the theorem we need to find stretch or thickening

transformations of the plane sending the points in question to points already known

to be typical. We now show how to achieve this.

Suppose that (a, b) is not typical and \a\ = \b\ = 1. Using the 2-stretch it follows that

2 b + a\

1 + a/+ aj

is not typical or undefined. Thus a = — 1 or

b + a

1+a

This implies that b = — a or b = a2 or b = 1.

Using the 2-thickening it follows by a dual argument that 6 = — 1 or o = - 6 or

a = b2 or a = 1. The only possibilities are that

By similarly applying the 3-stretch and 3-thickening one finds that only

( l . l U - l . - l M j . j 2 ) , (A?), (*,-») and (-»,»)

remain as possible atypical points of the form (a, b) where \a\ = \b\ = 1.

Suppose that (a,0) is not typical. Then |a|e{0,1}, and considering the 2-stretch,

(a2,a/(l +a)) is not typical or is undefined. Thus a = — 1 or a = 0 or U+«| = 1, the

last possibility occurring only for ae{0, j,j2}. But a${j,j2} since (j2, —j2) and (j, —j)

are typical by the previous case. Thus the only possible atypical points of this form

are (0,0) and (-1,0).

By duality the only possible atypical points of the form (0,6) are (0,0) and (0, — 1)

and hence we have reduced the set of possible atypical points to the set of nine points

specified in the statement of Theorem 2. This completes the proof. I

The reason that this polynomial time reduction does not work for these nine

special points is that the transformations associated to fc-stretches and ^-thickening

send each of these points to finitely many other points. More specifically when the

results of the transformations are defined, (1,1), (0,0), (— 1, —1), ( — 1,0) and (0, —1)

are sent to themselves, (j,j2) and (f,j) are sent to (j,j2) or (j2,j), and (i, —i) and

( — i, i) are sent to (i, —i), ( — i,i), ( — 1,0) or (0, —1).

The authors would like to acknowledge some very helpful conversations with Mark

Jerrum, and also thank him for communicating his constructions mentioned in
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