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1. INTRODUCTION

Progress has recently been made in the study of mechanisms designed to elicit, from
economic agents, truthful revelation of their characteristics. The relevance of these
results is best illustrated with reference to the free rider problem which occurs in public
decision making. The Government must know agents’ preferences to choose the best
public projects, but it may be in agents’ interest to provide distorted reports on their
preferences.

A class of mechanisms has been proposed by Vickrey (1961), Clarke (1971), Groves
(1973) which has the property that, in environments with separable utility functions,
truthful revelation of preferences is a dominant strategy for each individual and a Pareto
optimal decision is taken. In this context, since unrestricted transfers of a private resource
are allowed, Pareto optimality is interpreted to mean that the public decision taken is the
same as that which would be associated with all Pareto optimal resource allocations.
Alternatively, recognizing that the mechanism may engender a surplus or a deficit, it is
natural to introduce an artificial agent (the government or planner) capable of absorbing
this imbalance. Using the net transfer to this agent as his utility function, Pareto optimality
can be interpreted in the usual manner for the enlarged set of agents. The impossibility of
closing the mechanism while maintaining optimality and incentive compatibility has been
proven by Hurwicz (1975), Green and Laffont (1976a) and Walker (1976) in various con-
texts. In Green and Laffont (1975) we have shown that the class of mechanisms proposed
by Groves includes all such mechanisms. Furthermore, allowing more general mechanisms,
we have proved that any satisfactory mechanism (i.e. any mechanism which takes Pareto
optimal decisions and for which dominant strategies exist) is isomorphic to a Groves
mechanism.

The incentive compatibility obtained with these mechanisms applies to individuals;
for each agent the truth is his best possible answer for any willingnesses to pay professed
by the others. Even though it was soon realized (see Bennett and Conn (1976), Groves
(1973) and Vickrey (1961)) that these mechanisms are vulnerable to manipulation by
coalitions no analytical attempt to ameliorate this situation has yet been made. In Green
and Laffont (1976b) we suggested the use of a sampling version of Groves mechanisms to
mitigate this coalition problem by making cooperation very costly and unlikely. The purpose
of this paper is to look more carefully into this question.

If the structure of binding coalitions forms a partition of the agents and is known to the
decision maker, then, by treating each coalition as a single agent, it is still possible to induce
truthful revelation. When the decision maker does not know this structure, or when,
a priori, any structure is possible, the mechanism must be designed to be incentive com-
patible for any coalition. This is clearly impossible. Should we then say that no positive
result concerning coalition incentive compatibility can be obtained for Groves mechanisms ?
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The main purpose of this paper is to show that there is a sense in which Groves mechanisms
are somewhat robust to coalition manipulations.

In Section 2, we set up the model and provide definitions. Section 3 is devoted to a
formal proof of the impossibility of finding coalition incentive compatible Groves mechan-
isms, even if only a single coalition of two or more agents can form. Then we consider a
particular Groves mechanism, the pivotal mechanism, which has been found especially
interesting in other contexts (Green and Laffont (19764, b). Section 4 explains how a
coalition of size » will distort its reported preferences when faced with the pivotal mechan-
ism. In Section 5, we show that for a fixed coalition the expected gain to cheating
compared to telling the truth decreases with the number of agents in the population. Then,
considering the population as a random sample in a fixed distribution, we obtain that the
probability that a cheating coalition (of size less than the square root of the population size)
will exist with a per-capita gain larger than any fixed positive number approaches zero as
the sample size grows. Generalizations to other mechanisms are given in Section 6.
Finally, in Section 7 we provide an informal discussion of these results which points out
the sense in which coalition manipulation can therefore be somewhat mitigated.

2. DEFINITIONS

For simplicity, we consider a fixed size project of zero cost. Costly projects can be handled
by considering evaluations net of imputed cost shares. The utility function of agent i
(fori=1, ..., N)is:

u; = x;+v; if the project is realized
= X; if the project is not realized

where x; is the amount of a transferable private good consumed by individual i and v;
is the true willingness to pay of the agent for the public project.
Let w; be agent i’s stated willingness to pay, fori = 1, ..., N. Letw = (wy, ..., wy).

Definition 1. A revelation mechanism is a mapping f
f: R¥-{0, 1} xRN written as f(wy, ..., wy) =(d, t1, ..., ty)

where d € {0, 1} is the public decision taken (1 = accept project; 0 = reject project) and
t, is the transfer of the private good received by agent i.

The answer w; given by individual i is obtained from a maximization programme; for
example the maximization of his expected utility for given expectations about the stated
willingnesses to pay of others.

Definition 2. A revelation mechanism is successful if
d(W) = 1(_> Zi U; g 0.

Definition 3. A revelation mechanism is strongly individually incentive compatible,
s...c., if v; is a dominant strategy for each agent.

Definition 4. A Groves mechanism is a revelation mechanism such that:
tw) =Y wi+hww) if Y, w20
= hl(W\Wl) if Zi Wi <0

where h(.) is an arbitrary function, i =1, ..., N and the notation (w\w;) means
(wl, cees Wimgs Wit g5 «eos WN)' .

In Green and Laffont (1975) we have shown that a s.i.i.c. and successful revelation
mechanism has to be a Groves mechanism. Is it possible to restrict further the functions
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hy.) to avoid, even partly, manipulation by coalitions? The next section gives a negative
answer.

3. AN IMPOSSIBILITY THEOREM

Let C be a coalition of agents. The vector vc will denote the appropriate projection of
v € R, the true willingnesses to pay. Let w € RY be a vector of professed willingnesses to
pay. We use (W\wc) to denote the components of w with the exception of w;, i € C and the
notation w = (Wy\c, Wc)-

The payoff function of a coalition C is

Ucw) =Yicc W+ Yiecv: if d=1
= Ziec ti(W) if d = O.
Definition 5: A revelation mechanism is strongly coalition incentive compatible (s.c.i.c.)
if
VC, v is a dominant strategy for the coalition C, i.e.

Ucwmes vc) Z Uc(Wmes Wo)s YW, Ywe.

Theorem 3.1. There exists no s.c.i.c. successful revelation mechanism. (Proved
independently by Bennett and Conn (1976)).

Therefore, if we allow any type of coalitions and in particular size 2 coalitions, there
exists no s.c.i.c. successful mechanism. However, if the partition of agents in coalitions is
known in advance, it is easy to construct such a mechanism by treating each coalition as an
agent. Isitpossible to obtain a positive result by allowing for a restricted class of coalitions ?
This is an interesting question because, as we shall see in Section 4, the larger a deviant
coalition is, the more it stands to gain from cooperative behaviour. Therefore, small
coalitions are not the most severe problem. In any particular situation it might be that some
coalitions size greater than two can be identified as the one which presents the greatest
danger in terms of cooperative strategic behaviour. If mechanisms existed that could avoid
this problem, even though they failed to counter the possible cheating by two player coali-
tions, they still might be very valuable. The following theorem gives a negative answer to
this question: no strongly individually incentive compatible mechanism exists that can
avoid cheating by any other group of any size.

Let us assume that we require only the mechanism to be s.i.i.c. and immune to mis-
representation by a coalition of a fixed size say » but not necessarily so with respect to others.
In such a case we will say that the mechanism is size n-s.c.i.c.

The Bennett—Conn theorem above can be used to prove the non-existence of s.c.i.c.
successful revelation mechanisms when two adjacent coalitions (i.e. of size k and k+1)
are allowed, which, of course, is in particular possible when all coalitions are allowable.
If n = 2, this result implies that there exists no size 2 s.c.i.c. successful revelation mechanism.
For n>2, the proof is more delicate.

Theorem 3.2. For any n>1, there exists no successful revelation mechanism that is
both s.i.i.c. and size n-s.c.i.c.

Proof. (From Green and Laffont (1977)), a s.i.i.c. successful revelation mechanism
must be a Groves mechanism, i.e.

W) =Y« Wi+ h(ww) if w20, i=1,..,N
= h(w\w;) if Y,w<0, i=1,..N.

Consider now a coalition C of size n and let us treat this coalition as a single agent
called agent C. We have then an economy with N—n+1 agents. In this economy we

Q—46/2
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can again apply the characterization theorem (Green and Laffont (1977)); we obtain the
transfer function of * the agent C ™.

tcw) =Y jecWwi+hcWwe) if Y, w; 20

= he(W\wo) if 3 w<0. ~(3-2)
On the other hand tc(w) = Y ;¢ t(w); from (3.1)
teW) =m—=1) Y ccWwi+nYjec Wit Yiec iwwy) if Y,;w; 20
= ZieC hi(w\w;) if Zi w;<0. +(33)
From (3.2) (3.3) we have:
(=1 wit Yiec li(w\w) = he(w\we) if Y w; 2 0. (34
Yicc Biw\wy) = he(w\we) if >, w;<0. ...(3.5)

We are going to fix w;, i ¢ C, at w? so that h-(w\wc) will be a constant K.
For convenience we choose w? =0, i¢ C. Consider now w?, i e C and 4>0, so that

—(n=2)A> Y cwd>—(n—1A. ...(3.6)

Since w;, i ¢ C, is fixed at w) in the whole proof we will delete in the 4 functions the corres-
ponding arguments, and we choose the indices of w;, ieCasi =1, ..., n.

From (3.6) we have
for w;=w)+4 ieC, i#n

W, = wy
w=Wo+A4, .., wl_+A4,wd)
Yicc hiW\w) = —(n=D[Y;cc W) +(n—1A]+K. (3.7
We consider now the Ci_,; combinations of (w;) such that
Wy =Wy
w;=w)

w,=wl+A4 i#j, i#n,

n _(M\__ M!
M n n!l(M—n)!

For each of them we have from (3.6):
Yicc (w\w) =K ...(3.8)
The idea of the proof'is to use these C1_, equations to suppress in (3.7) the terms which
contain (n—2) times A4, with the exception of 4,(w\w,).
This can be done by substracting the (n—1) equations (3.8). By doing so we introduce
Cl_, x(n—2) terms which contain (n—3) times 4.
We can then consider the C2_; combinations of (w;) such that

where

W, =Wy
w; =w§

— w0
Wj/ — wj'

wi=wl+A i#j, i#n, i#j.
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For each of them we have from (3.6):
Yiec i(w\w) =K. ...(39

In each equation (3.9) there are 2 terms with (n—2)4, i.e. for all the equations C2_, x 2
which is exactly C._,(n—2), what we need (the fact that the 4 are at the appropriate locations
is obtained by symmetry) etc. . . .

At step k, we have C*_,(n—1— k) terms to eliminate, but we can write: C**1equations,
containing C¥*1(k+1) terms, which are exactly the C*_,(n—1—k) terms that we need.

At step (n— 1), we introduce the terms with no A, which number

C'22x(n—2) =(n—1)x(n-2).
By symmetry, we then have only to premultiply the equation

Yitnicc R(WO\WD) + h,(WO\wy) = K

by (n—2) to be able to subtract all the terms #;(.), { # » with no 4.
Finally, we obtain an equation whose left hand side contains only terms in #,(.).
This is an expression which does not depend on w® and whose right hand side is:

— (=D w+(n—1)A4]

plus a constant, that is to say an expression which depends on w?, Allowing w9 to change
in a neighbourhood without disturbing the inequalities (3.6) we therefore obtain a
contradiction. ||

4. OPTIMAL CHEATING BY A COALITION

In this section and the next one, we are using a special Groves mechanism referred to as the
pivotal mechanism (or Clarke mechanism) to show what coalitions can achieve by cheating.
In Section 6 results are generalized to other Groves mechanisms.

The pivotal mechanism is obtained by specifying the 4(.) function as follows:

hw) == Yjeiw; if Y. w20
=0 if Zj¢iw,~<0.

With such a mechanism, agents are never subsidized and may be taxed but still have
an incentive to participate (see Green and Laffont (19760)).

It can easily be seen that if a coalition of individuals forms, and if, tacitly or explicitly,
these individuals agree to alter their responses in the same direction, a superior result from
their point of view can sometimes be achieved. A simple example of this can be obtained
in a three person economy withv, = —3,v, = +1,v; = +1. Using any Groves mechanism
each agent has an incentive to respond with w; = v;. The project would be rejected but if
individuals 2 and 3 could agree to each say + 3, then the pivotal mechanism would lead to
acceptance with no transfers, and this is better than they would achieve by telling the truth.
However they cannot be assumed to know the statement that will be made by the other
individuals; or, more generally, they will even be ignorant of how many other individuals
there are. Distortions will involve some risks. For example, if w, = —35, then the dis-
tortion mentioned above would lead to both individuals being taxed 2 units by the pivotal
mechanism, which is more than their true willingness to pay for the project they have
caused to be accepted. The larger their distortion, the surer they are of forcing their pre-
ferred social decision, but the more risk they must accept if their guess about the others’
statements proves erroneous.

To formalize this trade-off, let us consider a coalition C of size n. There are N—n
other individuals. We assume that everybody in the coalition has the same expectations
on the sum of the answers by the (N—n) others; these expectations are represented by a
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strictly increasing probability distribution function Fy(x). The associated density function
is fy(.).

Let w; be the answer given by theagentiforiin C. Let V' =Y, cv,and W= Y, cw;.
We will call these the global true value and the global answer for coalition C. This formula-
tion of the problem presumes that the coalition in question can enforce its optimal strategy
to be played by each of the colluding members. Of course, coalitions of this type may very
well have free rider problems of their own. For this reason it is natural to be concerned
primarily with smaller coalitions, and indeed the main theorem of this paper (see Section 5)
is that small profitably colluding coalitions will not be likely to form in a large economy.
By neglecting the incentive problems within deviant coalitions, we are taking the most
pessimistic stance and hence the result is strengthened. To the extent that coalitions cannot
enforce their cooperatively optimal behaviour, individual incentives, which favour truth-
telling, will dominate.

For the coalition C, the expected utility of saying we = (W));cc is:

© —Zjec, j#1%;j
U(N, n, we) = VJ‘ AFy(X)+ Yicc [x+ Yjcc,j=iWiJdFy(x)
-w —Ziecw;

which is decomposed in the expected utility of getting the project minus the expected tax.

The answer of a coalition is symmetric if everybody in the coalition gives the same
personal evaluation.

Theorem 4.1. For any global answer W by the coalition, the optimal answer of the
coalition is symmetric.

Proof. Let us consider the programme
max,. U(N, n, we) ...(4.1)
ZieC wy=W.

© -W+
dF y(x)+ ZieC
W -—

(4.1) can be rewritten as

maxg,e V f " x4+ W —w]dFy(x) (42)

w
subject t0 ) ;.cw; = W.
The first order conditions are (A being the Lagrange multiplier)

-W+w;
— J dFy(x) =21 ieC. «.(4.3)
-w
For any (j,j") € C, (4.3) gives
or
w j =W Ig
It is easy to see that the second order conditions are fulfilled. ||

Let w be the common individual answer of the members of the coalition C. W = nw.
The expected utility gain of saying W instead of the truth ¥ is:

14 -W(n—-1)/n
G(N,n)=V J‘ dFy(x)+n I [x+({(n—Dn)W]dF y(x)
v W V4o ...(4.9)
[x+ Zj #i Uj]dFN(X).

- ZieC

The first term represents the utility gained from the fact that the project will be accepted in
some circumstances in which it would not otherwise be, or vice versa, because of this

| 4
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coalition’s exaggeration of its beliefs. The second term is the expected pivotal payment
that the coalition will make. Since they answer symmetrically they will all be taxed in a
like manner, when x €[ —nw,—(n—1)w]. Finally, the last term is the pivotal payments

they would have had to pay had they answered truthfully; these pivotal payments are now
avoided.

Theorem 4.2. If \/NfN(—nw) converges to a constant as N goes to infinity, and \/Nf,(,(y)
is continuous in 'y and for each y converges to zero, then w converges to V as N goes to infinity
(and therefore W goes to nV).

Proof. The optimal answer for each N is obtained by maximizing G(N, n), i.e. from
-W+(W/n

Vfu(=W)+(n—1) j

which can be rewritten as:

)
dFy(x)—Wfy(—W) =0 ...(4.5)

w

V =nw) fy(—nw)+(n—1)wfy(—nw+uw) =0 for some pe[0,1] ...(4.6)
or, by the Mean Value Theorem, as:

(V =w) fy(—nw) +(n— Dpw?fi(—nw+gw) =0 for some fie [0, u]. ...(4D
Multiplying (4.7) by \/N we obtain the result directly from the assumptions. ||

The somewhat technical assumptions of Theorem 4.2 are indeed quite general and in
particular are satisfied by the normal distribution with mean zero (used below). In the
next section, we will assume that N is large enough to validate the approximation of W by
nV, i.e. that the optimal way of cheating is for each member of a coalition of size # to say
n times the average true willingness to pay in the coalition.

It is interesting to observe that the optimal cheating answers depend on the size of the
coalition and that the answer should be the same for every member of the coalition.

Because of the second point they will all be or not be pivotal together, which at least
for identical agents makes side-payments non-necessary. The first point makes implicit
coalition formation without communication much more difficult, because they have to
guess the size of the group with which they are tacitly colluding.

5. VALUE OF OPTIMAL CHEATING

In this section we restrict ourselves to the case of a distribution function Fy(.), which is
normal with mean zero and variance N. A more general theory would be much more
technical without throwing additional light on the basic result.

The expected gain (4.4) of cheating for a coalition of size # can then be bounded as
follows (see Appendix).

_ 2 _*Y_l _ _ (n—1)2y2
GV, Ny = DVZ 7Hw  n(n=l) a2y
27N /2N
oM @D
_I_"\/N [e 2 —¢ 2¥ 'V]

NGz
V2 — V2 n—1\2V2
- _____(n—l)_Vz e M- N [e—m —e_(Tl ;I_N]
n/2aN J2n '
From this expression it is clear that for a fixed coalition (that is to say a fixed #n and

a fixed V), the expected gain of cheating can be made as small as we wish, for N large
enough.

(5.0
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However, when we increase the size of the population, the probability that, keeping n
constant, there exists a coalition of size » with a very large ¥ increases if we view the members
of the population as being drawn independently from the same distribution as they them-
selves believe. Therefore, we would like to show a stronger result, namely, that, for any n,
the probability that there will exist a coalition of size n such that its gain from cheating is
larger than a given number, can be made as small as we wish by increasing N. Indeed,
we have a stronger result:

Theorem 5.1. Let ¢ and & be positive real numbers, and let n be a positive integer.
There exists a population size, Ny, sufficiently large such that for all populations of size
N> N,, the probability that there exists a coalition of size n<N*~° within this population,
capable of giving each of its members an increment of at least ¢ in expected utility by cheating
optimally, can be made arbitrarily small.

Proof. Note first that the global willingness to pay, V, of a potential cheating coalition
is such that ¥V £ mv,,,, Where v,,, is the maximum willingness to pay in the entire

population.
Considering the population as a random sample of size N in a normal distribution
(0, 1), we argue now that for every fixed probability #>0, for every 6>0,

Prob [0p.> N°]<n for N large enough. ...(5.2)

From David (1970), we know that the asymptotic distribution of the random variable
M, = (21log N)*[v.— (2 log N)*] is such that
prob[M, S v] =e "
Therefore for N large enough we have that
Prob [0 <v(2 log N) #+(2 log N)F]~e ™",

Letting v = (2 log N)}[N°—(2 log N)*], we obtain

prob [V <N°]~e” e L(2 log (NS~ 2llog W31 ...(5.3)

Clearly, (5.2) is then valid for large N.

Taking n < N¥7%, we have V<N#7? v, which implies with (5.2) that with
probability 1—#

V <N%, ...(54)

From (5.1) and the appendix, we know that the per-capita gain is of the order of
nV?/N*%. From (5.4) the per-capita gain is less than N ~° which converges to zero as N
grows. Thus as long as ¥<N?, which we know will happen with probability 1—#, the
conclusion of the theorems holds. ||

6. GENERALIZATIONS

In this section we extend the results to a subclass of Groves mechanisms.
Let c(w) be the A(-) function corresponding to the pivotal mechanism

C(W)= _Z.i*iwj if Zj*ingo
=0 Zj*in<0.

We write the A(-) function of any Groves mechanism as the sum of c¢(w) and a
function 6(w) which therefore characterizes also the given Groves mechanism

Vj, hj(w) = c(w)+9d,;(w\w;). VYw_;.

A Groves mechanism is said to be impersonal, if for every j, 6 ;(w\w;) is the same sym-
metric function of its argument.
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A Groves mechanism is said to be concave differentiable if for every j, 6,(w\w;) is a
concave differentiable function of w_;.

Theorem 6.1. For any concave differentiable impersonal Groves mechanism and for
any desired aggregate answer W by a coalition, the optimal answer of a coalition is sym-
metric.

Proof. The objective function of the coalition is now

Vfw dFy(x)+ ZIECJ

-w

-W+

" ek W= w)dFy(x)

+ Yiec J‘ ? f ? ow_)du(wpjec)s -.-(6.1)

where p is coalition C’s common beliefs about the joint distribution of (w));, ¢ (from which
Fy(.) is derived).
The first order condition for maximization with respect to w; for i e C is

Fy(—=W)+Fy(W)—Fy(—=W +w))
+ o0 + 0
+ Zlec,l # if J (@6(w_p)/owpdu(w))jec) = 0 ...(6.2)
Equating (6.2) for two different agents i and i’ we obtain

Fy(=W+w)= Yiec s irw f " @O0 ow)du(w); 40)

= Fu(—W4w)= Srecinr f L j " oW A(w))y ) -(63)

Because the mechanism is impersonal, it is possible to subtract from both sides of
(6.3) all the terms in the summations where / = i and / = i’. Afterwards the left-hand
side of (6.3) is a function of w; and not of w;. because the only term left in the summation
is the one associated with / = i’ and w;. is not an argument of that function. Similarly
the right-hand side of (6.3) is then a function of w;. and not w;.

Since the mechanism is impersonal, the two sides are the same functions of their
respective arguments. Moreover, by the concavity of d(.), they are both decreasing and
can be equal only if the two arguments are equal.

It is easy to check that the second order conditions are fulfilled. ||

For simplicity, we impose the further restriction that ¢ is a function of the sum of
everybody else’s answer, i.e.

o(x+ Zjec,j #i W)
The following proof can be extended to the other symmetric cases but requires con-
ditions on J(.) which are not easily interpreted.
Definition 6. A differentiable Groves mechanism is said to be asymptotically pivotal if
6,(y) approaches a constant k as y tends towards infinity and | 6;(y) | is integrable.

Theorem 6.2. If /Nfy(x) is uniformly bounded and converges at each point to a constant
K, and \/N fN() is continuous in y and converges to zero, then for an impersonal concave
differentiable asymptotically pivotal Groves mechanism, the optimal global answer of a
coalition of size n approaches nV (where V =Y ;. cv;) as N becomes large.
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Proof. The additional term in the analog of (4.7) is

(n—1) f +°°6( Wn 1))Jan(x)dx

=(n—1) f e 8 () Nfy <u - K(’Z—_l)> du
—o n

since we can drop now the indices of the d.

Since /Nfy(u—(W(n—1)/n)) is uniformly bounded, | &'(u)\/Nfy(u—(W(n—1)/n))| is
bounded by an integrable function since | §’()| is integrable.

By Lebesgue’s theorem:

limy (n—1) f " 5y N —(W(n— Dfm))du = (n—1)K f " §'(uydu = 0.

..(6.4)

Consequently (6.4) can be made as small as wished by increasing N. Therefore, the result
of Theorem 4.2 still holds. ||

The only mechanisms d(.) which are simultaneously concave and satisfy the assumption
of asymptotically pivotal are the pivotal mechanisms plus a constant. However, the
requirement of concavity is obviously a sufficient but not a necessary one to obtain the

above results.
Finally, we can state, under the same assumptions as Theorem 6.2.

Theorem 6.3. With the normal distribution, Ye>0, Yn>0, Yn<N?% a<%, AN, such
that N> N, implies that the probability that there exists a coalition of size n with a per-
capita gain larger than ¢ is smaller than 1.

Proof. The proof is similar to the proof of Section 5 but we have here an additional
term in the gain attained by optimal cheating namely:

S(n,N)=n e [6(x+V(n—1))—d(x +(V(n—1)/n))] fu(x)dx.

But -
| 8(x+V(n—1))—8(x+V(n—1)/n)| <(n—1)*/n)V&'(x+AV) for 1ie[(n—1)/(n), n].

In per-capita terms
+ 0

(S(n, N)/m)< j (n=1)*/m)V | 8'(w) | fu(u—AV)du

+ o0
< f Vinax(n—1)% | 8'(w) | fy(u—AV)du. ...(6.5)
As in Theorem 5.1 we have with arbitrary high probability
Viax <N° for any §>0.

Taking
n<N* % for >0

we obtain

(S(n, NY/m)< f NN | 8w | fyu— 2V )du

= 00
<aN ¢, for some constant «,

since | §'(.) | is integrable and /N fy(.) converges uniformly to a constant. Hence the
result, arguing as in Theorem 5.1. ||
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7. CONCLUSION

The purpose of this section is to give an interpretation of the preceding results. We have
shown that the probability that there exists a coalition of size » less than the sixth root of the
population size with a per-capita gain of more than ¢, can be made as small as we wish
with large N.

The requirement of a strictly positive per-capita gain can be justified by the need for
communication to form coalitions. Communication costs are often thought to be of the
order of the square of population size. Here we have taken the rather pessimistic point of
view that they are only proportional to the size of the coalition; this neglects the costs of
trial and error in the process of finding a viable coalition.

What about coalitions of size larger than the sixth root of the population size?
First, these coalitions will clearly have free rider problems of their own. Moreover,
they will have very high enforcement costs. We could have interpreted the required per-
capita gain, as a necessary enforcement cost for members of the coalition to be sure that
the binding agreement they made is respected. For large populations, this type of cost
becomes unbearable especially in a society which punishes recognized coalitions. Also, the
large coalitions, because the optimal method of cheating is grossly to exaggerate, will be
easily recognized. Of course, they could try to take this risk of discovery into account,
but the attainable gain from cheating would be even smaller. Finally, it would be very
easy for a society to catch such coalitions by infiltration.

Consequently for all these reasons very large coalitions should not be a problem.
For small coalitions, our result indicates that manipulation by coalition is not likely to
create difficulties for social decision making based on an appropriate Groves-type procedure.

APPENDIX
The expected gain is:

—-(m-1)V

G=V f 7 AR +n f [X+(n—1)V]dFy(x)
-nV —-nV

=((m=1)V/n)
—nf [x+((n—=10)V/n)V]dFpy(x). ...(1)
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With the normal distribution we have:

dFy(x) =

__%—
¥ dx.
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The integral (1) can broken up in three parts A, B, C.
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=((n—=1)¥/n)
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By using a Taylor expansion of the bracketed expression above, one obtains, under the
conditions
n < N¥ % vV < Nt

that G is bounded above by an expression where the dominant term is of the order of
n*V?[/N.

First version received February 1977, final version accepted August 1977 (Eds.).
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