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A Mechanically Checked Proof of the
AMD5,86™ Floating-Point Division Program

J Strother Moore, Thomas W. Lynch,

Member, IEEE, and Matt Kaufmann

Abstract—In this article, we report the successful application of a mechanical theorem prover to the problem of verifying the division
microcode program used on the AMD5,86 microprocessor. The division algorithm is an iterative shift and subtract type. It was
implemented using floating-point microcode instructions. As a consequence, the floating quotient digits have data dependent
precision. This breaks the constraints of conventional SRT division theory. Hence, an important question was whether the algorithm
still provided perfectly rounded results at 24, 53, or 64 bits. The mechanically checked proof of this assertion is the central topic of
this paper. The proof was constructed in three steps. First, the divide microcode was translated into a formal intermediate language.
Then, a manually created proof was transliterated into a series of formal assertions in the ACL2 dialect. After many expansions and
modifications to the original proof, the theorem prover certified the assertion that the quotient will always be correctly rounded to the

target precision.

Index Terms—Division, verification, computer arithmetic, formal verification, theorem proving.
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1 INTRODUCTION

HE AMDS5;86 floating-point unit major blocks include

two full width barrel shifters, a full width significand
adder, a 32 by 32 bit multiplier, and a rounder. The float-
ing-point unit data path accommodates the common IEEE
std. 754 formats [39]. Microcode operations may use ex-
tended range versions of these formats. All complex in-
structions are microcoded. The microcode instructions are
vertically integrated and resemble assembly level floating-
point instructions.

The divide microcode consists of the familiar shift and
subtract loop. This is repeated four times, with each itera-
tion producing an extended range single precision floating
quotient digit. The first remainder is set to the value of the
double extended dividend. Correct rounding occurs natu-
rally as a consequence of performing the last iteration. The
quotient guessing technique is the “arithmetic model” re-
ported by Atkins [7], where a single precision quotient
guess is formed by approximating the reciprocal of the di-
visor and, then, multiplying by the partial remainder. As
was done by Atkins, we use Newton-Raphson for forming
the reciprocal in accordance with Wallace [8] and Farrari
[9]. The seed for the NR iterations is obtained using the
method described by Schulte in [10]. The algorithm is de-
scribed in detail in Section 3.

More information on seed tables can be found in [2].
Briggs and Matula reported an SRT divider using the
arithmetic model in [11]. Briggs and Matula’s divider uses a
rectangular multiplier to efficiently handle the extended
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precision caused by the quotient digit times divisor multi-
ply. Rectangular multiplier techniques are extended in [13].
The algorithm to be presented is related to the high radix
method described by Wong and Flynn in [14]. A general
discussion of division can be found in [29] and [28]. A brief
survey of design decisions in division algorithms is pre-
sented in [29].

The AMD5;86 division program differs from the SRT
techniques since each floating-point quotient digit, FQD,
has a data dependent “fractional part” which will not ap-
pear in a corresponding SRT algorithm of the same radix.
Nor does the AMD5,86 division program use a rectangular
multiplier. Instead, where extra precision must be main-
tained, variations of the techniques presented by Priest [15]
are used.

As the AMD5;86 divide progresses, the FQDs may float
apart or overlap, due to floating-point normalization and
reciprocal estimation errors. As the FQDs float, so do subse-
quent partial remainders. This behavior is similar to that
caused by the zero skipping algorithm of Wilson [18]. The
basic principle which guided the design of the AMDS5,86
division program was that the partial remainders should
exactly correspond to the quotient guesses. A simple floating-
point forward error analysis [16], [17], [19] was employed to
find the error in the remainder while assuming the quotient
guess was exact. This error term was then forced to zero by
design, as further described in later sections.

The final step in our division algorithm is the floating-
point summation of the first FQD to the extended precision
accumulation of the other FQDs. The accumulation of FQDs
uses a special rounding mode, called “sticky,” which is the
“unbiased” rounding mode described by Sterbenz [17]. In
this rounding mode, the Isb of the result plays the role of
the sticky bit, and no further rounding is done.

Denormal numbers will be created in the final step if the
target format does not have sufficient exponent range to
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hold a very small normalized result. This occurs naturally
as part of the functionality of the adder. Such cases are cov-
ered in the proof by virtue of the fact that the final theorem
holds for an n bit precise quotient, where n may be less than
or equal to the target precision. As set forth in the lemmas
on rounding given later, double rounding is sound when
the first rounding mode is sticky, and the second rounding
reduces the precision still further, and by a significant
amount.

This work was part of the project to verify the AMD5,86
numerical code which was described in [5]. Following the
methodology given in that paper, the proofs here are bro-
ken into two parts. The first part verifies the correctness of
the algorithm with arbitrary precision partial remainders,
while the second part assures correct behavior with finite
precision and range. A third aspect is not discussed here,
and that is the verification of the algorithm when the oper-
ands are NaNs, Infinities, or signed Zeros. This was verified
through exhaustive testing, not proof.

Moore and Kauffman applied the ACL2 theorem prover
to the task of checking the numerical proof. This tool is the
successor to the Boyer-Moore theorem prover, Nqthm, and
its interactive enhancement [21], [20]. The prover attempts
to find proof of conjectures submitted by the user based on
a collection of already proven lemmas. Hence, the system’s
behavior is determined by the lemmas it has already
proved. The informed user can lead the system to difficult
proofs by the selection of appropriate small lemmas. In the
context of a project as ambitious as our division proof, it is
best to think of ACL2 as a proof checker. ACL2 is described
in more detail in [32], [33].

Other tools with similar intent exist. For example, inter-
nal tools at INMOS were used for the formal verification of
microcode on the IMS T800, as discussed by Shephard [1].
PVS [27] was used by Srivas and Miller [2] for verification
on the AAMP5 microprocessor. Other work has been done
using HOL [3]. Hunt and Brock report the use of Nqthm in
the verification of the FM9001 microprocessor [31]. And
Coupet-Grimal and Jakubiec discuss the application of Cogq
to verifying arithmetic circuits such as a comparator [6].

Part of ANSI/IEEE-854 [40] is formalized in [36] by
Miner using PVS. A few straightforward lemmas about
rounding are shown, such as the fact that truncation pro-
duces a number of no greater absolute value. However, no
mechanically checked proofs of floating-point algorithms
are presented.

More recently, Miner used his PVS formalization of
ANSI/IEEE-854 in a mechanically checked proof that a pa-
rameterized subtractive division algorithm is IEEE compli-
ant [37]. SRT division is an example of a subtractive divi-
sion algorithm in the class handled by Miner’s work. How-
ever, the AMD5;86 algorithm is not in this class of algo-
rithms, as it uses nonintegral quotient digits. In a generali-
zation of this work [41], Miner proves that the rational ver-
sion of the algorithm converges toward the actual quotient.
Then, he formalizes an implementation of IEEE rounding,
proves it correct with respect to the standard, and shows
how the division algorithm can be used to generate suffi-
cient input to the rounder. Along the way, he mechanically
proves many lemmas, like those in Subsection 6.2.
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There have been several mechanically checked proofs of
the SRT division algorithm reported in the literature. In
[25], Bryant reports on the use of OBDD techniques to ver-
ify certain invariants on a radix-4 SRT division algorithm.
Similar work has been done by Clarke, as well as by Clarke
et al. (private communication). In [41], Ruefs et al. report on
the use of the PVS system to verify that a radix » SRT divi-
sion algorithm divides.

Remarkable proof work continues at AMD [43] under
Rusinoff.

2 FORMALIZATION AND NOTATION

Our mechanical proof of the correctness of this microcode
was carried out with ACL2, “A Computational Logic for
Applicative Common Lisp.” The ACL2 environment con-
sists of an input language, an interpreter, a base set of
knowledge about the ACL2 language (called ACL2 axioms),
a theorem prover, and a collection of proven lemmas. The
ACL2 axioms describe relationships among the fundamental
data types: Symbols, Rationals and Integers, Lists, and
Strings. The ACL2 theorem prover is capable of using simple
inductive and deductive reasoning to attempt certification of
the truth of ACL2 language statements. Such statements
must be based on the ACL2 axioms and the collection of
proven lemmas. Certified statements may be included in the
collection of proven lemmas. The ACL2 language is a subset
of Common Lisp [44], [45], hence, an expression such as x x
2" is formulated as (* x (expt 2 (+ i 1))).This gives
statements in the ACL2 language a dual usage. For example,
because the ACL2-based coding of the division program
(given in Section 3) is a LISP program, it can be executed;
and, because it is also a formal logical description, it can be
used as input to the ACL2 theorem prover.

2.1 Floating-Point

Floating-point numbers are built from the fundamental
types as follows:' Every nonzero rational number x can be
uniquely represented in the form ox s x 2° where

e oge {+1,-1},
e sisarationaland 1<s<2,and
® c¢isan integer.

We call o the sign, s the significand, and e the exponent of x.
We define the unary function symbols o, s, and e for ac-
cessing the corresponding components of x. We sometimes
write g, s,, and e,, instead of the more formal o(x), s(x),
and e(x). We make the conventions that the sign of 0 is +1,
the significand is 0, and the exponent is 0. When we say “s
is a significand,” wemeans=0or1<s<2.

Note that our notions of significand and exponent are
defined for all rationals, not just for those, say, with finite
binary expansions. Of course, if a rational has an infinitely
repeating binary expansion, then its significand does also.
For example, 1/3 = 0.010101..., has a significand of 4/3 =
1.010101...; and an exponent of -2, since 1/3 =1x4/3 x 272
and 1 <4/3 < 2. It is helpful to think of significands as be-
ing in “normal” form and exponents as being appropriate
for normalized significands.

1. We use traditional notation in this paper instead of the ACL2 language
statements, as the latter is probably unfamiliar to the reader.
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To truncate a significand to i bits, we use:
[s X 2i’1J
o

We say x is an m,,n normalized floating-point number if and

trunen(s, i) =

e . -1
only if x is rational, truncn(s,, n) = s,, and 2 — 2" <e, <

2" -1 We say x is an m,,n floating-point number if and only

. . . m—1
if x is a rational number, truncn(s,, n) =s,, and2—-n -2 <

e, <21

We define MinN(m) and MaxN(m, n) to be the minimum
and maximum normalized numbers in the m,n format. We
define MinD(m, n) to be the minimum denormal number in

m—1

the associated format, i.e., 2>

Our notion of the m,,n normalized floating-point numbers
does not include the NaNs, infinities and signed zeroes of
the standard. Our notion of the m,n floating-point numbers
includes all of the standard’s normalized and denormal
numbers in the corresponding format, as well as additional
rationals. The excess comes from the fact that the m,n for-
mats do not truncate precision off of small numbers. Hence,
the set of denormals are a subset of the set of tiny m,n
numbers. By using this broader notion, we simplify and
strengthen our theorem. This does not affect our proof be-
cause denormals may only occur on input and output of the
divide program due to the use of extended range interme-
diate values. Thus, the AMD586 applies the algorithm to a
subset of the numbers for which we prove it correct,
namely the standard’s normalized and denormal numbers.

A final basic concept is that of the ith bit of a significand.
We index the bits by the power of 2 indicated by their posi-
tions. Because we are thinking here of s as a significand, we
know 1 <5 < 2 and, hence, all bit numbers are nonpositive.
Thus, bit 0 is the bit in the ones place, bit —1 is the bit in the
1/2 place, etc. It is useful to remember that the least signifi-
cant bit in an 7 bit significand is at position 1 — n.

bitn(s, i) = {1 if Ls X Z_IJ is odd
0 otherwise

2.2 Rounding Styles
A fundamental notion is that of rounding a rational to a
given precision. Various rounding “styles” are employed,
e.g., round toward 0, away from 0, etc. We define these
ideal mathematical notions here. We later restrict and
elaborate them (e.g., with denormals or exceptions) to deal
with the finiteness of any given representation format.

Six rounding styles are mentioned in this paper. We start
with the three that are mentioned explicitly in the division
algorithm, trunc, away, and sticky.

trunc(x, i) = o, X trunen(s,, i) x 2%
away(x, i) = 0, x awayn(s,, i) x 2
sticky(x, 1) = o, X stickyn(sx, i) x 26,

Each is defined in terms of an analogous operation on the
significand which is then signed and scaled for the general
case. We have already defined truncn. awayn(s, i ) is:

s if trunen(s, i) = s
trunen(s,i) + 2" otherwise

while stickyn(s, i) is:

trunen(s, i) if trunen(s,i) = s or bitn(s, 1- i) =1
awayn(s,i) otherwise.

In addition to the three styles above, we prove that the
division algorithm supports three others: round to nearest,
to positive infinity, and to negative infinity, denoted by
nearest(x, i ), posinf(x, i ), and neginf(x, i ). We omit their
definitions here for brevity.

It is convenient to define the function roundx so that,
when s is the name of one of the six styles mentioned,
roundx(s, x, i ) is just s(x, i ), e.g., roundx(sticky, x, i) is
sticky(x, 7).

2.3 Rounding Modes

The ideal rounding styles above make no provisions for the
finiteness of the representation: The rational x is rounded to
another rational of the given precision, i. We now deal with
finiteness.

A rounding mode is a 4-tuple, [s m n uvp], where s €
{trunc, away, sticky, nearest, posinf, neginf}, m and n
are integers, 1 < m, 0 < n < 64, and uvp € {unmask-uv,
mask-uv}.

The AMDS5;86’s hardware rounder is modeled as a
function, round. It takes a rational, x, and a user-specified
rounding mode, [s m n uvp]. The last component of the
mode determines the rounder’s behavior on underflow.
round returns the rounded x, one of the symbols over-
flow-behavior, or underflow-unmasked-behavior, or
a pair containing an inexact denormal and the symbol uv-
flag. The last case stems from supporting the gradual un-
derflow scheme, where underflow is signaled when the tiny
result is imprecise.

The definition of round(x, [s m n uvp]) is as follows: Let y
be sticky(x, 66). This is our formalization of the fact that the
data path to the rounder provides a normalized number in
17,64 format together with two additional bits (“round”
and “sticky”). Let z be the user-specified round of y,
roundx(s, y, n). If uvp is unmask-uv, round returns over-
flow-behavior if MaxN(m, n) < |z|, unmasked-
underflow-behavior if |z| < MinN(m), and z, otherwise.
In the case that uvp is mask-uv, the situation is more com-
plicated. Let n" be n — (2 — 2m_1) + e(y). Let ¥’ be the user-
specified style round of y to the possibly lower precision #’,
roundx(s, y, n). If MaxN(m, n) < |z|, round returns over-
flow-behavior. If |z| < MinN(m), round returns either y’
or [y uv-flagl, according to whether y is in the range of
m, , n numbers and is exact at n” bits of precision. Otherwise,
round returns z.

The division algorithm uses the rounder in its final step.
Furthermore, our main theorem (below) claims the equality
of divide(p, d, mode) and round(p/d, mode). Thus, the rounder
is involved in both the implementation and specification.

We claim that round(x, [s m n uvp]) “correctly” rounds x
in the specified style s and returns either the appropriate
(possibly denormal) result or an appropriate indication of
overflow, etc. As is the case for the other basic blocks
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Algorithm divide(p, d, mode)
1. sdy = lookup(d) [exact 17 8] ; 8-bit approx of 1/d
2. d, =d [away 17 32]
3. sddy = sdyxd, [away 17 32] ; first NR iteration
4. sdy = sdp x comp(sddy,32) [trunc 17 32]
5. sddy = sdy xd, [away 17 32] ; second NR iteration
6. sdy = sd; x comp(sdd;,32) [trunc 17 321 ; 32-bit approx of 1/d
7. dh =d [trunc 17 32] ; prepare for
8. dl =d—dh [exact 17 32] ; quotient digit calc
9. po =p [exact 17 64]

10.  phg = po [trunc 17 32]

11. o = sds X pho [away 17 24] ; quotient digit 0

12. qdhy = qo x dh [exact 17 64]

13. qdly = qo xdl [exact 17 64]

14. pty = po — qdhgy [exact 17 64]

15. p = pt1 — qdly [exact 17 64] ; partial remainder 1

16. phi =p [trunc 17 32]

17. ¢ = sds X phy [away 17 24] ; quotient digit 1

18. qdhi = ¢ xdh [exact 17 64]

19. qdly, = q xdl [exact 17  64]

20.  pto = p1 — qdhy [exact 17 64]

21. po = pto — qdly [exact 17 64] ; partial remainder 2

22. pha = po [trunc 17 32]

23. = sds X phy [away 17 24] ; quotient digit 2

24. qdhs = q» X dh [exact 17 64]

25, qdls = q xdl [exact 17 64]

26. pts = pa — qdho [exact 17 64]

27. p3 = pt3 — qdls [exact 17 64] ; partial remainder 3

28. phs = p3 [trunc 17 32]

29. q3 = sds X phs [trunc 17 241 ; quotient digit 3

30.  qgo =q +q3 [sticky 17 64] ; sum the digits

31. qq =qp+q [sticky 17 64]

32. divide = qq1 + qo mode ; (see notes)

Fig. 1. The Division Algorithm.

(adder, multiplier, etc.), we do not descend into the block
and prove that the unit functions correctly. To do so for the
rounder would require formalizing independently (say,
from the IEEE standard) what “correct” rounding is. See
[37]. Alook at our main theorem reveals that we proved the
division algorithm produces the same thing as calling the
rounder on p/d. But, to prove our main result, we had to
prove some facts about the rounder. In addition, we proved
some other facts merely to reassure ourselves of its proper-
ties. Suppose x is a rational and [s m n uvp] is a rounding
mode.

LEMMA 2.3.1. round(x, mode) = round(sticky(x, 66), mode).

Note: It follows that the above two invocations of the
rounder signal the same exceptions, etc., since that infor-
mation is represented in the result of the function round.

LEMMA 2.3.2. If MinN(m) < |x| < MaxN(m, n) (ie., x is
within the normal m,n range), then round(x, mode) =

roundx(s, x, n), i.e., the result is just the ideal round with
the requested style s to the requested precision n.

Note: It follows that no exception can occur since roundx is
rational. The following corollary is useful.

LEMMA 2.3.3. If x fits exactly in the normalized m,n format, then
round(x, mode) = x.

LEMMA 2.3.4. If underflows are masked and MinD(m, n) < | x|
< MinN(m, n) (i.e., X is in the denormal part of the m,n
range), then the numeric result of the rounder is an ideal
round of x at a possibly lower precision 0 <i < n.

Of course, other theorems could be proven about the
rounder, e.g., that it is IEEE compliant or, at least, that it
constructs numbers in the m,n format. But, we did not
prove those theorems for this project.

3 THE ALGORITHM

The floating-point division algorithm, called “divide” and
shown in Fig. 1, takes three inputs: floating-point numbers
p and d and a “rounding mode” mode. In the code, three
styles of normalized rounding are used: trunc rounds to-
ward 0, away rounds away from 0, and sticky rounds to-
ward 0 if no precision is lost or the last bit kept is 1, and
rounds away from 0 otherwise.

The algorithm consists of 32 assignment statements, each
of the form

i var = expr tuple  ; optional comment

where i is a line number, var is a variable symbol, expr is a
mathematical expression, and tuple is of the form [style m n]
(except for the last line).
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TABLE 1
SKETCH OF THE INVERSE TABLE

top 8 bits approx top 8 bits approx top 8 bits approx top 8 bits approx

of d inverse of d inverse of d inverse of d inverse
1.00000002 0.111111114 1.01000002 0.110011002 1.10000002 0.101010102 1.11000002 0.10010010-
1.0000001, 0.111111014 1.01000012 0.110010114 1.10000012 0.101010014 1.11000015 0.10010001,
1.00000102 0.111110119 1.01000102 0.110010102 1.10000102  0.101010002 1.11000102  0.100100019
1.00111015 0.110100004 1.01111012 0.101011014 1.10111012  0.100101002 1.11111012  0.100000019
1.00111102 0.110011119 1.01111102 0.101011002 1.10111102 0.100100112 1.11111102  0.100000012
1.00111119  0.110011014 1.0111111s  0.101010112 1.1011111s  0.100100112 1.1111111s  0.100000002
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The lines are executed sequentially. Each line but the last
either assigns a rational value to its variable or aborts the
computation. To execute a line, evaluate the expression on
the line to its precise mathematical value, val. Then, round
val to n bits of precision, using style rounding, producing a
rational, rval. Consider the normalized significand of rval
and the corresponding exponent. If the exponent does not
fit in m bits (biased representation), abort. Otherwise, as-
sign rval to the variable and proceed. Lines containing a
tuple of the form [exact m nl are handled slightly differ-
ently. Such a line assigns var the value, val, of the expres-
sion, but aborts unless the normalized val fits in the m,n
format.

We prove that no line aborts, i.e., all normalized results
fit in the described registers. These claims hold when the
input p and d are 15,,64 numbers and d # 0.

The last line assigns to divide the result of rounding gq; + o
according to the user-specified mode. This is the only occa-
sion in this code in which a denormal number may be pro-
duced. It is also the only line that might signal an exception.
Formalizing this step in ACL2 required modeling some
aspects of the AMD5;86’s rounder. We modeled its sensi-
tivity to an indicated rounding style and destination for-
mat, made provisions for signaling overflows and under-
flows, the (possibly denormal) floating-point result re-
turned (if any), and whether the underflow flag is set.

Lines 1 through 6 of Fig. 1 are devoted to the computa-
tion of the reciprocal of d. At line 6, the variable sd, is as-
signed a 17,,32 normalized floating-point number that (we
will prove) is 1/d with a relative error less than 27, This is
done by obtaining an initial approximation, sdy, via the
function lookup, which maps a 17,,64 normalized floating-
point number d into an approximation of 1/d by using a
table that maps each of the 128 8-bit nonzero significands to
an 8-bit approximation of its reciprocal. See Table 1. The
computation of the table entries is discussed in [34].

The initial approximation is then refined with two itera-
tions of an easily computed variation of the Newton-
Raphson method,

Sdi+1 = Sdi(2 - Sd,‘X d )

The variation is obtained by making the following trans-
formations on the equation above.

0<i<1).

e Instead of d, we use the floating-point number ob-
tained by rounding d with the tuple [away 17 32]
so we can use a small square multiplier in the next
step.

e After multiplying sd; by (the approximation to) d, we
truncate the result to 32 bits. This is our sdd; and can
be thought of as an approximation to sd; x d.

e Instead of subtracting the result from 2 to form (2 — sd;

x d ), we complement sdd;, which yields a close ap-
proximation, where comp(x, i) is defined as (trunc(2 —
x—2'7i).

e After multiplying by sd;, we truncate the result to 32
bits.

Lines 7 through 29 of the algorithm are devoted to the
computation of four quotient digits, g, through g;. Each
quotient digit is a 17,24 normalized floating-point number.
See lines 11, 17, 23, and 29.

Successive partial remainders are defined with the
equation p;,; = p; — (3; X d ). However, computing the right-
hand side directly would require a 24 x 64-bit multiply. We
do the multiplication by splitting d into two 32 bit parts, d),
and d), then subtracting each product from p;. See lines 12-
15 for the computation of p;. The 17,,64 normalized float-
ing-point result is exact; no precision is lost and p;,; as
computed is indeed the mathematical p; — (g, x d ).

In lines 30 through 32, the quotient digits are summed,
least significant digits first, using sticky rounding on all but
the last. On line 32, the final sum is rounded into the desti-
nation format via the user-specified mode.

4 THE MAIN THEOREM

MAIN THEOREM. If p and d are 15,,64 floating-point numbers,
d # 0, and mode is a rounding mode, then divide(p, d, mode)
=round(p/d, mode).

In Section 9, we list some corollaries of this theorem,
based on Lemmas 2.3.2-2.3.4.

5 THE MAIN PROOF

To facilitate discussion about the values of the variables in
the code, we define auxiliary functions corresponding to

the 32 variable names. Consider, for example, line 6.
6. sd, = sdy X comp(sdd,, 32) [trunc 17 32]

The semantics of this line can be rendered as the following
function of d, provided we have rendered the preceding
lines as analogous functions:

esd,(d ) = eround(
esd,(d ) x comp(esdd,(d ), 32),
[trunc 17 32]

)

where eround(val, [s m n]) either returns roundx(s, val, n),
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val (when s is exact), or signals an “abort,” as described in
Section 3.

We call esd, the semantic function for the code variable
“sd,.” Assuming no previous line signals an error, the mean-
ing of the code variable “sd,” is esd,(d ). More generally, if the
division algorithm is executed with d = x and executes to line 6
with no error, then esd,(x) is the value of “sd,.”

Because we always assume no previous line has signaled
an error when we use esd,(d ), we need not concern our-
selves with the meaning of the definition above when
esdd;(d ), say, is an error object. But, esd,(d ) may itself sig-
nal the first error. Thus, it is somewhat awkward to reason
about esd,(d ) because it is not always numeric.

Now, consider the function

sdy(d ) = trunc(sd(d ) x comp(sdd,(d ), 32), 32).

When the variable sd, in the code has a numeric value—as
opposed to an error object value—that value is given by our
function sd,. In particular, esd,(d ) = sdy(d ) unless the former
is an error object. Furthermore, the former is an error object
if and only if the precision or exponent magnitude of the
latter is too big. Thus, not only are the “numeric semantic
functions” like sd, easier to handle, but their arithmetic
properties can be readily traded in for properties about the
true semantics, e.g., esd,. The numeric semantic functions
for lines containing [exact m n] assertions return the
value of the expression, e.g., the numeric semantic function
for line 15 is py(p, d ) = pti(p, d ) —qdly(p, 4 ). The numeric
semantic function for the last line, named divide! to distin-
guish it from divide, is divide!(p, d, mode) = round(qq;(p, 4 )
+ qo(p, d ), mode). We call divide! the numeric version of the
algorithm, although it is not necessarily numerically val-
ued, since the rounder can indicate exceptions, etc.

Henceforth, when we use a code variable (other than p, d,
and mode), it is merely an abbreviation for the application of
the corresponding numeric semantic function to the appro-
priate subsequence of p, d, and mode. For example, consider
line 11. Henceforth, g, is just an abbreviation for qu(p, 4 ),
which, using the same convention, is away(sd, x phy, 24) or
away(sd,(d ) X phy(p), 24).

We will prove that the numeric algorithm enjoys an even
stronger correctness property than the actual algorithm:
THEOREM 1. If p and d are rational numbers, d # 0, and mode is a

rounding mode, then divide!(p, d, mode) = round(p/d,
mode).

The 15,64 hypotheses are necessary only to relate the
numeric algorithm to the actual one. We will also prove:

THEOREM 2. If p and d are 15,,64 floating-point numbers, d #0,
and mode is a rounding mode, then divide!(p, d, mode) =
divide(p, d, mode).

Theorems 1 and 2 together imply the main theorem. We
prove Theorem 1 in Section 7 and Theorem 2 in Section 8.

6 FUNDAMENTAL ELEMENTARY RESULTS

In this section, we list a few of the lemmas that we had to
formalize and prove in order to construct our main proofs.
The library of such lemmas contains hundreds of entries.
We show only a few here to give the reader a sense of
where our proof starts.
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In the following lemmas, x and y are rationals and i is a
positive integer.
6.1 Key Properties of the Representation
LEMMA 6.1.1. s(—x) = s, and e(—x) = e,.
LEMMA 6.1.2. If j is an integer, s(x X 2j) =s, and e(x X 2j) =e, +
j(x=0).
LEMMA 6.1.3. If x # 0 and j is an integer and | x| <2/, then e, <.
LEMMA 6.1.4. If x # 0 and j is an integer and 2 I< |x|,thenj<e,.
An upper bound on the exponent of a sum (or differ-
ence) is given by:
LEMMA6.1.5. If x #0 and x + y # 0 and e, < e,, then e(x + y) <
1+e,.

A lower bound on the exponent of a sum (or difference)
of two numbers (when the exponent of one is sufficiently
smaller than that of the other) is given by

LEMMA 6.1.6. If x#0and y #0and e, + 1 <e,, then e, <e(x + y).
Bounds on the exponent of a product are given by:
LEMMA 6.1.7. Ifx#0and y #0, then e, + e, <e(xXy) <e,+e, + 1.

6.2 Elementary Properties of Rounding
For most of the lemmas below about trunc we also proved
analogous versions about away and sticky.
LEMMA 6.2.1. trunc(—x, i ) = —trunc(x, i ).
LEMMA 6.2.2. For every x, there is an € of the same sign such that
trunc(y, i) = x — eand | < 2%
By “same sign” here we mean that if x <0, then £<0, and,
otherwise, 0< &
LEMMA 6.2.3. If x <y, then trunc(x, i ) < trunc(y, 7 ).
LEMMA 6.2.4. If x # 0, then e(trunc(x, 1)) = e,.
LEMMA 6.2.5. If x # 0, then
W J1+e, if2<s +27"
e(away (, Z)) B {ex otherwise.
LEMMA 6.2.6. If j is an integer, then trunc(x x 27, i) = trunc(x, i )
x27.
LEMMA 6.2.7. If j is an integer and i < j, then trunc(trunc(x, i ), j )
= trunc(x, i ).
LEMMA 6.2.8. If j is an integer and i < j, then trunc(away(x, i ), j )
=away(x, i ).

Since we use the test “trunc(x, n) = x” to formalize “x fits
in n bits,” it is Lemma 6.2.8 that captures the remark that
“the result of rounding away to i bits fits in j bits if i < j.”
Similar results hold for the other rounding styles.

The following lemmas about trunc are useful in exact-
ness arguments.

LEMMA 6.2.9. If m and n are positive integers and trunc(x, m) = x
and trunc(y, n) =y, then trunc(x X y, m + n) = x X y.
LEMMA 6.2.10. For every rational x and positive integer i, there

is an integer j such that trunc(x,i) = jx 2%, where

qzaxandZi_ls [7l <2

LEMMA 6.2.11. If n is an integer and |n| < 2, then trunc(n, i) = n.
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6.3 Special Properties of Sticky Rounding

We are especially interested in the interactions between
sticky rounding and the other styles because of its crucial
use to sum the quotient digits.

LEMMA 6.3.1. If s is one of the six rounding styles and i and n are
positive integers such that i < n, then roundx(s, sticky(x,
n+2),i)=roundx(s, x,i).

An especially important fundamental result is

LEMMA 6.3.2 (Sticky Plus). Let x be a nonzero rational that fits
in n > 0 bits, which is to say trunc(x, n) = x. Let y be a ra-
tional whose exponent is at least two smaller than that of x,
1+ e, <e,. Let k be a positive integer such that n + e, — e,
<k.

Y

n bits

€y

X XXXXXXXXXXXXXXXX  XXXXXXXXXXX

Y YYYyyyyyyyyy - yyyyyyyyyyyyyy yyy -
[y i

€y

k bits
Then, sticky(x + y, n) = sticky(x + sticky(y, k), n).

The need for Lemma 6.3.2, which is henceforth called
“Sticky Plus,” can be informally explained as follows: Sup-
pose one wishes to round the “infinitely precise” sum x + y
to n bits with sticky rounding but one only has a finite
number of bits in which to compute the sum. Suppose x
itself fits in n bits but y is “infinitely precise” and is as de-
scribed by the lemma above. Then, one can first sticky
round the “infinitely precise” y to k bits, do a finite sum,
and sticky round the result to obtain the desired answer.
This is the property of sticky rounding that allows us to
sum the quotient digits without endangering the round of
the infinitely precise answer.

Among the lemmas noted in this section, we found
Sticky Plus to be singularly difficult to prove. Below, we
sketch a proof due to Russinoff, who checked his proof with
ACL2 during his analysis of the AMD5,86 floating-point
square root microcode [42]. Russinoff’s Sticky Plus proof is
more elegant than the one we checked.

Instead of proving the lemma for all k, Russinoff proves
the special case where k =n —e, + e, + 1, the least k satisfying
of our hypotheses; the extension to greater k is straightfor-
ward using a lemma for sticky similar to our Lemma 6.2.7.
For brevity, we concern ourselves primarily with the “posi-
tive case” (x and y both positive).

We start with three observations. First, x fits in n bits iff

2""*x x is an integer. Second, sticky(x, 1) is either trunc(x, 1)

or away(x, n) according to whether |_2"_1_e“’ xJ is odd or
even. Third, if x fits in n bits, where n =k + e,— e, >0, then

1) x + trunc(y, k) = trunc(x + y, k + e(x + y) — e,) and

2) x +away(y, k) =away(x +y, k + e(x + y) —e,).
Russinoff proves 1) in [42]; the proof of 2) is similar.

The positive case of Sticky Plus can then be proven from

the following lemma: If x fitsinn =k -1+ e, — e,> 0 bits,
then x + sticky(y, k) = sticky(x + y, k + e(x + y) —¢)).

k-2— e, . .
PROOF. Note that 2° ~ Yx =2"""%xis an integer. By the
third observation above, it suffices to show that

sz—l—ey yJ _ Pme(wy)—ey —1—e(x+y)(x 4 y)J (mod 2).

But,
L2k+e(x+y)—ey—1—e(x+y)(x + ]/)J

LZk_l_ey (x+ y)J
- Lz x 2"y g T yJ
—2x 2y tzk‘l‘ey yJ

= sz_l_ey yJ (mod 2).

O
The negative case of Sticky Plus is analogous but relies
on the fact that [ x] = —~[—x]and a swapped version of our

third observation above, e.g., x — trunc(y, k) = away(x — y, k)
+ e(x —y) —e,). In the negative case, we must prove that the
parities are essentially opposite.

We conclude this section with one more important
lemma about sticky rounding.

LEMMA 6.3.3. Let x be a nonzero rational such that trunc(x, n) = x,
where n > 1. Let & and &, be nonzero rationals such that

—n —n+l
|€1| < 257" and |£2| < 27" Furthermore, suppose

both & and &, are positive if either is (ie.,, 0 < & <> 0 < &).
Then, sticky(x + &, n) = sticky(x + &, n).

7 PROOF OF THEOREM 1

The following proof is a “journal level” description of the
one we checked with ACL2. Recall that code variables here
denote calls of the numeric semantic functions.

THEOREM 1. If p and d are rational numbers, d # 0, and mode is a
rounding mode, then divide!(p, d, mode) = round(p/d,
mode).

PROOF. Assume p and d are rationals and 4 # 0.
The first six lines of the numeric algorithm com-
pute an approximation to the reciprocal of 4. In Sub-
section 7.1, we will prove

LEMMA 7.1.1. For %Jery nonzero rational d, there exists a rational
0< &, <2 suchthatsdy,=(1/d )1 — &).

This lemma will enable us to prove the crucial prop-
erties of the quotient digits, namely, that their expo-
nents differ by at least 23. The crucial lemma relating
qo to q; for example is

LEMMA 7.2.1 (Digit Separation (qq v. q1)). If p and d are rationals,
d#0,and g, #0, then e(q;) < e(qo) — 23.

The Digit Separation lemma (Section 7.2) states an
analogous or slightly stronger property for all three
quotient digits, as well as for what we will call g5 below.

One implication of Digit Separation is that two
nonzero quotient digits have a nonzero sum. For ex-
ample, if g, and g; are nonzero, then g, + g5 is nonzero,
for, otherwise, the exponents of g, and g3 would be
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equal, since e(—g;) = e(q3). We use these and similar
observations implicitly below.

Lines 7 through 9 of the code prepare for the quo-
tient digit calculation by defining dh and dI to be the
high and low parts, respectively, of d, and renaming p
to be p, so the subsequent indexing is regular. Hence,
dh + dl = d. Note that, in the actual algorithm (as op-
posed to the numeric one we are discussing), “dl” is
d —dh only if that quantity fits exactly in 32 bits or
less. We deal with this, of course, when we work on
Theorem 2.

The first quotient digit, g, and the next partial re-
mainder, p;, are computed by lines 10 through 15.
Unwinding the definition of p; gives p; = pt; — qdly =
(po — gdhg) — qdly = po — (qdhg + gdlo) = po — (qo x dh + qq
x dl) =pg—go x (dh + dl) = py— qo X d.

The computation of the next two quotient digits
and remainders is analogous. Thus, unwinding as
above, we get p; = pg — (9o + 91 + 42) X d. If we define
75 to be ps/d, it follows that
Po = (g, + g, + 9, +q3) x d, which is to say

P/d:Po/d
= (qo +a, + a0, + 45)- 1)

Equation (1) states that the “infinitely precise” answer
is the sum of the first three quotient digits plus g;.
Note, however, that the algorithm does not compute
g5 but g3 = trunc(sd, X trunc(p;, 32), 24), which is gen-
erally different.

In this paper, we address only the case where all
four quotient digits are nonzero and leave the other
cases to the reader. Hint: If one quotient digit is 0, all
subsequent ones are 0.

The final steps of the computation sum the quotient
digits.

divide! = round (g + sticky(g; + sticky(q, + g3, 64), 64), mode).

But, the rounder is only sensitive to 66 Dbits
(Lemma 2.3.1), so this is equivalent to

divide! = round(y, mode), (2)
where

y = sticky(q, + sticky(q; + sticky(g, + g3, 64), 64), 66). (3)

We will show that

y = sticky(qo + sticky(q,
+ sticky(g, + sticky(qs, 2), 24), 45), 66). 4)

To prove this, we reduce the right-hand sides of
both (3) and (4) to sticky(qo + 41 + g2 + q3, 66).

The reduction of (4) repeatedly applies Sticky Plus,
starting on the inside and working out, appealing to
Digit Separation and our nonzero sum observations to
relieve the hypotheses:

v = sticky(qO + sticky(q1 + sticky(q2 + sticky(q3, 2), 24), 45), 66)

= sticky(q, + stlcky g+ s’clcky(q2 + 45, 24) 45), 66)

= sticky

= s’cicky(q0 + stlcky G+, +4;, 45) 66)
(%

Qo+t 91 t9,+ 495, 66)

v = sticky(qo + sticky(q] + sti(:ky(q2 + sticky(q,, 2),
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Following the same procedure, we reduce the defi-
nition of y, (3), to the same term and, hence, have
proven (4).

But, we can replace g in the right-hand side of (4)
by g5 to get

24), 45), 66)

= sticl(y(q(J + sticky(q1 + sticky(q2

+ sticky(q;, 2), 24), 45), 66) (5)

This is justified because sticky(gs, 2) and sticky(q;, 2)
satisfy the hypotheses on g and &, of Lemma 6.3.3. In
particular, Digit Separation implies

0< |sticky(q3, 2)| < 2°012)733
and

0< |sticky(q§, 2)| < 28012)723

It is also true that 0 < sticky(qs;, 2) if and only if
0 < sticky(q5, 2).

Now, we eliminate the inner sticky terms from the
right-hand side of (5) with Sticky Plus and Digit Sepa-
ration (including the one for g7}), just as we did when
we proved (4) above:

v = sticky(qo +q,+ 9, + 45, 66). (6)

Thus, we have

divide!

= round(y, mode) by (2)

= round(sticky(q, + q, + g, + g3, 66), mode) by (6)

= round(sncky p/d, 66), mode) by (1)

= round(p/d , mode) by (Lemma 2.3.1).

O

7.1 The Reciprocal Computation
LEMMA 7.1.1. For goery nonzero rational d there exists a rational

0<e,p<2 8 such that sdy, = (1/d )(1 — egpn).

To give the reader a feel for the mechanization of such
proofs, we describe this one at a fairly low level. Please re-
fer to lines 1 through 6.

Our proof of Lemma 7.1.1 is based on the observation
that, without loss of generality, we can restrict our attention
to the case where 1 < d < 2. We call this a “squeeze” lemma.
To make this formal, we first observe

LEMMA 7.1.2. If d zs a ratzonal and d # 0, then sd,(d) = o(d) x

sdy(s(d )) x 27
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(DEFTHM SD2-SQUEEZE

(IMPLIES (AND (RATIONALP D)
(NOT (EQUAL D 0)))
(EQUAL (SD2 D)
(* (SIGN D)
(SD2 (SIGNIFICAND D))
(EXPT 2 (- (EXPO D))

Fig. 2. Lemma 7.1.2.

Subgoal 1

(IMPLIES (AND (RATIONALP D)
(NOT (EQUAL D 0))
(<= 0 D))

32)

32)))).

Subgoal 1’

(IMPLIES (AND (RATIONALP D)
(NOT (EQUAL D 0))
(<= 0 D))

32)

32)N.

reasoning.

(EQUAL (TRUNC (* (SD1 (SIGNIFICAND D))
1 (EXPT 2 (x -1 (EXPO D)))
(COMP (SDD1 (SIGNIFICAND D)) 32))

(x 1 (EXPT 2 (x -1 (EXPO D)))
(TRUNC (* (SD1 (SIGNIFICAND D))
(COMP (SDD1 (SIGNIFICAND D)) 32))

By the simple :rewrite rule UNICITY-OF-1 we reduce the conjecture to

(EQUAL (TRUNC (* (SD1 (SIGNIFICAND D))
(FIX (x (EXPT 2 (x -1 (EXPO D)))
(COMP (SDD1 (SIGNIFICAND D)) 32))))

(FIX (* (EXPT 2 (x -1 (EXPO D)))
(TRUNC (* (SD1 (SIGNIFICAND D))
(COMP (SDD1 (SIGNIFICAND D)) 32))

But simplification reduces this to T, using the :type-prescription rules TRUNC, EXPO,
SDD1, SD1, RATIONALP-COMP, RATIONALP-EXPT and POSITIVE-EXPT-2-I, the :definition FIX,
the :rewrite rules TRUNC-*-X-EXPO-BRIDGE-1 and COMMUTATIVITY-OF-* and primitive type

Fig.3 . Proof of the first subgoal.

e sdy(d) = o(d ) x sdy(s(d ) x 27
d,(d)=o(d)xd,(s(d))x 2"
sdd,(d ) = sdd,(s(d )
sd,(d ) = o(d ) x sdy(s(d )) x 27
sdd, (d ) = sdd,(s(d))
sdy(d) = ofd ) x sdy(s(d )) x 27,

The mechanically checked version of this proof required
first proving a squeeze lemma for each of the preceding lines.
The ACL2 statement of Lemma 7.1.2 is shown in Fig. 2.

The mechanically produced proof description begins as
follows:

This simplifies, using the :definitions SD2,

SIGN and SYNTAXP, the :executable-counter-part
of EQUAL and the :rewrite rules
COMMUTATIVITY-OF-*, SDD1-SQUEEZE, SD1-SQUEEZE,
A9 and A2, to the following two conjectures.

The proof of the first subgoal is shown in Fig. 3.

The other subgoal is similar. The machine’s case split on
the sign of D is unnecessary. The proof is printed as it is
produced. About one-fifth of a second elapses from the
time the conjecture is posed to the time the proof is com-
plete. However, as is obvious from the lemma names cited
(e.g., SDD1-SQUEEZE), the user “laid the groundwork” for
this proof by proving the squeeze lemmas for the preced-
ing lines. That sequence of lemmas is essentially the proof
we gave above. In addition, the user had already proven
rules for algebraic simplification (e.g., that 2' is positive
for all integers i). Lemmas are most often used as rewrite
rules. With the appropriate choice of lemmas, the user can
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TABLE2 a1 a1
ERROR ANALYSISFORLINES 1-6 (6=2" + 2 + (9/512)27)

var = value error bounds

sdy = (1/d)(1 + €sq0(d)) lesao(d)] <278 +277
sddy = 1+ €5440(d) esa0(d) < €sado(d) < esqo(d) +27%°
sdi = (1/d)(1 —&5a1(d)) 0 < esar(d) < esao(d)® +0
sddy = (1 — e54a1(d)) esq1(d) — 2730 < gy4a1(d) < e5q1(d)

Sdg = (l/d)(l —Esdg(d)) 0 S Esdg(d) S Esdl(d)z +(5

program ACL2 to do simplification and other symbolic
manipulation, leading the system to harder proofs. See [33].

Given Lemma 7.1.2, it is easy to prove that sdy(s(d )) ap-
proximates 1/s(d ) with the same relative error that sd,(d )
approximates 1/d.

LEMMA 7.1.3. If d # 0 and sda(s(d )) = (1/s(d ))(1 — &), then
sdy(d)=(1/d)(1 - 9.

Hence, we can prove Lemma 7.1.1 by instantiation of
Lemma 7.1.4, below: Replace d by s(d ); appeal to the fact
that, ford #0,1<s(d ) <2; and use Lemma 7.1.3.

LEMMA 7.1.4. For every | rational d, 1 < d < 2, there exists a ra-
tional 0 < g4, <2 % such that sd, = (1/d)(1 — &4)-

PROOF. Suppose 1 <d < 2.

It is helpful to generalize away from the particulars
of Table 1. Therefore, consider any table mapping
keys to values. We say a table entry, ¢k, v) mapping
key k to value v is &ok if and only if k and v jare ra-
tional numbers, 0 < v, |kv—1| < g and |(k+2 v—1]|
< & If we think of v as an approx1mat10r1 of the inverse
of x for x in the range k < x <k + 27, then the &0k con-
dition limits the relative error at the endpoints. We
say a table is &0k if every entry in it is eok.

If (k, v) is -0k, where k is the truncation of d to
8 bits, truncn(d, 8), then it follows from the monotonic-
ity of multiplication and k<d <k + 2~ 7 that |dv-1| <e
Thus, if a table is ok and it contains a value v for
trunen(d, 8), then |dv—-1| <&

It is easy to confirm by computation that Table 1 is
&ok for £=3/512 and that it contains an entry assigning
a value for the 8-bit truncation of every 1 <d <2 (e.g.,
the 128 8-bit nonzero significands). Hence, by the
definition of lookup and the &ok property of the ta-
ble, |d x lookup(d) - 1| <3/512.

It is convenient to define &;o(d ) to be d x lookup(d )
— 1. It follows that sdy = lookup(d ) = (1/d )(1 + &4(d )),

where | £4(d)| <3/512=2"+2""

We now move on to lines 2 through 6 of the code.
Observe that if 0 < x < 2, then trunc(x, 32) = x(1 - 7,)
for some 0 < 7, <2~ 3 , and away(x, 32) = x(1 + «,) for
some 0 < ¢ < 27 These two observations, along
with the definition of comp and appropriate defini-
tions of &g40, Ea1, Eaa1, and &g (as functions of d
analogous to &, above) allow us to derive the equa-
tions and inequalities of Table 2. From these 1nequah-
ties, it readily follows that 0 < g4(d ) < 277 and,
hence, Lemma 7.1.4 and, hence, Lemma 7.1.1 have
both been proven. O

Perhaps the most interesting aspect of checking this

proof mechanically is the gok property of Table 1. Just as
described above, we defined this property as an ACL2
(Common Lisp) predicate, table-okp, and proved the
general lemma stating that any table satisfying that predi-
cate gives sufficiently accurate answers. When the general
lemma is applied to our particular lookup, the system must
prove (table-okp *divide-table* 3/512), where
*divide-table* is a list corresponding to Table 1. This
proof is by evaluation, since no variables are involved. The
computation takes about 0.01 seconds. Thus, the only time
the particulars of Table 1 are involved in the proof is when
the predicate is executed. This example illustrates the value
of computation in a general-purpose logic.

7.2 Digit Separation
LEMMA 7.2.1 (Digit Separation). Suppose that p and d are ra-

tionals and d # 0. Let q} = p,/d. Then,
%0 > e(q) < e(q)-23,
%0 > e(q,) < e(q)-23
7320 — e(q;) < e(q,)—23, and
7 =0 > e(q;) < e(q,)-23.

PROOF. In this paper, we will prove only the first of the four
implications above, namely g; # 0 — e(q;) < e(go) — 23.
The others are analogous. The relevant lines of code
for the first implication are lines 10 through 17.
Assume p and d are rationals, d #0, and g; # 0. The
desired conclusion,

e(q1) < e(qo) —23

is equivalent to

e(away(sd, x phy, 24)) < e(qo) — 23. (7)

By fundamental theorems about e, trunc, and away,
(7) is implied by |sd2 X ph1| <2203 " which s
equivalent to [sd,|x |’crunc(p0 —dxq,, 32)| < 28000723
which is, in turn, implied by

®)

In perhaps the most surprising move of the proof, we
now rewrite the left hand side above to express (8)
equivalently as

|sd2(p0 — sd, x d X phy)

|Sd2| X |P0 —dx q0| < 29(%)—23

+ sdy x d(sd, x phy — )| < ¢l ()

Let o = sdy(py — sd, x d x phy) and f = sd, x d (sd, x
—go)- Then, (9) has the form
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loc+ B < 2%l10)-2 (10)

But, as we will show, azand Bhave different signs and
their absolute values are bounded strictly above by
2¢(0)3 Byt in this case, it follows that (10) is true.

We first show that & and S have different signs.
Then we bound each of them.

By “different signs” here we mean that one is non-
positive and the other is nonnegative, i.e., (¢<0A0< f)
v (£ 0 A 0 £ @)). First, observe that, since & and
share a factor of sd,, we can cancel. Simple arithme-
tic, therefore, gives us that o and S have different
signs if and only if (py— sd, X d x phy) and (sd, x d X
phy — d x g,) have different signs. Now, note that the
two expressions whose signs we are comparing are
of the form x —y and y — z, where x is py, y is sd, x d x
phy, and z is d X gj.

The following easily proved arithmetic lemma al-
lows us to reduce the question to this lemma’s Con-
ditions 1-4.

LEMMA 7.2.2. If x, y, and z are rationals, then x —y and y —z
have different signs if

1) |y| < |x| and

2) |y| £ |z| and either
3) 0<xA0=syn0<zor
4) x<0Ay<0Az<0.

Under the instantiation of x, y, and z above, Con-
dition 1 becomes |sd, x d x phy| < | po|. But, we know
0 <sdy xd <1by Lemma 7.1.1, which tells us that sd,
approximates 1/d from below. Since |phy| = | trunc(py,
32)| < |po|, Condition 1 is proven.

Condition 2 becomes |sd, x d x phy| < |d x qqo].
Canceling |d| and expanding the definition of g
gives |sd, X phy| < |away(sd, X phy, 32) |, which proves
Condition 2.

Finally, we must show either Condition 3 or Con-
dition 4, which just split on whether x is positive.
Here, we handle only the case that 0 < x, i.e., Condi-
tion 3. We must, therefore, show 0 < sd, x d x phy and
0 =d x gy, given 0 < p,. But, sd, x d is always positive
and 0 < phy when 0 < py. Thus, the first conjunct is
true. As for the second, d x gy is d x away(sd, X phy, 32)
which is positive if p, is. Thus, the second conjunct is
true.

This completes the argument that & and S have
different signs. We now turn to the question of
< 26‘(40)—23

bounding them. We wish to show that |¢]
and |A < 2¢(90)"2 We address the second first because
it is simpler.
Recalling the definition of S from earlier in this
section, we wish to prove
|sd2 X d(sd, x phy — q0)| < 2¢l0)2,
Since 0 < sd, x d < 1, it suffices to show

s, x phy — | < 2101, (1)

Expanding the definition of g, gives
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sd, X phy —away(sd, x ph,, 24)| < (i)

But, this follows from |x —away(x,i)| < pelawaytd ))_M,

which is easily proven from the away-analogue of
Lemma 6.2.2 together with Lemma 6.2.5.
So, now we turn to the & bound. We wish to prove

|Sd2(l70 —sdy X d x Pho)| < 2°U07B  We will prove the

qo)—24

stronger |sd2(p0 —sdy x d x ph0)| < 2% . Since |sd, |

< |1/d], it suffices to prove

|1/d | % |(ph0 —sd, x d x ph0)| <2l ()

But, we can show

LEMMA 7.2.3. |p0 —sd, xd X pho| < pelPo)-26

LEMMA 7.2.4. If py# 0, then [1/d | x 2°70) < 2¢(0)*2,

If py= 0, then phy = 0 and, so, (12) is trivial. Otherwise,
we have the two inequalities above. Multiplying them
together and simplifying gives (12) and, so, the proof
of the o bound is complete. That, in turn, means that
the proof of the separation property for gy and g is
complete. O

The proofs of Lemmas 7.2.3 and 7.2.4 are left for the
reader. Hint: Use Lemma 7.1.1 to bound the relative error in
sd,, expand the definitions of phy and g,, and appeal to the
fundamental properties of trunc and away.

8 PROOF OF THEOREM 2

THEOREM 2. If p and d are 15,,64 floating-point numbers, d # 0
and mode is a rounding mode, then divide!(p, d, mode) =
divide(p, d, mode).

8.1 The Numeric Equivalence Lemmas

The proof of Theorem 2 proceeds by showing that each
numeric semantic function is equivalent to the corre-
sponding semantic function. For example,

LEMMA 8.1.1. If d is a 15,,64 floating-point number and d #0,
then sdy(d ) = esdy(d ).

We call this theorem the “numeric equivalence lemma”
for sd,. If we prove such a lemma, e.g., v = ev, for each of
lines 1-32, (adding appropriate hypotheses for p, d, and
mode when necessary), then the proof of Theorem 2 is easy.

PROOF. Consider divide(p, d, mode). By definition, it is
round(eqq(p, 4 ) + eqo(p, d ), mode), provided eqq; and
all other semantic functions yield numeric values. But,
by the numeric equivalence lemmas for lines 1-31, this
provision is met and eqq;(p, d ) + eqq(p, d ) is qqu(p, d ) + Qo
Hence, divide(p, d, mode) = round(qq;(p, 4 ) + qqo(p, d ),
mode) = divide!(p, d, mode). O

Now, consider the proofs of the first 31 numeric equiva-
lence lemmas. From the definition of the semantic functions
and the numeric equivalence lemmas preceding that for v,
we know that v = ev if v is a 17,,n normalized floating-point
number. So, we are merely obliged to prove that each v
(other than divide!) is a floating-point number of the de-
sired precision and each has a 17-bit exponent. We deal
with precision first and, then, look at the exponent bounds.
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TABLE 3
EXPONENT BOUNDS FOR LINES 7 THROUGH 32

7. eq = e(dh) = e

8. d # 0 = eq—63 < e(dl) < eg—31

9. €p = e(po) = &
10. ep = e(phg) = e
11. p # 0 = ep—eg—2 < e(qo) < ep—eg+3
12. qdhy # 0 — ep—2 < e(gdho) < ep+4
13, qdly # 0 — ep — 65 < e(qdly) < ep—27
14. pti # 0 — ep —65 < e(pt1) < ep+5
15. ppr # 0 — ep —128 < e(p1) < ep+6
16. pp # 0 — ep —128 < e(ph1) < ep+6
17. g1 £ 0 5 ep—e—130 < elq) < ep—eg+9
18. qdhy # 0 — ep — 130 < e(gdh1) < ep+10
19. g¢gdy # 0 — ep —193 < e(qdly) < ep—21
20. pta # 0 — ep —193 < e(pt2) < ep+11
21. pr # 0 = ep —256 < e(p2) < ep+12
22. p2 % 0 = ep — 256 < e(phs2) < ep+12
23. g # 0 = e,—e—258 < e{g2) < ep—eq+15
24. gdha # 0 — ep —258 < e(gdh2) < e +16
25. qdlz # 0 — ep —321 < e(qgdla) < ep—15
26. pta # 0 — ep —321 < e(pt3) < ep+ 17
27. ps # 0 = ep — 384 < e(p3) < ep+18
28. ps # 0 — ep —384 < e(phs) < ep+18
29. g3 # 0 — ep—e;—386 < e(g3) < ep—eg+21
30. p2 £ 0 = ep—es—409 < e(qq2) < ep—eqg+22
31. p1 £ 0 = ep—e—472 < e(qq1) < ep—eq+23
32. p # 0 — ep—eq—535 < eldividel) < ep—eq+25

8.2 Precision

The precision analysis is interesting only for those lines of
code containing an exactness assertion. (Lines containing a
rounding mode are trivial to handle because the corre-
sponding numeric function is defined to round to the de-
sired precision.) So, consider, say, line 15 of Fig. 1, where we
must prove that p; fits in 64 bits, which is to say trunc(p,, 64)
= p;. Recall here we are dealing with the numeric functions
and we know p; = py — gy X d. To prove this and the related
partial remainder theorems, we appeal to the general
lemma:

LEMMA 82.1. If p, d, and q are nonzero rationals such that
trunc(p, 64) = p, trunc(d, 64) = d, trunc(g, 24) = q, and
lp—gxd| <|d| x 2P then trunc(p —q x d, 64) =
p—gxd.

We leave the proof to the reader. Hint: Consider whether

q x d fits in 87 bits and use Lemmas 6.2.10 and 6.2.11.

8.3 Exponents

We must also show that each variable satisfies the exponent
requirements on 17,,n normalized floating-point numbers,
provided p and d are 15,64 floating-point numbers and
mode is a rounding mode. Thus, we may assume —62 — <
e, < 2" and -62 -2" < e; < 2'* and we must prove that the

exponent of each code variable v satisfies 1 — 2'°< e(v) < 2.

Our proof considers sequentially the numeric interpreta-
tion of each variable v and bounds e(v) in terms of e, and e;.
Given the work we did for Lemma 7.1.1, the first six

lines are straightforward. For example, it is easy to show
—e;—2 < e(sd,) < —e;+ 1. Hence, if —62 — 2M< e; < 214, then it

is easy to show 1 — 2'< e(sd,) < 2",

The remaining lines are handled by the regular applica-
tion of the elementary lemmas plus

LEMMA 8.3.1. If x and y are rationals such that x + y #0, n and m
are positive integers, trunc(x, n) = x and trunc(y, m) = y,
then 1 — max(n, m) + min(e,, e,) < e(x + y).

LEMMA 8.3.2. If x and y are nonzero rationals whose sum is
nonzero, then e(x + y) <1+ max(e,, e,).

While these lemmas provide rather sloppy bounds, we
can tolerate the sloppiness because exponents of width 15
(even taking into account the small expansion due to de-
normalization) are so much smaller than those of width 17.
We can deduce the theorems in Table 3 from which our
goals follow.

9 CONCLUDING REMARKS

The success of this work, and the work cited in [21], [22],
[31], [35], [23] indicates that today’s general-purpose me-
chanical theorem provers can be used to check the proofs of
complex commercial algorithms. However, the method re-
quires additional input from an expert who understands
both the application and the underlying mechanized rea-
soning tool. Much of this additional input consists of details
which would otherwise be considered obvious, and some-
times the proof of the obvious is difficult. In this paper, we
have outlined how such experts have guided ACL2 to the
theorem about the AMD5;86 division program.

More specifically, provided that the prover was sound
and used correctly, we have proven that if p and d are 15,,64
floating-point numbers, d # 0, and mode is a rounding mode,
divide returns the result of rounding the “infinitely precise”
quotient p/d with the user-specified mode. Given this, if the
input proof script given to the prover accurately describes
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the functionality of the hardware, then the theorem about
divide also applies to the AMD5;86 division program. Fur-
thermore, if the descriptions in the proof script have cor-
rectly captured the salient aspects of the IEEE std. 754, the
AMD5,86 division program is compliant.

Few would disagree that an implementation of an algo-
rithm without any proofs is precarious. Bugs can occur
anywhere between the point of conception and the point
the design is cast. Some of these points are completely cog-
nitive; others are only described in paper documents. Even
if a golden model exists, using it to test a black box probably
will not instill the level of confidence needed to justify
inclusion of a design in a modern microprocessor. Also,
such approaches give little insight into how to partition the
problem. However, after a proof is discovered, the situation
becomes more focused. A bug can only exist if there is a
difference between the functionality of the hardware and
the functionality described by the proof script, an important
aspect or property was left out of the theorem, there was a
mistake in the proof, or, quite simply, the functional goal
was not actually what was needed. These points can then
be attacked separately.

It was our experience that the introduction of a theorem
prover to this status quo of having a hand proof focused the
verification problem further. As soon as ACL2 certified that
the proof script described a theorem, we had traded the
probability of a bug being in the hand proof for the prob-
ability that the prover itself had a bug that harmed the re-
sult. Furthermore, we gained an executable record of the
assumptions made about unit functionality, and a mecha-
nism by which the proof could be modified and instantly
”replayed.”2 Replaying the proof is necessary when
changes are made as a result of attacking the other verifica-
tion points.

Indeed, our original proof script was changed several
times before this presentation, and each time a change was
made, Moore replayed the script to see if divide was still
p/d. Changes have been slight (e.g., narrowing by 1 the
bounds of a representable exponent) and, so far, none have
exposed a bug. The source of every change thus far has
been at the point of discrepancy between the functionality
of the hardware units and their functional descriptions in
the proof script—and we believe that forcing this corre-
spondence is technically feasible.

Thus, having a mechanically verified numerical proof of
the divide microcode raised the level of confidence we had
gained from conventional methods. But, perhaps more im-
portantly, it is now clear that the development and applica-
tion of more tools will further increase our confidence in
future implementations.
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