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A combinatorial system in the most general sense would be any finite set
of rules each of which effectively produces a finite set of conclusions from a
finite set of premises. The most intensively studied case is the one in which
each rule has a single premise and a single conclusion. Such a system is called
monogenic if the rules are such that for any string at most one rule is applicable.

From this broad class of monogenic systems, Post [3] chooses to consider
the tag systems. A tag system is determined by a finite set of rules:

T.. s, —> E,, t=1,...,p,
such that if the first symbol of a string is s;, then the first § symbols are
removed and the string E, is appended at the end. Since the system is mono-
genic, 8;<= s; when ¢==4. If the alphabet contains ¢ symbols, then ¢ < 0.

Another natural class is, for want of a better name, the lag systems. A lag
system is a set of < ¢f rules:
L;: s

-
such that if the first § symbols of a string are s; .. Sig the first symbol,
viz., 8;, is deleted and E, is appended at the end of the string. In either kind
of system, E, is permitted to be the null string. Let ¢; be the length of E,,
¢ be the maximum and &~ be the minimum of ¢;. Thus, each system is associated
with three constants, f, ¢, o, which, in general, appear to be of decreasing
importance in that order. Clearly, when f = 1, tag systems and lag systems
coincide. In general, lag systems are less wasteful since no symbol in a string
is overlooked.

We shall establish, in a sense to be specified, that certain tag systems and
lag systems are ‘‘undecidable”, and all “simpler” ones are decidable. The
undecidable tag system is a slight improvement over the one constructed by
JorN CockE and MINsky [2] with f =2, ¢ =4, to one with =2, ¢ = 3.

Siﬂ > Ez s

1. All Monotone Systems Are Decidahle

With regard to each (tag or lag) system, there is a halting problem and a
derivability problem. A system halts on a given string S if S ever leads to a
string @ whose length |@Q| < B, or to which no rule in the given system is
applicable. The halting problem is to give a general method to decide, for each
given string from the alphabet of the system, whether the system halts on the
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string. The derivability problem is to decide, for any two given strings, whether
the rules will lead us from the first to the second.

If we follow Posr [3] in requiring ¢ = ¢ for tag systems, and analogously
¢ = of for lag systems, then, since there are only finitely many strings of length
less than §, a positive solution of the derivability problem yields one for the
halting problem, and a negative solution of the latter yields one for the former. Tn
permitting ¢ < o or ¢, we do not have such a simple connection between the two
problems. We shall confine ourselves to the more restricted tag and lag systems.

It is quite evident that the decision problems become complex only when
some rules expand a string while others contract it. This remark can be stated
and justified more exactly in two theorems.

Theorem 1. For any given tag system T, if § = e or § < &, then the deriv-
ability (and hence also the halting) problem for T is decidable.

Theorem 2. For any given lag system L, if ¢ < 1 or e~ = 1, then the deriv-
ability. (and hence also the halting ) problem for L is decidable. This includes all
lag systems in which no B, is the null string.

The proofs are similar. We give only a proof of Theorem 1.

Let § < ¢~ and S be a given string. If § < &, then, for each » = |S|, there
is at most a single consequence of § by 7' that is of length =, and there is no
consequence shorter than 8. Suppose, for some i, 8 = ¢;. Each time such a
“stable’ rule is applied, the length of the sequence does not change. Let
|S] = a, |@| = b, b— a = c. If ¢ is negative, then of course Q is not a consequence
of 8. Otherwise, we write out the successive consequences of S one by one,
8 = 8,, 8;, 8,, ete., until we obtain either a repetition or a string longer than @.
Clearly |8, = |8;,4], for all i. Moreover, for each fixed length k, there can be
at most o® strings of length k. Hence, the process must always terminate. If
8, =8, 49> p,and Qisnot among §,, . . ., 8,_;, then @ is not a consequence of
8 because S, ..., 8,_; will repeat and all consequences are contained in
Sgs - - s 8gy. If now |8, > @ and @ is not among S, . .., S;, then again @
is not a consequence of S.

Suppose § = ¢ and S is a given string. The argument is similar except that
in this case we can list, once and for all, all consequences of §, Thus, either we
get 8, =8, p<gq, then 8, ..., 8,_; are all the consequences; or else, we get
8, which is the null sequence, and then S, . . ., S;_; are all the consequences.

2. Every System with £ == 1 is Decidable

Since there is no distinction between tag systems and lag systems for

B = 1, we shall speak only in terms of tag systems. We assume therefore a tag
system 7' with rules:

B, sy — H,, 1=1,...,0.

Since # = 1, the only contraction rules are those which produce the null string. By

Theorem 1, we only have to consider the case when there are contraction rules.

2.1. Definition of ranks. 1f E, is null, the rule R, and the symbol s; are of

rank 1. If E; is not null, but every symbol in E, is of finite rank, then the rank

of s; and R;is n + 1, » being the maximum of the ranks of the symbols in X,.
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If a rule B; does not get a rank in the above manner, then B, and s; are said
to have an infinite rank. Clearly:

2.2. If every rule of 7 has a finite rank, then every string § has only
finitely many consequences. If some rules have the infinite rank but § contains
only symbols with finite ranks, § again has only finitely many consequences.

It may be noted that the halting problem is easy to decide. Thus, given
a tag system 7' and a string 8, let T™* be obtained from 7' by deleting first all
rules of finite ranks, and then all symbols of finite ranks from the remaining
rules. Similarly, let S* be obtained from S by deleting all symbols of finite
ranks. 7" halts on 8 if and only if §* is null. Thus, if 8* is not null, S can keep
on producing consequences by 7% and therefore by 7. On the other hand,
if §* is null, then there can be only finitely many consequences.

To decide the derivability problem, we introduce more definitions.

2.3. Let R, be of infinite rank. Consider the ¢ consequences 4,, ..., 4,
of s;, with all symbols of finite ranks deleted. If some A; contains s, as a proper
part, then R, and s; are of finite degree. If at least one 4; contains at least one
symbol of finite degree, then R; and s, are of finite degree. Otherwise, R, is a
circular rule and s, is a circular symbol.

2.4. Given a string S and a tag system 7', we have made a round if we have'
operated on every symbol in the string. The next round takes the result of the
previous round as the given string. If 7' contains # circular rules, a circular
symbol s, is periodic if beginning with s; as the initial string, we arrive, after 5
or less rounds, at a string in which s, is again the only symbol of infinite rank.

To clarify these definitions, we observe the following. If T confains no
circular rules, then, beginning with a string 8 containing some symbols of
infinite rank (other strings being trivial by 2.2), we must get a string with more
symbols with infinite ranks, after at most ¢ rounds. Hence, if |@| = m, either @
occurs among the first om rounds of consequences of S, or @ is not a conse-
quence of S. Moreover, even when 7' contains circular rules, if S contains
symbols of finite degree, the considerations still hold. Hence, we have to
consider only strings containing no symbols of finite degree in systems con-
taining circular rules.

Given one such system 7, there must be at least one periodic symbol s,.
Thus, beginning with any circular s;, we can never encounter a symbol of
finite degree because otherwise s; itself would be of finite degree. Hence, at
each stage there is exactly one circular symbol. Since there are only finitely
many (certainly < ¢) circular symbols, at least one of them must be a periodic
symbol.

2.5. Beginning with a periodic symbol a, as the initial string, we can always
find in less than 20? rounds two consequences S,, S, such that p= ¢ but
8,=8,

The only complication is with symbols of finite ranks since at each stage
there is exactly one symbol of infinite rank. If now, beginning from @;, we come,
after enough (say t < o) rounds, for the first time to a string 4, containing a;
again, say @, . ..Z,0;Y; - - - Yo, then a,, . . ., Xy, ¥y, - - ., ¥, must all be of finite

b*
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ranks. Call ¢ the period of ¢,. From A4; on, after each ¢ rounds, we get another
sequence which contains 4, as a (proper or improper) part, since a; always
produces A4, after { rounds. The maximum finite rank of the rules of 7 is < ot,
and if B, is obtained from 4; after of (< ¢%) rounds, then, B, is again obtained
after of more rounds. This is so because, although B; may be C;4,D,, C, and D,
can have no more effect after ot rounds and the result is entirely determined
by 4,.

We are now ready to settle the prineipal case. Thus, T contains circular
rules, and each symbol in 8 is either of finite rank or circular, We wish to decide
whether an arbitrary string ¢ is a consequence of 8. Note first that after at
most o rounds, we eliminate all the circular symbols which are not also periodic.
Hence, if ¢t is the least common multiple of the periods ¢, ..., of all the
periodic elements, then, by 2.5, after (20 + 1)¢ rounds, we get a repetition and
therefore the set of all consequences of .

Hence we have proved:

Theorem 3. The derivability problem for each tag system or lag system with
B =1 is decidable.

3. Undecidable Lag Systems

We shall give a lag system with f = ¢ = 2 whose halting problem is un-
decidable, by using SS machines introduced in SHEPHERDSON-STURGIS [4].
They have shown that every Turing machine (in particular, s universal one)
can be simulated by an SS machine on the alphabet {0, 1}. We shall give a
procedure of simulating these SS machines.

An S8 machine is a finite sequence of instructions each of which is of the
following two types.

P,, P,: print O (or 1) at the right end of the string S and go to the next
instruction.

SD(k): scan and delete the leftmost symbol of §; if it is 0, go to the next
instruction, otherwise go to instruction k; if 8 is null, halt.

Let gy, . . ., g, be the instructions of an S8 machine working on strings from
{0, 1}. If the initial string is ;... a,, we shall represent it by b,x, ... z,e,.
At each stage, if the state or instruction is ¢, the working string is of the form
b;x; . . . x,e;. Consider now any instruction ¢,. For brevity, let j = ¢ + 1.

For the » instructions, we have altogether 2» + 4 symbols b,, .
€. stpyyp 0, 1

Case 1. g¢;i8 P, We wish to get from bz, . . . z,¢; to bz, . . . x,0e,

R

The rules are:

(1 Tylpgy = Ty (@ 2y =0o0rl),
(2) bjx — bz (x=00rl),
(3) eby —> ¢;

(4) xe; —> 0 (x=00rl).
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Hence, by (2), biwy ... xpe; —> . .. 262,
by (1), —> wpe b ..z,
by (4), —> g;bjz, .. 2,0,
by (3), —> by ... 2,06 .

In order to cover the case p = 0, we add the rule:

(5) b,e; —> b;0.

Hence, by (5), be; —> ¢,b,0,
by (3), —> b,0¢; .

Case 2. q;is P,. The rule (1) above plus:

(6) b — by,

(7 eb; —> ¢,

(8} ze;, —> 1,

9 bye;——> b1,

Case 3. ¢, is SD(k). We wish to get from b2, ... 2,¢; to bz,
xy =0, to by, . . . aye; if 2 = 1. The rules are, besides (1} above:

(10) b,0 —> b;,

(1) bl —> by,

(12) re; —>

(13) eb; —> ¢,

(14) eiby —> e,

{14%) b;e; —> (redundant) .

69

cLdpe if

The last rule covers the trivial case when the string is null. The SS machines

halt then. For the nontrivial case, we have:

Case3.1. 2, = 0.

By (103, b0z, ... e, —> 02y . .. 2,6:b;,
by (1), —> aebx, ...,
by (12), —> b, .. 2,,
by (13}, —> bz, .. 2
Case 3.2, x, = 1.

By (11), bilay .. .xye; —> 1oy, ... xpe.b),
by (1), —> zye.bpa,. ..,
by (12), —> by . .. 7y,
by (14), —> b, . . . Tye .
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There are two remaining loose ends to tidy up. f i =n, then j=17+1
= n + 1, and in SD(k), we may have k > n. In these cases, the S8 machine is
to halt. Clearly when k> n in SD (%), we can always put £ = n + 1. Hence,
the necessary rule needed is to halt when we encounter b, ,;x, . .. x,¢,,,. This
is taken care of by the following rules:

(15) by —> buya
(16) Pl y1 —> Cner
(17) ent1bnia —>
(18) by i1€niy —> -

Hence, by (15), bp,1%; .. . @pe, s —> Ty ... 258, 110,01,

by (1), > Tyl by 1@y Ty,
by (16) and (17), > By 1%y e Ty s
repeating, —> buiilnirs

by (18), —> ey

Hence, the lag system halts by definition.

The other loose end is that we have not used all the (27 + 4)? pairs of
symbols in the rules, e.g., ¢;¢,. This is a simple matter since such combinations
of letters do not occur. We add simply:

(19) cd >, if cd does not begin any of the rules (1) to (18) .

Therefore, we have established :

Theorem 4. There is a lag system with f = £ = 2, whose halting problem is
unsolvable.

By Theorem 3, lag systems with § = 1 are always decidable. By Theorem 2,
when f§ = 2, a lag system is decidable if either no &; = 2 or no ¢; = 0. Hence,

if we disregard the less decisive factor, the number ¢ of symbols in the alphabet,
the above result is the best possible.

4. Undecidable Tag Systems

We modify somewhat the proof in [2] to get the following theorem.

Theorem 5. There is a tag system with = 2, ¢ = 3, ¢~ = 1, whose halting
problem is unsolvable.

By Theorem 3 and Theorem 1, we can say this is the best possible result.
It is perhaps of interest to compare this with the undecidable lag system : while
we need here ¢ = 3 rather than 2, we do not need rules with the null string as
consequences.

In order to prove the theorem, we use a program formulation of Turing
machines developed in [5]. Each machine is represented by a finite sequence of
instructions {(or states) of the following five types: M (mark), £ (erase), L (shift
left), B (shift right), Ck (transfer to instruction k if the square under scan is
marked, otherwise go to next instruction). Compared with the proof in [2],
the present version separates the different actions (shift, write, transfer) so
that the argument is perhaps easier to follow.
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Assume now we are given a universal Turing machine and its program,
with the two symbols 0, 1 only. The halting problem is unsolvable with initial
inputs confined to include only finitely many 1’s. At instruction or state ¢, the
whole configuration is represented by (x;x,)™s.s,(y,¥,)% where the minimum
portion including all 1’s and the symbol s, under scan is . . . aya,a,8byb;b, . . .,
and m = X a,2% n= 2 b,2%. The exponention on z,z; and y,y, means repe-
tition so that, e.g., (z,z,)° is the empty string. (Compare, e.g., [5], p. 66.)

For each state i, a corresponding alphabet is introduced with tag rules
which produce (x;2;,)™ s;8;(y;y,)" from (x;2;)™s,s,(y;y,)", j being the next state.
The simulation for all instructions of a kind is uniforrn. Except for Ck, j is
always ¢ + 1, although we could as well take any fixed § in each case, and Ck
is the only kind of instruction that introduces branching.

{ay Mark: i M. This leads from (x;z,)"s;s,{y,4;)* to

¥ 3
(CTREII0) Lg IR PR {0 F) (N
Ty > T34y

s —> i lig,

Y — > Ysr1¥Yiv1
(b) Erase: i.E. Similar, replace second rule by: s; —— 0,.,0,,,.
(c) Conditional transfer: i.Ck. Given (x;2,)"s;9;(y;y;)", this goes to
(54175 4 1)™ 85 118 11 (Wi 1Y )™ if 85 18 0y, and to (wy,2,)™ 8,85 (¥, y,)™ otherwise.
This cage gives a simple illustration of the “phase-shifting”” device of [2].
The rules are:

(1) = — 1, 0, —> 0}, I, —> 115, Yi —> uu; ,
2y ¢t —> iz
(B) 0 —>xi0{0, I —> 1]'1}, g —> Yy’ u; —> i’y

2 7t r? IZ4
@) 2> mry,  # @ %, 0 —> 04,0, L' —— 1,1,

Yi > Ulr, Y5 —> Yis1Yisr -

Deductions.

When s = 0, (x;2,)"0,0,(y;y:)",
by (1), > (t;t;)™0; (u;u)"
by (2), —> 0w, (uiug)® ~Luja (2 apym 1y
by (3), —> (@"x)™0; 0 (yi Y
by (4), —> (%3040 0 110 s W1 W) -
When s = 1,

—> (&z)" 1 1y 0"
—> () L (uug)
—> (22 "1 1 (gl )"

—> (T @)™ 1 L (92 0)" -
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(d) Shift right: i.R. Additional complication is necessary in this case when
we reduce ¢ from 4 to 3. In particular, the doubling requires a bit of elementary
arithmetic. Thus, if we wish to double (aa)™ to get (bb)?™, we may use the rules
a — ced, ¢ —> bbb, d —> bb. When m is even, we do succeed because
(aa)? gives (wuv)? and {(bb)*; when m is odd, the last (¢a) gives wuv and
{bbbbb) by borrowing a symbol from the sequence following ». However, we
can manage to cut off the very first b and then get (bb)?™. In what follows we
shall assume these simple calculations. Although the whole set of symbols
and rules are introduced all for a given state ¢, we shall, to avoid excessive
subscripts, omit references to ¢. We wish to get from (;2,)"s;:8;(y:y,)" to
(041 ®541)2™ 281418041 (¥ y)*2), where s;,;= (n— [n/2]);,;. Observe that s
and s" may each be 0 or 1, The alphabet: z;, s, (0; and 1,), y;; z, 25, 8, (0, and
la)} Yar Ty, t Yoo X tw t:v Ye-

The rules:
) @ —> w77, 8§ > %84, Yi = Yl -
(2) =z, > BTy, Ty ——> BTy .
(3) 0, —> ¢, 1y = @yt Yo 77> Yy -
(4) Xy ——> L X -
(6) >y, Yo —> YeYo -
(6) Lo —> Xy 11%;41 -
(7) ta —> Liy1ligq, b —> ¥410:410001, Yo —> Yira¥isr -
By (1), (s, 8:8; (Y Yo)® —> (#,2, %)™ 8654 (Ya¥a)" -
By (2), if m is even > $a8a(Ya¥a)" (@0
if m is odd e 8o (Ya Y o) (T )2 ™ 2y
By (3), in both cases e (2 )P YR
By (4), > tyf (o) e

At this stage, we have two cases according as n is even or odd.

. 5 ,
nis even: LY (oo )2m e~ (™8 b (Yoo

(6)
— t(’z (yc?/c)nlz (xz +1%¢ +1)2m *s,

(%))
> (@1 %02 00, 1105y (s ¥ 072
. . ®) .
nis odd: tyg(xcxc)~m+s —— (xcxc)zm+atat;(ycyc)(ﬂ—1)g“ ’

(6)
—> tat; (yc?/c)w“n'{z (xi +1%; +1)2m ts,

(7 2 —
> (X122 L (W Y )2

{e) Shift left: i.L. We desire:
(22,88, (Y y)* —> (@i 11%0 1) ™218] 187 1 (Wi 1 ¥ 40)"F0

where 8 = m — 2[m/2].
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Rules
(1) z;——>x,2,, 8> 845, Yi—>YaYala> Ta>TpTp, Sa™> 558
(2) Ya—> YoY%, Yo=Y, Ty T
(3) Op——t, L—=tyYer»  Yo——>YelYe» Te>Tg.
4) t——>4t,y, Ye—>YaYa -
(B) g% 1%,y -
(6) to—>2;10, 10,0y, ti——>L i Ya > Y1 Wi
Deductions:
()™ 88 (YY) —> (YaYaYa)" (€)™ S5,
—> 8,85 (Yo Yo) " (Xo7,)™ (0 eVeD) ,
or > &Y (Yo ¥a)*" (T2, (n 0dd) .

In both cases,
—> t(ycyc)2n+ax21 H

—> a7ty (Yaya)* "t
> b (Ya¥a)*" T (@i 1125 1)/ (m even) ,
> (@010 )0™20, 10,4 (B 41 Y1) 0
or > by (Ya¥a)" P (s 1124 ) VR (mo0dd)
—> (@ 1@ )AL L (Y Y )P
To complete the argument, we assume that the machine simulated has »
instructions ¢;, . . ., ¢, and rewrite Ck as C'(n -+ 1), whenever & > n. Whenever

we get to n + 1 from ¢, or by C(n -+ 1), the machine is to stop. We add simply
a new symbol % and the rules:

This completes the proof of Theorem 5.

5. Monogenic Normal System ([3])
A normal system is any set of rules
Ni: B" — Ei
such that, for each given string, if it is B, P, it becomes PE,; by the rule.
It is monogenic if, for i3 j, B, is never B; or B, followed by some string.
A different definition of monogenic system would be that any string can be
broken up in at most one way into the B;’s. The two definitions are not quite
the same, since the latter includes more. For example, if the alphabet is {0, 1},
and B, is 00, B, is 001, B, is 11. Given any string, when we encounter 001,
we have a question of taking it to be B;1 or B,, but this can be settled by
determining whether there are an even or an odd number of consecutive 1’s

immediately following 00. For our purpose, it is convenient to use the narrower
definition.
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It is very easy to use the SS machines fo give a new proof of the known fact
that there are monogenic normal systems with an unsolvable halting problem.
Thus, as before, take a universal SS machine with » instructions. The rules for
the corresponding monogenic normal system are simply:

(1 0—>0.

2) 1—>1.
For each g; which is Py:

(3) by —> byyq -

4) e; —> Oe;yy .

For each ¢, which is P,:

(5} by —> by

(6) e, —> le; .
For each ¢; which is SD(k):

(M b0 —> ;410544 .

(8) b;1 —— e,b;, .

9) €11 — > €41

(10) e e —> ¢ .

Observe that if we reverse the arrows in the above rules, we do not get a
monogenic system. We may modify (7)—(10) to read: 5,0 — )b, ,,
bl —> ei'by, e;6; —> ¢;,4, €;6; —> e;. Nevertheless, we would still have
0 at the right hand side of (1), Oe; ., at that of (4), 1 in (2), le;,, in (6); in
fact, e, in {4) or (6) might be the same as ¢, in (10).
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