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FOREWORD

Thefirst time I became interested in Neural Nets and Statistical Pattern Recognition wasin
early 1958 while I was a graduate student in the Moore School ofElectrical Engineering of
the University of Pennsylvania. My student subscription to the NEW YORKER magazine
brought many chuckles from cartoons and stories but the only item from all those many
issues that has stayed with me was a column in the December6, 1958issue titled "Rival"
This covered an interview with Frank Rosenblatt in which he described his hopesfor his
“artificial intelligences" which would rival humansin perception and problem solving. By
the time I read this column I knew a fair amount about Rosenblatt's research on
Perceptrons, since as part of a machine learning and recognition research project and a
search fora dissertation topic, I had spent much time pouring over his Cornell Aeronautical
Laboratory reports, I had also read parts of a book Stochastic Models for Learning by Bush
and Mosteller (Wiley, 1955) and been studying papers on Statistical Discrimination, in
particular papers by C R. Rao and the chapter on Problems of Discrimination in his book
Advanced Statistical Methods in Biometric Research (Wiley , 1952). About the same time
Robert Bush joined the University of Pennsylvania as chairman of Psychology. I chose
Bush as mydissertation advisor, and with some support from R. Duncan Lucedid a
dissertation (for the Ph.D in electrical engineering!) on the analysis of some stochastic
processes arising from Luce's nonlinear "Beta" model for learning. This is how learning
models,artificial neural networks, and statistical pattern classification came together in my
cognizance.

Twoyears later, when I joined General Dynamics/Electronics (GD/E) in Rochester, New
York, as Managerof the Machine Intelligence Advanced Development Laboratory, it seemed
as though every company and university laboratory was working on perceptron type
machines. At GD/E wealso implemented our own version ofan adaptive pattern recognizer
which was soon called APE (Adaptive Pattern Encoder). There were many other learning
machines implemented by various organizations, machines with names such as MINOS,
SOCRATES,and of course ADALINE and MADALINE.It wasa time for catchy names
and audaciousclaims [see Kanal, Proc IEEE, October 1972]. Clearly PERCEPTRON and
ADALINE werethe key innovations and they had memorable names, although I have it on
good authority that in the 1980's when the new machine vision company Perceptron was
formed, its founders had no idea that the name they had come up with had a previous
incarnation, Because of simultaneous exposure to papers on learning models, perceptrons,
andstatistical discrimination, my attempts at understanding perceptrons and other “bionic”
networks were formulated in terms of statistical classification methods, stochastic
approximation procedures and stochastic models for learning "Evaluation ofa class of
Pattern Recognition Networks"presented at the Bionics conference in Ithaca, N.Y in 1961
and reprinted in this book, summarized someof that understanding, It may seem surprising
now,butat that time it had been stated by someof the well known researchers writing in the
engineering literature on pattern recognition, that the use of a weighted sum of binary
variables as done in the perceptron type classification function limited the variables to being
statistically independent.

Rosenblatt had not limited himself to using just a single Threshold Logic Unit but used
networks of such units. The problem was howto train multilayer perceptron networks, A
paper on the topic written by Block, Knight and Rosenblatt was murky indeed, and did not
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¢£«­¬±²°~²£ ~ ¡­¬´£°¥£¬² ®°­¡£¢³°£ ²­ ²°~§¬ ±³¡¦ ¬£²µ­°©±. f¬ N9SOJS3 ~² m¦§ª¡­JF­°¢I
±££©§¬¥ ~ ±·±²£«~²§¡ ~®®°­~¡¦²­ ¢£±§¥¬§¬¥ ª~·£°£¢¡ª~±±§¤§¡~²§­¬ ¬£²±I µ£ ¢£¡§¢£¢ ²­ ³±£ ~
¦§£°~°¡¦· ­¤²¦°£±¦­ª¢ ª­¥§¡ ³¬§²± µ§²¦ ~ ¤§°±² ª~·£° ­¤ "¤£~²³°£ ª­¥§¡±" µ¦§¡¦ µ£°£ ²¦°£±¦­ª¢
ª­¥§¡ ³¬§²± ­¬ ­´£°ª~®®§¬¥ °£¡£®²§´£ ¤§£ª¢± ­¤ ²¦£ §«~¥£I ¤££¢§¬¥ ²µ­ ~¢¢§²§­¬~ª ª£´£ª± ­¤
µ£§¥¦²£¢ ²¦°£±¦­ª¢ ª­¥§¡ ¢£¡§±§­¬ ³¬§²±. q¦£ µ£§¥¦²± §¬ £~¡¦ ª£´£ª ­¤ ²¦£ ¦§£°~°¡¦· µ£°£
£±²§«~²£¢ ³±§¬¥ ±²~²§±²§¡~ª «£²¦­¢± °~²¦£°²¦~¬ §²£°~²§´£ ²°~§¬§¬¥ ®°­¡£¢³°£± [L.k. ~¬~ª &
k`. o~¬¢~ªªI o£¡­¥¬§²§­¬ p·±²£« a£±§¥¬  · p²~²§±²§¡~ª ^¬~ª·±§±I m°­¡. N9²¦ `­¬¤.
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²¦£ §¬®³² ~± ~ ª~·£° l¬ ~ ®°­j£¡² ²­ °£¡­¥¬§z£ ²~¬©± §¬ ~£°§~ª ®¦­²­¥°~®¦·I ²¦£ «£²¦­¢
µ­°©£¢ µ£ªª £¬­³¥¦§¬ ®°~¡²§¡£ ²¦~² ²¦£ r.p. ^°«· ~¥£¬¡· ±®­¬±­°§¬¥²¦£ ®°­j£¡² ¢£¡§¢£¢
²­ ¡ª~±±§¤· ²¦£ ¤§¬~ª °£®­°²±I ~ª²¦­³¥¦ ®°£´§­³±ª· ²¦£ ®°­j£¡² ¦~¢  ££¬ ³¬¡ª~±±§¤§£¢. W£ µ£°£
³¬~ ª£ ²­ ®³ ª§±¦ ²¦£ ¡ª~±±§¤§£¢ °£±³ª²±! q¦£¬I £¬~«­³°£¢  · ²¦£ ¡ª~§«£¢ ®°­«§±£ ­¤
¡­¦£°£¬² ­®²§¡~ª¤§ª²£°§¬¥ ~± ~ ®~°~ªª£ª §«®ª£«£¬²~²§­¬ ¤­° ~³²­«~²§¡ ²~°¥£² °£¡­¥¬§²§­¬I ²¦£
¤³¬¢§¬¥ µ£ ¦~¢  ££¬ ®°­«§±£¢ µ~± ¢§´£°²£¢ ~µ~· ¤°­« ­³° £ª£¡²°­J­®²§¡~ª §«®ª£«£¬²~²§­¬ ²­
~ ¡­¦£°£¬² ­®²§¡~ª¤§ª²£°§¬¥ ¥°­³®. p­«£ ·£~°± ª~²£° µ£ ®°£±£¬²£¢ ²¦£ ~°¥³«£¬²± ¤~´­°§¬¥ ­³°
~®®°­~¡¦I ¡­«®~°£¢ ²­ ­®²§¡~ª §«®ª£«£¬²~²§­¬± ~¬¢²°~§¬~ ª£ ±·±²£«±I §¬ ~¬ ~°²§¡ª£ ²§²ª£¢
"p·±²£«± `­¬±§¢£°~²§­¬± ¤­° ^³²­«~²§¡ f«~¥£°· p¡°££¬§¬¥"  · q.J.e~°ª£·I L.k. ~¬~ª ~¬¢
k.`. o~¬¢~ªªI µ¦§¡¦ §± §¬¡ª³¢£¢ §¬ ²¦£ fEEE m°£±± °£®°§¬² ´­ª³«£ ²§²ª£¢ j~¡¦§¬£
o£¡­¥¬§²§­¬ ­¤ m~²²£°¬± £¢§²£¢  · ^. ^¥°~µ~ª~. f¬ ²¦£ ·£~°± µ¦§¡¦ ¤­ªª­µ£¢ «³ª²§ª£´£ª
±²~²§±²§¡~ªª· ¢£±§¥¬£¢ ¡ª~±±§¤§£°± ~¬¢ ^f ±£~°¡¦ ®°­¡£¢³°£±~®®ª§£¢ ²­ ®~²²£°¬ °£¡­¥¬§²§­¬
¦£ª¢ «·§¬²£°£±²I ~ª²¦­³¥¦ ¡­««£¬²± §¬ «· N974 ±³°´£·I"m~²²£°¬± f¬ m~²²£°¬ o£¡­¥¬§²§­¬W
N9S8JN974" [fEEE q°~¬±. ­¬ fqI N974]I «£¬²§­¬ ®~®£°±  · ^«~°§ ~¬¢ ­²¦£°± ~¬¢ ±¦­µ ~¬
~µ~°£¬£±± ²¦~² ¬£³°~ª ¬£²µ­°©± ~¬¢  §­ª­¥§¡~ªª· «­²§´~²£¢ ~³²­«~²~ µ£°£ «~©§¬¥ ~
¡­«£ ~¡©.

f¬ ²¦£ ª~±² ¤£µ ·£~°± ²°~§¬~ ª£ «³ª²§ª~·£° ¬£³°~ª ¬£²µ­°©± ¦~´£ °£²³°¬£¢ ²­ ¢­«§¬~²£ °£±£~°¡¦
§¬ ®~²²£°¬ °£¡­¥¬§²§­¬ ~¬¢²¦§± ²§«£²¦£°£ §± ®­²£¬²§~ª ¤­° ¥~§¬§¬¥ «³¡¦¥°£~²£°§¬±§¥¦²§¬²­
²¦£§° ±·±²£«~²§¡ ¢£±§¥¬ ~¬¢ ®£°¤­°«~¬¡£ ~¬~ª·±§±. ^°²§¤§¡§~ª ¬£³°~ª ¬£²µ­°©± ²°~§¬£¢ ­¬
±~«®ª£ ¢~²~ ~°£ ¬­¬®~°~«£²°§¡±²~²§±²§¡~ª £±²§«~²­°± ¤­° ¢£¬±§²§£± ~¬¢ ¡ª~±±§¤§£°±I q¦§± ª£~¢±
²­ «~¬· q³£±²§­¬± ~ ­³² ^kk'± §¬ ¡­«®~°§±­¬²­ ~ª²£°¬~²£ ±²~²§±²§¡~ª «£²¦­¢­ª­¥§£±. p³¡¦
q³£±²§­¬± §¬¡ª³¢£ ²¦£ §¬¤­°«~²§­¬ °£q³§°£«£¬²± ¤­° £~¡¦ ~®®°­~¡¦I ²¦£ ±~«®ª£ ±§z£± ¤­°
¢£±§¥¬ ~¬¢²£±²I ²¦£ °­ ³±²¬£±± ²­ §¬¡­«®ª£²£ ¢~²~ ~¬¢ ¢§¤¤£°£¬² ²·®£± ­¤ ¬­§±£I ~¬¢ ²¦£
¥£¬£°~ª§z~²§­¬ ¡~®~ §ª§²· ­¤ ¡­«®£²§¬¥ ®°­¡£¢³°£± ^¢¢§²§­¬~ª ®­§¬²± ­¤ ¡­«®~°§±­¬ ¡­¬¡£°¬
²¦£ °£ª~²§­¬± ­¤²¦£ ±§z£± ­¤ ¤£~²³°£ ´£¡²­°± ¤­° £~¡¦ ®~²²£°¬ ¡~²£¥­°·; ²¦£ ¡~®~ §ª§²· ¤­°
´~°§~ ª£Jª£¬¥²¦ ´£¡²­° ®~²²£°¬ °£¡­¥¬§²§­¬; ²¦£ ¡~®~ §ª§²· ¤­° ¤³±§­¬ ­¤ «³ª²§®ª£ ±­³°¡£± ­°
±£¬±­°±; ²¦£ ~ §ª§²· ²­ §¬¡­°®­°~²£ ¢­«~§¬ ©¬­µª£¢¥£; ²¦£ ~ §ª§²· ²­ µ­°© µ§²¦ ­²¦£°®~²²£°¬
°£¡­¥¬§²§­¬ ®~°~¢§¥«± §¬ ~¬ §¬²£¥°~²£¢ ¤~±¦§­¬; ²¦£ ~ §ª§²· ­¤ ²¦£ «£²¦­¢­ª­¥· ²­ £¶²£¬¢ ²­
­²¦£° ²·®£± ­¤®°­ ª£« ±­ª´§¬¥I £.¥.I ¡­« §¬~²­°§~ª ­®²§«§z~²§­¬I °£±­³°¡£ ~ªª­¡~²§­¬I£²¡.I
³±§¬¥ ²¦£ ±~«£ ¥£¬£°~ª ¬£²µ­°© ~°¡¦§²£¡²³°£; ²¦£ ±³§²~ §ª§²· ¤­° £~±· «~®®§¬¥ ²­ sLpf ­°
­²¦£° ®~°~ªª£ª ~°¡¦§²£¡²³°£. q¦£ ¡~®~ §ª§²· ­¤ ¬£³°~ª ¬£²µ­°©± ²­ ¡­« §¬£ ~¢~®²~²§­¬ µ§²¦
®~°~ªª£ª§±« §¬ ~¬ £~±· ~¬¢¬~²³°~ª ¤~±¦§­¬ ~¬¢ ²¦£ ~ §ª§²· ­¤ ª£~°¬§¬¥ ¡­¬²§¬³­³±ª· µ¦§ª£
µ­°©§¬¥ ­¬ ~ ®°­ ª£« §¬ ~ °£~ª £¬´§°­¬«£¬²~°£ ­¤ ®~°²§¡³ª~° §¬²£°£±². F§¬~ªª·I ²¦£ ¡­±² ­¤
§«®ª£«£¬²~²§­¬ ~¬¢ ­¤²°~§¬§¬¥ ®£°±­¬¬£ª §¬ ²¦£ «£²¦­¢­ª­¥· µ§ªª ~ª±­  £ ¢£²£°«§¬£°± ­¤
¡­«®~°~²§´£ ±³¡¡£±±.

p­«£­¤²¦£ ~ ­´£ q³£±²§­¬± ~°£  £¥§¬¬§¬¥²­  £ ~¢¢°£±±£¢§¬ ²¦£ ª§²£°~²³°£ ~¬¢ ²¦£ ®°£±£¬²
´­ª³«£§± ~ª±­ ~ ¥­­¢±²~°² §¬ ²¦§± ¢§°£¡²§­¬. f ~« ²¦~¬©¤³ª ²­ m°­¤£±±­°± ^¬§ª . J~§¬ ~¬¢
f±¦µ~° . p£²¦§ ¤­° ²¦£§°§¬§²§~²§´£ §¬ ~±±£« ª§¬¥ ~¬¢ £¢§²§¬¥ ²¦§± ´­ª³«£ ~¬¢ ²­ ²¦£ ~³²¦­°±
­¤ £~¡¦ ¡¦~®²£° ¤­° ²¦£§° ¡­¬²°§ ³²§­¬ ²­ ²¦§± ´­ª³«£. q¦£ °§¡¦¬£±±­¤ ²¦£ ~°²§¤§¡§~ª ¬£³°~ª
¬£²µ­°© ®~°~¢§¥« ¤­° ®~²²£°¬ °£¡­¥¬§²§­¬ £¬±³°£± ²¦~²I ¢£±®§²£ ²¦£ «~¬· §¬¢§´§¢³~ª±
µ­°©§¬¥ §¬ ²¦§± ~°£~I «³¡¦ µ­°© °£«~§¬±²­  £ ¢­¬£ ²­ ¥~§¬ ~ ²°³£ ³¬¢£°±²~¬¢§¬¥ ­¤ ^kk
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methodologies andtheir relation to better understood pattern recognition methods I expect

that additional volumeswill be assembled and published in this book series on the subject of

artificial neural networks and their relation to and interaction with statistical pattern

recognition, genetic algorithms, expert systems, and other a i
aoe ° ’ T

recognition of patterns pproaches to the machine

Laveen N. Kanal
College Park, MD
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A°²§¤§¡§~ª ¬£³°~ª ¬£²µ­°©± EAkk±F ~°£ ¡³°°£¬²ª· £¬¨­·§¬¥ ²°£«£¬¢­³± ®­®³ª~°§²· ~¡°­±±
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EPDPF °£±£~°¡h ¥°­³®

Tµ­ b°­~¢ ¥°­³®± ­¤ °£±£~°¡h£°± h~v£ b££¬ ¢°~µ¬ ²­ ²h£ ±²³¢· ­¤~°²§¤§¡§~ª ¬£³°~ª
¬£²µ­°©± Th£ ¤§°±² ¥°­³® ­¤ °£±£~°¡h£°± «~§¬ª· ¡­¬±§±²± ­¤±¡§£¬²§±²± µh­ ~°£ §¬²£°£±²£¢
§¬ ­b²~§¬§¬¥ ~¬±µ£°± ²­ ±­«£ ¤³¬¢~«£¬²~ª §±±³£± ­¤ ®£°¡£®²§­¬, ª£~°¬§¬¥, ~¬¢ «£«­°·
­°¥~¬§z~²§­¬ §¬ ²h£ h³«~¬ b°~§¬ ²h°­³¥h ²h£ ±²³¢· ~¬¢ ¢£v£ª­®«£¬²­¤ ¢§¤¤£°£¬² ¬£³°­¬
«­¢£ª± Th£~°²§¤§¡§~ª ¬£³°~ª ¬£²µ­°© «­¢£ª± £±®­³±£¢ b· ²h§± ¥°­³® ­¤ °£±£~°¡h£°± ~°£
°£q³§°£¢ ²­ b£ ~± ¡ª­±£ ~± ®­±±§bª£ ²­ ²h£ b§­ª­¥§¡~ª ¬£³°~ª ¬£²µ­°©± Th£ ±£¡­¬¢ ¥°­³®
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T¦£ °£~ª§¸~²§­¬ ­¤ ¢£´§¡£± ²­ ®£°¤­°« ~ ¥§´£¬ ®~²²£°¬J°£¡­¥¬§²§­¬ ²~±© ¡~¬

 £ ¡­¬±§¢£°£¢ §¬ ²£°«± ­¤ ²¦£ ®°­ ª£« ­¤ ®°­´§¢§¬¥ ²¦£ ¤­ªª­µ§¬¥ ±®£¡§¤§¡~²§­¬±I

AI T¦£ ­ ±£°´~ ª£± E«£~±³°£«£¬²± ­° ²£±²±F ¶;I §= 1I2IKKKI¥I  · µ¦§¡¦ ®~²J

²£°¬± ~°£ ²­  £ ¡¦~°~¡²£°§¸£¢K I

BK T¦£ ¤­°« ­¤ ²¦£ ¡ª~±±§¤§¡~²§­¬ ¤³¬¡²§­¬I§K£KI ²¦£ «~¬¬£°§¬ µ¦§¡¦ ­ ±£°´J

~ ª£± ~°£ ²­  £ ³±£¢ §¬ ~±±§¥¬§¬¥ ~ ®~²²£°¬ ²­ ­¬£ ­¤ h ©¬­µ¬ ¥°­³®±K

`I T¦£ ®°­¡£¢³°£± ¤­° ¢£²£°«§¬§¬¥ ²¦£ ¡ª~±±§¤§¡~²§­¬ ¤³¬¡²§­¬ ¤°­« ±~«®ª£±

­¤ ®~²²£°¬± ¤°­« ²¦£ h ¢§¤¤£°£¬² ¥°­³®±K

f¬ ~¬· ¥§´£¬ §¬±²~¬¡£ ²¦£ °£±³ª²± ­¤ ²¦£ «£~±³°£«£¬²± «~·  £ °£®°£±£¬²£¢

 · ¶= E¶1I%2IK++F%IFK T¦£¬ ²¦£ ³¬§´£°±£ ­¤ ®~²²£°¬± ¡~¬  £ ²¦­³¥¦² ­¤ ~±  £§¬¥ ~¬

¬J¢§«£¬±§­¬~ª ±®~¡£ ~¬¢ ²¦£ °£¡­¥¬§²§­¬ ²~±©  £¡­«£± ­¬£ ­¤ ¢§´§¢§¬¥ ²¦§± sJ
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µ¦£¬ ¶ ¤~ªª± §¬ oII ²¦£ ®~²²£°¬ §± ª§±²£¢ ³¬¢£° ¥°­³® K

r¬ª£±± ~¬ £±®£¡§~ªª· ~³±®§¡§­³± ¡¦­§¡£ ¦~±  ££¬ «~¢£ ­¤ ²¦£ st ¡¦~°~¡²£°§±²§¡±

µ¦§¡¦ ¢£¤§¬£ ²¦£ ­ ±£°´~²§­¬ ±®~¡£I ²¦£ ¶I µ§ªªI §¬ ¥£¬£°~ªI ¦~´£ ²­  £ ²°£~²£¢ ~±

±²­¡¦~±²§¡ ´~°§~ ª£±K T¦£ °£¡­¥¬§²§­¬ ²~±© ²¦£¬  £¡­«£±²¦£ ~®®ª§¡~²§­¬ ­¤ ±²~J

²§±²§¡~ª §¬¤£°£¬¡£ ²­ ²¦£ ¡ª~±±§¤§¡~²§­¬ ­¤ ~ ®~²²£°¬ ²­ ­¬£ ­¤ ²¦£ h ©¬­µ¬ ¥°­³®±

²­ µ¦§¡¦ §² ¡~¬ ®­±±§ ª·  £ª­¬¥K f¬¤­°«~²§­¬ ­¬ ²¦£ ®°­ ~ §ª§²· ¢§±²°§ ³²§­¬± ­¤

­ ±£°´~ ª£± ¤­° ²¦£ ´~°§­³± ¥°­³®± ¡~¬ °~¬¥£ ¤°­« ¡­«®ª£²£ §¥¬­°~¬¡£ ­¤ ²¦£

¤³¬¡²§­¬~ª ¤­°« ­¤ ²¦£ ¢§±²°§ ³²§­¬I ²­ ²¦£ ¡~±£ µ¦£°£ ²¦£ ¤³¬¡²§­¬~ª ¤­°« ~¬¢ ~ªª

®~°~«£²£°± ~°£ ©¬­µ¬K

1K A `iApp lc mATTbokJob`ldkfTflk kbTtlohp

f¬ ±­«£ °£¡£¬² ~°²§¡ª£± E±££I ¤­° £¶~«®ª£I e~µ©§¬±I 1961FI µ­°© ­¬ ²¦£ ~®®ª§J

¡~²§­¬ ­¤ ~ ¡ª~±± ­¤ ¬£²µ­°©± ²­ ®~²²£°¬ °£¡­¥¬§²§­¬ ¦~±  ££¬ °£®­°²£¢K c§¥³°£±

1 ~¬¢ 2 ±¦­µ²µ­ ¬£²µ­°©± ²·®§¡~ª ­¤ ²¦§± ¡ª~±±I T¦£ «£~±³°£«£¬²± ¶I µ¦§¡¦

m°£´§­³±ª· ®³ ª§±¦£¢ §¬ B§­ª­¥§¡~ª m°­²­²·®£± ~¬¢ p·¬²¦£²§¡ p·±²£«± Es­ª³«£ 1F

£¢§²£¢  · b³¥£¬£ b B£°¬~°¢ ~¬¢ j­°ª£· oK h~°£I mª£¬³« m°£±±I k£µ Y­°©I 1962
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c§¥K 1K Exa«®ª£ ­¤ a n£³°­nJ²y®£ ®a²²£°nJ°£¡­¥n§²§­n n£²w­°k;
±££ £q³a²§­n (1)I

¡ha°a¡²£°§z£ ²h£ ®a²²£°n a°£ ­b²a§n£¢I ¤­° §n±²an¡£I by ®ªa¡§n¥ ²h£ ®a²²£°n ­n an

"a°²§¤§¡§aª °£²§na" w§²h ²h£ ­³²®³²± ­¤ ²h£ °£²§na £ª£«£n²± b£§n¥ q³an²§z£¢ ±³¡h

²ha² ²h£ x; a°£ £§²h£° 0 ­° 1K

In c§¥K 1 ²h£ ¡ªa±±§¤§¡a²§­n ¤³n¡²§­n ²ak£± ²h£ ¤­°« ­¤ a w£§¥h²£¢ ±³« ­¤ ²h£
X;I V§zKI

N

> a¨4X;> T; ¨21I2IKIKIh (1)
§=ª

wh£°£ ²h£ ±£² ­¤ ¡­£¤¤§¡§£n²± aII wh§¡h §± ¢£±§°£¢ §± ²h£ ­n£ wh§¡h ®£°«§²± ²h£

²h°£±h­ª¢ JI ²­ b£ £x¡££¢£¢ wh£n£´£°a ®a²²£°n ¤°­« ¥°­³® ; §± ®°£±£n² an¢ n­²

­²h£°w§±£K

In ²h£ n£²w­°k ­¤ c§¥K 2I ±³b±£²± ­¤ ²h£ xII ±£ª£¡²£¢ ®£°ha®± §n a °an¢­«

«ann£°I a°£ ¡­nn£¡²£¢ ²h°­³¥h ¤§x£¢ w£§¥h²± (+1I—1) ²­ ±³««a²§­n ³n§²± w§²h

²h°£±h­ª¢±I L£² 5III b£ ²h£ ¤§x£¢ w£§¥h²± b£²w££n ²h£ °£²§na £ª£«£n²± an¢ ²h£

±³««a²§­n ³n§²±I wh£°£ 6III ¡an b£ 0I L£² II b£ ²h£ ²h°£±h­ª¢± ¤­° ²h£ ±³««a²§­n

³n§²±I an¢ yII b£ ²h£ ­³²®³²± ¤°­« ²h£ ±³««a²§­n ³n§²±I w§²h yII b£§n¥ 0 wh£n ²h£

²h°£±h­ª¢± —I a°£ n­² £x¡££¢£¢I an¢ 1 ­²h£°w§±£K c³°²h£°I ª£² aII b£ w£§¥h²§n¥

¡­£¤¤§¡§£n²± (´a°§abª£) b£²w££n ±³««a²§­n ³n§²± an¢ °£±®­n±£ ³n§²± an¢ ª£² TI b£

²h£ ²h°£±h­ª¢± ¤­° ²h£ °£±®­n±£ ³n§²±K Th£n ²h£ ¡ªa±±§¤§¡a²§­n ¤³n¡²§­n ³±£¢ by
²h£ n£²w­°k ­¤ c§¥K 2 §±

M£

Da«« >T ¤= 42KKKIh M<N (2)
1n£

w§²h

§

N

(ª§² >> _§n ²§ > In
§=ª

Y« = }
0 ­²h£°w§±£

Aª²h­³¥h ²h£ n£²w­°k ­¤ c§¥K 2 ³±£± ²h£ ¢£°§´£¢ ´a°§abª£± yI ²­ ¡ha°a¡²£°§z£

²h£ ®a²²£°n±I ²h£ ¤­°« ­¤ ²h£ ¡ªa±±§¤§¡a²§­n ¤³n¡²§­n §± ²h£ ±a«£ a± ²ha² ¤­° ²h£

n£²w­°k ­¤ c§¥K 1K ‘An £´aª³a²§­n ­¤ ²h§± ¡ªa±± ­¤ n£²w­°k± ¡an b£ ¡­n±§¢£°£¢ §n
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F§¥, 2 P£°¡£®²°­¬-²·®£ ®~²²£°¬-°£¡­¥¬§²§­¬ ¬£²µ­°© E~¤²£° H~µ©§¬±F;

±££ £q³~²§­¬ E2F

²h£ ¡­¬²£x² ­¤ ¡­«®~°~bª£ ¡ª~±±§¤§¡~²§­¬ ¤³¬¡²§­¬± µh§¡h ¡~¬ b£ ¢£°§v£¢ ¤°­«

±­«£ «­°£ ­° ª£±± ¤­°«~ª ®°§¬¡§®ª£± ®°­®­±£¢ §¬ ¡ª~±±§¤§¡~²§­¬ ²h£­°· ~¬¢

®°~¡²§¡£

2 A REPRESEkTATIOk OF THE JOIkT DISTRIBUTIOk

L£² X ¢£¬­²£ ²h£ ±£² ­¤ ~ªª ®­§¬²± x = Ex1, x2- ,x·F µ§²h £~¡h x;=0 ­° 1, ~¬¢

ª£² ®ExF = ®Ex1,%2,- -,%,F ¢£¬­²£ ²h£ ¨­§¬² ®°­b~b§ª§²· ­¤ ²h£ x, §¬ ~ ¥§v£¬ ¥°­³®

S§¬¡£ ²h£°£ ~°£ 2" ®­§¬²± §¬ X , ~¬· ®~°~«£²°§¡ ¢£±¡°§®²§­¬ ­¤ ~¬ ~°b§²°~°· ®°­b~-

b§ª§²· ¢§±²°§b³²§­¬ µ§ªª, §¬ ¥£¬£°~ª, °£q³§°£ E2% - 1F §¬¢£®£¬¢£¬² ®~°~«£²£°± A

®~°²§¡³ª~° ®~°~«£²°§¡ °£®°£±£¬²~²§­¬ ¢³£ ²­ B~h~¢³° E1959bF §± ³±£¢ h£°£

U±§¬¥ &, ²­ ¢£¬­²£ ²h£ £x®£¡²£¢ v~ª³£ µh£¬ ²h£ ³¬¢£°ª·§¬¥ ¢§±²°§b³²§­¬ §±

®ExF, ¢£¤§¬£ ¤­° £~¡h §= 1,2, ,k,

«, =®Ex;=1F=E, ExF O<« <1

2,=£

3, = E, Ez;2;F §<¨ E3F

T§¨£ = E® E2;2;Z%F °<¨<©

°~, µ= E® E2122 +++F ZµF

F³°²h£° ¢£¤§¬£
k

P§ E%1FX2,--+, X¬F = UG «*? E1 — «,F?7* E4F



±­ ²¦~² ®X E¶NIX2IK+KI X¬F = ®N E¶F ¢£¬­²£± ²¦£ ®°­ ~ iªi²· ¢i±²°i ³²i­¬ ­¤ ²¦£ ¶I µ¦£¬

ENF ²¦£ ¶I'± ~°£ i¬¢£®£¬¢£¬²ª· ¢i±²°i ³²£¢ ~¬¢ E2F ²¦£· ¦~´£ ²¦£ ±~«£ «~°¥i¬~ª

¢i±²°i ³²i­¬± ~± ³¬¢£°²¦£ ¢i±²°i ³²i­¬ ®E¶FI f²i± ±¦­µ¬  · ~¦~¢³°²¦~² ¤­° £´£°·
¶ = E¶FI¶2IJKKI ¶·F i¬X

= ERFµ¦£°£ ®E¶F = ®iE¶F cE¶F

E¶F= N+ » N ¨2 42 + ~ ci¨£ZiZ¨Zq ²£±² q·Q0++ k ZNZQ00K Z· ESF
i<¨ i<i<©

q¦£ 2%J~N ¡­°°£ª~²i­¬± ~¬¢ ²¦£ k «~°¥i¬~ª ¤°£q³£¬¡i£± «IX ~°£ ²¦£ ®~°~«£²£°±
µ¦i¡¦ ¢£²£°«i¬£ ²¦£ ®°­ ~ iªi²· ¢i±²°i ³²i­¬ ®E¶FK f¬ ­°¢£° ²¦~² ~¬ ~° i²°~°· ±£²
­¤ 2%JkJN °£~ª ¬³« £°± qi®²i¨·++F p£°V£ ~± ²¦£ ¡­°°£ª~²i­¬ ®~°~«£²£°± ­¤ ~

®°­ ~ iªi²· ¢i±²°i ³²i­¬ ®E¶F ¤­° ~¬· ±£² ­¤ ¬³« £°± «II 0 <~X <NI i² i± ¬£¡£±±~°·

~¬¢ ±³¤¤i¡i£¬² ²¦~² ¤E¶F  £ ¬­¬J¬£¥~²i´£ ¤­° £~¡¦ ¶K

q¦£ ¢i±²°i ³²i­¬ ®E¶F ¡~¬ ¬­µ  £ ~®®°­¶i«~²£¢  · ¢i±²°i ³²i­¬± ­¤ ª­µ£°
­°¢£°K q¦³± ®I E¶F i± ~ ¤i°±²J­°¢£° ~®®°­¶i«~²i­¬ ²­ ®E¶FI

®2{¶F =®I E¶F [i+ > 47% | E7F
i<¨

i± ~ ±£¡­¬¢J­°¢£° ~®®°­¶i«~²i­¬ ²­ ®E¶FI ~¬¢ ±­ ­¬I c­° N <«<VgI ²¦£ ~®®°­¶iJ

«~²i­¬ ®IIE¶F i± ²¦£ ­¬ª· ¢i±²°i ³²i­¬ ­¤ ­°¢£° ¬­² £¶¡££¢i¬¥ « ³¬¢£° µ¦i¡¦ ~¬·

p£² {¶INIXX2IJK+IX¨«} ­¤ « ´~°i~ ª£± ¦~± ²¦£ ±~«£ ¨­i¬² ¢i±²°i ³²i­¬ ~± ³¬¢£°²¦£

¥i´£¬ ®E¶FK O¤ ¡­³°±£I ~®®°­¶i«~²i­¬± ²­ ®E¶F «~· ~ª±­  £ ­ ²~i¬£¢  · °£²~i¬i¬¥
´~°i­³± ±£ª£¡²£¢ ²£°«± i¬ ²¦£ £¶®~¬±i­¬ ¤­° ¤E¶F ~¬¢ ¢°­®®i¬¥ ²¦£ °£«~i¬i¬¥

²£°«±K £¡~³±£ ~¬· ~®®°­¶i«~²i­¬ ²­ ®E¶F i± ­ ²~i¬£¢  · ¢°­®®i¬¥ ²£°«±­¤ ¤E¶FI

~ Cª~±±i¤i¡~²i­¬ ®°­¡£¢³°£  ~±£¢ ­¬ i² µiªª ¬­² ¢­ ~± µ£ªª ~± ²¦£ ±~«£ ®°­¡£¢³°£
µ¦£¬ ®E¶F i± ³±£¢I

3K ^ Ci^pp Oc Ci^ppfcfC^qfOk cUkCqfOkp

^ µ£ªªJ©¬­µ¬ ²¦£­°£²i¡~ª ±­ª³²i­¬ ²­ ²¦£ ®°­ ª£« ­¤ ¡ª~±±i¤·i¬¥ ~¬ ³¬©¬­µ¬

®~²²£°¬ i¬²­ ­¬£ ­¤ ²µ­ ©¬­µ¬ ¥°­³®±i¬ ±³¡¦ ~ µ~· ~± ²­ «i¬i«i¸£ ²¦£ ®°­ ~ iªi²·

­¤ «~©i¬¥ ~¬ £°°­°i¬ ²¦£ ~±±i¥¬«£¬² ­¤i¬®³²± ²­ ²¦£ ²µ­ ¥°­³®±I ­° i¬ ~ «~¬¬£°

µ¦i¡¦ £q³~ªi¸£± ²¦£ £°°­°± ¤­° ²¦£ ²µ­ ¥°­³®±I «i¬i«i¸£± ²¦£ £¶®£¡²£¢ ª­±±I ­°

i±  £±² ~¡¡­°¢i¬¥ ²­ ±­«£ ­²¦£° ¡°i²£°i­¬I i± i¬ ²£°«± ­¤ ²¦£ ªi©£ªi¦­­¢ °~²i­

E±££I ¤­° £¶~«®ª£I ^¬¢£°±­¬I NVR8I C¦~®KSFK

f¬ ²¦£ ®°£±£¬² ¡~±£I ²¦£ ®°­ ª£« i± ²­ ¡ª~±±i¤· ~¬ ³¬©¬­µ¬ ®~²²£°¬ i¬²­ ­¬£

­¤ ²¦£ ±£´£°~ª ¥°­³®± ²­ µ¦i¡¦ i² ¡~¬ ®­±±i ª·  £ª­¬¥K O¬£ µ~· ²­ ®°­¡££¢ µ­³ª¢

 £ ²­ ±£² ³® ªi©£ªi¦­­¢ °~²i­± ¤­° £~¡¦ ®~i° ­¤ ²¦£ h ¥°­³®± E^¬¢£°±­¬I NVR8F

µ¦i¡¦ µ­³ª¢ °£q³i°£ hEh — NF/2 ¡ª~±±i¤i¡~²i­¬ ¤³¬¡²i­¬±K c­° ²¦£ ¡­¬±²°³¡²i­¬ ­¤

¬£²µ­°©±I i² i± ¢£±i°~ ª£ ²­ ¦~´£ ­¬ª· ~ ±«~ªª ¬³« £°­¤ ¡ª~±±i¤i¡~²i­¬ ¤³¬¡²i­¬±

~¬¢  · °£®°£±£¬²i¬¥ ²¦£ h ¥°­³®±  ·I ¤­° £¶~«®ª£I ~  i¬~°· ¡­¢£I «³¡¦ ª£±± ²¦~¬

h ¡ª~±±i¤i¡~²i­¬ ¤³¬¡²i­¬± ¡~¬  £ ¡­¬±i¢£°£¢X £~¡¦ ¡ª~±±i¤i¡~²i­¬ ¤³¬¡²i­¬ ®­­ª±

®~²²£°¬± ¤°­« ~ªª h ¥°­³®± i¬²­ ¨³±² ²µ­ ¥°­³®±: ²¦­±£ µ¦i¡¦ ±¦­³ª¢ ®°­¢³¡£ ~ N

~¬¢ ²¦­±£ µ¦i¡¦ ±¦­³ª¢ ®°­¢³¡£ ~ 0I a£¬­²£ ²¦£±£ ²µ­ ¥°­³®±  · ¥°­³® N ~¬¢

¥°­³® 2 °£±®£¡²i´£ª· ~¬¢ ª£² ®E¶/iFIi=NI2KKKI ¢£¬­²£ °£±®£¡²i´£ª· ²¦£ ®°­ ~ iªi²·

¢i±²°i ³²i­¬ ¤­° ¶ ³¬¢£° ¥°­³® N ~¬¢ ¥°­³® 2K q¦£¬ ²¦£ ªi©£ªi¦­­¢J°~²i­ °£¥i­¬±
¤­° ¡ª~±±i¤i¡~²i­¬ ~°£ ¢£¤i¬£¢  ·

 
 



 

R,: LC: ~ P(x/l)1 (x) eID >t

R,:L(xSt
(8)

Thus, if the function L(x) exceeds the threshold 1, the pattern is classified as

belonging to group 1, otherwise the pattern is classified into group 2. [One way

of deriving such a tule is to consider the conditional probabilities that, given a

pattern having 4 certain x= (x,,x2,...,Xy), thepattern belongsto group 1 or group

9, The boundary of the two regions for classification can be defined by the equa-

tion p(1/x)-p(2/x)=0, which gives the expression p(x/1)/p(x/2) = p(2)/p().]

The classification functions and corresponding networks which result when

various approximations to p(x) are used in a likelihood-ratio procedure can now

be derived. If a first-order approximation is used, p(x) is replaced by p; (x).

This implies an assumption of independence of the x,. Letting m, and a, represent

the means of the x; in groups 1 and 2 respectively, the likelihood ratio is

mii (1- m,)'~*i
=l

L(x) =4 (9)
I] 2a —n,)'7*
i=l

taking the logarithm gives

N
> (a;x; + ¢;)
geil

where

a, = log mi (=a)
"i (1—m,) (10)

and

c, = log (=m)
(1 —1,)

The summation overc, can be absorbed inthe threshold and a particular weighted

sum is obtained forthe classification function. The resulting network is that of

Fig. 1, with the coefficients as defined in equation (10). Let

_ x, 7) x, — Nj
2S yo

Vm; (1 -— m,;) ¥n;(1-7n,)

and let rijstijx...,and 8;;, Sijx-.-, be the correlation parameters for group 1 and

group 2 respectively. Then for a second-order approximation to the joint dis-

tributions, the logarithm of the likelihood ratio is

N
> a,x; + log ( + >» rea) — log (: + > sure) (11)
Pal i<i i<i

plus a constant term, Using the approximation log (1+ 6) +6, and letting



= Pitg =and
VmI (1 J mIF mI (1 J mIF

expre±±ion (11F can be written a±

´iee
‘VaI VIVI 1 aF (1OF

[ b_ H [ (J m¨d ·· H mpz xIt [ (u¨X J ´i¸F u¨uX (1PF
=i igt iY¨

Similarl·I i¤ thirdJorder correlation± are retainedI the abo´e deri´ation gi´e±

k

ù aX¼ [ (= m·H VIQXIF H [ `a gin gettaii Pv VignF ºãW
i=l i¤t i¤¤

©gi

iY© (1QF

H [ (aI J ´igF H [ (= mgt¨x H aVi¨F uiu· H [ (tiie J Vi¨©F uXu¨u¼
iY¨ ©i iY¨c©

© gi

qhe abo´e expre±±ion± come ¤rom _ahadur (1VRVaFK eere we note that ±econdJI

thirdJI and higher order approximation± gi´e ri±e to expre±±ion± linear in the

xXI under certain condition±I In (1UFI i¤ uII =´IIIthe re±ulting cla±±i¤ication ¤uncJ

tion i± repre±ented b· a networ© ±uch a±that o¤ cigK 1I in which the coe¤¤icient±
are gi´en b·

a¨\ =aX H x (¼ mHVRF ´· (1RF
T I

Similarl·I (1QF will lead to a cla±±i¤ication ¤unctionI linearin the xII i¤ tine = Vine±
and

a· [ V· t [ (m· 1QF Via¨e
©i
©i

the coe¤¤icient± o¤ the cla±±i¤ication ¤unction being

aì =aI H [ ( ma¨I H ¨VFIF H [ (m¨mII n·F Vi¨x (16F
i¤i i¤i

©i
iY©

In thi± mannerI a ±et o¤ cla±±i¤ication ¤unction±

k k
[ aiui [ ah eeeI [ al™F xI
a= i=1 a=l

corre±ponding to increa±ing order± o¤ approximation to the ¨oint di±tribution±
o¤ the xI in the two group±I are obtained when ±peci¤ic a±±umption± are made
about the relation±hip± between correlation parameter±K qhe networ© correJ
±ponding to each o¤ the±e cla±±i¤ication ¤unction± ha± the ¤orm o¤ cigK 1X a netJ

 
   



 

mpted to classify correctly eight groups of patterns could be

constructed from three classification functions of the type used in Fig. 1. The

performance of such networks relative to corresponding networks based on clas-

sification functions of the form (13), (14), and higher order approximations will

be determined by the extent to which assumptions about relationships between

correlation parameters, necessary to obtain the above linear classification

functions, are true for a given experimental situation.

In addition to the above derivation, one can consider various intuitive pro-

cedures for deriving linear classification functions, An arbitrary linear combi-

work which atte

N

nation of the measurements (x1,X2,--+,Xy) is the function > a,x;, in which the
i=l

coefficients a; are to be chosen to provide maximum discrimination (in some

sense) between the two groups, An example of such a procedure is that due to

Fisher (1936). Let m, and n, represent the means of the x, for group 1 and group

2 respectively, and let d,=m;—- 1, The difference in mean values of the linear

N N

function for the two groups is >> a,d,, Furthermore, the function }° a,x; has

N N i=l i=l

the variance > aajv,, where y, are elements of the covariance matrix,
=l1i=l ij

assumed equal forthe two groups. The sense in which maximum discrimination

between the two groups is provided by Fisher's discriminant function is to choose

the coefficients a; such as to maximize the ratio

(Sa,d,
N N

> > ajajViy
g=1 j=l

Introducing a Lagrangian multiplier A and differentiating the expression

LLaad — \DLaazvi;

one obtains a set of linear equations which have the solutions

a,=vildy tere t+ WNidy i= 1,2,...,0

where vii are elements of the inverse of the common covariance matrix. This

same function results from a likelihood-ratio procedure forthe case of continuous

variables with multivariate normal distributions and equal covariance matrices

for the two groups, and so it is the optimum discriminant function only when

these specific conditions hold; without the assumption of equal covariance ma-

trices, a quadratic function would result from the likelihood ratio (Rao, 1952,

Chap. 8; Anderson, 1958, Chap. 6). For the latter case, intuitive procedures

which lead to linear discriminant functions can be considered. Examples are the

Anderson-Bahadur method (1960) which for the case of arbitrary distributions,

maximizes the ratio N

> axl
i=l

N N % N N WY

(2; > a) a2 > oii)
fot fTi=1 jr

 



iceKI the ratio o¤ the di¤¤erence between mean± to the ±um o¤ the ±tandard de´iJ
ation± and the linear di±criminant ¤unction± pre±ented b· hullbac© (1VRVI `hap±I
V and 1PF obtained b· maximi¸ing three mea±ure± o¤ in¤ormationK

QI abqbRMIkAqIlk lc `lbccI`IbkqS cRlM SAMPibS

crom the di±cu±±ion up to thi± point it i± apparent thatI ¤or the mo±t partI
the cla±± o¤ patternJrecognition networ©± con±idered in ±ection 1 continue to be
excur±ion± in the realm o¤ linear di±criminant ¤unction±K It i± al±o clear that
the u±e o¤ a weighted ±um o¤ the xI a± the cla±±i¤ication ¤unction doe± notI a±
±ome ha´e ±ugge±tedI limit the xX to being independentI but ma· impl· a ´ariet·
o¤ relation±hip± among correlation± and co´ariance± o¤ the t·pe pre±ent in the
example± o¤ linear di±criminant ¤unction± gi´en in the la±t ±ectionK

qhe ma¨or departure o¤ the patternJrecognition e¤¤ort± being di±cu±±ed ¤rom
the wor© in linear di±criminant ¤unction± i± the mannerin which ±ample± are
u±edI Rather than obtain the coe¤¤icient± o¤ the cla±±i¤ication ¤unction ¤rom a±J
±umption± concerning the ¤unctional ¤orm o¤ the probabilit· di±tribution± or ¤rom
a program o¤ e±timationI intere±t ha± ±hi¤tedto ±tarting ¤rom an arbitrar· initial
±tate (aFI Ape± a·F and u±ing iteration ba±ed on experience with one or more
±ample± on each trialI to go ¤rom the initial ±tate to a ¤inal ±tate (QFIaFIKKKI a·F
which will produce a de±ired re±ultK

qhe problem o¤ u±ing experience to go ¤rom ±omearbitrar· initial ±tate o¤
coe¤¤icient± to a ¤inal de±ired ±tate can be approached in man· wa·±X one a· i±
to u±e completel· random perturbationo¤ the coe¤¤icient± and ±ome o¤ the adapti´e
±·±tem± pre±ented at thi± ±·mpo±ium report u±ing thi± methodK lne would genJ
erall· de±ire ±omewhat more ±·±tematic method± whichIat lea±t conceptuall·I
ha´e a better chance o¤ producing a ±equence o¤ ad¨u±tment± which con´erge in
±ome meaning¤ul ±en±eK qhe problem ma· then be ±tated a± one o¤ ¤inding a ±et
o¤ tran±ition operator± q to appl· to the ±tate ´ectorK In thi± ¤ormI ´ar·ing deJ
gree± o¤ complexit· can be introduced into the ¤ormulation o¤ the problemIa± i±
di±cu±±ed b· _ellman (1V61FK eowe´erI complexit· in ¤ormulation which introJ
duce± complexit· in computation i± not ´er· help¤ulX the procedure± which are
de±irable are tho±e which in´ol´e ±imple calculation± a¤ter each trial and do not
require the ±torage o¤ old data ¤or u±e in ¤uture computation±K r±e¤ul iteration
procedure± can be deri´ed ¤rom thepoint o¤ ´iew pro´ided b· the technique± u±ed
in ±tocha±tic model± ¤or learning (_u±h and Mo±tellerI 1VRRX _u±h and b±te±I
1VRVX iuceI 1VRVX hanalI 1V61W hanalI 1V6OF and ¤rom the point o¤ ´iew pro´ided
b· ±tocha±tic approximation method± (a´oret±©·I 1VR6X Sa©ri±onI 1V61W hu±hnerI
1VR X MageeI 1V6 FI q·pical o¤ anumbero¤ other e¤¤ort± i± the approach o¤ miniJ
mi¸ing a meanJ±quare error criterion (tidrowI 1V6 X tidrow and eo¤¤I 1V6 X
Gabor et alKI 1V61FK

RK SlMb `lMMbkqS lk `lMPARIkG abSIGk PRl`barRbS

qhe embodiment o¤ adapti´e procedure± in a realJtime patternJrecognition
±·±tem i± mo±t de±irable when the en´ironment in which the ±·±tem operate±
can undergo un±u±pected change±K eowe´erI when the en´ironment i± ±tationar·I
the de±ign o¤ a patternJrecognition networ© corre±ponding to a gi´en ¤orm ¤or
the cla±±i¤ication ¤unction can be carried out on a computerK In thi± ca±e the
coe¤¤icient± can be obtained either b· u±ing the data directl· in an iterati´e proJ

 



 

cedure, or using statistical estimation of parameters to obtain classification

functions such as outlined in section 8, Computer programs for obtaining dis-

criminant functions and other classification functions for applicationin a variety

af fields have been used for a number of years. Typical of some recent appli-

cations to speech and character recognition is the work reported in Marill and

Green (1960), Welch and Wimpress (1961), and Keith-Smith and Klem (1961),

from which an idea of the computation involved can be obtained. One pointof

comparison between the various methods one may consideris, of course, the

relative complexity of the computation,

The error curve corresponding to a classification function can be obtained

by computing the probabilities of misclassification for different choices of the

threshold. An evaluation of the worth of the classification functions resulting

when iteration based on experience is used to obtain the coefficients from sam-

ples can be provided by comparing their error curves with error curves obtained

from the linear functions corresponding to the different orders of approximations

as discussed in section 3, and with the error curves obtained from intuitive

rocedures such as those of Fisher (1936), Anderson and Bahadur (1960), and

Kullback (1959),
°

6. SOME COMMENTS ON THE CHOICE OF OBSERVABLES,

AND ON INVARIANCE PROPERTIES

It has been long recognized that a central problem is the choice of a suitable

set of observables and, for the most part, an arbitrary choice has been made,

as for example, the choice of dichotomous variables obtained from the elements

of an "artificial retina."

Experience indicates that when using procedures which are not optimum, a

classification procedure based on dividing the x, into mutually exclusive subsets

s,, deriving classification functions f, based separately on the s,, and using f, to

obtain a final classification function F can, in some situations, do better than a

similar function based directly on all the x, (In most of the work reported on the

type of network represented by Fig. 2, subsets of dichotomous variables have

been chosen in a random manner and arbitrary fixed weights have been usedto

form the first set of classification functions {,,)

A discussion of the problem of selecting a small numberof dichotomous

variables from an available large set is presented in the paperby Raiffa (1957).

Some comments on the invariance of two measures of information to non-

singular transformations of the observables, and on the connection between the

invariant properties and linear discriminant functions are presented in Kullback

(1959), The paper by Ming-kuei Hu (1961) presents a set of moment-invariants,

It should be noted that for most situations these moments will themselves be

random variables.
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1, Overview

This chapterwill try to address the three broad questions: (1) In what ways do ANNs

differ from the well-known paradigms of SPR? Are there concepts in ANN for which

no counterpart in SPR exists (and vice-versa)?; (2) What benefits can come outof

interaction between ANN and SPRresearchers?; (3) What advantages, if any, do ANN

techniques have over SPR methods in dealing with real-world problems?

For the most part, ANNsfor pattern recognition are to SPR whatpoetry is to prose -

- technically a subset, based on the acceptance ofcertain design constraints of enormous

practical utility, plus an additional source of inspiration which can be very helpful in the

design process. Beyond that, the underlying concepts and paradigms are so close, and

the range of problems under study overlap to such a degree, that greater mutual

communication can minimize duplication of effort and enrich both communities in many

other ways. Oneareaof substantive difference is that some parts of the ANN community

treat pattern recognition as a subset of systemsto perform dynamic system identification

and control; this may lead to improvementsin pattern recognition, in some cases, when

the pattern to be recognized is essentially dynamic (e g., speech or movingtargets). The

attempt to understandintelligence in the brain forces us to keep facing up to difficult

and important questions, such as the question of how a host of more specific designs and

methods can be integrated together in one unified, flexible general-purpose system.

The remainder of this chapter will elaborate on these points. Section 2 will discuss

pattern recognition and neural networks in general terms, Section 3 will discuss a few

alternative neural network paradigms, and their relation to SPR. Section 4 will briefly

discuss dynamic systems and control, The chapter will start on an introductory level, but

will try to build up to current research.

2. Neural Networks and Pattern Recognition -- Generalities

Before discussing the pros and cons of ANNs,I shouldfirst define just what an ANN

really is, However, neuroengineering -- the field which studies ANNs -- is a large and

diverse field, using a wide variety of designs There are popular articles which define

very clearly and explicitly what an ANNis, but which single out only one tool out of a

 

*The views expressed hereare those of the author, not those of NSF. Nevertheless, they

were prepared in the course of government work andare therefore in the public domain
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q¦£°£ ~°£ ~² ª£~±² ²µ­ ¢£¤§¬§²§­¬± µ¦§¡¦ ¦~´£  ££¬³±£¢  ·¢§¤¤£°£¬² ~³²¦­°±I ²­ ²°·
²­ £¬¡­«®~±±²¦§± ¤§£ª¢ q¦£ «­±² ¡­««­¬ ¢£¤§¬§²§­¬ £«®¦~±§z£± ²¦£ ®°£¤§¶ "¬£³°­" JJ
®£°²~§¬§¬¥ ²­ ²¦£  °~§¬. f¬ ²¦~² ¢£¤§¬§²§­¬I ¬£³°­£¬¥§¬££°§¬¥ §± ²¦~² ¤§£ª¢ µ¦§¡¦ ²°§£± ²­
¡­®· ­´£° ²¦£ ©¬­µ¬ ¡~®~ §ª§²§£± ­¤ ²¦£  °~§¬ §¬²­ ¡­«®³²£° ¦~°¢µ~°£ ~¬¢ ±­¤²µ~°£
j­°£®°£¡§±£ª·I §² ¢£´£ª­®± «~²¦£«~²§¡~ª ¢£±§¥¬± µ¦§¡¦ ¡­³ª¢  £ £« ­¢§£¢ ¢§°£¡²ª· §¬
¦~°¢µ~°£ ­° ±§«³ª~²£¢ §¬ ±­¤²µ~°£; ³±³~ªª· §² §±  £²²£° ²­ ¢­ ²¦£ ²£±²§¬¥ §¬ ±­¤²µ~°£I

f¬ ¢£´£ª­®§¬¥ ²¦£±£ ¢£±§¥¬±I ¬£³°­£¬¥§¬££°§¬¥ ²°§£± ²­ «~©£ ³±£ ­¤ µ¦~² §± ©¬­µ¬
~ ­³² ¦­µ ²¦£  °~§¬ ~¡¦§£´£± ²¦£±£ ¡~®~ §ª§²§£±. q¦£°£ ~°£ ~¡²³~ªª· ²µ­ ±¡¦­­ª± ­¤
²¦­³¥¦² ¦£°£. l¬£ ±¡¦­­ª ¡ª­±£ª· ¤­ªª­µ± ­¬ª· µ¦~² §± ¬­µ ©¬­µ¬ ~ ­³²²¦£  °~§¬ (§¬
±§«®ª§¤§£¢ ²£°«±)I ~¬¢ ª­­©± ¤­° "£«£°¥£¬² ¡­«®³²~²§­¬~ª ®°­®£°²§£±." q¦§± «~·  £
¡~ªª£¢ ²¦£  ­²²­«J³® ­°  §­ª­¥§¡~ªª·J ~±£¢ ±¡¦­­ª. q¦£ ­²¦£° ±¡¦­­ª ²°£~²± ­³°
©¬­µª£¢¥£­¤ ²¦£  °~§¬ ~± ~ ´£°· ª­­±£ ¡­¬±²°~§¬²I ~¬¢ ¤­¡³±£± ­¬ ²¦£ ¢£±§°£¢ ¡~®~ §ª§²§£±I
«~©§¬¥ ¦£~´· ³±£ ­¤±²~²§±²§¡± ~¬¢ ¡­¬²°­ª ²¦£­°· q¦£ ¡­­®£°~²§­¬  £²µ££¬ ²¦£±£ ²µ­
±¡¦­­ª± §± ¬­² ~± ¡ª­±£ ~± §² «§¥¦²  £I  ³² «³¡¦ ­¤ ²¦£ ´§²~ª§²· ­¤ ²¦£ ¤§£ª¢ §± ¢³£ ²­ µ¦~²
¡­­®é°~²§­¬ ¢­£± £¶§±². q¦§± ´§²~ª§²· §± §«®­°²~¬²  ­²¦ ~± ~ ±­³°¡£ ­¤ ¬£µ §¢£~±I ~¬¢ ~±
~ ¤­°¡£ ²­ ~²²°~¡² ~¬¢ «­²§´~²£ ~ ¬£µ ¥£¬£°~²§­¬ ­¤ ±²³¢£¬²±.

_£¤­°£ ¥­§¬¥ ¤³°²¦£°I f «³±² ~¢«§² ²¦~² f ²£¬¢ ²­ ¤­ªª­µ ²¦£ ²­®J¢­µ¬ ±¡¦­­ª. E´£¬

²¦­³¥¦ «· §¬§²§~ª «­²§´~²§­¬ µ~± ²­ ³¬¢£°±²~¬¢ ²¦£ ¦³«~¬ «§¬¢ JJ ~¬¢ ²¦£°£¤­°£ ²¦£
 °~§¬ JJ f ¤£ª² ²¦~² ~ ²­®J¢­µ¬ ~®®°­~¡¦ µ~± £±±£¬²§~ªI §¬ ­°¢£° ²­ ¡­«®ª£«£¬²²¦£ ´~±²
~¡¡³«³ª~²§­¬ ­¤ °~µ ¢~²~ §¬ ¬£³°­®¦·±§­ª­¥· f¬ ¤§£ª¢± ª§©£ £¡­¬­«§¡ «­¢£ª§¬¥I§² §± ¬­µ
µ£ªªJ°£¡­¥¬§z£¢ ²¦~²  ­²²­«J³® «­¢£ª§¬¥I µ¦£¬  ~±£¢ ­¬ ²¦£ ¢£±§°£ ²­ £¶®ª§¡§²ª·
°£®°£±£¬² £´£°· ¤~¡²­°· §¬ ²¦£ ¡­³¬²°·I µ§ªª ³±³~ªª· ª£~¢ ²­ µ­°±£ ¤­°£¡~±²± ²¦~¬ ~ ²­®J
¢­µ¬ ~®®°­~¡¦ µ¦§¡¦²°§£± ²­ ¥£² ²¦£ ~¥¥°£¥~²£  £¦~´§­° ±²°~§¥¦²  £¤­°£ ~¢¢§¬¥ «­°£
«§¡°­Jª£´£ª ¢£²~§ª. f¤ ²¦£ ¢·¬~«§¡± ­¤ £~¡¦ ~¬¢ £´£°· ¤~¡²­°· (~¬¢ ¤~¡²­°· «~¬~¥£°) µ£°£
¤³ªª· ~¬¢ £¶~¡²ª· ©¬­µ¬I²¦§± µ­³ª¢ ¬­²  £ ®­±±§ ª£I  ³² §¬ ²¦£ °£~ª µ­°ª¢§² §±. f¬ ±²³¢·§¬¥
²¦£ ¦³«~¬ «§¬¢I ²¦£ ©£· ~¥¥°£¥~²£  £¦~´§­°­¤ §¬²£°£±² §± ²¦£ ~ §ª§²· ²­ ª£~°¬ ¦­µ ²­
±­ª´£ ¡­«®ª£¶I °£~ªJµ­°ª¢ ®°­ ª£«±I ³±§¬¥ ¬£³°~ªJª§©£ ¡­«®³²~²§­¬~ª ±²°³¡²³°£±. l¬¡£
~¥~§¬I ²¦£ ¥­~ª §± ²­ ¡­«®ª£«£¬² ²¦£  ­²²­«J³® °£±£~°¡¦I ¬­² ²­ ®°­´§¢£ ~¬ ~ª²£°¬~²§´£

q¦°££ p³ ¢§´§±§­¬± ­¤ k£³°­£¬¥§¬££°§¬¥

l¬£ µ~· ­¤ «~®®§¬¥ ­³² ²¦£ ¡­«®ª£¶ ¤§£ª¢ ­¤ ¬£³°­£¬¥§¬££°§¬¥ §±  · ¡­¬±§¢£°§¬¥
µ¦§¡¦ ¡~®~ §ª§²§£± ­¤ ²¦£  °~§¬ ¢§¤¤£°£¬² N£±£~°¡¦£°± ~°£ ²°·§¬¥ ²­ °£®ª§¡~²£. _°­~¢ª·
±®£~©§¬¥I ²¦£°£ ~°£ ²¦°££ ¥°­³®± l¬£ ¥°­³® §± ²°·§¬¥ ²­ ³¬¢£°±²~¬¢ ±®£¡§¤§¡  °~§¬
®~²¦µ~·± ~¬¢ ¡­¬¬£¡²§­¬± µ¦§¡¦ §«®ª£«£¬²±®£¡§¤§¡ ~ §ª§²§£±I µ§²¦­³² °£¥~°¢ ²­ ¦­µ ²¦£±£
~ §ª§²§£± ~°£ ª£~°¬£¢ F­° £¶~«®ª£I ±­«£ °£±£~°¡¦£°± ¦~´£ ±®£¬² «­±²­¤²¦£§° ²§«£ ¢­§¬¥
 §­ª­¥§¡~ª £¶®£°§«£¬²± ­¬ ²¦£ ¡­¡¦ª£~ ­¤ ²¦£ £~°I §¬ ­°¢£° ²­ ¢£´£ª­®  £²²£° «­¢£ª± ­¤

²¦£ ~¡²³~ª ²°~¬±¤£° ¤³¬¡²§­¬± ³±£¢ §¬ ~¢³ª² «~««~ª± ²­ ®°£®°­¡£±± ±®££¡¦¢~²~; ²¦£· ²¦£¬
§«®ª£«£¬² ²¦£ ±~«£ ²°~¬±¤£° ¤³¬¡²§­¬± ¢§°£¡²ª· §¬ sLpf ¡¦§®± µ¦§¡¦ ¡~¬  £ ³±£¢ ²­
®°£®°­¡£±± ±®££¡¦ ¢~²~. (p¦~««~ N987I L·­¬ ~¬¢ j£~¬ N988) p§«§ª~° £¤¤­°²± ¦~´£  ££¬
¡~°°§£¢ ­³² ¤­° §«~¥£ ®°­¡£±±§¬¥ (j£~¢ N989)I ¤­° ±­¬~° ®°­¡£±±§¬¥ (§¬±®§°£¢  · ²¦£
±­¬~° ±·±²£« ­¤ ²¦£  ~²I ~«­¬¥ ­²¦£°±)I ¤­° «­²­° ¡­¬²°­ªI ~¬¢ ¤­° ­²¦£° ~°£~±. f¬ ~

®³ ª§¡ ²~ª©I _­³°ª~°¢ ~¬¢ W£ªª£©£¬±(N988) ¦~´£ °£®­°²£¢ ²¦~² ²¦£ ³±£ ­¤ «­°£  §­ª­¥§¡~ª  
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ors may improve performance in speaker-independent speech recognition,

even in a situation where it has little effect on speaker-dependent performance,

A second group mimics the ability of the brain to learn the solution to specific

roblems. Traditionally, in neuroengineering, we build systems to perform one of three

kinds of learning: supervised learning; reinforcementlearning; and unsupervised learning

Supervised meanslearning a static mapping from a vector X to a vector Y,

when there is a training set containing data on both vectors If the vector x contains a

pattern, and the vector xX containsa classification of that pattern, for each item in the

training set, then supervised learning boils down to a task which people in SPR have

worked on for years Often, however, ANNsare designed to adjust their parameters one

observation time, in real-time learning, rather than iterating over an entire database.

Reinforcement learning is similar to supervised learning, except that we do not

assume the availability of target vectors, Y, in the training set. Instead, we assume the

availability of a performance judge orutility function, which reports how good the

current outputs of the network are In essence, supervised learning is like telling a child

where to go (in the two-dimensional Y space of a back yard), while reinforcement

learningis like telling him thatheis "colder"or “hotter” as he gets closer or further from

a goal state. Manybiologists believe that reinforcement learning is'a better description

of how animals learn than supervised learning, because animals in nature receive

rewards and punishments from the environment but are not told what to do in detail,

Unsupervised learningis often touted as a way of adapting neural networks without

giving them any kind of directive feedback at all Some researchers are strongly

attracted to this way of describing things, because it suggests the possibility that some

neural networks(like themselves?) may tiuly experience absolutefree will, as described

by philosophers of the French existentialist school From an engineering perspective,

however, it is more useful to focus on the specific tasks which networks in this broad

category are actually trained to perform There are at least three main categories of

network here: (1) networks designed as “associative memories" (or, more precisely,

“autoassociative memories”) -- networks which, when given part of a pattern they have

seen before, will reconstruct the entire pattern; (2) networks designed as feature

extractors, such a$ "competitive learning" systems (based on clustering) or as "self-

organizing maps" (with analogies to factor analysis and principle components analysis);

(3) networks designed to model the dynamics of the variables they observe (system

identification networks). All three have important applications, and there have been

many efforts to combine these three (and supervised learning and reinforcementlearning

and fixed preprocessors) in various combinations, for different applications,
Finally, there is a third group of neural network researchers, besides the fixed-task

group and the learning group Years ago, John Hopfield (Hopfield and Tank 1986)

generated great excitement with the observation that certain ANNs,originally derived
in the biologically-basedlite:ature (Grossberg 1988), could also be used to minimize very

complex quadratics or solve even more complicatedstatic optimization problems They
also translate relatively easily into hardware implementations, like new VLSI chips or

optical computers
One of the classic applications of such Hopfield nets is in computer vision. Some

approaches to computervision wouldtry to identify edges and segments in an image by

minimizing a very complex measure of the quality of fit of the segmentation scheme;

preprocess
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man· author± ha´e u±ed eop¤ield net± to per¤orm thi± minimi¸ationI and ±ome propo±e
to hardwire the networ©± onto a chipK eop¤ield net± are al±o u±ed in application± li©e
tra´elingJ±ale±man problem± and problem±o¤ placing connection± in ´ariou± ©ind± o¤
(nonneuralF networ©±

crom a technical point o¤ ´iewI eop¤ield net± are continuou±Jtime gradientJba±ed
method± to minimi¸e a u±erJ±peci¤ied "energ·" ¤unctionK qhe· are o¤ten applied to
energ· ¤unction± which do not ha´e a unique local optimumX their energ· ±ur¤ace± o¤ten
de¤ine a poc©Jmar©ed ±ur¤aceI with man· local minimaI andit i± a ±eriou± challenge to
¤ind the de±ired global minimum qwoapproache± are commonl· u±ed to cope with thi±
problemK In one approachI one trie± to ¤ind an energ· ¤unction which ±ati±¤ie± the
application without ha´ing local minimaK qhe other approachI u±e± ±tocha±tic ±earch

method±to tr· to ¤ind the global optimum de±pite the exi±tence o¤ local optimaX popular

method± along the±e line± are ±imulated annealing (eKgI Sun and ea±±ounI 1VV F and
genetic algorithm± (Ac©le· 1VV FK

An Alternati´e (eardwareJ_a±edF View o¤ keuroengineering

Man· program± in neuroengineeringI both in go´ernment and in indu±tr·I were not
moti´ated at ¤ir±t b· an· intere±t in under±tanding the brainK cor exampleI a large part
o¤ thi± acti´it· grew out o¤ hard core re±earch in ph·±ic±I moti´ated b· a de±ire to exploit
the unique computational potential o¤ photon± compared with electron±K ieading
expert± in optic± ±uch a± `aul¤ieldI P±alti± and carhat argued that optical computing had
the potential to achie´e a millionJ¤old impro´ement in throughput compared with the
be±t digital ViSI technolog· Gi´en the huge ±i¸e o¤ the computer indu±tr·I and the

economic importance o¤ an· impro´ement in throughputI thi± claim generated ´er·
±eriou± ¤urther e´aluation `ar´er Mead (1VUVFI who i± regarded a± the ¤ather o¤ ViSI

technolog·I replied that analogI parallelI ¤ixedJ¤unction ViSI might al±o achie´e a
milionJ¤old increa±e in throughputI compared with the be±t generalJpurpo±e digital
technolog·K (A¤ter allI e´en the be±t digital technolog· t·picall· run± one proce±± ±tream
on one chipI a chip with a million tran±i±tor± or ±oX howe´erI an analog multiplication

require± onl· a hand¤ul o¤ tran±i±tor± F
qhe critic± o¤ optical computing and analog ViSI argued that both o¤ the±e techJ

nologie± are ¤ar too re±tricti´e to be u±e¤ul in an·thing li©e generalJpurpo±e computingK

qhe· would ¤it a ´er· tin· ¤raction at be±t o¤ the o´erall computer mar©etI A¤terallI the
´a±t ma¨orit· o¤ exi±ting computer program±I in all ¤ield± o¤ ±cience and indu±tr·I are
loaded down with "Ic" ±tatement and "al"loop± and long ±equence± o¤ multiple t·pe±
o¤ in±truction±X it would be almo±t impo±±ible to brea© them upinto parallel calculation±
per¤orming the ±ame operation± (or a tin· choice o¤ operation±F o´er and o´er againK

qhe ad´ocate± replied that the human brain u±e± ¤ixedJoperation analog di±tributed
hardwareI and that it ±eem± capable o¤ handling a ¤airl· wide range o¤ computational
ta±©±I Man· re±earch manager± agreed with thi± a±±e±±mentI and concluded that the

challenge be¤ore u± wa± to duplicate thi± ©ind o¤ capabilit· in computer± In brie¤W the
initial goal o¤ man· re±earch program±in thi± ¤ield wa± ±impl· to de´elop more broad
generalJpurpo±e algorithm± which could ta©e ad´antage o¤ the capabilitie± o¤ thi± ©ind
o¤ computer hardwareK qhe goal wa± to de´elop the mo±t e¤¤icient po±±ible algorithm±J
J drawing on e´er·thing we ©now ¤rom exi±ting di±cipline± li©e SPRI control theor· and
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b§­ª­¥· --²h£ ²h~² ²h£ ~ª¥­°§²h«± «³±² b£ §¬h£°£¬²ª· §«®ª£«£¬²~bª£

§¬ ²h§± ©§¬¢ ­¤ h~°¢µ~°£ F°­« ~¬ ~b±²°~¡² «~²h£«~²§¡~ª ®­§¬² ­¤ v§£µ, ­¬£ ¡~¬ ~ªµ~·±

¤§¬¢ ~ “b£²²£°” E­° £q³~ªª· ¥­­¢F ~ª¥­°§²h« §¤ ­¬£ ²h°­µ± ­³² ²h£ ¡­¬±²°~§¬², ~¬¢ ±£~°¡h£±

²h£ £¬²§°£ ±®~¡£ ­¤ ~ªª ~ª¥­°§²h«± µh§¡h µ§ªª °³¬ ­¬~ ±£q³£¬²§~ª ¡­«®³²£°; h­µ£v£°,

¤°­« ~ ®°~¡²§¡~ª ®­§¬² ­¤ v§£µ, ~ª¥­°§²h«± µh§¡h ª§v£ µ§²h§¬ ²h£ ¡­¬±²°~§¬² h~v£ ~

²h£­°£²§¡~ª ®­²£¬²§~ª ²­ °³¬ ~² ­¬£ «§ªª§­¬²h ²h£ ¡­±² ­¤ ²h­±£ µh§¡h ¢­ ¬­²

Th§± ²h£­°£²§¡~ª ®­²£¬²§~ª h~± °~®§¢ª· b£¡­«£ ®°~¡²§¡~ª °£~ª§²·, ¨³±² §¬ ²h£ ®~±² ·£~°

E1989/90F Th§± ®~±² ·£~°, I¬²£ª -- ~«­¬¥ ­²h£°± -- h~± ~¬¬­³¬¡£¢ ²h£ ~v~§ª~b§ª§²· ­¤ ~

¬£µ ¬£³°~ª ¬£²µ­°©¡h§®, µh§¡h £x®ª­§²± ²h£ ®­²£¬²§~ª ­¤ ~¬~ª­¥ VLSI D~v§¢ A¬¢£± ­¤

²h£ U S k~v· E`h§¬~ L~©£F h~± ±²~²£¢ ²h~² ­¬£ h~¬¢¤³ª ­¤ ²h£ I¬²£ª ¡h§®± h~± «­°£

¡­«®³²~²§­¬~ª ®­µ£°, ¤­° µh~² §² ¢­£±, ²h~¬ ~ªª ­¤ ²h£ `°~·± §¬ ²h£ µ­°ª¢ ®³² ²­¥£²h£°

ETh£ ¡­«®£²§¬¥ ¡h§®± ~°£ ~ª±­ µ£ªª µ­°²h ª­­©§¬¥ ~² F F~¡²­°· «~¬~¥£°± µh­ ³±£

¡­«®³²£°v§±§­¬ ®°­¢³¡²± ­¤²£¬ ¡­«®ª~§¬ ²h~² ®°­¥°~«± £x§±² µh§¡h ¡­³ª¢ ±­ªv£ «~¬· ­¤

²h£§° ®°­¢³¡²§­¬ ~³²­«~²§­¬ ®°­bª£«±, b³² ²h~² ²h£ £x§±²§¬¥ ®°­¢³¡²± µ­³ª¢ °£q³§°£ ~

`°~· ~² £v£°· ±²~²§­¬ Eµh§¡h ²h£· ¡~¬¬­² ~¤¤­°¢F; §¤ ·­³ ¡~¬ «§«§¡ ­° ¢³®ª§¡~²£ ·­³°

£x§±²§¬¥ ~ª¥­°§²h« µ§²h ~¬ Akk, ·­³ ¡~¬ ¥§v£ ±³¡h «~¬~¥£°± ²h£ ­®²§­¬ ­¤ b³·§¬¥ ~

±«~ªª b­x µ§²h ~ ¤£µ ¡h§®± §¬ §² §¬±²£~¢ B£¡~³±£ ²h£ ±~«£ ¤³¬¡²§­¬~ª ¤­°« ¡~¬ b£ ³±£¢

²­ ®£°¤­°« ~ µ§¢£ v~°§£²· ­¤ ²~±©±, ­¬£ ¡~¬ ~¡h§£v£ £¡­¬­«§£± ­¤ ±¡~ª£ µh§¡h µ­³ª¢ ¬­²

b£ ®­±±§bª£ µ§²h «­°£ ¬~°°­µ ±®£¡§~ª-®³°®­±£ ¡h§®±; ­¬£ ¡~¬ ~ª±­ °£®°­¥°~« ±³¡h ¬£³°~ª

h~°¢µ~°£ -- ±§«®ª· b· ±£¬¢§¬¥ §¬ ¬£µ ®~°~«£²£° v~ª³£± -- £v£¬ ~¤²£° §² §± §¬±²~ªª£¢

S§«§ª~° ¡­¬±§¢£°~²§­¬± ~®®ª· ²­ «­±² «§ª§²~°· ­° ~£°­±®~¡£ «~°©£²± Eª§©£ `h§¬~ L~©£F

I¬ b°§£¤, ²h£ ±h§¤² ²­ Akk± ¡­³ª¢ ­®£¬ ³® £¬­°«­³± ¬£µ «~°©£²± ¤­° ®~²²£°¬ °£¡­¥¬§²§­¬,
b£¡~³±£ ­¤ ²h£ £¡­¬­«§¡± ­¤ ¬£µ h~§¢µ~°£

I± ²h£°£ ~ ª§«§² ²­ µh~² ©§¬¢± ­¤ ~ª¥­°§²h« ¡~¬ ª§v£ µ§²h§¬ ²h§± ¡­¬±²°~§¬²? L~±² ·£~°,
S²§¬¡h¡­«b£ ~¬¢ Wh§²£ E1989F ®°­v£¢ ²h~² ±§«®ª£ ¤££¢¤­°µ~°¢ ¬£²µ­°©± -- §¬¡ª³¢§¬¥ ²h£

©§¬¢ ­¤ ¬£²µ­°© §«®ª£«£¬²£¢ ­¬ ²h£ I¬²£ª ¡h§® -- ¡~¬ µ­°© ~± ~ “³¬§v£°±~ª ~®®°­x§«~²­°"
­¤ ~¬¢ ¢£¡£¬²ª· b£h~v£¢ ¬­¬ª§¬£~° «~®®§¬¥ I¬ «­°£ °£¡£¬², ³¬®³bª§±h£¢ µ­°©, ²h£·
h~v£ ¥­¬£ ­¬ ²­ ®°­v£ ²h£ ~b§ª§²· ²­ ~®®°­x§«~²£ ¤³¬¡²§­¬± §¬ ~ µ~· µh§¡h «~©£± ²h£
¢£°§v~²§v£± ­¤ ²h£ ~®®°­x§«~²§­¬ «~²¡h ²h£ ¢£°§v~²§v£± ­¤ ²h£ ­°§¥§¬~ª ¤³¬¡²§­¬, ²­ ~¬·
¢£±§°£¢ ¢£¥°££ ­¤ ~¡¡³°~¡·, ²­ ~¬· ­§¢£° ­¤ ¢§¤¤£°£¬²§~²§­¬

 

3 S­«£ Ex~«®ª£± ­¤ Akk P~°~¢§¥«±

B~¡©¥°­³¬¢

A°£ ²h£°£ ¡­¬¡£®²± §¬ Akk ¤­° µh§¡h ¬­ ¡­³¬²£°®~°² §¬ SPR £x§±²± E~¬¢ v§¡£-v£°±~F?
Th§± §± ~¬ £x²°£«£ª· ¢§¤¤§¡³ª² q³£±²§­¬, b£¡~³±£ §² °£q³§°£± ©¬­µª£¢¥£ ­¤ ~ªª ²h£ "h­ª£±"
§¬ b­²h ­¤ ²h£ ²µ­ ¢§±¡§®ª§¬£±, ~± µ£ªª ~± ~ ¢£¤§¬§²§­¬ ­¤ ²h£ b­³¬¢~°· ­¤ b­²h ¢§±¡§®ª§¬£±
Eµh§¡h §± ~¬ £x£°¡§±£ §¬ ±£«~¬²§¡±F F³°²h£°«­°£, ¥­­¢ §¢£~± §¬ £§²h£° ¢§±¡§®ª§¬£ ¡~¬ b£
~±±§«§ª~²£¢ §¬²­ ²h£ ­²h£°; ²h³± ²h£ h­ª£± µh§¡h £x§±² ¬­µ ¡~¬±²§ªª b£ ¤§ªª£¢ §¬ ²h£ ¤³²³°£

I µ­³ª¢ ¥³£±± ²h~² ~b­³² 80% ­¤ ²h£ µ­°© ¬­µ b£§¬¥ ¢­¬£ µ§²h Akk± ¡­³ª¢ b£
¡ª~±±§¤§£¢ ~± ®~²²£°¬ °£¡­¥¬§²§­¬ I¬ ~¢¢§²§­¬ ²­ °£±£~°¡h ­¬ §«~¥£ ®°­¡£±±§¬¥ ~¬¢ ±®££¡h
°£¡­¥¬§²§­¬, ²h£°£ h~± b££¬ ±³b±²~¬²§~ª §¬¢³±²°§~ª §¬²£°£±² §¬ ~®®ª§¡~²§­¬±ª§©£ ¢§~¥¬­±²§¡±,
±£¬±­° ¤³±§­¬ ~¬¢ ¤§¬~¬¡§~ª°§±© ~±±£±±«£¬² I¬ ¤~¡², ²h£ ª~²²£° ²h°££ ®°­b~bª· ~¡¡­³¬²¤­°

²h£ b³ª© ­¤ ²h£ ±³b±²~¬²§~ª °£~ª-µ­°ª¢ ~®®ª§¡~²§­¬± ²­ ¢~²£ A®®ª§¡~²§­¬± ²­ ²~°¥£²
°£¡­¥¬§²§­¬, ±£¬±­° ¤³±§­¬ ~¬¢ ²h£ ª§©£ ~¡¡­³¬² ¤­° ~ «~¨­°§²· ­¤ ¡³°°£¬² DOD ¤³¬¢§¬¥
­¤ ²h£ ¤§£ª¢, b³² kSF §± ¡³°°£¬²ª· ²°·§¬¥ ²­ ®³² «­°£ £«®h~±§± ­¬ ­²h£° ~°£~± µh§¡h



NS

°£¡£i´£ ª£±± ±³®®­°² ¤°­« aOa
M~°£¬ ENVV0F i± «~©i¬¥ ±­«£ £¤¤­°² ²­ ¡ª~±±i¤· ~¬¢ ¢i±±£¡² ²¦£ ¤³ªª °~¬¥£ ­¤

®~°~¢i¥«±³±£¢ ¦£°£I  ³² ²¦£ ±¦££° ´­ª³«£ ­¤ °£±£~°¡¦ «~©£±i² ´£°· ¢i¤¤i¡³ª² ²­ ¢­ ²¦i±
¬­µK q¦£°£¤­°£I i¬ ²¦i± ¡¦~®²£°I f µiªª ­¬ª· ¥i´£ ~ ¤£µ £¶~«®ª£± ­¤ i«®­°²~¬² ®~°~¢i¥«±
µ¦i¡¦ f ®£°±­¬~ªª· ¦~®®£¬ ²­ ©¬­µ ~ ­³²K c­° ²¦­±£ i¬²£°£±²£¢ i¬ ~  °­~¢£° ´i£µI ²¦£
m°­¡££¢i¬¥± ­¤ ²¦£ f¬²£°¬~²i­¬~ª g­i¬² C­¬¤£°£¬¡£ ­¬ k£³°~ª k£²µ­°©± ±£°´£ ~±
±­«£²¦i¬¥ ªi©£ ~¬ £¬¡·¡ª­®£¢i~ Eµi²¦ i¬¢£¶F ­¤ ²¦i± ¤i£ª¢K

O´£°´i£µ

M­±²­¤ ²¦£ ~®®ªi¡~²i­¬± ­¤ ^kk±²­ ®~²²£°¬ °£¡­¥¬i²i­¬±²iªª i¬´­ª´£ ²¦£ ³±£ ­¤  ~±i¡
 ~¡©®°­®~¥~²i­¬I ~®®ªi£¢ ²­ ¡ª~±±i¡~ª ¤££¢¤­°µ~°¢ ¬£²µ­°©±K q¦£°£¤­°£I f µiªª  £¥i¬ ²¦i±
¡¦~®²£° µi²¦ ~ °£´i£µ ­¤ ²¦~² «£²¦­¢I ~¬¢ ¢i±¡³±± ~ ®°~¡²i¡~ª ~®®ªi¡~²i­¬ ¤°­« ^q&q
Ed³·­¬ £² ~ªI NV8VF ~¬¢ i²± ¡­¬¬£¡²i­¬ ²­ ii£ d°­³®± i¬ pmoK k£¶²I f µiªª ¢i±¡³±±
~ª²£°¬~²i´£ «£²¦­¢±I  ~±£¢ ­¬ ¢i¤¤£°£¬² ¤³¬¡²i­¬~ª ¤­°«± q¦£¬ f µiªª ¢i±¡³±± ²¦£

±²~²i±²i¡~ª  ~±i± ­¤  ~±i¡  ~¡©®°­®~¥~²i­¬I ~¬¢ i¬²°­¢³¡£ ±­«£ ~ª²£°¬~²i´£ «£²¦­¢± E~¬¢
°£±£~°¡¦ ²­®i¡±F ±³¥¥£±²£¢  · ²¦£ ²¦£­°·K

^ªª ­¤ ²¦£ £¶~«®ª£± ¦£°£ µiªª i¬´­ª´£ ±³®£°´i±£¢ ª£~°¬i¬¥I ²¦£ ª£~°¬i¬¥ ­¤ ~ «~®®i¬¥

¤°­« ~ ´£¡²­° XE²F ²­ ~ ´£¡²­° YE²F p£¡²i­¬ 4 µiªª ¢£~ª  °i£¤ª· µi²¦ ¡­¬²°­ª Eµ¦i¡¦

i¬¡ª³¢£± °£i¬¤­°¡£«£¬² ª£~°¬i¬¥F ~¬¢ ¬£³°~ª ¬£²± ¤­° ±·±²£« i¢£¬²i¤i¡~²i­¬ E~ ¤­°« ­¤

³¬±³®£°´i±£¢ ª£~°¬i¬¥F f¬ ²¦£ ª~±² ·£~° ­° ²µ­I «~¬· °£±£~°¡¦£°± ¦~´£ ~ª±­  £¥³¬ ²­
³±£ ¤£~²³°£J£¶²°~¡²i¬¥ ¬£³°~ª ¬£²µ­°©± ~± ®°£®°­¡£±±­°± µ¦£¬ ¡ª~±±i¤·i¬¥ ®~²²£°¬±X ¤­°

£¶~«®ª£I d°~¬¥£° p³²²­¬ £² ~ª ENVV0F ³±£ ~ ¡­«®£²i²i´£ ª£~°¬i¬¥ E¡ª³±²£°i¬¥F

®°£®°­¡£±±­°I c­ª¢i~© ENV8VF ³±£± ~ ¢£±i¥¬ µ¦i¡¦ £±±£¬²i~ªª· ®£°¤­°«± ®°i¬¡i®~ª
¡­«®­¬£¬²± ~¬~ª·±i±I ~¬¢ H°·¡£¨ ENVV0F ³±£± ~ ¢£±i¥¬ «­°£ ªi©£ ²°³£ ¤~¡²­° ~¬~ª·±i±I

°£ª~²£¢ ²­ ²¦£ µ­°© i¬ W£° ­± ENVV0¢F d°­±± £°¥ ENV87F i± ®°­ ~ ª· ²¦£ «­±² ®­®³ª~°

­´£°´i£µ ­¤ ¡­«®£²i²i´£ ª£~°¬i¬¥ «£²¦­¢± h­¦­¬£¬ ENV88F ¢i±¡³±±£± ±£´£°~ª ¢i¤¤£°£¬²

¤£~²³°£ £¶²°~¡²i­¬ ~®®°­~¡¦£±K h­±©­ ENVV0F ¢£±¡°i £± ±­«£ «­°£ °£¡£¬² µ­°© °£ª~²£¢
²­ ¡­«®£²i²i´£ ª£~°¬i¬¥K q¦i± ¡¦~®²£° µiªª ¬­² °£´i£µ ~¬· ­¤ ²¦~² µ­°©K

~±i¡ ~¡©®°­®~¥~²i­¬: c³¬¢~«£¬²~ª±

d³·­¬ £² ~ª ENV8VF ®°­´i¢£ ~¬ £¶¡£ªª£¬² £¶~«®ª£ ­¤  ~±i¡  ~¡©®°­®~¥~²i­¬I ~®®ªi£¢
²­ ~ °£~ªJµ­°ª¢ ¡ª~±±i¤i¡~²i­¬ ®°­ ª£«

d³·­¬ £² ~ª  £¥~¬ µi²¦ ~ ¢~²~ ~±£ ­¤ N200 ¦~¬¢µ°i²²£¬ ¢i¥i²±K Eq¦£ ¥­~ª µ~± ²­
¡ª~±±i¤· i¬¢i´i¢³~ª Zfm ¡­¢£ ¢i¥i²± ~¤²£° ~ ®°£®°­¡£±±­° ~² ²¦£ ®­±² ­¤¤i¡£ ¦~¢ ®£°¤­°«£¢
²¦£ i¬i²i~ª ±£¥«£¬²~²i­¬KF f¬ «· ¬­²~²i­¬I f µ­³ª¢ ±~· ²¦~² ²¦£ ²°~i¬i¬¥ ±£² ¡­¬±i±²± ­¤
q=N200 ­ ±£°´~²i­¬± c­° £~¡¦ ­ ±£°´~²i­¬I²I ²¦£ ­ ±£°´~²i­¬ ¡­¬±i±²± ­¤ ²µ­ ®i£¡£± ­¤
i¬¤­°«~²i­¬ JJ ²¦£ i¬®³² ´£¡²­°I XE²FI ~¬¢ ²¦£ ²~°¥£² ´£¡²­°I YE²FI f¬ ²¦i± ¡~±£I XE²F µ~±

~ ´£¡²­° ¡­¬±i±²i¬¥ ­¤ 2RS ¡­«®­¬£¬²±I XIE²F ²¦°­³¥¦ XIIIE²FI £~¡¦ °£¤£°°i¬¥ ²­ ²¦£ ¥°£·J

±¡~ª£ ª£´£ª ­¤ ~ ®i¶£ª i¬ ²¦£ NSJ ·JNS i¬®³² i«~¥£K ii©£µi±£I YE²F ¡­¬±i±²£¢ ­¤ N0
¡­«®­¬£¬²±I YIE²F ²¦°­³¥¦ YIIE²FI ¡­°°£±®­¬¢i¬¥ ²­ ²¦£ N0 ®­±±i ª£ ¡ª~±±i¤i¡~²i­¬±K f¬ «·
¬­²~²i­¬I f µ­³ª¢ ±~· ²¦~² ²¦£ ±i¸£ ­¤ ²¦£ i¬®³² ´£¡²­° i± «=2RSI ~¬¢ ²¦£ ±i¸£ ­¤ ²¦£

²~°¥£² ´£¡²­° i± ¬=N0I O³°¥­~ªi± ²­ i¬i²i~ªi¸£ ~¬¢ ²¦£¬ ²°~i¬ ~ ¬£³°~ª ¬£²µ­°© ²­ i¬®³²
XI ~¬¢ ­³²®³² ~ ®°£¢i¡²i­¬ ­¤ Y

q¦£ «­±² ®­®³ª~° µ~· ²­ ±£² ³® ±³¡¦ ~ ¬£²µ­°©i± ²­ ³±£ ~ ²¦°££Jª~·£° ±²°³¡²³°£ JJ 



17

 

~¬ §¬®³² ª~·£°, ~ h§¢¢£¬ ª~·£°, ~¬¢ ~¬ ­³²®³² ª~·£°, Th£ ­³²®³²± ­¤ ²h£ h§¢¢£¬ ª~·£°

¤§°±², ~ªª §¬ ®~°~ªª£ª, ¤­ªª­µ£¢ b· ²h£ ­³²®³²± ­¤ ²h£ ­³²®³² ª~·£°

¤ ²h£ h§¢¢£¬ ª~·£° ~°£ ¡~ª¡³ª~²£¢ b·:

µ§²h
~°£ ¡~ª¡³ª~²£¢

Th£ ­³²®³²± 0

xE²F = ±E¬£²-EF §¬², E1F

~

¬£²E²F - W£ + YWXOF §=ª, A E2F
·~ª

K ·¨

µh£°£ W’§± ~ «~²°§x ­¤ µ£§¥h²± ­° ®~°~«£²£°±, µh£°£ h §± ²h£ ¬³«b£° ­¤ h§¢¢£¬ ³¬§²±,

~¬¢ µh£°£± §± ²h£ "±§¥«­§¢" ¤³¬¡²§­¬:

±EzF = 1/E +£"F @F

Th£ ­³²®³²± ­¤ ²h£ h§¢¢£¬ ª~·£° ~°£:

YQF = ±E¬£²/E²FF §±ª, µ¬ E4F

¬£²E²F = W, + YO §=ª, E5F
~ª

Th£ ¬­²~²§­¬ h£°£ §± ¢£±§¥¬£¢ ²­ b£ ±§«®ª£ ¤­° ²h§± ±²°³¡²³°£, µh£°£ ~ ¢£¬­²£± ²h£
ª­µ£° ª~·£° ~¬¢ ~+" ¢£¬­²£± ²h£ ³®®£° ­° ­³²®³² ª~·£° W§²h «­°£ ¡­«®ª£x Akk±,§²

§± «­°£ ³±³~ª ²­ ¢£¤§¬£ ¬£², x, ~¬¢ W, ~± «­°£ ¡­«®ª§¡~²£¢, ±®~°±£ v£¡²­°± ~¬¢ «~²°§¡£±

I¬²³§²§v£ª·, ²h£ ·~°§~bª£ "¬£²," §± ²h­³¥h² ­¤ ~± ²h£ v­ª²~¥£ §¬®³² µh§¡h £x¡§²£± ¬£³°­¬
¬³«b£°1; x, O° · §± ²h­³¥h² ­¤ ~± ²h£ ­³²®³² ¤°£q³£¬¡· ­° ~¡²§v~²§­¬ ­¤ ~ ¬£³°­¬; W,§±

²h­³¥h² ­¤ ~± ²h£ ±²°£¬¥²h ­¤ ²h£ ±·¬~®±£ ¡­¬¬£¡²§¬¥ ¬£³°­¬ ¨ ²­ ¬£³°­¬ § I¤ ²h£ µ£§¥h²±

b£¡­«£v£°·ª~°¥£, ±²°³¡²³°£± ª§©£ ²h§± b£¡­«£ «­°£ ~¬¢ «­°£ª§©£ h·®£°®ª~¬£¡ª~±±§¤§£°±,
²h£ ¡ª~±±§¤§£°± ³±£¢ §¬ ¢§±¡°§«§¬~¬² ~¬~ª·±§±; ~¥~§¬, h­µ£v£°, ²h£ h§¢¢£¬ ª~·£°± ®°­v§¢£

­®²§«~ª ¤£~²³°£± ¤­° ³±£ §¬ ²h~² ¡ª~±±§¤§¡~²§­¬, ~¬¢ ª~°¥£ µ£§¥h²± ~°£ ¬­² ~ªµ~·± b£±²

I¬ b~±§¡ b~¡©®°­®~¥~²§­¬, ²h£ ¥­~ª §± ±§«®ª· ²­ ~¢~®² ²h£ µ£§¥h²± W ±­ ~± ²­
«§¬§«§z£ ²h£ ±q³~°£ £°°­°:

 

§ ~

E- SY ~°ª· - v­· E6F
§=ª ²=!

F°­« ²h£ v§£µ®­§¬² ­¤ SPR, µh~² §± ¬£µ h£°£? `£°²~§¬ª· ¬­² ²h£ §¢£~ ­¤ «§¬§«§z§¬¥
±q³~°£ £°°­°! F°­« ~¬ ~b±²°~¡², «~²h£«~²§¡~ª ®­§¬² ­¤ v§£µ, ²h§± §± ±§«®ª· ~ ±®£¡§~ª ¡~±£
­¤ ¬­¬ª§¬£~° °£¥°£±±§­¬, µh§¡h h~± b££¬ §¬ £x§±²£¬¡£ ¤­° ¢£¡~¢£±, I² §± ~¬ §¬²£°£±²§¬¥

±®£¡§~ª ¡~±£, b£¡~³±£ ²h£ ¤³¬¡²§­¬~ª ¤­°« h£°£§± £~±· ²­ §«®ª£«£¬² §¬ h~°¢µ~°£, ~¬¢ ¡~¬

±£°v£ ~± ~ ³¬§v£°±~ª ~®®°­x§«~²­° E£v£¬ µ§²h ~ ª§²²ª£ ±§«®ª§¤§¡~²§­¬ ­¤ ²h£ ¤³¬¡²§­¬ ±F
Wh~²§± °£~ªª· ¬£µ, h­µ£v£°, §± ²h£ µ~· §¬ µh§¡h £°°­° §± «§¬§«§z£¢, µh§¡hI µ§ªª ¥£² ²­

T­ ~¢~®² ²h§± ©§¬¢ ­¤ ¬£²µ­°©, ²h£°£ ~°£ ²µ­ ¡­««­¬ ~®®°­~¡h£±, µh§¡h «~· b£

¡~ªª£¢ b~²¡h ª£~°¬§¬¥ ~¬¢ ®~²²£°¬ ª£~°¬§¬¥ EP~²²£°¬ ª£~°¬§¬¥ §± ³±³~ªª· ¢£±¡°§b£¢ ~±
"­¬ª§¬£" ª£~°¬§¬¥, µh§¡h §± «§±ª£~¢§¬¥, b£¡~³±£ §² §± ³±³~ªª· ¢­¬£ ­¤¤-ª§¬£ §¬ ®°~¡²§¡£ O¬£



N8

«~· ~ª±­ ¡~ªª i² ­ ±£°´~²i­¬J ·J­ ±£°´~²i­¬ ª£~°¬i¬¥KF f¬  ­²¦ «£²¦­¢±I ­¬£±²~°²± ­³²
µi²¦ i¬i²i~ª ¥³£±±£± ¤­° ²¦£ µ£i¥¦²± WII £¶~¡²ª· ~± ­¬£ ¢­£± i¬ ¬­¬ªi¬£~° °£¥°£±±i­¬I

EM­±² ¬£³°~ª ¬£²µ­°© °£±£~°¡¦£°± ³±£ ~ °~¬¢­« ¬³« £° ¥£¬£°~²­° ¦£°£I  ³²i² i±  £²²£°
²­ ³±£ ®°i­° i¬¤­°«~²i­¬I i¤ ~´~iª~ ª£ ~¬¢ ¡¦£~®KF O¬£ ~¢~®²± ²¦£ µ£i¥¦²±  · ~
¡­¬´£¬²i­¬~ª ±­°² ­¤ i²£°~²i´£ ³®¢~²£ ®°­¡£¢³°£K f¬  ~²¡¦ ª£~°¬i¬¥I ­¬£  £¥i¬± £~¡¦
i²£°~²i­¬  · ¡~ª¡³ª~²i¬¥ ²¦£ ¥°~¢i£¬² ­¤ E  ~±£¢ ­¬ ²¦£ ¡³°°£¬² µ£i¥¦²±I ~¬¢ ²¦£¬ ­¬£

³±£± ~ ¥°~¢i£¬²J ~±£¢ ®°­¡£¢³°£ ²­ ³®¢~²£ ²¦£ µ£i¥¦²±K f¬ ®~²²£°¬ ª£~°¬i¬¥I ­¬£ ¡·¡ª£±
²¦°­³¥¦ ²¦£ ­ ±£°´~²i­¬±I ²X ­¬£  £¥i¬± £~¡¦ i²£°~²i­¬  · ¡~ª¡³ª~²i¬¥ ²¦£ ¥°~¢i£¬²­¤:

~

EQF = Y£°JY­· K 7F
²~¦

~¬¢ ~¢~®²i¬¥ ²¦£ µ£i¥¦²± i««£¢i~²£ª· i¬ °£±®­¬±£ ²­ ²¦i± ¥°~¢i£¬²I  £¤­°£ ¥­i¬¥ ­¬ ²­
~¬~ª·¸£ ²¦£ ¬£¶² ­ ±£°´~²i­¬I

q¦£ ³±£ ­¤ ®~²²£°¬ ª£~°¬i¬¥ i± ±­«£µ¦~² ¬­´£ªX ¦­µ£´£°I ²¦£°£ ~°£ ®°£¡£¢£¬²±²­ ²¦i±
~± µ£ªª E~ª £i² ª£±± µ£ªªJ©¬­µ¬F W¦~²i± °£~ªª· ¬­´£ª i± ²¦£ «£²¦­¢ ­¤ ¡~ª¡³ª~²i¬¥ ²¦£
¥°~¢i£¬² ­¤ EE²F ­° EI µi²¦ °£±®£¡² ²­ ~ªª ­¤ ²¦£ µ£i¥¦²±I i¬ ~ ±i¬¥ª£ ®~±± ²¦°­³¥¦ ²¦£
±·±²£«K O¬¡£ ~¥~i¬I ¡­«®³²~²i­¬~! £¤¤i¡i£¬¡· ~¬¢ £¡­¬­«i¡± ~°£ ²¦£ ¢£¤i¬i¬¥ ¤£~²³°£±
­¤ µ¦~² µ£ ~°£ ¢­i¬¥

f¬  ~±i¡  ~¡©®°­®~¥~²i­¬I µ£ ³±£ ²¦£ ¤­ªª­µi¬¥ ±£q³£¬¡£± ­¤ £q³~²i­¬± ²­ ¡~ª¡³ª~²£
²¦£ ¥°~¢i£¬²± ­¤ EE²F µi²¦ °£±®£¡² ²­ ~ªª ­¤ ²¦£ µ£i¥¦²± i¬ ~ ±i¬¥ª£ ®~±± ²¦°­³¥¦ ²¦£
±·±²£«:

cY@® J ¥@ J ¥O­ i±ªI ^ E8F

c¬£²'E²F = ±"E¬£² E²FF « c_YE²F iJªI ´~ EVF

c¶E²F J ·µI « c_¬£²XE¢F ¨£ªI 4¦ EN0F

cWF = ¶E²F * c_¬£²/E²F iJªI µ¬ ¨JO0I ¤£ ENNF

ci¬£²E²F = ± E¬£²JE²FF * cE²F i=ªI ^ EN2F

cWF = XE0F * c_¬£²IE²F iJNI ^ ¨J0I ³« EN3F

E · ¡­¬´£¬²i­¬I µ£ ~±±³«£ ¶I= XI=NF q¦£ ~°°~·± c_WI’ ~¬¢ c_WI¡­¬²~i¬²¦£ ¢£±i°£¢

¥°~¢i£¬²±K k­²£ ²¦~² µ£ ¦~´£ ²­ ±²~°² ¤°­« £q³~²i­¬ E8F ~¬¢ µ­°© ²¦°­³¥¦ ²¦£ ­²¦£°
£q³~²i­¬± i¬ ­°¢£° ²­ ®£°¤­°« ²¦£±£ ¡~ª¡³ª~²i­¬±X µ£ ~°£ ¡~ª¡³ª~²i¬¥ ~ ©i¬¢ ­¤ £°°­°

¤££¢ ~¡© i¬ ~ ¢i°£¡²i­¬  ~¡©µ~°¢± ¤°­« ²¦£ ­°i¥i¬~ª ¡~ª¡³ª~²i­¬± i¬ £q³~²i­¬± ENF ²¦°­³¥¦
E7FK E"c_" ±²~¬¢± ¤­° "¤££¢ ~¡© ²­K"F c­° ®~²²£°¬ ª£~°¬i¬¥I µ£ ~¢¨³±² ²¦£ µ£i¥¦²±

i««£¢i~²£ª· i¬ °£±®­¬±£ ²­ ²¦£±£ ¥°~¢i£¬²±I c­°  ~²¡¦ ª£~°¬i¬¥I µ£ ±i«®ª· ~¢¢ ²¦£±£
¥°~¢i£¬²± ~¡°­±± ~ªª ­ ±£°´~²i­¬± ²I ~¬¢ ²¦£¬ °£±®­¬¢K E´£¬ ²¦­³¥¦ £q³~²i­¬± E8F ²¦°­³¥¦
EN3F «³±²  £ ¡~ª¡³ª~²£¢ i¬ ²¦~² ­°¢£°I «­°£ ­°ª£±±I ²¦£ ¡~ª¡³ª~²i­¬± ~±±­¡i~²£¢ µi²¦ ~¬· 
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  ­¬£ £q³~²§­¬ ¡~¬ ~ªª  £ ¢­¬£ §¬ ®~°~ªª£ªI ~± µ~± ²°³£ µ§²¦ ²¦£ ­°§¥§¬~ª ±·±²£«K

f¬²³§²§´£ª·I ­¬£ «~· ²¦§¬© ­¤ ²¦£±£ c_ K q³~¬²§²§£± ~± ²¦£ ¢£°§´~²§´£± ­¤ £°°­° µ§²¦

°£±®£¡² ²­ ´~°§­³± §¬²£°«£¢§~²£ ¡~ª¡³ª~²§­¬±K c­° ´£°· ±§«®ª£ ¬£³°~ª ¬£²µ­°©±Eª§©£ ²¦£

¡~±£ ~ ­´£FI ­¬£ «~· °~²§­¬~ª§¸£ ²¦£ ¤££¢ ~¡© £q³~²§­¬±  · ~®®£~ª ²­ ²¦£ ³±³~ª ¡¦~§¬

°³ª£ ¤­° ¢§¤¤£°£¬²§~²§­¬K e­µ£´£°I µ§²¦ ¡­«®ª£¶ ¬£²µ­°©±I §²  £¡­«£±´£°· ²°§¡©· ²­ ¢­

²¦§± §¬ ~ ±~¤£ ~¬¢ °§¥­°­³± µ~·K /
t£° ­±E1974F JJ µ¦§¡¦ §± ¬­µ ³±³~ªª· ¡§²£¢ ~± ²¦£ ¤§°±² ®~®£° ­¬  ~¡©®°­®~¥~²§­¬J

= ¢£±¡°§ £± ~ «­°£ °§¥­°­³± µ~· ­¤ ³¬¢£°±²~¬¢§¬¥ ²¦£±£ ¡~ª¡³ª~²§­¬±I ²¦£ ¡­°£ ­¤ µ¦§¡¦

¦~±  ££¬ °£®°§¬²£¢ §¬ t£° ­± E1989F T¦£±£ ¢£°§´~²§´£± ~°£ ³¬¢£°±²­­¢ «­±² £~±§ª· ~±

§¥°¢£°£¢ ¢£°§´~²§´£±I” ~ ±®£¡§£± ­¤ ®~°²§~ª ¢£°§´~²§´£ ¢£¤§¬£¢ µ§²¦ °£±®£¡² ²­ ²¦£ ­°¢£° ­¤

¡~ª¡³ª~²§­¬± ³±£¢ §¬ ~ ±·±²£« ­¤ ¢§¤¤£°£¬²§~ ª£ £q³~²§­¬± Eª§©£ £q³~²§­¬± E1F ²¦°­³¥¦ E7FFK

t£° ­± E1989F ±¦­µ± ¦­µ ~ ¬£µ ¡¦~§¬ °³ª£ ¤­° ­°¢£°£¢ ¢£°§´~²§´£± ¡~¬  £ ³±£¢ q³§²£

£~±§ª·I ­¬ ~¬· ­°¢£°£¢ ±·±²£« ­¤ ¢§¤¤£°£¬²§~ ª£ £q³~²§­¬±I ±­ ~± ²­ ·§£ª¢ ²¦£ °£q³§°£¢

¥°~¢§£¬² §¬ ~ ±§¬¥ª£ ±µ££® µ§²¦ ~ °§¥­°­³± ~±±³°~¬¡£ ­¤ ~ ¡­°°£¡² °£±³ª²I B~¡©®°­®~¥~²§­¬

§¬ ²¦§± «­°£ ¥£¬£°~ª ±£¬±£ §± ¬­² °£±²°§¡²£¢ ²­ Akk±I ~¬¢ §² ¡~¬  £ ³±£¢ ²­ ¡~ª¡³ª~²£ ²¦£

¢£°§´~²§´£± ­¤ ­²¦£° ²¦§¬¥±  £±§¢£±£°°­° E±££ p£¡²§­¬ 4F f¬¢££¢I ²¦£ ¡­¬¡£®² ­¤ ­°¢£°£¢

¢£°§´~²§´£ ®°­´§¢£± ~ ¡­¦£°£¬² ~¬¢ ³¬§¤§£¢ µ~· ²­ ³¬¢£°±²~¬¢ ~ µ§¢£ ´~°§£²· ­¤ °£ª~²£¢

 ³² ±®£¡§~ª§¸£¢ ¡­¬¡£®²± §¬ ¤§£ª¢± ¤°­« £¡­¬­«§£± ²¦°­³¥¦ ²­ ¬³¡ª£~° £¬¥§¬££°§¬¥;§² §±

²¦£ ©§¬¢ ­¤ ¡­¬¡£®² µ¦§¡¦  £ª­¬¥±§¬  ~±§¡ ¡~ª¡³ª³± ²£¶² ­­©±

A¤²£° ¡~ª¡³ª~²§¬¥ ~ ¥°~¢§£¬²I µ£ ±²§ªª ¦~´£ ²­ ¢£¡§¢£ ¦­µ ²­ ~¢~®² ²¦£ µ£§¥¦²± §¬

°£±®­¬±£ ²­ ²¦£ ¥°~¢§£¬²K j­±² µ­°©£°± ±§«®ª· ³±£ ±²££®£±² ¢£±¡£¬²I µ§²¦ ~ ¤§¶£¢ ~¬¢

~° §²°~°· ª£~°¬§¬¥ °~²£ ³±£¢ ~¡°­±± ~ªª ²¦£ µ£§¥¦²±K T¦§± ²~©£± «~¬· §²£°~²§­¬± ²­

¡­¬´£°¥£I  ³² ª£±± ²§«£ ²¦~² §² «§¥¦² ²~©£ ²­ ¦~¬¢J¡°~¤² ~ ±£² ­¤ ­®²§«~ª ¤£~²³°£±¤­° ²¦£

¦§¢¢£¬ ª~·£°K t£° ­± E1988~I1989F ¢§±¡³±± ~ ´~°§£²· ­¤ µ~·± ²­ ±®££¢ ³® ¡­¬´£°¥£¬¡£I

~¬¢ p¦~¬¬­ E1990F ¦~± ¢£±¡°§ £¢ ¬£µ ¬³«£°§¡~ª «£²¦­¢± µ¦§¡¦ «~·  £ ~¢~®²£¢ ²­ ¢­

£´£¬  £²²£°K ET¦£°£ §± ~ ¦³¥£ ª§²£°~²³°£ ­¬ ²¦§± ±³  £¡²I  ³² ¡­¬±§¢£°~ ª· «­°£

¤³¬¢~«£¬²~ª µ­°© ²­  £ ¢­¬£ F
T¦£ ~®®ª§¡~²§­¬ ­¤  ~¡©®°­®~¥~²§­¬ ²­ ¬£³°~ª ¬£²µ­°©± ~± ±³¡¦ µ~± ¤§°±² ®³² ¤­°µ~°¢±

~± ~¬ §¢£~ §¬ t£° ­± E1981F ~¬¢ m~°©£° E1982FI ²¦­³¥¦ §² µ~± «£¬²§­¬£¢  °§£¤ª· §¬

t£° ­± E1977FI ~¬¢ ²¦£ ¡°³¢£§¬²³§²§­¬ µ¦§¡¦ª£¢ ²­ ²¦§± §¢£~ JJ ~¬¢ ²­ ¡£°²~§¬ ~¢~®²§´£

¡°§²§¡ ¡­¬²°­ª ¢£±§¥¬± JJ ~®®£~°£¢ §¬ t£° ­± E1968FK t£° ­± E1981F JJ ~ ¡­¬¢£¬±£¢

´£°±§­¬ ­¤ ~ ª­¬¥£° ®~®£° µ°§²²£¬ ³¬¢£° ²¦£ °£´§£µ ~³²¦­°§²· ­¤ `¦~°ª£± p«§²¦ JJ ~ª±­

«£¬²§­¬£¢ ~®®ª§¡~²§­¬± ²­ £¬£°¥· «­¢£ª§¬¥I ±³¡¦ ~± ±£¬±§²§´§²· ~¬~ª·±§±I °­ ³±² ²§«£J±£°§£±

§¢£¬²§¤§¡~²§­¬I ~¬¢ ²¦£ ª§©£; ±³¡¦ ®­±±§ §ª§²§£± ~°£ ¢§±¡³±±£¢ ~± µ£ªª §¬ t£° ­± E1990£F

o³«£ª¦~°²I e§¬²­¬ ~¬¢ t§ªª§~«± E1986F ±§«®ª§¤§£¢ ~¬¢ ®­®³ª~°§¸£¢ ²¦£±£ §¢£~±I §¬ ~

±£«§¬~ª ~°²§¡ª£ µ¦§¡¦ ¦~¢ ~ ¢°~«~²§¡ £¤¤£¡² §¬ £¬¡­³°~¥§¬¥ §¬²£°£±² §¬ ²¦§± ¤§£ª¢ E~¬¢

µ¦§¡¦ ¢§¢ ~¡©¬­µª£¢¥£ ²¦£ £~°ª§£° °­ª£ ­¤ m~°©£°E1982FI i£`³¬ E1985F ~¬¢ `¦~°ª£±

p«§²¦FK T¦§± £¶®£°§£¬¡£ ¦£ª®± ²­ ³¬¢£°ª§¬£ ²¦£ ²°£«£¬¢­³±´~ª³£ ­¤ ~°²§¤§¡§~ª ¬£³°~ª

¬£²µ­°©± ~± µ~· ­¤ ¡­««³¬§¡~²§¬¥ ~¬¢ £¶®ª~§¬§¬¥ ¥£¬£°~ª§¸£¢ ¡­¬¡£®²± §¬ «~²¦£«~²§¡±

µ¦§¡¦ ­²¦£°µ§±£ «§¥¦² ¦~´£ °£«~§¬£¢ ­ ±¡³°£ ~¬¢ ¢§¤¤§¡³ª²

f¬ ²¦£ «§¢J1970’±I ²¦£°£ µ£°£ «~¬·±¡§£¬²§±²± µ¦­ ~°¥³£¢ ²¦~² ¡¦£~® ¢£°§´~²§´£± µ£°£

­¤ ª§²²ª£ °£~ª §«®­°²~¬¡£I ±§¬¡£ ²¦£· ¢­ ¬­² ¡¦~¬¥£ ²¦£ °£±³ª² µ¦§¡¦ §± ³ª²§«~²£ª·

¡­«®³²£¢I ~¬¢ ±§¬¡£ ¡­«®³²£° ²§«£ µ~± ¥£²²§¬¥ ¡¦£~®£° ~¬¢ ¡¦£~®£°K k­µI §¬ ²¦£

1990’±I µ£ °£¡­¥¬§¸£ ²¦~² ­³° ~ §ª§²· ²­ ¦~¬¢ª£ ª~°¥£° ®°­ ª£«±  £¡­«£± £´£° «­°£

±£¬±§²§´£ ²­ §±±³£± ­¤ ¡­«®³²~²§­¬~ª ¡­±² ~¬¢ ¡­«®ª£¶§²·; ¡­±² °~²§­± ­¬ ²¦£ ­°¢£° ­¤ k

E²¦£ ¬³« £°­¤ ´~°§~ ª£±F  £¡­«£ £´£° «­°£ §«®­°²~¬² ~± ~¢´~¬¡£¢ ¦~°¢µ~°£ ~ªª­µ± ³±
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²­ §n¡°£a±£ ²h£ ´aª³£ ­¤ NI

_a±§¡ _a¡k®°­®a¥a²§­n: M­°£ ­n ²h£ Exa«®ª£ (an¢ L§£ G°­³®±)

G³y­n£² aª (1989)JJ ª§k£ «­±² °£±£a°¡h£°± w§²h ª­n¥ £x®£°§£n¡£ §n ANN±JJ ¢§¢ n­²
°§¥§¢ªy ¤­ªª­w ²h£ ®a²²£°n ­¤ ¡­nn£¡²§­n± ±h­wn §n £q³a²§­n± (1) ²h°­³¥h (5)K Th£
²°an±¤£° ¤³n¡²§­nI ±(z)I wa± ±¡aª£¢I ²­ «ak£ §²± §n®³²± an¢ ­³²®³²± ´a°y b£²w££n J1 an¢
+1I §n±²£a¢ ­¤ 0 an¢ 1 Th£ ²a°¥£² ´£¡²­°I YI wa± °£¡­¢£¢ ²­ °£®°£±£n² ¡­«®a°§±­n±
b£²w££n aª²£°na²§´£ ¡ªa±±§¤§¡a²§­n± (§K£I £a¡h YI °£®°£±£n²± ²h£ n­²§­n ²ha² ±­«£¡ªa±± A

¤§²± ²h£ ®a²²£°n b£²²£° ²han ±­«£¡ªa±± _)I

_£¤­°£ a¢a®²§n¥ an ANNI²h£y ¢§¢ ²h£§° b£±² ²­ ¢£´£ª­® a ¡ªa±±§¡aª ®a²²£°nJ
°£¡­¥n§²§­n ±¡h£«£ (²h£§° N£²w­°k± 1 ²h°­³¥h 4)I °£®°£±£n²£¢ a± n£³°aª n£²w­°k± w§²h
¤§x£¢ w£§¥h²±K Th£y ³±£¢ ²h§± ¡ªa±±§¡aª anaªy±§± ²­ ¥§´£ ²h£« a ±²a°²§n¥ ±²°³¡²³°£K Th£y
«­´£¢­nI §n ²h£ n£x² ±²a¥£I ²­ a «³ª²§ªay£° n£²w­°kI w§²h ²h£ ª­w£° ªay£°±¤§x£¢I an¢ ²h£

³®®£° ªay£° a¢a®²§´£K Th£y ¢§¢ ²°y ²­ ³±£ a "¤³ªªy ¡­nn£¡²£¢"±²°³¡²³°£ §n wh§¡h (a± §n
£q³a²§­n± (1) ²h°­³¥h (5)) £a¡h ªay£° °£¡£§´£¢ §n®³² ¤°­« £´£°y ­²h£° n£³°­nI b³² ²h£y

¤­³n¢ ²ha² ²h§± ª£¢ ²­ ®­­° °£±³ª²±K In ¥£n£°aªI wh£n ®£­®ª£ a¢a®² ANN± ¡­n²a§n§n¥ a
ªa°¥£ n³«b£°­¤ w£§¥h²±I °£ªa²§´£ ²­ ²h£ ²°a§n§n¥ ±£²I ²h£ n£²w­°k± b£ha´£ ®­­°ªy §n n£w

¡a±£± ­³²±§¢£ ­¤ ²h£ ²°a§n§n¥ ±£² (Th§± §± ¡aªª£¢ "®­­° ¥£n£°aª§za²§­n") P°­bª£«± w§²h
ª­¡aª «§n§«a a°£ aª±­ «­°£ ª§k£ªy ²­ ­¡¡³°I £¡­¥n§z§n¥ ²h§±I ²h£y ³±£¢ ±­«£ ´£°y

§n²£°£±²§n¥ «£²h­¢± ²­ ²°y ²­ °£¢³¡£ ²h£ n³«b£° ­¤ w£§¥h²±K
D°aw§n¥ ­n ²h£§° kn­wª£¢¥£ ­¤ §«a¥£ ®°­¡£±±§n¥I ²h£y ³±£¢ h§¢¢£n n£³°­n± ª§«§²£¢

²­ ²ak§n¥ §n®³² ¤°­« ¡£°²a§n w§n¢­w± §n ²h£ §n®³² ¥°§¢ c­° £xa«®ª£I ­n£ «§¥h² w°§²£:

xI = ±(n£²I) (14)
yy

 

12 yn

n£°I ~ > ywI°ykªX£I I (15)
h£§n2 ny

wh£°£ £a¡h n£³°­n §± n­w §n¢£x£¢ by ²w­§n²£¥£°±I °£®°£±£n²§n¥ ¡­­°¢§na²£± §n a ²w­J
¢§«£n±§­naª¥°§¢ ­¤ ®§x£ª± e§¢¢£n ³n§²± JJ xI JJ w£°£ n­² ¡aª¡³ªa²£¢ ¤­° £´£°y ´aª³£ ­¤
§ an¢ ¨; ¤­° £xa«®ª£I ­n£ «§¥h² ha´£ h§¢¢£n ³n§²± ¢£¤§n£¢ ­nªy ¤­° £´£n ´aª³£± ­¤ § an¢
¨I $0 ²ha² ²h£ n£x² ªay£° ¡an b£ «­°£ ®a°±§«­n§­³±K T­ °£¢³¡£ ²h£ n³«b£° ­¤ w£§¥h²±

£´£n ¤³°²h£°I ­n£ ¡an ²ak£ ²h£ ¢°a±²§¡ ±²£® ­¤ °£®ªa¡§n¥ £q³a²§­n (15) w§²h:

142 ®£

n£²I = YT tX (16)
k£²J2 InyJ2

In ²h§± ¡a±£I ²h£°£ a°£ ­nªy 25 w£§¥h²± §n aªª ¤­° ²h§± £n²§°£ ªay£° ­¤ n£³°­n±I I¤ ²h§± §± ²­­
¢°a±²§¡I ­n£ ¡an ¢£¤§n£ ²w­±£²± ­¤ h§¢¢£n n£³°­n±§n ®a°aªª£ªI xI“ an¢ xI” £a¡h ­¤ wh§¡h

­b£y £q³a²§­n (16)I ­nªy w§²h ¢§¤¤£°£n² w£§¥h²±
G³y­n £² aª (1989) ¢§¢ n­² ¢£±¡°§b£ aªª ²h£ ¢£²a§ª± ­¤ h­w ²h£y a®®ª§£¢ ²h£±£

«£²h­¢±I wh§¡h ª£¢ ²­ «³¡h ¤£w£° w£§¥h²± an¢ b£²²£° ¥£n£°aª§za²§­nK e­w£´£°I§n ®³bª§¡
²aªk±I ²h£y ha´£ ®°£±£n²£¢ ±³¡h ¢£²a§ª±K Th£y ha´£ n­²£¢ ²ha²§² ²­­k ab­³² 20J40 ®a±±£±
²h°­³¥h ²h£ ²°a§n§n¥ ±£² (³±§n¥ ®a²²£°n ª£a°n§n¥) ²­ ¡­n´£°¥£K S§«§ªa° ²£¡hn§q³£± ha´£
b££n £x²£n¢£¢ by AT&T ¤­° ®a²²£°n °£¡­¥n§²§­n; h­w£´£°I a² ²h£ ²§«£ ­¤ ²h­±£ £a°ª§£°
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²~ª©±I ²¦£ ¢£²~§ª± µ£°£ ®°­®°§£²~°·  £¡~³±£ ­¤ ²¦£ ª§©£ª§¦­­¢ ­¤ ~ ¡­««£°¡§~ª ®°­¢³¡²K

T¦£ ¡¦~§¬ °³ª£ ¤­° ­°¢£°£¢ ¢£°§´~²§´£± ¡~¬  £ ~®®ª§£¢ £~±§ª· ²­ ²¦£±£ ©§¬¢± ­¤

±²°³¡²³°£±I ³±² ~± §² ¡~¬ ²­ £q³~²§­¬± E1F ²¦°­³¥¦ E5FK e£°£I ²¦£ ¥°~¢§£¬² ­¤ £°°­° µ§²¦

°£±®£¡² ²­ t°£±² §± £±±£¬²§~ªª· ²¦£ ±³« ­¤ ²¦£ ¢£°§´~²§´£± ­¤ £°°­° µ§²¦ °£±®£¡² ²­ ²¦£

¡­°°£±®­¬¢§¬¥ tII¶W
T¦£±£ ²£¡¦¬§q³£± «~·  £ ±££¬I «­°£ ¤³ªª·I ~± ~ µ~· ­¤ §«®ª£«£¬²§¬¥ ²¦£ ¬­²§­¬ ­¤

²°~¬±ª~²§­¬~ª §¬´~°§~¬¡£I ~± ¢£±¡°§ £¢  · h~¬~ª §¬ ~¬­²¦£° ¡¦~®²£° ­¤ ²¦§±  ­­©I T¦§±§±

±§«®ª· ~ ±®£¡§~ª ¡~±£ ­¤ ²¦£ i§£Jd°­³® §¬´~°§~¬¡£ ¡­¬¡£®²K o­²~²§­¬~ª §¬´~°§~¬¡£ ¡­³ª¢

£~±§ª·  £ §«®­±£¢ ­¬ £q³~²§­¬ E16F ²­ ¥­ £´£¬ ¤³°²¦£° µ§²¦ ²¦§± ¡­¬¡£®²E§£K ²­ £¬¤­°¡£

µ£§¥¦²± µ¦§¡¦ ­ £· ²¦£ ±·««£²°· °£±²°§¡²§­¬I  · ¡³²²§¬¥ ­³² £¶¡£±± ¢£¥°££± ­¤ ¤°££¢­«FK

d§ª£± ~¬¢ j~¶µ£ªª E1987F ¦~´£ ~®®ª§£¢ ±§«§ª~° ¡­¬¡£®²± ²­ ±§¬¥ª£Jª~·£°I ®­ª·¬­«§~ªJ ~±£¢

Akk±K o³«£ª¦~°² E1990F ®­§¬²£¢ ­³²²¦~² ²¦§± ±~«£ ©§¬¢ ­¤ ~°¡¦§²£¡²³°£ ¡­³ª¢  £ ³±£¢

²­ °£¡­¥¬§¸£ ª£²²£°± §¬ ~° §²°~°· ®­±§²§­¬± §¬ ~ ´§±³~ª ¤§£ª¢ E £¡~³±£ ­¤ ²¦£ ®°­®£°²· ­¤

²°~¬±ª~²§­¬~ª §¬´~°§~¬¡£FI ²¦£°£ · ~´­§¢§¬¥ ²¦£ ³±³~ª ±£¥«£¬²~²§­¬ ®°­ ª£«K f¬ ¥£¬£°~ªI

²¦§± £¶~«®ª£ §± ­¬£ «­°£ ¡~±£ µ¦£°£ ~ ¬£³°~ª ¬£²µ­°© ¤­°«³ª~²§­¬ ¡~¬  £ ¡­««³¬§¡~²£¢

«­°£ £~±§ª· ²¦~¬ ²¦£ «­°£ ¥£¬£°~ª JJ  ³² «­°£ ¢§¤¤§¡³ª² JJ «~²¦£«~²§¡± µ¦§¡¦ ³¬¢£°ª·§²K

f² µ­³ª¢  £ ¬§¡£ §¤ ±§«§ª~° ±·««£²°· ®°­®£°²§£± ¡­³ª¢  £ ~®®ª§£¢ ³¬§¤­°«ª· ²­ ~ªª

©§¬¢± ­¤ ®~²²£°¬±I ~¬¢ §¤ ¦§¥¦£° ¬£³°~ª ¬£²µ­°©± §¬ ²¦£  °~§¬ ¦~¢²¦£ ~ §ª§²· ²­ ¢£²£¡²

±³¡¦ ±·««£²°§£± e­µ£´£°I ~¤²£° ~ ¤£µ ·£~°± ­¤ ª­­©§¬¥ ~² ²¦§±I f ¡­³ª¢ ¤§¬¢ ¬­ °£~ªª·

®ª~³±§ ª£ µ~· ²¦~² ²¦£  °~§¬ «§¥¦²  £ ¢­§¬¥²¦§±I £¶¡£®² §¬¢§°£¡²ª·I ²¦°­³¥¦ ²¦£ ³±£ ­¤

£¶®ª§¡§² ±·« ­ª§¡ °£~±­¬§¬¥ ~¬¢  ³§ª¢§¬¥ ³® Akk± µ¦§¡¦±£°´£ ~± ¢·¬~«§¡ «­¢£ª±­¤ ²¦£

£¶²£°¬~ª £¬´§°­¬«£¬² f² §± ®ª~³±§ ª£I ~¤²£° ~ªªI ²¦~² ²¦£ ¦³«~¬ ³±£ ­¤ ±·« ­ª§¡ °£~±­¬§¬¥

«~· ¦£ª® ²­ £¶®ª~§¬ µ¦· ¦³«~¬±~°£  £²²£° ~² ¥£¬£°~ª§¸~²§­¬I ­¬ ±­«£ ª£´£ªI ²¦~² ~°£

­²¦£° «~««~ª±I ¢£±®§²£ ²¦£ ±§«§ª~°§²· §¬  °~§¬ ±²°³¡²³°£K T¦£ °£²§¬~ JJ ~ ±®£¡§~ªJ®³°®­±£

±·±²£« JJ «~·  £ ¢§¤¤£°£¬²I  £¡~³±£ §² ¡­³ª¢ £¬¤­°¡£ ±·««£²°§£± µ¦§¡¦ ~°£ ³¬§q³£ ²­

´§±§­¬K p²§ªªI e£   E1949F ±²°£±±£¢ ²¦£ ®­§¬² ²¦~² £´£¬ ¦³«~¬± ª­±£ ²¦£§° ~ §ª§²· ²­

°£¡­¥¬§¸£ ®~²²£°¬±I µ¦£¬ «­·£«£¬²± ­¤ ²¦£ £·£ ~°£ §¬¦§ §²£¢; ¢·¬~«§¡ «­¢£ª§¬¥ «~·  £

¡°³¡§~ª £´£¬ ²­ ­³° ~ §ª§²§£± ²­ °£¡­¥¬§¸£ ´§±³~ª §«~¥£± f¬ ²¦§± ¡­¬¬£¡²§­¬I §² §±

§¬²£°£±²§¬¥ ²­ °£«£« £° ¦­µ´§±§­¬ JJ «­°£ ²¦~¬ ²¦£ ­²¦£°±£¬±£±JJ ®ª~·£¢ ~ ¡°³¡§~ª°­ª£

§¬ ²¦£ £´­ª³²§­¬ ­¤ ²¦£ ¡£°£ °~ª ¡­°²£¶ ­¤ «~««~ª± ~¬¢ ²¦£ ®°£¡³°±­°±²­ §² §¬  §°¢±I

Aª²£°¬~²§´£ c³¬¡²§­¬~ª c­°«± ~¬¢ m°³¬§¬¥

B~±§¡  ~¡©®°­®~¥~²§­¬I ~± ¢£±¡°§ £¢ ~ ­´£I§± ±§«®ª· ~ «~²²£° ­¤ «§¬§«§¸§¬¥ ±q³~°£

£°°­° µ§²¦ ~ ®~°²§¡³ª~° ¤³¬¡²§­¬~ª ¤­°« A± µ§²¦ ¡­¬´£¬²§­¬~ª ª§¬£~° °£¥°£±±§­¬I «~¬·

³±£°± ±§«®ª· ¢³«® ²¦£ §¬®³² ´£¡²­°± E§¬¢£®£¬¢£¬² ´~°§~ ª£±F ~¬¢ ²~°¥£² ´£¡²­°±

E¢£®£¬¢£¬² ´~°§~ ª£±F §¬²­ ~ ¡­«®³²£° ®~¡©~¥£I ~¬¢ ª£² ²¦£ ¡­«®³²£° ¢£°§´£ ²¦£

°£ª~²§­¬±¦§®K r¬ª§©£ ª§¬£~° °£¥°£±±§­¬I ¦­µ£´£°I ²¦§± ®°­¡£¢³°£§± ¡~®~ ª£ ­¤ ª£~°¬§¬¥ ~¬·

~° §²°~°· ¬­¬ª§¬£~° °£ª~²§­¬±¦§®I §¤ ¥§´£¬ £¬­³¥¦ ¦§¢¢£¬ ³¬§²±K

a£±®§²£ ²¦£ ®°~¡²§¡~ª ~¢´~¬²~¥£± ­¤ ²¦§± ~®®°­~¡¦I 1² ¦~± ~² ª£~±² ²¦°££ ²¦£­°£²§¡~ª

ª§«§²~²§­¬±W

 

­ f² ³±£± ª£~±² ±q³~°£± §¬ ~ ±§²³~²§­¬ µ¦£°£ ~ ¢§¤¤£°£¬² £°°­° ¤³¬¡²§­¬ «~· £  £²²£°K

­ f² ¢­£± ¬­² ~ªª­µ ¤­° ²¦£ ®­±±§ §ª§²· ­¤ ¢£´£ª­®§¬¥ «­°£ ®~°±§«­¬§­³± ¬£²µ­°©±

µ¦§¡¦I ~± §¬ ²¦£ ®°£´§­³± £¶~«®ª£I ¡~¬  £ £¶®£¡²£¢ ²­ ®£°¤­°«  £²²£° §¬
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¥£n£°aª§za²§­nK

0 I² ¢­£± n­² aªª­w ¤­° ®°§­° §n¤­°«a²§­nI wh§¡h «ay ®­§n² ²­wa°¢± ¢§¤¤£°£n²
¤³n¡²§­naª ¤­°«±K

 

£¥a°¢§n¥ ²h£ ¤§°±² ®­§n²I ²h£ §¢£a ­¤ «§n§«§z§n¥ ±q³a°£ £°°­° §± ³±³aªªy ¨³±²§¤§£¢ by
a®®£aª ²­ «ax§«³« ª§k£ª§h­­¢ ²h£­°yI ­n ²h£ a±±³«®²§­n ²ha² £°°­°± a°£ ¥­´£°n£¢ by a
n­°«aª ¢§±²°§b³²§­nI e­w£´£°I ²h£ n­°«a! ¢§±²°§b³²§­n ¥£n£°a²£± n³«b£°± §n ²h£ wh­ª£
°an¥£ b£²w££n «§n³± §n¤§n§²y an¢ ®ª³± §n¤§n§²y; §² §± n­² ª­¥§¡aªªy ¡­n±§±²£n² w§²h Y an¢
¥Y °£±²°§¡²£¢ ²­ ²h£ °an¥£ b£²w££n 0 an¢ I ­° J1 an¢ +1K I¤ ²h£ §n®³²± an¢ ­³²®³²± a°£
ª­¥§¡aªªy b§na°yI an¢ ²h£ ­³²®³²± ¡an b£ §n²£°®°£²£¢ a± ®°­bab§ª§²§£± (£K¥K ­¤ ¡ªa±±
«£«b£°±h§®)I ­n£ ¡an ±§«®ªy ³±£ ²h£ ¡ªa±±§¡aª _£°n­³ªª§ «£a±³°£ ­¤ £°°­° (t­nna¡­²²
an¢ t­nna¡­²² 1977) §n±²£a¢ ­¤ £q³a²§­n (6):

Et) J ª­¥ YOY+ (1 J YO)J YO) ) (17)

D§¤¤£°£n²§a²§n¥I ²h§± °£®ªa¡£± £q³a²§­n (8) by:

2*Y(²) J 1
_­ (18)
YOYO + UJYOQ)AJYO)
 c Y¥(±)

b³² k££®± ²h£ °£±² ­¤ ²h£ ±¡h£«£§n²a¡²K e§n²­n (1990) ha± °£®­°²£¢ ¥­­¢°£±³ª²± w§²h
²h§± a®®°­a¡hK th£n ²h£ ­³²®³²§± n­² §n²°§n±§¡aªªy b§na°yI ±­«£ a³²h­°± ®°£¤£° ²­
a±±³«£ a n­°«aª ¢§±²°§b³²§­n §n "n£²"; §n ­²h£° w­°¢±I ²h£y ¢£¤§n£:

E(²) = % (n£²I J n£²*y I (19)

wh£°£ n£²’ §± a ²a°¥£² ´aª³£ ¡aª¡³ªa²£¢ ba¡k ¤°­« ²h£ ²a°¥£² ­³²®³²K Many ±³¡h
aª²£°na²§´£ £°°­° ¤³n¡²§­n± a°£ ®­±±§bª£I Th£ ³±£ ­¤ ±³¡h aª²£°na²§´£ £°°­° ¤³n¡²§­n±
¡han¥£± £q³a²§­n 8 (­° £´£n 9)I b³² ¢­£± n­² a¤¤£¡² ²h£ ba±§¡ ¤££¢¤­°wa°¢ ±²°³¡²³°£ ­¤
²h£ n£²w­°k a¤²£° ²°a§n§n¥; ²h³± §² ¢­£± n­² §n²£°¤£°£ w§²h ²h£ ³±£ ­¤ ¡h§®± ª§k£ In²£ª’± ¤­°
®a²²£°n °£¡­¥n§²§­n a¤²£° ²°a§n§n¥ ha± ²ak£n ®ªa¡£ OnJ¡h§® ª£a°n§n¥ §± a ¡­«®ª§¡a²£¢
«a²²£° a² ²h£ ®°£±£n² ²§«£I w§²h ­° w§²h­³² ²h£±£ ¡han¥£±

c°­« S²a²§±²§¡§an’± ®­§n² ­¤ ´§£wI ²h£±£ ¢§¤¤£°£n² £°°­° ¤³n¡²§­n± ±§«®ªy °£®°£±£n²
¢§¤¤£°£n² «­¢£ª± ­¤ ²h£ °an¢­« ¢§±²³°ban¡£; ²h£ ­nªy ba±§± ¤­° ®°£¤£°°§n¥ ­n£ ­´£°
an­²h£° §± ®°§­° kn­wª£¢¥£ ab­³²²h£ ®a°²§¡³ªa° a®®ª§¡a²§­n §n han¢I ­° £«®§°§¡aª ¢a²a
±h­w§n¥ ²ha² ­n£ ¤§²± b£²²£° ²han an­²h£°K t£°b­± (1990¢) a¢¢°£±±£± ²h£ a¢¢§²§­naª
®°­bª£« ­¤ h­w ²­ a¡¡­³n² ¤­° ¡­°°£ªa²§­n± §n ²h£ ¢§±²³°ban¡£± a¡°­±± «³ª²§®ª£ ²a°¥£²
´a°§abª£±; ²h§± §± ¢§¤¤§¡³ª² a² ®°£±£n² w§²h§n ²h£ ¡­±² ¡­n±²°a§n²± ­¤ ANN±I b³² «ay b£
³nn£¡£±±a°y ¤­° «­±² ¡³°°£n² a®®ª§¡a²§­n±I

Pa°±§«­ny§± a «­°£ ¡­«®ª£x an¢ ¢§¤¤§¡³ª² ±³b¨£¡²K E´£n ²h­³¥h ±§«®ª£ ¤££¢¤­°wa°¢
n£²± «ay b£ abª£ ²­ a®®°­x§«a²£ any w£ªªJb£ha´£¢ ¤³n¡²§­nI ²h£°£ §± ¡£°²a§nªy n­
¥³a°an²££ ²ha² ²h£y w§ªª ¢­ ±­ §n ²h£ «­±² ®a°±§«­n§­³± ¤a±h§­n ®­±±§bª£K A± §n ²h£ ªa±²
±£¡²§­nI §² §± ¢£±§°abª£ ²­ a¡h§£´£ «­°£ ®a°±§«­ny wh£n²h§± §± ®­±±§bª£; ²h£°£¤­°£I §n
«­±² a®®ª§¡a²§­n±I a n£²w­°k w§ªª ¥£n£°aª§z£ b£²²£° §¤ y­³ ¡h­­±£²h£ ®a°²§¡³ªa° ¤³n¡²§­naª
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¤­°«± ~¬¢ ±²°³¡²³°£± µh§¡h ~°£ «­±² ª§©£ª· ²­ ®£°¤­°« µ£ªª µ§²h ²h£ «§¬§«³« ¬³«b£°

­¤ µ£§¥h²± Th£ ¡­±² ­¤ ¢­§¬¥ ²h§± «~· ­³²µ£§¥h ²h£ b£¬£¤§²±, µh£¬ ²°~§¬§¬¥ ¢~²~ §±

¨£¬²§¤³ª ~¬¢ ®°§­° §¬¤­°«~²§­¬ §± £x®£¬±§v£, b³² ²h§± §± ¬­² ~ªµ~·± ²h£ ¡~±£,

S­«£ ¬~§v£ °£±£~°¡h£°± h~v£ µ°§²²£¬ ®~®£°± ±³¥¥£±²§¬¥ ²h~² ²h£§° ¬£µ ¤³¬¡²§­¬~ª ¤­°«

¢£ª ­¤ ²h£ ¬£³°­¬F§± "b£²²£°" ²h~¬ ~¬­²h£°,§¬ ~ ²°³ª· ³¬§v£°±~ª µ~·; h­µ£v£°, ~±

§¬ ~¬· ±²~²§±²§¡~ª «­¢£ª§¬¥, ¢§¤¤£°£¬² ¤³¬¡²§­¬~ª ¤­°«± ¤§² b£²²£° ­¬ ¢§¤¤£°£¬² ®°­bª£«±,

~¬¢ ~®°§­°§ ¥£¬£°~ª§z~²§­¬± ~¡°­±± ~ªª ®°­bª£«±²£¬¢ ²­ b£ ¢~¬¥£°­³± §² §± ²°³£, h­µ£v£°,

²h~² ²h£ ±²~¬¢~°¢ ¤££¢¤­°µ~°¢ ¬£²µ­°©± ²£¬¢ ²­ b£ b£²²£° ~² ¡ª~±±§¤§¡~²§­¬ ®°­bª£«±

µh£°£ ¢§¤¤£°£¬² ®~²²£°¬± ¡~¬ b£ ±£®~°~²£¢ £~±§ª· b· h·®£°®ª~¬£±; µh£¬§² §± b£²²£° ²­ ³±£

h·®£°±®h£°£± OT £ªª§®±£±, ²h£°£ ¡~¬ b£ ±§¥¬§¤§¡~¬² b£¬£¤§²± §¬ ³±§¬¥ ~ ±ª§¥h²ª· ¢§¤¤£°£¬²

¤³¬¡²§­¬~ª ¤­°« Y~³ ~¬¢ M~¬°· E1990F ~¬¢ D£`ª~°§± E1990F h~v£ °£®­°²£¢ v£°· ¥­­¢

°£±³ª²± ³±§¬¥ b~¡©®°­®~¥~²§­¬ µ§²h ¤³¬¡²§­¬~ª ¤­°«±~ª²£°£¢ §¬ ²h§± µ~·, µ§²h ~®®£~ª ²­

SPR, Th£°£ §± ~ª±­ ~ ª§²£°~²³°£ ­¬ “°~¢§~ª b~±§± ¤³¬¡²§­¬±,” µh§¡h ¢­ ²h£ ±~«£±­°² ­¤

²h§¬¥, b³² ³±³~ªª· °£ª· ­¬ ~ h~¬¢-¡°~¤²£¢ ª­µ£° ª~·£° µ§²h ¤§x£¢ ®~°~«£²£°± EM­­¢· ~¬¢

D~°©£¬ 1989F I¬ SPR,§² §± ¡­««­¬ ²­³±£ B~·£±§~¬ «£²h­¢± µ§²h ²h£ ~±±³«®²§­¬ ²h~²

®~²²£°¬± §¬ ¢§¤¤£°£¬² ¡ª~±±£± ~°£ ¥­v£°¬£¢ b· ¬­°«~ª¢§±²°§b³²§­¬±; µ­°© ­¬ “±³®£°v§±£¢

¡­«®£²§²§v£ ª£~°¬§¬¥" ~¢¢°£±±£± ~ ±§«§ª~° ±§²³~²§­¬ ES³²²­¬ £² ~ª 1990, K­h­¬£¬ 1988F

I¬ ¥£¬£°~ª, ~ªª ­¤ ²h§± µ­°© §ªª³±²°~²£± ²h£ ¥£¬£°~ª ®°§¬¡§®ª£ ²h~² §² h£ª®± ²­ ³±£ ®°§­°

§¬¤­°«~²§­¬ µh£¬£v£° ±³¡h §¬¤­°«~²§­¬ §± ~v~§ª~bª£ ~¬¢ ¬­² ²­­ £x®£¬±§v£

U¬¤­°²³¬~²£ª·, ²h§± µ§ªª ¡­«®ª§¡~²£ ²h£ £¤¤­§² ²­ ³±£ ±²~¬¢~°¢§z£¢ ¡h§®±, ³¬²§ª ²h£ v~°§­³±

²°~¢£­¤¤± ~¬¢ ¢­«~§¬± ­¤ ~®®ª§¡~²§­¬ ~°£ b£²²£° «~®®£¢ ­³²

S­«£ °£±£~°¡h£°± ±³¥¥£±² ²h~² µ£ «~· ª­­© ²­ ²h£ b°~§¬, ²­ ~°°§v£ ~² ~ª²£°¬~²§v£

¬£³°­¬ «­¢£ª± µh§¡h «~· µ­°© b£²²£° §¬ ®°~¡²§¡£ O¬£ ¥°­³® ®°­®­±£± ²­ ³±£ ¬£³°­¬±

µh§¡h ¡~ª¡³ª~²£ ¡°­±±®°­¢³¡²± ~¬¢ £v£¬ h§¥h£°-­°¢£° ®­ª·¬­«§~ª± §¬ ²h£ §¬®³² v~°§~bª£±;

¡£°²~§¬ ¬£³°­¬± §¬ ²h£ b°~§¬ ¢­ §¬¢££¢ h~v£ "«­¢³ª~²­°·" E«³ª²§®ª§¡~²§v£F §¬®³²±, b³²

²h£±£ «~§¬ª· §¬v­ªv£ £x²£°¬~ª ²§«§¬¥ ­° ±·¬¡h°­¬§z~²§­¬ §¬®³²± °~²h£° ²h~¬ ~ ²°³£

¡~ª¡³ª~²§­¬ ­¤ ~ ª­¡~ª q³~¢°~²§¡EF­­²£ ~¬¢ M­°°§±­¬ 1987F, Th£· ~ª±­ ª£~¢ ²­ ®°­bª£«±

§¬ ¢£¡§¢§¬¥ µh§¡h ¡°­±±®°­¢³¡²± ²­ ³±£ ~¬¢ §¬ h~°¢µ~°£ §«®ª£«£¬²~²§­¬ A¬­²h£° ¥°­³®

EK³®£°±²£§¬ 1987F ±³¥¥£±²± ²h~² ²°³£ z£°­-²­-§¬¤§¬§²· §¬®³²± ±h­³ª¢ b£ ¡­¢£¢ §¬ ~ ©§¬¢ ­¤

ª­¥~°§²h«§¡/¢£¡§b£ª ±¡~ª£, µh§¡h§± ®°­b~bª· ~¬ £x¡£ªª£¬² µ~· ²­ ®°£®°­¡£±± «~¬· ¤­°«±

­¤ ¢~²~ EI² §± ~ª°£~¢· ¡­««­¬§¬ SPR ²­°£®°£±£¬² ~¬ §¬²£¬±§²· 1 ~± ª­¥EIF, b³² ²h£ §¢£~

h£°£ §± ²­ ¡­¢£ ~¬§¬²£¬±§²· §¬®³² §¬²­ ±£v£°~ª ¬£³°­¬±, µh§¡h °£±®­¬¢ ª­¥~°§²h«§¡~ªª· §¬

²h£§° «~¨­° °~¬¥£ b³² ±~²³°~²£ ­³²±§¢£ ²h~² °~¬¥£; ¢§¤¤£°£¬² ¬£³°­¬± µ­³ª¢ h~v£ ¢§¤¤£°£¬²

b³² ±ª§¥h²ª· ­v£°ª~®®§¬¥ °£¥§­¬± F A ²h§°¢ ¥°­³® ±³¥¥£±²± ²h£ ³±£ ­¤ ¬£³°~ª ¬£²µ­°©± µ§²h

±§«³ª²~¬£­³±-²§«£ °£¡³°°£¬¡£ Th§± µ­³ª¢ ~ªª­µ ~ ¬£²µ­°© ²­ §«®ª£«£¬² ²h£ §¢£~ ­¤ ~

°£ª~x~²§­¬ ~ª¥­°§²h« £~±§ª· ~¬¢ ¬~²³°~ªª·, µ§²h­³² ²§«£-ª~¥± _I² §± ®­±±§bª£ ²­ §«®ª£«£¬²

b~¡©®°­®~¥~²§­¬ v£°· £¤¤§¡§£¬²ª· ¤­° ±³¡h ~ ¬£²µ­°© EW£°b­± 1988bF, b³² ²h£

«~²h£«~²§¡± ~°£ ±§¥¬§¤§¡~¬²ª· «­°£ ¡­«®ª£x ²h~¬ ²h£· ~°£ ¤­° ±§«®ª£ ­°¢£°£¢ ±·±²£«±

I² §± ³¬©¬­µ¬ ~± ·£² h­µ ³±£¤³ª ²h§± ¤£~²³°£ §± §¬ ®°~¡²§¡~ª ~®®ª§¡~²§­¬±, ~¬¢ §² §± ~ª±­

³¬©¬­µ¬ £x~¡²ª· µh~² ²h£ b°~§¬ §± ¢­§¬¥ ~ª­¬¥ ²h£±£ª§¬£±

O¬£ ¤§¬~ª µ~· ²­ ~¡h§£v£ ®~°±§«­¬· §± ±§«®ª· ²­ ®°³¬£ ­³² ³¬¬£¡£±±~°· µ£§¥h²± §¬

~¬ ­°¢§¬~°· ¤££¢¤­°µ~°¢ ¬£²µ­°©, A¤²£° ~ªª, ²h§± µ­°©£¢ v£°· µ£ªª ¤­° G³·­¬ £² ~ª

E1989F Th£ b°~§¬ §²±£ª¤ §± ¡ª£~°ª· ~ h§¥hª· ±®~°±£ ±²°³¡²³°£ W£°b­± E1987F ®°£±£¬²£¢

~ ¤£µ ®°£ª§«§¬~°· ²h­³¥h²± ­¬ ²h£ ±³b¨£¡² ­¤ ~³²­«~²§¡ ®°³¬§¬¥ E~¬¢ °£¥°­µ²hF, b³² ~

ª~°¥£ ¬³«b£° ­¤ °£±£~°¡h£°± -- §¬¡ª³¢§¬¥ D£`ª~°§±, M¡Av­· ~¬¢ D£F§¥³£°§¢­ E1990F --

¡ª~§« ±³¡¡£±± §¬ °£~ª ~®®ª§¡~²§­¬±, b~±£¢ ­¬ ~®®°­~¡h£± µh§¡h ±h­³ª¢ b£ ®³bª§±h£¢ §¬ ²h£

E­° «­
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¬£¶² ·£~° ­° ²µ­K c°­« ~ p±²~²i±²i¡i~¬’± ®­i¬² ­¤ ´i£µI ²¦i± i± ¡ª£~°ª· ¨³±² ~ ¬­¬ªi¬£~·
£¶²£¬±i­¬ ­¤ ²¦£ µ£ªªJ©¬­µ¬ ¤i£ª¢ ­¤ ±²£®µi±£ °£¥°£±±i­¬I µ¦i¡¦ ±²~²i±²i¡i~¬± ªi©£
a£«®±²£° ENV77F ¢i±¡³±±£¢ ª­¬¥ ~¥­K p®~°±£ ¬£²µ­°©± ¡~¬  £ °³¬ ­¬ ¡¦i®± ±i«®ª·  ·
±£²²i¬¥ ~ ª­² ­¤ µ£i¥¦²± ²­ ¸£°­X ¦­µ£´£°I ²¦£°£ «~·  £ «­°£ £¤¤i¡i£¬² µ~·± ²­ i«®ª£«£¬²
²¦i± i¢£~ i¬ ¤³²³°£ ¥£¬£°~²i­¬±­¤ ¡¦i®± ­° ­®²i¡~ª ¡­«®³²£°±K

M~¬· ~¢´­¡~²£±­¤ ¬£³°~ª ¬£²µ­°©± ª­­© ²­ ^kk±²­ ®°­´i¢£ ~ ¦i¥¦ ¢£¥°££­¤¤~³ª²
²­ª£°~¬¡£K U¬¤­°²³¬~²£ª·I ~ ¦i¥¦ ¢£¥°££ ­¤ ®~°±i«­¬· ²£¬¢± ²­ °£¢³¡£ ¤~³ª² ²­ª£°~¬¡£I
¡£²£°i± ®~°i ³±K f² «~· µ£ªª  £ ²¦~² ¡£°²~i¬ ¬£³°~ª ¬£²µ­°© ±²°³¡²³°£± ~¬¢ ²°~i¬i¬¥
°£¥i«£± E£K¥I ~¢¢i¬¥ ¬­i±£ ²­ ¦i¢¢£¬ ¬­¢£± µ¦i¡¦ ~°£ ­²¦£°µi±£ ¡­¬±²°~i¬£¢ ²­  £
±i«iª~°I ²­ ±i«³ª~²£ ¤~³ª²± ¢³°i¬¥ ²°~i¬i¬¥F «~· ¦£ª® °£¢³¡£ ²¦£ ¢£¥°££ ­¤ ¡­¬¤ªi¡²
 £²µ££¬ ²¦£±£ ­ ¨£¡²i´£±I  ³² ²¦i± i±  ~±i¡~ªª· ~ ²­®i¡ ¤­° ¤³²³°£ °£±£~°¡¦I

p²~²i±²i¡~ª f±±³£± ~¬¢ £¢°­¡© ~¬¢ ^±±­¡i~²i´£ M£«­°·

q¦£ ®°£¡£¢i¬¥®~°²± ­¤ ²¦i± ±£¡²i­¬ JJ ªi©£ ~ «~¨­°i²· ­¤ ²¦£ µ­°© i¬ ¬£³°­£¬¥i¬££°i¬¥
~¬¢ pmo JJ i± °­­²£¢ i¬ ²¦£ ¡ª~±±i¡~ª ¡­¬¡£®²± ­¤ «~¶i«³« ªi©£ªi¦­­¢ ²¦£­°· ~¬¢
~·£±i~¬ £±²i«~²i­¬ ²¦£­°· EW­¬¬~¡­²² ~¬¢ W­¬¬~¡­²² NV77FI f¬ ²¦­±£ ²¦£­°i£±I ­¬£

 £¥i¬±  · ~±±³«i¬¥ ²¦~² ²¦£ ¡ª~±±i¤i¡~²i­¬ «­¢£ª E­° ¬£³°~ª ¬£²µ­°© «­¢£ªF i± "²°³£" ¤­°
±­«£ ´~ª³£± ­¤ ²¦£ ®~°~«£²£°± E­° µ£i¥¦²±F O¬£ ±£~°¡¦£± ¤­° ²¦­±£ ´~ª³£± ­¤ ²¦£
µ£i¥¦²± µ¦i¡¦ ¦~´£ ²¦£ «~¶i«³« ®°­ ~ iªi²· ­¤  £i¬¥ ²¦£ ²°³£ µ£i¥¦²±I M­°£ ®°£¡i±£ª·I
­¬£ ±£~°¡¦£±¤­° ²¦£ ´~ª³£± ­¤ ²¦£ µ£i¥¦²± µi²¦ ²¦£ ¦i¥¦£±² ¡­¬¢i²i­¬~ª ®°­ ~ iªi²· ­¤
 £i¬¥ ²°³£I ¡­¬¢i²i­¬£¢ ³®­¬ ²¦£ ²°~i¬i¬¥ ¢~²~ O¬£ £¶®ª­i²± ~·£±’ i~µ ²­ ¢£¢³¡£:

m°E¢~²~ | µ£i¥¦²±F m°Eµ£i¥¦²±F E20Fm°µ£i¥¦²± | ¢~²~F m°E¢~²~F* E¢~²~

q¦£¤i°±² ²£°« ­¬ ²¦£ °i¥¦² JJ m°E¢~²~ | µ£i¥¦²±FI ²¦£ ªi©£ªi¦­­¢ ²£°« JJ i± ~ ±²°~i¥¦²¤­°µ~°¢
¡­«®³²~ ª£ ¤³¬¡²i­¬ ­¤ ²¦£ «­¢£ªI ²¦£ µ£i¥¦²± ~¬¢ ²¦£ ¢~²~I ±­ ª­¬¥ ~± ²¦£ «­¢£ª ¢­£±
i¬¡ª³¢£ ~ «­¢£ª­¤ ²¦£ E®°­ ~ iªi²· ¢i±²°i ³²i­¬ ­¤ ²¦£F £°°­° ¢i±²³° ~¬¡£± W¦£¬£°°­°±
¤­ªª­µ ~ ¬­°«~ª¢i±²°i ³²i­¬I i¬¢£®£¬¢£¬² ­¤ £~¡¦ ­²¦£°I ²¦£¬ «~¶i«i¸i¬¥ ²¦£ ªi©£ªi¦­­¢
²£°« i± £±±£¬²i~ªª· £q³i´~ª£¬² ²­ «i¬i«i¸i¬¥ ±q³~°£ £°°­°K q¦£ ²£°« i¬ ²¦£ ¢£¬­«i¬~²­°J
J m°E¢~²~F JJ ¢­£± ¬­² ~¤¤£¡² ²¦£ °£ª~²i´£ ¡¦­i¡£  £²µ££¬ ¢i¤¤£°£¬² ±£²± ­¤ µ£i¥¦²±I ~¬¢
«~·  £ i¥¬­°£¢ ¦£°£K q¦£ ­²¦£° ²£°« JJ m°Eµ£i¥¦²±F JJ i± ²¦£ ®°i­° ®°­ ~ iªi²i£± ²£°«I
µ¦i¡¦ ¦~±  ££¬ ~¬ £« ~°°~±±«£¬²²­ ±²³¢£¬²± ­¤ ª£~°¬i¬¥ ~¬¢±²~²i±²i¡± £´£° ±i¬¡£ ²¦£
²i«£ ­¤ f««~¬³£ª h~¬²­° £~°ªi£°X i² °£®°£±£¬²± ­³° ©¬­µª£¢¥£ ~ ­³²ªi©£ª· ´~ª³£± ­¤ ²¦£
µ£i¥¦²±  £¤­°£ µ£ ¦~´£ ~¡¡£±± ²­ ~¬· £«®i°i¡~ª ¢~²~K

f¬ «~¶i«³« ªi©£ªi¦­­¢²¦£­°·I µ£ ³±³~ªª· ~±±³«£ ²¦~²~ªª ®­±±i ª£ ±£²± ­¤ µ£i¥¦²± ~°£
£q³~ªª· ªi©£ª· ~®°i­°i q¦³± ²­ «~¶i«i¸£ £q³~²i­¬ E20FI µ£ ±i«®ª· «~¶i«i¸£ ²¦£
ªi©£ªi¦­­¢ ²£°« p­«££¬¥i¬££°± ¦~´£ ~i¥³£¢²¦~² ²¦i± ®°­¡£¢³°£ i± ¤i°«ª· ¥°­³¬¢£¢ i¬
²¦£­°· ~¬¢±¡i£¬²i¤i¡I  £¡~³±£ i² ª£~¢± ²­ ®°£¡i±£ ~¬¢ ®°£¢i¡²~ ª£ °£±³ª²± µi²¦­³² ²£ª·i¬¥
­¬ ±³ ¨£¡²i´£ ²¦i¬¥± ªi©£ ®°i­° ®°­ ~ iªi²i£±I ³¬ªi©£ ²¦£ «­°£ "~¢ ¦­¡" «£²¦­¢± ³±£¢  ·
±­«£ ®£­®ª£ i¬ pmo ~¬¢ ¬£³°­£¬¥i¬££°i¬¥ f¬ ¡£°²~i¬ ¤i£ª¢±I ªi©£ £¡­¬­«i¡±I ²¦£
«~¶i«³« ªi©£ªi¦­­¢ ~®®°­~¡¦ i± i¬¢££¢ «­°£ ®°~¡²i¡~ª i¬ «­±² ¡~±£± ²¦~¬ £¶®ªi¡i²
~·£±i~¬ °£¥°£±±i­¬ Eµ¦£°£ ²¦£ ¡­«®³²£°~±©± ²¦£ ³±£° ²­ ®°­´i¢£ m°Eµ£i¥¦²±FFI  £¡~³±£

i² i± £~±i£° ¤­° ~ ¦³«~¬ ²­ ²°~¢£ ­¤¤ £«®i°i¡~ª ¢~²~ ´£°±³± ®°i­° i¬¤­°«~²i­¬ i¬ ¦i± ¦£~¢
µ¦£¬ ¦£ ©¬­µ± µ¦i¡¦ i± µ¦i¡¦  
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Unfortunately, the assum®t§on of e¯ual ®ro a §l§t§es a®r§or§ §s st§ll an ar §trary

assum®t§on, µ§th no more ¥uarantee of truth than any other ar §trary assum®t§on one

m§¥ht ma©eK qhe real µorl¢ §s far mess§erK ieast s¯uares ¡an  e ´ery useful, µhen the

tra§n§n¥ set §s lar¥er than the num er of µe§¥hts, as ¢§s¡usse¢ a o´e, hoµe´er, as the

tra§n§n¥ set ¥roµs smaller, or the num er of ´ar§a les ¥roµs lar¥er, §t  e¡omes e´er more

§m®ortant to ma©e our ®r§or assum®t§ons as real§st§¡ as ®oss§ leK ko one §s §mmuneto

th§s ®ro lem JJ en¥§neers,stat§st§¡§ans, neuroen¥§neers ot pmo ®ra¡t§t§onersK keuroJ

en¥§neers an¢ pmo ®ra¡t§t§oners ha´e fa¡e¢ u® to th§s ®ro lem more than most ¥rou®s

ha´e,  e¡ause µe  oth ¢eal so often µ§th enormous §n®ut ´e¡torsK i§©eµ§se, for ´ery

easons, µe nee¢ to fa¡e u® to the §ssue µh§¡hstat§st§¡§ans ¡all ?ro ustness? JJ the

®ro lem of hoµ to µor© µ§th mo¢els or netµor©s µh§¡h are una´o§¢a ly o´ers§m®l§f§e¢

re®resentat§ons of e¶ternal real§ty ^¡tually, these ®ro lems are ¡entral to e¡onometr§¡s

as µell,  ut e¡onometr§¡§ans ha´e many a¢ ho¡f§¶es a´a§la le Eter os EN 0¡)K

Forlar¥er tra§n§n¥ sets, these §ssues of ®r§or ®ro a §l§t§es an¢ ro ustness hel® to

e¶®la§n the nee¢ for ®ars§monyK ion¥ a¥o, ®h§loso®hers l§©e the oe´eren¢ O¡¡am

ar¥ue¢ that humans µoul¢  e una le to learn from e¶®er§en¡e µ§thout somehoµ¥§´§n¥

¥reater ¡re¢en¡e to a s§m®ler mo¢el, rather than a ¡om®le¶ mo¢el, §n ¡ases µhere  oth

f§t e¶®er§en¡e e¯ually µell polomonoff EN 64) formal§ze¢ th§s not§on, an¢ shoµe¢ hoµ

§t §s st§ll ¡ons§stent µ§th not§ons su¡h as ?o®enJm§n¢e¢ness? µh§¡h µe µoul¢ µant our

learn§n¥ systems to ®ossess, iater µor©ers §n ¡om®le¶§ty theory formulate¢ not§ons of

est§mat§on µh§¡h are ¡losely relate¢ or e´en e¯u§´alentto polomonoff’s ®ro®osal, an¢

are µor©§n¥ to ref§ne these ¡on¡e®ts §n the ¡onte¶t of neural netµor©sK para polla of

^q&q an¢ ma®anton§JKaza©os are µor©§n¥ alon¥ these l§nes,  ut the su je¡t §s ¯u§te

¢§ff§¡ultK Eq§sh y, ie´§n an¢ polla N 8 , ma®anton§JKaza©os N 8 )K

In the l§m§t as the tra§n§n¥ set  e¡omes e¶tremely small, the  est µay to ®re¢§¡t the

¡lass§f§¡at§on of a neµ ®attern §s usually  y analo¥y EIf the §n®ut ´e¡tor§s really just one

num er, one usually rel§es on ¡lass§¡al §nter®olat§on, µh§¡h §s s§m§larK) qh§s hel®s to

e¶®la§n the µ§¢es®rea¢ ®o®ular§ty of nearestJne§¥h or s¡hemes §n pmo, an¢ the

®o®ular§ty of asso¡§at§´e memory a®®roa¡hesto su®er´§se¢ learn§n¥ §n ^kksK EKos©o

has ¡alle¢ these systems “heteroasso¡§at§´e memory?, an¢ stresses that they ¡on´er¥e

faster than  a¡©®ro®a¥at§onK) qhe same®r§n¡§®le §s at µor© §n  oth f§el¢sK

Class§¡al stat§st§¡§ans ha´e su¥¥este¢ that su¡hs§tuat§ons ¡an st§ll  e un¢erstoo¢

µ§th§n the s¡o®e of ma¶§muml§©el§hoo¢ theory One ¡an formulate a mo¢el µh§¡h

®re¢§¡ts neµ ®atterns to  e s§m§lar to the§r ne§¥h ors, ®lus no§se, an¢ then use

ma¶§mum l§©el§hoo¢ metho¢s One ¡oul¢ e´en use su¡h metho¢sJJ µ§th  a¡©®ro®a¥at§on

JJ to a¢a®t a s§m§lar§ty metr§¡, µh§¡h may e´en  e mo¢ele¢ as a fun¡t§on of system §n®uts

rather than a f§¶e¢ matr§¶, qo ma©e th§s a®®roa¡h more ¡ons§stent µ§th ¡on´ent§onal

mo¢el§n¥, µe ¡oul¢ s§m®ly use th§s arran¥ementto fore¡ast the errors of a more ¡onJ

´ent§onal leastJs¯uares fore¡ast§n¥ netµor© ter os EN 77) ¢es¡r§ e¢ th§s ¥eneral

a®®roa¡h, un¢er the nameof ?syn¡ret§sm,?  ut no one has ha¢ a ¡han¡eto ®ursue§t as

yetK ^ ¥oo¢ a¢a®tat§on of the s§m§lar§ty metr§¡ µoul¢ st§ll re¯u§re a lar¥e ¢ata ase,  ut

the a®®roa¡h may  eof ´alue §n ¡ases µhere s§m§lar§tyJ ase¢ fore¡ast§n¥ µor©s  etter

than or¢§nary a®®roa¡hes ^®r§or§ ®ro a §l§t§es µoul¢ st§ll affe¡t the results,  e¡ause of

the §m®ortan¡eof the §n§t§al Eor ¢efault) ´alue of the s§m§lar§ty metr§¡,

qhere§s an §nterest§n¥ s§m§lar§ty  etµeensyn¡ret§sm, on the one han¢,an¢´ar§at§ons

of  as§¡  a¡©®ro®a¥at§on §n µh§¡h ¢§fferent µe§¥hts use ¢§fferent learn§n¥ rates to

s§m§lar r
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respond ²o ¥r~d§en²s _o²¦ ²¦e µe§¥¦²Jspe¡§¤§¡ ªe~rn§n¥ r~²es ~nd ²¦e ¡orrespond§n¥
s§«§ª~r§²· «e²r§¡ ²er«s ser´e ~s «e~s³res o¤ ?~²²en²§on? JJ ²¦e de¥ree ²o µ¦§¡¦ ~ spe¡§¤§¡

§np³² §s ³sed ²o e¶pª~§n ~n· errors §n ¡ª~ss§¤§¡~²§on jos²  §oªo¥§s²s  eª§e´e ²¦~² ²§«eJ
´~r·§n¥ ~²²en²§on §n so«e ¤or« §s essen²§~ª ²o ªe~rn§n¥ §n ¦§¥¦er or¥~n§s«sK

p·n¡re²§s« §s s§«pª· one o¤ «~n· µ~·s ²o ²r· ²o ¡o«e ³p µ§²¦ ~ «ore r~²§on~ªI
¤ªe¶§ ªe ~nd ²e¡¦n§¡~ªª· so³nd µ~· ²o re¡on¡§ªe ²¦e ¡~p~ §ª§²§es o¤ ne~res²Jne§¥¦ or
¡ª~ss§¤§¡~²§on ~nd ªe~s²Js¯³~res ¡ª~ss§¤§¡~²§onK q¦ere ~re «~n· o²¦er µ~·sI ~nd ²¦ere§s

«³¡¦ roo« ¤or ¤³r²¦er rese~r¡¦I  o²¦ §n ²¦e pmo ~nd ^kk ¡o««³n§²§esK ter os

ENVUTF des¡r§ ed ~no²¦er s³¡¦ ~ppro~¡¦I µ¦§¡¦ ¥ener~ª§¸es ²¦e ¡ª~ss§¡~ª s²~²§s²§¡~ª
«e²¦od o¤ r§d¥e re¥ress§on Eae«ps²er NVTTFI §n µ¦§¡¦ ²¦e nor« o¤ ²¦e µe§¥¦² ´e¡²or§s
~dded ²o ²¦e error ¤³n¡²§on bE²FK

^«on¥ ²¦e ¦os² o¤ ~sso¡§~²§´e «e«or· ~nd ´e¡²or ¯³~n²§¸~²§on «e²¦ods ~¡²³~ªª·
³sed §n en¥§neer§n¥ ~ppª§¡~²§onsI ²¦e ones en¡o³n²ered «os² o¤²en ~re reª~²ed ²o ²¦e
`j^`~r¡¦§²e¡²³re E^ª ³s NVTNF ~nd ²¦e §de~s o¤ ho¦onen ENVUUFK i³©es e² ~ª ENVVMF

³sed ~ s§«pªe ~sso¡§~²§´e «e«or·¤or ~ s§«³ª~²ed ¡on²roª ~ppª§¡~²§onI ~nd j§ªªer Ehr~¤²
~nd `~«p~¥n~ NVVMF ³sed ~ `j^`²o¡on²roª ~ p¦·s§¡~ª ro o²K _o²¦ rese~r¡¦ers ¦~´e
repor²ed §n¤or«~ªª· ²¦~² ²¦e· ¦~´e s³¡¡ess¤³ªª· §«pªe«en²ed d§¤¤eren²§~ ªe ´ers§ons o¤
²¦ese des§¥nsI µ¦§¡¦ ·§eªd «ore ~¡¡³r~²e res³ª²s ~nd open ³p neµ~ppª§¡~²§onsK Ecor
e¶~«pªeI one ¡~n  ³§ªd ~ ²µoJª~·er s²r³¡²³re §n µ¦§¡¦ ²¦e ³pperI ¤~s² ª~·er §s ~n
~sso¡§~²§´e «e«or·I ~nd ²¦e  o²²o« ª~·er §s ~d~p²ed  ·  ~¡©prop~¥~²§onK q¦§s µo³ªd
¤§² ²¦e §de~ ²¦~² ¦³«~ns ªe~rn neµ p~²²erns ¯³§¡©ª· ~nd neµ ¤e~²³res «oresªoµª·K
q¦ere ~re §«por²~n² ¡on²roª ~ppª§¡~²§ons ~s µeªªKF kes²orI fn¡I o¤ mro´§den¡eI o¦ode

fsª~ndI ¦~s ~ªso ¤o³nd «~n· ¡ª§en²s ¤or §²s «e«or·J ~sed s³per´§sed ªe~rn§n¥ s·s²e«I

c~¦ª«~n ENVVMF ¦~s de´eªoped ~ neµ ªe~rn§n¥ s·s²e« µ¦§¡¦ §s §n²er«ed§~²e §n sp§r§²
 e²µeen  ~¡©prop~¥~²§on ~nd ~sso¡§~²§´e «e«or·K

QK a·n~«§¡ p·s²e«s ~nd `on²roª=

po ¤~r µe ¦~´e d§s¡³ssed p~²²ern re¡o¥n§²§on ~s ~ s²~²§¡ pro ªe«I «~pp§n¥ ~ ´e¡²or
uE²F ²o ~ ´e¡²or vE²FK fn ~¡²³~ª§²·I ²¦ere ~re «~n·¡ª~ss§¤§¡~²§on pro ªe«sJJ ª§©e spee¡¦
or ²~r¥e² re¡o¥n§²§on §n ~ «o´§n¥ ´§eµs¡reen JJ µ¦§¡¦ ~re essen²§~ªª· d·n~«§¡ §n n~²³reK

c³r²¦er«oreI p~²²ern re¡o¥n§²§on §n «~««~ªs o¡¡³rs §n s³ s·s²e«sI µ§²¦§n ²¦e ¡on²e¶²
o¤ ~ ª~r¥er s·s²e« E r~§nF µ¦ose o´er~ªª ¤³n¡²§on §s one o¤ ¡on²roªK cor ²¦§s re~sonI ²¦e
«os² §«por²~n² ~re~ ¤or ¤³nd~«en²~ª rese~r¡¦ §n ne³roen¥§neer§n¥ §n´oª´es s·s²e«s o¤
^kks¤or¡on²roª or s·s²e« §den²§¤§¡~²§on ~ppª§¡~²§onsI q¦§s µor© ¦~s  een «~ppedo³²
´e²· ¡~re¤³ªª· ~nd re´§eµed ~² ªen¥²¦ Eter os NVVM I j§ªªerI p³²²on ~nd ter os NVVMFK

oµ does ²¦e µor© §n ²¦~² ~re~ §«p§n¥e ³pon p~²²ern ¡ª~ss§¤§¡~²§on?
^² ²¦e s§«pªes² ªe´eªI ^kks ¤or spee¡¦ re¡o¥n§²§on ~nd ²¦e ª§©e need ²o  e «ore

²¦~n s²~²§¡ «~psI §n order ²o ¡ª~ss§¤· spee¡¦ ~¡¡³r~²eª·K f² §s §«por²~n² ²¦~² ²¦e
¡ª~ss§¤§¡~²§on ~² ²§«e ² re¤ªe¡² §n¤or«~²§on ¤ro« e~rª§er ²§«es ~s µeªªI fn ¤~¡²I §² §s ´er·

e~s· ²o «od§¤· ¤eed¤orµ~rd ne²µor©s ²o §n¡ª³de ²§«eJª~¥¥ed §np³²s or «e«or§es E~ ¤or«
o¤ ?re¡³rren¡e”FI ~nd ²o ³se  ~¡©prop~¥~²§on §n ²r~§n§n¥ ²¦e«K ter os ENVVM~F ¥§´es ~
²³²or§~ª on ¦oµ ²o do ²¦§sI ³s§n¥ ²¦e s~«e «e²¦odsor§¥§n~ªª· d§s¡³ssed §n ter os ENVTQFK
i~n¥ e² ~ª ENVVMF ¦~´e repor²ed re~son~ ªe s³¡¡ess §n ¡ª~ss§¤·§n¥ spee¡¦  ~sed on ~
spe¡§~ª ¡~se o¤ ²¦§s ¥ener~ª ~ppro~¡¦K ke³r~ª ne²µor©s µ§²¦ ²¦§s ©§nd o¤ re¡³rren¡e ~re
essen²§~ªª· j³s² ~ nonª§ne~r ¥ener~ª§¸~²§on o¤ ²¦e ^oj^ «odeªs µ¦§¡¦ ¦~´e  een ³sed =
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§n the ®ast §n s®ee¡h re¡o¥n§t§onK io¡©µoo¢ oee¢ EN 0) JJ µho or¥an§ze¢ the

§ntera¥en¡y ¥rou® On s®ee¡h re¡o¥n§t§on §n the Un§te¢ ptates ¥o´ernmentJJ has ar¥ue¢

that ¡on´ent§onal a®®roa¡hes to s®ee¡h re¡o¥n§t§on ha´e rea¡he¢ a ®lateau, from µh§¡h

lar¥e §m®ro´ements µ§ll  e e´er more ¢§ff§¡ult; he has ar¥ue¢ that neural netµor©s

shoul¢  e a le to ¥et  eyon¢ that ®lateau, after a feµ years of ¡at¡h§n¥ u®K Carne¥§eJ

Mellon JJ µhere ian¥ an¢ ta§ el are µor©§n¥ JJ also ma§nta§ns the  est ®erform§n¥

u l§¡ ¢oma§n s®ee¡h re¡o¥n§t§on ®ro¥rams  ase¢ on ¡on´ent§onal metho¢s Eh§¢¢en

Mar©o´ mo¢els, HMM), a¡¡or¢§n¥ to some o ser´ers; these metho¢s are sa§¢ to  e

rou¥hly as ¥oo¢ as the  est ®ro®r§etary ®a¡©a¥es, an¢ shoul¢ ma©ean e¶¡ellent as§s for

¡om®ar§son as th§s µor© ®ro¥ressesK

In a¡tual§ty, there are ¡erta§n ¢§ff§¡ult§es §n a®®ly§n¥ these metho¢s ¢§re¡tly to s®ee¡h

¢ataK qhe §nformat§on a´a§la le §n s®ee¡h ¡lass§f§¡at§on §s far less than the §nformat§on

a´a§la le §n the ent§re s®ee¡h ®ro¡ess; §n other µor¢s, the se¯uen¡e of s®ee¡h la els has

Jess §nformat§on ¡ontent than ¢oesthe ent§re t§meJser§es of s®ee¡h,  y farK qhus from

4 stat§st§¡al ®o§nt of ´§eµ, §t may  e ¢es§ra le to try to e¶®lo§t the §nformat§on E´ar§an¡e)

§n the s®ee¡h ¢ata§tself  y ¢e´elo®§n¥ mo¢els of the s®ee¡h ®ro¡essK In effe¡t, th§s §s

one more ¡ase µhere an unsu®er´§se¢ learn§n¥ strate¥y ¡an ser´e as a feature ¥enerator

Eat the ´ery least) for a ¡lass§f§¡at§on ®ro¡ess One ¡an ¢o th§s ¢ynam§¡ mo¢el§n¥, on¡e

a¥a§n,  y us§n¥  a¡©®ro®a¥at§on throu¥h t§me, µhere the tar¥et ´e¡tors are the state of

the s®ee¡h ®ro¡ess at t§me t+ N, Cons§¢era ly more ro ust results ¡an them  e ha¢  y

us§n¥ more so®h§st§¡ate¢ a®®roa¡hes Eter os N 0 ), µh§¡h ten¢ to  e  etter §n

¥enerat§n¥ lon¥Jterm memor§es ie´§n EN 0) has shoµn hoµ a hy r§¢ HMM/neural

system ¡an  e  u§lt, µh§¡h ¡an alµays out®erform ¡on´ent§onal HMM, y treat§n¥ ®art

of the re¡o¥n§t§on ®ro lem as a ¡ontrol ®ro lem; th§s ¡oul¢  e e¶ten¢e¢ mu¡hfurther,

us§n¥ a¢´an¡e¢ neuro¡ontrol metho¢sK
In those re¡o¥n§t§on ®ro lems µh§¡h ¢o fee¢ ¢§re¡tly §nto a ¡ontrol ®ro lem, there

may  e µays to use the ¡ontrol §nformat§on Eter os N 87) to fo¡us attent§on on ©ey

´ar§a les, an¢ §m®ro´e the realJµorl¢ ´alue of the re¡o¥n§t§on su system; hoµe´er, | am

not aµare of any ^kk §m®lementat§ons as yet of th§s §¢eaK

5K Con¡lus§ons

^kks an¢ pmo are  oth lar¥e, ¢§´erse areas of resear¡hK qhey  oth share a lar¥e
num er of ®ara¢§¥ms, su¡h as least s¯uares est§mat§on, e¶®lo§tat§on of symmetry,
¡luster§n¥, an¢ so on ^kks§n ®attern re¡o¥n§t§on may  e ´§eµe¢ as a su set of pmo,

a su set µh§¡h §s ¡arefully ¢es§¥ne¢ so as to alloµ ma¶§mum ¡om®utat§onal eff§¡§en¡y JJ
someth§n¥ µh§¡h §s of enormous §m®ortan¡e to most ®ra¡t§¡al a®®l§¡at§ons, ^kk
resear¡hers ha´ealso ¡arr§e¢ out efforts to un¢erstan¢ f§¶e¢ ®attern re¡o¥n§t§on systems
§n the  ra§n, µh§¡h ¡an  e useful as ®re®ro¡essors for ^kks an¢ pmo  othK ^kk
resear¡hers also try to ma§nta§n l§n©s µ§th our un¢erstan¢§n¥ of learn§n¥ §n  §olo¥§¡al

 ra§ns JJ a su je¡t of enormous §m®ortan¡e In re¡ent µor©, many ^kkresear¡hers
ha´e fo¡use¢ on ¢ynam§¡ systems an¢ ¡ontrol ®ro lems, µh§¡h ¡oul¢ alloµ neµ an¢ more

®oµerful a®®roa¡hes to ®attern re¡o¥n§t§on as µellK
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^¡©ªe·I aK K ENVVMFI ie~rn§n¥ ¤ro« n~²³r~ª seªe¡²§on §n ~n ~r²§¤§¡§~ª en´§ron«en²K fn

fJ`kk mro¡eed§n¥s EJ~n³~r·I t~s¦§n¥²on a`F §ªªsd~ªeI kJ: brª ~³«I pKfJNUV ²o fJ

NV3K

^ª ³sI JKpK ENVTNFKI ^ ²¦eor· o¤ ¡ere eªª~r ¤³n¡²§onK j~²¦e«~²§¡~ª _§os¡§en¡eI koI NMI
pK25J6NK

_o³rª~rdI K ~nd teªªe©ens ENVUUFI ^ ª§n©  e²µeen j~r©o´ «odeªs ~nd «³ª²§ª~·er
per¡ep²rons E~ s²r~¡²FK fn ke³r~ªke²µor©sI Voª³«e NI p³ppªe«en²NI pK2VMK

_o¶I Geor¥e bK ~nd Jen©§ns ENVTMFK q§«eJper§es ^n~ª·s§s: core¡~s²§n¥ ~nd `on²roªK p~n
cr~n¡§s¡oI `^: oªdenJa~·I

kKae`ª~r§s ENVVMFI On ²¦e ³se o¤ ¦§¥¦er order nonª§ne~r ne³r~ªJ²·pe j³n¡²§ons §n

~d~p²§´e s·s²e«sK fn hk~rendr~ EedKFI mro¡eed§n¥s o¤ ²¦e p§¶²¦ v~ªe tor©s¦op on
^d~p²§´e ~nd ie~rn§n¥ p·s²e«sK keµ ~´enI `onn: k~rendr~I v~ªe UK pIN2MJN26I

oKaec§¥³er§de ENVVMFI person~ª ¡o««³n§¡~²§on

^Kae«ps²er e² ~ª ENVTTFI ^ s§«³ª~²§on s²³d· o¤ ~ª²ern~²§´es ²o ord§n~r· ªe~s² s¯³~resI
Jo³rn~ª o¤ ²¦e ^«er§¡~n p²~²§s²§¡~ª ^sso¡§~²§onI VoªK 2TI j~r¡¦I

c~¦ª«~nIp ENVVMFI q¦e re¡³rren² ¡~s¡~deJ¡orreª~²§on ~r¡¦§²e¡²³re ar~¤²K Eaep²K o¤

`o«p³²er p¡§en¡eI `~rne¥§eJjeªªon U F

coªd§~©I mK ENVUVFI ^d~p²§´e ne²µor© ¤or op²§«~ª ª§ne~r ¤e~²³re e¶²r~¡²§onK fn fJ`kk
mro¡eed§n¥sK fbbb `~²~ªo¥ koK UV` 2T65J6 keµ vor©: fbbbKpK fJQMN ²o NJQM5

coo²eI pK ~nd jorr§sonI b¶²r~²¦~ª~«§¡ «od³ª~²§on o¤ ¡or²§¡~ª ¤³n¡²§onENVUTFK ^nn³~ª

oe´§eµ o¤ ke³ros¡§en¡e m~ªo ^ª²oI `^: ^nn³~ª oe´§eµsfn¡K=

G§ªesI `KiK ~nd j~¶µeªª ENVUTFI ie~rn§n¥I §n´~r§~n¡e ~nd ¥ener~ª§¸~²§on §n ¦§¥¦ order
ne³r~ª ne²µor©sI ^ppª§ed Op²§¡sK VoªK 26I koK 23K

Gross er¥I pK ENVUTFI `o«pe²§²§´e ªe~rn§n¥: ¤ro« §n²er~¡²§´e ~¡²§´~²§on ²o ~d~p²§´e
reson~n¡eI `o¥n§²§´e p¡§en¡eI NNI p 23J63

Gross er¥I pI ENVUUFI konª§ne~r ne³r~ª ne²µor©s: pr§n¡§pªesI «e¡¦~n§s«sI ~nd

~r¡¦§²e¡²³resI ke³r~ª ke²µor©sK Voª §I koK NI NVUUI pKNTJ6NK

G³·onI fI mo³j~³dI mersonn~¸I are·¤³sI aen©er ~nd ie`³nENVUVFI `o«p~r§n¥ d§¤¤eren²
ne³r~ª ne²µor© ~r¡¦§²e¡²³res ¤or ¡ª~ss§¤·§n¥ ¦~ndµr§²²en d§¥§²sK fn fJ`kk mro¡eed§n¥sK
keµ vor©: fbbb

=
===
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He  IaKlK EN9Q9FI q¦e l°¥~¬§¸~²§­¬ ­¤ _e¦~´§­°I keµ v­°©W t§ªe·K

H§¬²­¬I dK EN99MFI ^¬ ³¬±³®e°´§±e¢ ªe~°¬§¬¥ ®°­¡e¢³°e ²¦~² ¢§±¡­´e°± ±³°¤~¡e± §¬

°~¬¢­«J¢­² ±²e°e­¥°~«±

l°
~ª

´e°±§­¬ ­¤ ~ ²~ª© §¬¡ª³¢e¢ §¬ ff`kk m°­¡ee¢§¬¥±I

H§ªª±¢~ªeI kgW b°ª ~³«K

H­®¤§eª¢IgK ~¬¢ aKq~¬© EN9USFI`­«®³²§¬¥ µ§²¦ ¬e³°~ª ¡§°¡³§²±W ~ «­¢eªI p¡§e¬¡eK s­ª

2 I ®K S2SI ^³¥³±² U

H°·¡ejI q EN99MF ^ «­¢³ª~° ~°¡¦§²e¡²³°e ¤­° e¤¤§¡§e¬² ªe~°¬§¬¥K f¬ fg`kk m°­¡ee¢§¬¥±

Eg³¬eI p~¬ a§e¥­FK keµ v­°©W fbbb ® 557J5S2

K­¦­¬e¬I qK EN9UUFI peª¤Jl°¥~¬§¸~²§­¬ ~¬¢ ^±±­¡§~²§´e Me«­°·I pe¡­¬¢ b¢§²§­¬K keµ

v­°©W p®°§¬¥e°Jse°ª~¥K

K­±©­I _K EN99MFI p²­¡¦~±²§¡ ¡­«®e²§²§´e ªe~°¬§¬¥ fg`kk m°­¡ee¢§¬¥±F keµ v­°©W

fbbbI®K NJ2N5 ²­ NJ22SK

K°~¤²I LKdK ~¬¢ aI `~«®~¥¬~ EN99MFI ^ ±³««~°· ¡­«®~°§±­¬ ­¤ `M^` ¬e³°~ª ¬e²µ­°©
~¬¢ ²°~¢§²§­¬~ª ~¢~®²§´e ¡­¬²°­ª ±·±²e«±K f¬ M§ªªe°I p³²²­¬ ~¬¢ te° ­± EN99MFK

K³®e°±²e§¬I MI EN9U7FI ^¢~®²§´e ´§±³~ªJ«­²­° ¡­­°¢§¬~²§­¬ §¬ «³ª²§j­§¬² °­ ­²± ³±§¬¥
®~°~ªªeª ~°¡¦§²e¡²³°eK f¬ m°­¡ee¢§¬¥± ­¤ ²¦e fbbb `­¬¤e°e¬¡e ­¬ R­ ­²§¡± ~¬¢
^³²­«~²§­¬I t~±¦§¬¥²­¬ aK`KW fbbb `­«®³²e° p­¡§e²·I

L~¬¥I KKI t~§ eª ~¬¢ H§¬²­¬ EN99MFI ^ q§«eJ¢eª~· ¬e³°~ª ¬e²µ­°© ~°¡¦§²e¡²³°e ¤­°

§±­ª~²e¢ µ­°¢ °e¡­¥¬§²§­¬I ke³°~ª ke²µ­°©±I g~¬³~°·K

Le`³¬I vK EN9U5F U¬e ®°­¡e¢³°e ¢’~®®°e¬²§±~¥e ®­³° °e±e~³ ~ ±e³§ª ~±±·«e²°§q³eK

m°­¡ee¢§¬¥± ­¤ `­¥¬§²§´~ U5I ®K 599JSMQK m~°§±K

bKLe´§¬ EN99MFI M­¢eª§¬¥ ²§«eJ´~°·§¬¥ ±·±²e«± ³±§¬¥ ~ ¦§¢¢e¬ ¡­¬²°­ª ¬e³°~ª ¬e²µ­°©
~°¡¦§²e¡²³°eK
f¬ KKk~°e¬¢°~ Ee¢FI m°­¡ee¢§¬¥± ­¤ ²¦e p§x²¦ v~ªe t­°©±¦­® ­¬ ^¢~®²§´e ~¬¢ Le~°¬§¬¥
p·±²e«± keµ H~´e¬I `­¬¬W k~°e¬¢°~I v~ªeK

 

L³©e±I dKI q¦­«®±­¬ ~¬¢ te° ­± EN99MFI bx®e¡²~²§­¬J¢°§´e¬ ªe~°¬§¬¥ ³±§¬¥ ~¬
~±±­¡§~²§´e «e«­°·K f¬ fg`kk m°­¡ee¢§¬¥± Eg~¬³~°·I t~±¦§¬¥²­¬ aK`KFK H§ªª±¢~ªeI kgW
b°ª ~³«I ®I NJ52N ²­ NJ52QI

L·­¬I RKFK ~¬¢ Me~¢I ^¬ ~¬~ª­¥eªe¡²°­¬§¡ ¡­¡¦ªe~K fbbb q°~¬±K ^ppmI g³ª· N9UUK

M~°e¬I ^K EN99MFI H~¬¢ ­­© ­¤ ke³°~ª `­«®K ^®®ªI ^¡~¢e«§¡ m°e±±I ±¡¦e¢³ªe¢ ¤­°
¡§²¡~ g³ª· N99MK

Me~¢I `K EN9U9F ^¬~ª­¥ sLpf ~¬¢ ke³°~ª p·±²e«±I Re~¢§¬¥I M~±±KW ^¢¢§±­¬Jte±ªe·K
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Miller, Sutton ~n¢ ter o± ENVV0F, keur~l ketµor©± ¤or oo oti¡± ~n¢ `ontrolK
`~« ri¢¥e, M~±±KW Mfq mre±± ES¡¦e¢ule¢ ¤or ¤~ll ¡~t~lo¥ueKF

Moo¢·,gK ~n¢ a~r©en ENVUVF, c~±t le~rnin¥ in netµor©± o¤ lo¡~ll·Jtune¢ ®ro¡e±±in¥
unit±,keur~l `o«®ut~tion, sol N, ® OUNJOVQ,

m~®~ntoniJh~¸~©o± ENVUVF, ®er±on~l ¡o««uni¡~tion, Erni´er±it· o¤ sir¥ini~,

`¦~rlotte±´ille F

m~r©er, aK_, ENVUOF, ie~rnin¥Jio¥i¡?, fn´ention oe®ort AUNJSQ, cile N, l¤¤i¡e o¤

qe¡¦nolo¥· ii¡en±in¥, St~n¤or¢ rni´er±it·, l¡to er NVUOK

iKoee¢ ENVV0F, or~l ®re±ent~tion, cort Mon«out¦ ErKSK ^r«·F, keµ ger±e·K

ou«el¦~rt, a ENVV0F, un®u li±¦e¢ ~¢¢re±±,`kk, g~nu~r·, t~±¦in¥ton aK`K

ou«el¦~rt, a , einton ~n¢ tilli~«± ENVUSF, ie~rnin¥ intern~l re®re±ent~tion±  · error

®ro®~¥~tion fn ou«el¦~rt ~n¢ M¡`lell~n¢, e¢±, m~r~llel ai±tri ute¢ mro¡e±±in¥,

solu«e NK `~« ri¢¥e, M~±±W Mfq mre±±K

S¦~««~,SK ENVUTF, keur~l netµor©± ¤or ±®ee¡¦ ®ro¡e±±in¥ ~n¢ re¡o¥nitionK fn fg`kk
mro¡ee¢in¥±K keµ vor©W q K ® fsJ3VT to fsJQ05K

S¦~nno, aK ENVV0F, oe¡ent ~¢´~n¡e± in nu«eri¡~l te¡¦nique±¤or l~r¥eJ±¡~le o®ti«i¸~tionK
fn Miller, Sutton ~n¢ ter o± ENVV0F,

Solo«ono¤¤, oKg, ^ ¤or«~l t¦eor· o¤ in¢u¡ti´e in¤eren¡e, fn¤or«K `ontrK, M~r¡¦/gune,

Sun,g, ~n¢ e~±±oun ENVV0F, ^ ¤~±t ~l¥orit¦« ¤or ¤in¢in¥ ¥lo ~l «ini«~o¤ error ¤un¡tion±
in l~·ere¢ neur~l netµor©± fn f`kk mro¡ee¢in¥± ES~n aie¥o, guneF, keµ vor©W

f ,®KfJTN5 to NJTO0K

Stin¡¦¡o« e, MK ~n¢ eK t¦ite ENVUVFK rni´er±~l ~®®roxi«~tion u±in¥ ¤ee¢¤orµ~r¢
netµor©± µit¦ nonJ±i¥«oi¢ ¦i¢¢en l~·er ~¡ti´~tion ¤un¡tion, fn fg`kk mro¡ee¢in¥±K
keµ vor©W f ,

Sutton, GKG, oe¥¥i~ ~n¢ M~i±o¥, Su®er´i±e¢ ~n¢ rein¤or¡e¢ ¡o«®etiti´e le~rnin¥ fn
fg`kk mro¡ee¢in¥± ES~n aie¥o, guneF keµ vor©W f K ®K fJ5S3 to NJ5STK

qi±¦ ·, k, ie´in ~n¢ Soll~ ENVUVF, `on±i±tent in¤eren¡e o¤ ®ro ~ ilitie± in l~·ere¢
netµor©±W ®re¢i¡tion± ~n¢ ¥ener~li¸~tionK fn fg`kk mro¡ee¢in¥±F keµ vor©W f
®K NJQ03 to eJQ0VK

ter o±, mK ENVSUF le«ent± o¤ intelli¥en¡e, `· erneti¡~ Ek~«urF, koK 3K ®KN3NJNQ3 ~n¢

®K NT0JNTU,  



 

N

eee EN97QFK _e·­¬¢ Re¥°e±±§­¬W keµ q­­ª± ¤­° m°e¢§¡²§­¬ ~¬¢ ^¬~ª·±§± §¬ ²¦e

_e¦~´§­°~ª p¡§e¬¡e±K H~°´~°¢ UK m¦KaK ²¦e±§±I ¡­««§²²ee ­¬ ~®®ª§e¢ «~²¦e«~²§¡±I_e¦~´§­°~ª p¡§e¬¡e±

k­´e« e° N97Q

~ EN977FI ^¢´~¬¡e¢¤­°e¡~±²§¬¥ «e²¦­¢± ¤­° ¥ª­ ~ª ¡°§±§± µ~°¬§¬¥ ~¬¢ «­¢eª± ­¤

§¬²eªª§¥e¬¡eI de¬e°~ª p·±²e«± ve~° ­­©I

 

EN97UFI Le~°¬§¬¥ ¦­µ ²¦e µ­°ª¢ µ­°©±W ±®e¡§¤§¡~²§­¬± ¤­° ®°e¢§¡²§´e

¬e²µ­°©±

§¬

°­ ­²± ~¬¢  °~§¬±K f¬ fbbb/pM` m°­¡ee¢§¬¥±I s­ª³«e N fbbb k­K

U7`H25M JNK keµ v­°©W fbbbK

eee¬eeeee± EN9UNFI ^®®ª§¡~²§­¬± ­¤ ~¢´~¬¡e± §¬ ¬­¬ª§¬e~° ±e¬±§²§´§²· ~¬~ª·±§±K f¬ a°e¬§¡© ~¬¢

K­¸§¬I e¢±I p·±²e« M­¢eª§¬¥ ~¬¢_ l®²§«§¸~²§­¬W m°­¡ee¢§¬¥± ­¤ ²¦e NM²¦ fFfm

`­¬¤e°e¬¡eEpe®²e« e° N9UNFK keµ v­°©W p®°§¬¥e°Jse°ª~¥I N9U2I

µ~¬e¬¬e¬e¬eEN9UU~FK _~¡©®°­®~¥~²§­¬ ®~±² ~¬¢ ¤³²³°eK f¬ f`kk m°­¡ee¢§¬¥±K keµ v­°©W

fbbbK ^ ²°~¬±¡°§®² ­¤ ²¦e ²~ª©I µ¦§¡¦ §± «­°e ¡­ªª­q³§~ªI ~  §²  °­~¢e° §¬ ±¡­®eI ~¬¢

¡­¬²~§¬± ²¦e ±ª§¢e±I §± ~´~§ª~ ªe ¤°­« ²¦e ~³²¦­° ³®­¬ °eq³e±²K K

ee¡e¡¡ee¬± EN9UU FK de¬e°~ª§¸~²§­¬ ­¤  ~¡©®°­®~¥~²§­¬ µ§²¦ ~®®ª§¡~²§­¬ ²­ ~ °e¡³°°e¬² ¥~±

«~°©e² «­¢eªI ke³°~ª ke²µ­°©±I l¡²­ e°

µ~¡ee¡¡e¬e EN9U9FI M~x§«§¸§¬¥ ª­¬¥J²e°« ¥~± §¬¢³±²°· ®°­¤§²± §¬ ²µ­ «§¬³²e± §¬ L­²³± ³±§¬¥

¬e³°~ª ¬e²µ­°© «e²¦­¢±I gbbb q°~¬±K pM` M~°¡¦/^®°§ªK

µe¡ee¡e¬e EN99M~FI _~¡©®°­®~¥~²§­¬ ²¦°­³¥¦ ²§«eW µ¦~² §² ¢­e± ~¬¢ ¦­µ ²­ ¢­ §²I

m°­¡ee¢§¬¥± ­¤ ²¦e fbbbK l¡²­ e° ±®e¡§~ª §±±³e ­¬ ¬e³°~ª ¬e²µ­°©±K

µ­e¬¬e¡¬ee EN99M FI ke³°­¡­¬²§­ª ~¬ °eª~²e¢ ²e¡¦¬§q³e±K f¬ ^ M~°e¬ Ee¢KFI H~¬¢­­© ­¤

ke³°~ª `­«®K ^®®]K ^¡~¢e«§¡ m°e±±I N99M

¬~¡e¬ee­e EN99M¡FI b¡­¬­«e²°§¡ ²e¡¦¬§q³e±W ²¦e­°· ´e°±³± ®°~¡²§¡eI b¬e°¥·W q¦e

f¬²e°¬~²§­¬~ª g­³°¬~ªK M~°¡¦/^®°§ª

µ~¬e¡eeee¬ EN99M¢FI p²­¡¦~±²§¡ «­¢eª§¬¥ ~¬¢ °e®°e±e¬²~²§­¬± ­¤ °e~ª§²·W ~ ª§¬e~° ±²~°²§¬¥J

®­§¬²K p³ «§²²e¢ ²­ ke³°~ª ke²µ­°©±I ±®°§¬¥ N99MK

EN99MeFI ke³°­¡­¬²°­! ~¬¢ ¤³¸¸· ª­¥§¡W ¡­¬¬e¡²§­¬ ~¬¢ ­®²§­¬±I

f¬²e°¬~²§­¬~ª g­³°¬~ª ­¤ ^®®°­x§«~²e Re~±­¬§¬¥I ¤­²¦¡­«§¬¥ ±®e¡§~ª §±±³e ­¬ ¤³¸¸· ª­¥§¡

~¬¢ ¬e³°~ª ¬e²µ­°©±I

t­¬¬~¡­²²I qH ~¬¢ t­¬¬~¡­²² EN977FI f¬²°­¢³¡²­°· p²~²§±²§¡± ¤­° _³±§¬e±± ~¬¢

b¡­¬­«§¡±I pe¡­¬¢ b¢§²§­¬K keµ v­°©W t§ªe·

v~³I HK` ~¬¢ M~¬°· EN99MFI p§¥«~J®§ §«®ªe«e¬²~²§­¬ ­¤ ~ ¬e~°e±²J¬e§¥¦ ­°¡ª~±±§¤§e°
f¬ fp`kk m°­¡ee¢§¬¥± Ep~¬ a§e¥­I g³¬eF keµ v­°©W fbbbI
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^rt§f§¡§al keural ketµor©s an¢ ptat§st§¡al mattern oe¡o¥n§t§on

Ol¢ an¢ keµ Conne¡t§ons

iKK peth§ an¢ ^KK Ja§n EE¢§tors)
33

© N N Else´§er p¡§en¡e mu l§shers BV ^ll r§¥hts reser´e¢

pmall sam®le s§ze ®ro lems §n ¢es§¥n§n¥art§f§¡§al
neural netµor©s'

part§nas oau¢ys* an¢ ^n§l KK Ja§n?

“De®artment of Data ^nalys§s, Inst§tute of Mathemat§¡s & Cy ernet§¡s, ^©a¢em§jos 4,

V§ln§us 232600, i§thuan§a EUppo)

‘De®artment of Com®uter p¡§en¡e, M§¡h§¥an ptate Un§´ers§ty, East ians§n¥, MI 48824,

Up^

^ stra¡t
pmall tra§n§n¥ sam®le effe¡ts ¡ommon§n stat§st§¡al ¡lass§f§¡at§on an¢ art§f§¡§al neural

netµor© ¡lass§f§er ¢es§¥n are ¢§s¡usse¢ ^ re´§eµ of ©noµn small sam®le results are ®reJ
sente¢, an¢ ®ea©§n¥ ®henomenarelate¢ to the §n¡rease §n the num er of features an¢ the

num er of neurons §s ¢§s¡usse¢K

NK IkqoODUCqIOk

^rt§f§¡§al neural netµor©s are noµ µ§¢ely re¡o¥n§ze¢ as a useful ¡lass§f§¡at§on te¡hJ

n§¯ue for ®attern re¡o¥n§t§on [3N] ^ ty®§¡al art§f§¡§al neural netµor© E^kk) ¡lass§f§er Ea

fee¢forµar¢ netµor©) ¡ons§sts of se´eral layers of neurons Esee F§¥ure N) Ea¡hEsay 2“)

§n®ut layer h§¢¢en layers out®ut layer

F§¥ure N: ^n ^kk t§th qµo H§¢¢en iayers

 
oesear¡h su®®orte¢ §n ®art  y kpF ¥rant CD^J88065
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neµon ¦~s se´er~ª Es~· dF §np³²s 2NIM2IKKKI2QI one o³²p³² ·;I ~nd per¤or«s ~n oper~²§on

d
·§ = ¤§Ea> µ~²; + µ§nFI ENF

j=]

µ¦ere ¤; §s ~ nonde¡re~s§n¥ ~nd d§¤¤eren²§~ ªe ~¡²§´~²§on ¤³n¡²§onI ~nd µI; §s ²¦e µe§¥¦²

~ss§¥ned ²o ²¦e j‘* §np³² o¤ ²¦e ¸* ne³ron b¶~«pªes o¤ s³¡¦ ~¡²§´~²§on ¤³n¡²§ons ~re

¦~rd ª§«§²§n¥ or so¤² ª§«§²§n¥ ²¦res¦oªd ¤³n¡²§ons ~nd ³ er’s ~nd q³©e·’s ¤³n¡²§ons [U3]I

q¦e ne³rons §n ²¦e §np³² ª~·er ¡orrespond ²o ²¦e ¡o«ponen²s o¤ ²¦e ¤e~²³re ´e¡²or ²o

 e ¡ª~ss§¤§edK fn ²¦e ¤eed¤orµ~rd ne²µor© µ¦§¡¦ µ§ªª  e d§s¡³ssed ¦ereI ²¦e §np³²s ²o ²¦e

ne³§ons §n e~¡¦ s³¡¡ess§´e ª~·er ~re ²¦e o³²p³²s o¤ ²¦e pre¡eed§n¥ ª~·er q¦e ne³rons §n

²¦e o³²p³² ª~·er ~re ³s³~ªª· ~sso¡§~²ed µ§²¦ p~²²ern ¡ª~ss ª~ eªsK

q¦e §«por²~n² des§¥n §ss³es §n  ³§ªd§n¥ ~n ^kk¡ª~ss§¤§er ~re ²o ¤§nd ~n ~ppropr§~²e

ne²µor© ²opoªo¥· En³« ero¤ ¦§dden ª~·ersI n³« er o¤ ne³rons§n e~¡¦ ª~·erF ~nd ²o ªe~rn

²¦e µe§¥¦²s µI; ¤or e~¡¦ ne³ron ¤ro« ²¦e ¥§´en ²r~§n§n¥ s~«pªesK f¤ ~n oneJª~·er ^kk

¡ª~ss§¤§er µ§²¦ ~ s§n¥ªe ne³ron ~nd ¦~rd ª§«§²§n¥ ²¦res¦oªd ~¡²§´~²§on ¤³n¡²§on E~ s§«pªe

per¡ep²ron [Q6]F §s ³sedI ²¦en ~ ª§ne~r d§s¡r§«§n~n² ¤³n¡²§on§s re~ª§¸ed ~nd ²¦e res³ª²§n¥

de¡§s§on s³r¤~¡e §s ~ ¦·perpª~ne [32] On ²¦e o²¦er ¦~ndI ~ «³ª²§ª~·er ^kk µ§²¦ so¤²

ª§«§²§n¥ ²¦res¦oªd ~¡²§´~²§on ¤³n¡²§on ¡~n re~ª§¸e ~n ~r §²r~r§ª· ¡o«pªe¶ de¡§s§on s³r¤~¡e

[6I NTI 3MI 3NI 53]K ^ n³« er o¤ «e²¦odse¶§s² ²o ²r~§n ~n ^kk [NUI 3NI 32I QTI 52] q¦ese

²r~§n§n¥ «e²¦ods d§¤¤er §n ²¦e error ¤³n¡²§on ~nd §n ²¦e op²§«§¸~²§on ²e¡¦n§¯³eJ³sed ²o

de²eN«§ne ²¦e µe§¥¦²s §n ²¦e ne³r~ª ne²µor© ie² ·;  e ²¦e ~¡²³~ª o³²p³² ~nd M;  e ²¦e

des§red o³²p³² o¤ ²¦e §** ne³ron §n ²¦e o³²p³² ª~·er o¤ ^kkK q¦e «os² pop³ª~r eNroN

¤³n¡²§on §s ²¦e «e~n s¯³~re erroN ¤³n¡²§on de¤§ned ~s

n m

jpb = ve reª´§ = M53F = po E·s — MQ3F?I E2F
j=ª§=ª j=ª§=ª

µ¦ere n §s ²¦e n³« er o¤ ²r~§n§n¥ s~«pªesI p §s ²¦e n³« er o¤ ne³rons §n ²¦e o³²p³² ª~·erI

~nd eE F deno²es ²¦e error ¤³n¡²§on

q¦e ^kk¡ª~ss§¤§er ¡~n  e ~n~ª·¸ed ~s ~ spe¡§~ª ¡~se o¤ s²~²§s²§¡~ª p~²²ern ¡ª~ss§¤§ers

µ¦§¡¦ ~re “d~²~Jdr§´en”I §n ²¦e s~«e sp§²§² ~s m~r¸enJµ§ndoµ¡ª~ss§¤§ers ~nd hJkk¡ª~ss§J

¤§ers [U] f² §s µeªª ©noµn²¦~²I §n ~ ¤§n§²e ²r~§n§n¥ s~«pªe ¡~seI ²¦e e¶pe¡²ed ¡ª~ss§¤§¡~²§on

error b'm· o¤ ~ s²~²§s²§¡~ª p~²²ern ¡ª~ss§¤§er ¡~n §n¡re~se ~s n³« er o¤ ¤e~²³res ~re §nJ

¡re~sed d³e ²o ²¦e §n~¡¡³r~¡§es §n es²§«~²§n¥ ²¦e p~r~«e²ers o¤ ²¦e¡ª~ss§¤§er q¦e¤§n§²e

n³« er o¤ ²r~§n§n¥ s~«pªes ¡~³ses ²¦e ¤oªªoµ§n¥ pr~¡²§¡~ª d§¤¤§¡³ª²§es ~nd ¡ons²r~§n²s §n

des§¥n§n¥ ~ ¡ª~ss§¤§er [3I UI VI NVI 2NI 2QI 3TI Q2]:

N q¦e res³ s²§²³²§on error §~²e ¦~s ~n op²§«§s²§¡  §~sK

2 ^ pe~©§n¥ §n ¡ª~ss§¤§¡~²§on per¤or«~n¡e §s o¤²en o ser´ed ~s ²¦e n³« ero¤ ¤e~²³res

§n¡re~ses

3 ^ s§«pªe ¡ª~ss§¤§¡~²§on ~ª¥or§²¦« EeK¥KI ~ ª§ne~r d§s¡r§«§n~n² ¤³n¡²§onF «~· o³²perJ
¤or« ~ «ore ¡o«pªe¶ ¡ª~ss§¤§¡~²§on ~ª¥or§²¦« Ee ¥KI ~ ¯³~dr~²§¡ d§s¡r§«§n~n² ¤³n¡J

²§onFK =
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4 A nonp~°~«£²°§¡ ¢£¡§±§on °³ª£ «~· o³²p£°¤o°« ~ p~°~«£²¸§¡ ¢£¡§±§on °³ª£ £´£n §¤

²¦£ ~±±³«£¢ p~°~«£²°§¡ «o¢£ª§± ¡o°°£¡²

5K q¦£°£ §± ~n op²§«³« ´~ª³£ o¤ h §n ²¦£ hJkk ¢£¡§±§on °³ª£

SK q¦£ ¡¦o§¡£ o¤ µ§n¢oµ µ§¢²¦ §± ¡°§²§¡~ª §n ²¦£ p£°¤o°«~n¡£ o¤ ~ m~°¸£n µ§n¢oµ

¡ª~±±§¤§£°K

T fn ²¦£ ¡~±£ o¤ ³n£¯³~ª n³« £°±o¤ ²°~§n§n¥ ±~«pª£± p£° ¡ª~±±I ²¦£ ¢£¡§±§on  o³n¢~°·

«~· n££¢ ²o  £  ~ª~n¡£¢

t£ £ª§£´£ ²¦~² Akk ¡ª~±±§¤§£°± µ§ªª ~ª±o £n¡o³n²£° ±§«§ª~° ¢§¤¤§¡³ª²§£± ~n¢ ¡on±²°~§n²±

µ¦£n ²¦£ n³« £° o¤ ²°~§n§n¥ ±~«pª£± §± ±«~ªª q¦£ p³°po±£ o¤²¦§± p~p£° §± ²o ~n~ª·¸£

²¦£ ±«~ªª ±~«pª£ ±§¸£ £¤¤£¡²± ²¦~² o¡¡³° §n ²¦£ ¢£±§¥n o¤ Akk¡ª~±±§¤§£°±

fn p£¡²§on O µ£ p°£±£n² ±o«£ ©noµn °£±³ª²± ¡on¡£°n§n¥ ²¦£ §n¤ª³£n¡£ o¤ ²¦£ n³« £°
o¤ ²°~§n§n¥ ±~«pª£± on ²¦£ ~¡¡³°~¡· o¤ ±£´£°~ª µ£ªª ©noµn p~°~«£²°§¡ ~n¢ nonp~°~«£²°§¡

±²~²§±²§¡~ª ¡ª~±±§¤§£°±K q¦£±£ °£±³ª²± µ§ªª  £ ³±£¤³ª §n ~n~ª·¸§n¥ ±§«§ª~° ±«~ªª ±~«pª£ ±§¸£

£¤¤£¡²± ¤o° Akk ¡ª~±±§¤§£°±K fn p£¡²§on 3 µ£ ¢§±¡³±± ²¦£ ¡ª~±±§¤§¡~²§on ~¡¡³°~¡· ~n¢ ²°~§n§n¥

²§«£ o¤ Akk ¡ª~±±§¤§£°± p£¡²§on 4 ¢£~ª± µ§²¦ ²¦£ p°o ª£« o¤ £±²§«~²§n¥ ¡ª~±±§¤§¡~²§on

£°°o°K fn p£¡²§on± 5 ~n¢ SI µ£ ~n~ª·¸£ ²¦£ p£~©§n¥ p¦£no«£n~ µ¦§¡¦ ~°§±£± ¢³£ ²o ~n

§n¡°£~±£ §n ²¦£ n³« £°o¤ §np³²± ~n¢ ²¦£ n³« £° o¤ ¦§¢¢£n ª~·£° no¢£± §n «³ª²§ª~·£° Akk
¡ª~±±§¤§£°± p£¡²§on T ¡on±§±²± o¤ ¢§±¡³±±§onI ~n¢ ±³¥¥£±²§on± ¤o° ¤³²³°£ °£±£~°¡¦I

OK cfkfqb pAjmib mol_ibjpfk pqAqfpqf`Ai mAqqbok
ob`ldkfqflk

ln£ o¤ ²¦£ «o±² pop³ª~° ~n¢ ±§«pª£±² ±²~²§±²§¡~ª p~²²£°n ¡ª~±±§¤§£° §± ²¦£ c§±¦£° ª§n£~°

¢§±¡°§«§n~n² ¤³n¡²§on EiacF

¥E¶F p± µ§²; + toI E3F
²ª

µ¦£°£ O1IOI IO¯ ¢£no²£ ²¦£ ¢ ¤£~²³°£±I ~n¢ µoI µ§I K I µ~ ~°£ ¡on±²~n²±

co° ~ ²µoJ¡ª~±± p°o ª£«I §¤ ¥E¶F > 0 ²¦£n ²¦£ ¤£~²³°£ ´£¡²o° E#1I OOIKK IO~F? §±

~ªªo¡~²£¢ ²o ¡ª~±± T1I o²¦£°µ§±£ ²o ¡ª~±± ²¸ q¦£ ª§n£~° ¢§±¡°§«§n~n² ¤³n¡²§on ª§n£~°ª·

«~p± ²¦£ ²°~§n§n¥ p~²²£°n± ¤°o« £~¡¦ ¡ª~±± on ²¦£ °£~ª ª§n£ ¢£¤§n£¢  · ²¦£ µ£§¥¦² ´£¡²o°

µ EµoI t1ItOIKKKIµt~F’K c§±¦£° [11] ¡¦o±£ ²¦£ µ£§¥¦² ´£¡²o° ±³¡¦ ²¦~² ²¦£ «£~n ±¯³~°£¢
¢£´§~²§on o¤ ²¦£ p°oj£¡²£¢ ²°~§n§n¥ p~²²£°n± ~°o³n¢ ²¦£§° ¡ª~±± «£~n ´£¡²o°± Eµ§²¦§nJ

¡ª~±± ±¡~²²£°F §± «§n§«§¸£¢ µ§²¦ °£±p£¡² ²o ²¦£ ±£p~°~²§on  £²µ££n ²¦£ p°oj£¡²£¢ ¡ª~±±

«£~nK ´£¡²o°± E £²µ££nJ¡ª~±± ±¡~²²£°FK q¦£ µ£§¥¦²± o¤ ²¦§± iac ~°£ §¢£n²§¡~ª ²o ²¦o±£

o ²~§n£¢ ¤°o« ²¦£ pª³¥J§n ¢£¡§±§on °³ª£ ¤o° ²¦£ ¡~±£ o¤ ²µo d~³±±§~n ¡ª~±±J¡on¢§²§on~ª

¢£n±§²· ¤³n¡²§on± µ¦£n ²¦£ ³n©noµn «£~n ´£¡²o°± ~n¢ ²¦£ ¡o««on ¡o´~°§~n¡£ «~²°§¶

~°£ °£pª~¡£¢  · ²¦£§° «~¶§«³« ª§©£ª§¦oo¢ £±²§«~²£± q¦£ ±~«£ µ£§¥¦² ´£¡²o° ¡~n ~ª±o  £

o ²~§n£¢  · ²¦£ ª£~±²J«£~nJ±¯³~°£J£°²o° ~¢~p²~²§on ~ª¥o°§²¦« µ§²¦ ~n £¯³~ª n³« £°o¤
²°~§n§n¥ p~²²£°n± ¤°o«  o²¦ ¡ª~±±£± [14I OS] q¦£°£¤o°£I ²¦£ ª§n£~° ¢§±¡°§«§n~n² ¤³n¡²§on
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is, in fact, an one-la·e° ®e°ce®t°on t°aine¢  · t¦e stan¢a°¢ ¢elta °³le lea°nin¥ al¥o°it¦«

xQTz
q¦e e¶®ecte¢ ®°o a ilit· of «isclassification, bm·, of iac can  e µ°itten as,

bm· Z ³m¹¥E¸F Y lle «» H _m¹¥E¸F [ llO «», EQF

µ¦e°e ¥, an¢ ¯ a°e ®°io° ®°o a ilities of classes T, an¢ TO, °es®ecti´el· q¦e e¶®ecte¢

®°o a ilit· of «isclassification, bm·, of t¦e iac ¢e®en¢s on t¦e n³« e° of t°ainin¥

sa«®les ®e° class k, an¢ ko , ¢i«ensionalit· of t¦e feat³°e ´ecto° ¢, an¢ t¦e as·«®totic

®°o a ilit· of «isclassification, moo,

m³ Z ¨i«, _ms
ft is not eas· to o tain a si«®le anal·tic e¶®°ession fo° bm·, so oa³¢·s an¢ mi©elis xQ3z

®°o´i¢e¢ a ta le s¦oµin¥ t¦is ¢e®en¢encefo° ´a°io³s ´al³es of k, ¢, moo, an¢ t¦e ja¦a-

lano is ¢istance  etµeen t¦e tµo class-con¢itional ¢ensit· f³nctions, q¦e °elati´e inc°ease

in t¦e e¶®ecte¢ ®°o a ilit· of «isclassification Eb-m·LmKKF inc°eases µit¦ an inc°ease in

¢i«ensionalit· an¢ t¦e as·«®totic ®°o a ilit· of «isclassification, an¢ ¢ec°eases µit¦ an

inc°ease in t¦e n³« e°of t°ainin¥ sa«®lesK

mi©elis x3Rz co«®a°e¢ a n³« e° of as·«®totic e¶®ansions oft¦e e¶®ecte¢ ®°o a ilt·

of «isclassification fo° iac an¢ fo³n¢ t¦at aee´ s e¶®ansion xTz is t¦e «ost e¶actK fn t¦e

case of da³ssian class-con¢itional ¢ensit· f³nctions µit¦ a co««on co´a°iance «at°i¶,

t¦e secon¢ te°« on t¦e °i¥¦t ¦an¢ si¢e of b¯³ation EQF can  e co«®³te¢ as folloµs xTz

= ERFa¥

¹

pi p®ite H jeaa®sem¹¥E F [ 0x «»Z¢Q-R ,
O xk·tko-1 k· Hk¥tl E1 QK jaa a1F

kiHko-¢ kiHko kikO 6?

µ¦e°e k; is t¦e n³« e° of t°ainin¥ sa«®les f°o« class ;,¢EcF is ia®lace s ®°o a ilit·

inte¥°al an¢ 6? is t¦e s¯³a°e¢ ja¦alano is ¢istance, 6? Z E#1 — HOF*Ea — µeF q¦e

fi°st te°« in b¯³ation EQF

m¹¥E F Y 0x «» Z1— m¹¥E F [ 0 «»

can  e o taine¢ f°o« b¯³ation ERF  · inte°c¦an¥in¥ k; an¢ kO

b¯³ation ERF s¦oµs t¦at if ¢ [ Eki H ko — OF, ie µ¦en t¦e esti«ate¢ co´a°iance

«at°i¶  eco«es sin¥³la°, t¦e «isclassification e°°o° inc°eases eno°«o³sl· a³e to t¦e

nonlinea° nat³°e of t¦e ia®lace inte¥°al ¢EcF, t¦e te°« -

k;—k,\ E¢-1\_K a

µill inc°ease t¦e classification e°°o° µ¦en k, # k¸ q¦is ¢e¥°a¢ation in classification ®e°-

fo°«ance ¢³e to ³ne¯³al n³« e°sof t°ainin¥ sa«®les f°o« ¢iffe°ent classes is si¥nificant

µ¦en a ¯³a¢°atic ¢ic°i«inant f³nction is ³se¢ in ¦i¥¦ ¢i«ensional cases x38, QOz

fn t¦e stan¢a°¢ ¢elta lea°nin¥ °³le, t¦e µei¥¦ts µo, µi,K K, µa oft¦e linea° ¢isc°i«inant

f³nction a°e fo³n¢  · «ini«i¸in¥ t¦e «ean-s¯³a°e-e°°o° Eb¯³ationEOFF lt¦e°, «o°e

= =



  

3T

¡o«pª§¡~²£¢I ¡°§²£°§~ ¡~n ~ª±o  £ ³±£¢ [48I 49I 50]K co° £¶~«pª£I ~ «§n§«§¸~²§on o¤ ²¦£

«o¢³ª³± ¡°§²£°§onI

£E£F ª£ªI
0

§n ~ ±£¡on¢Jo°¢£° p£°¡£p²°on Eµ¦£°£ n£µ ¢£°§´£¢¤£~²³°£± §n´oª´§n¥ ¯³~¢°~²§¡ o° £¶pon£nJ

²§~ª ²£°«± ~°£ ³±£¢F ¡~n °£±³ª² §n ~n op²§«~ª _~·£± ¢£¡§±§on  o³n¢~°· [48]
fn «~n·ª£~°n§n¥ ~ª¥o°§²¦«±I ²¦£ µ£§¥¦²± µoI µ1IKK I µ¯ ~²£ ¡¦~n¥£¢ onª· µ¦£n ~ ²°~§nJ

§n¥ ´£¡²o° Xp §± §n¡o°°£¡²ª· ¡ª~±±§¤§£¢ E£°°o°J¡o1°£¡²§on ~ª¥o°§²¦«±FK co° £¶~«pª£I §n ²¦£

°£ª~¶~²§on ~ª¥o°§²¦« obiI

>

0I o²¦£° µ§±£I
¡*I µ¦£n_XI §± §n¡o°°£¡²ª· ¡ª~±±§¤§£¢I

£E¡F { ° E8F

~n¢ §n ²¦£ ¤§¶£¢ §n¡°£«£n² ~ª¥o°§²¦« cfX

j¡]I µ¦£n XI §± §n¡o°°£¡²ª· ¡ª~±±§¤§£¢I 9F

£E¡F 0I o²¦£° µ§±£ E

t¦£n ~n £«p§°§¡~ª p°o ~ §ª§²· o¤ «§±¡ª~±±§¤§¡~²§on §± «§n§«§¸£¢ ²¦£n µ£ ³±£ ~ ¦~°¢J

ª§«§²§n¥ ²¦°£±¦oª¢ ¤³n¡²§on

1I µ¦£n XI §± §n¡o°°£¡²ª· ¡ª~±±§¤§£¢I E10F

o²¦£°µ§±£K
?

+

p«§²¦ [49] ¢£°§´£¢ ²¦£ ¤oªªoµ§n¥ ~pp°o¶§«~²£ ¤o°«³ª~ ²o ¡~ª¡³ª~²£ ²¦£ £¶p£¡²£¢ p°o J

~ §ª§²· o¤ «§±¡ª~±±§¤§¡~²§on o¤ jpbI obi ~n¢ cfX ~¢~p²~²§on ~ª¥o°§²¦«± ¤o° ª§n£~° ¢§±J

¡°§«§n~n² ¤³n¡²§on±

l£ ¤o¢ 1 ~ ~ _bmo mOI + 5IEA® + _¢ 1FI E11F

µ¦£°£ p~°~«£²£°± A* ~n¢ _® ¢£p£n¢ on ²¦£ ²·p£I ~I o¤ ²¦£ £°°o° ¤³n¡²§on EjpbI obiI

cfXF ~n¢ on ²¦£ ~±·«p²o²§¡ p°o ~ §ª§²· o¤ «§±¡ª~±±§¤§¡~²§on E±££ q~ ª£ 1F `on±§¢£° ~

q~ ª£ 1: q¦£ ¡o£¤¤§¡§£n²± A ~n¢ _ §n b¯³~²§on E11F [49]
Aª¥o°§²¦« jpb obi cfX
S m¶ A _ A _ A _
1K0 0K309 0880 4400 088S K0441 015O 505

OK0 0K159 1O10 O4O0 1400 KOS10 19S0 31T

4K0 0K0O3 0540 K0ST5 K1S80 K18O0 O180 KO3O

 

 

¡ª~±±§¤§¡~²§on p°o ª£« ¤o° µ¦§¡¦ ²¦£ j~¦~ª~no §± ¢§±²~n¡£ S OI ¢§«£n±§on~ª§²· ¢ 10I ~n¢

²°~§n§n¥ ±~«pª£ ±§¸£ k k· kO O0 I ²¦£n b¯³~²§on E11F °£±³ª²± §n bm¥5* 0KO1S5
¤o° ²¦£ ±²~n¢~°¢ ¢£ª²~ °³ª£ µ§²¦ jpb¡°§²£°§on E²¦£ £¶~¡² ´~ª³£ ¤°o« m§©£ª§±’ ²~ ª£ [35]
§± 0KO19 ~n¢ a££´’± [T] «~§n ²£°« §n b¯³~²§on E5F ¥§´£± 0KO1T F; bm¥®" 0 OO1 ¤o°
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t¦e °ela¶ation e°°o° c°ite°ia Eb¯³ation E8FF, an¢ bmf Z 0 O3R fo° t¦e fi¶e¢ inc°e«ent

c°ite°ia Eb¯³ation E9FFK Wit¦ an inc°ease in t¦e ja¦alano is ¢istance 6 Eo1 a ¢ec°ease

in t¦e as·«®totic ®°o a ilit· of «isclassification m,K F, t¦e °ole of t°ainin¥ sa«®les in

¢ete°«inin¥ t¦e µei¥¦ts of t¦e linea° ¢isc°i«inant f³nction is ¢i«inis¦e¢ an¢,as a °es³lt,

t¦e ¢iffe°ences  etµeen t¦e e¶®ecte¢ e°°o°s bmjp®, bmHan¢ bm#!* inc°ease W¦en

one ³ses «ini«³« e«®i°icalclassification e°°o° c°ite°ia Eb¯³ation E10FF, t¦e classification

e°°o° is si¥nificantl· ¦i¥¦e° t¦an t¦at of t¦e classifie°s µ¦ic¦ ³se t¦e jpb, obi an¢ cf

c°ite°ia xR1z q¦e°efo°e, t¦e stan¢a°¢ ¢elta °³le µ¦e°e t¦e «ean-s¯³a°e-e°°o° c°ite°ion is

«ini«i¸e¢ is t¦e «ost ®°efe°a le lea°nin¥ °³le to ¢esi¥n Akkclassifie°s in te°«s of its

sensiti´it· to t¦e t°ainin¥ sa«®le si¸e

q¦e a o´e °es³lts conce°nin¥ t¦e linea° ¢iscti«inant f³nction an¢ t¦e «ean-s¯³a°e-

et°o° ¢elta a¢a®tation al¥o°it¦« a°e ´ali¢ µ¦en onl· a sin¥le-la·e° Akk ®e°fo°«s t¦e

classification, an¢ µ¦en a ¦a°¢-li«itin¥ t¦°es¦ol¢ acti´ation f³nction is ³se¢ in b¯³ation

E1FK W¦en one³sesa soft li«itin¥ acti´ation f³nction in a tµo-la·e° Akk, t¦en b¯³ation

E1F in fact ®e°fo°«sa feat³°e e¶t°action ®°oce¢³°e fn ot¦e° µo°¢s, t¦e o³t®³ts of t¦e ¦i¢-

¢en la·e° ¢efine a neµ feat³°e s®ace µ¦e°e si«®le classes can so«eti«es  e co«®a°ati´el·

easil· se®a°ate¢  · a¢¨³stin¥ t¦e µei¥¦ts of ne³°ons in t¦e o³t®³t la·e°

ft is µell ©noµn t¦at a «³lti-la·e° Akkclassifie° can fo°« co«®le¶ ¢ecision  o³n¢a°ies

si«ila° to non®a°a«et°ic ma°¸en µin¢oµ o° K-kea°est kei¥¦ o°classifie°s x1T, 30, 31z

q¦e°efo°e, a ©noµle¢¥e of t¦e sensiti´it· of t¦e non®a°a«et°ic statistical classifie°s to t¦e

finiteness of t¦e t°ainin¥ sa«®le si¸e can se°´e as a ¥³i¢e in t¦e anal·sis of «³lti-la·e°

Akkclassifie°s Unfo°t³natel·, ´e°· little is ©noµn a o³t t¦e  e¦a´io° of non®a°a«et°ic

statistical classifie°s in t¦e finite sa«®le case

oa³¢·s x38z o taine¢ so«e °es³lts  · «eans of si«³lation st³¢ies fo° non®a°a«et°ic

ma°¸en µin¢oµ classifie°sK q¦e classification ®°o le« in´ol´e¢ tµo «³lti´a°iate da³ssian

®o®³lations µit¦ i¢entit· co´a°iance «at°icesK He ³se¢ t¦e folloµin¥ µin¢oµ f³nction:

, q T

µ¦e°e » is t¦e µin¢oµ µi¢t¦, ; is a t°ainin¥ sa«®le, an¢ C is a constant

q¦e 1elati´e inc°ease in t¦e classification e°°o° Ebm·L moo F is ®°esente¢ in qa le O

fo° tµo ´al³es of t¦e s«oot¦in¥ ®a°a«ete: EA Z 0K1,0 8FK q¦e inc°ease in t¦e e°°o°

°ate of t¦e ma°¸en µin¢oµ classifie° to t¦e t°ainin¥ sa«®le si¸e ¢°o®s µ¦en t¦e ´al³e of

t¦e s«oot¦in¥ ®a°a«ete° inc°easesK W¦en \ - 0, a ma°¸en µin¢oµ classifie° µit¦ t¦e

da³ssian µin¢oµ f³nction ®e°fo°«s no “s«oot¦in¥” an¢ its ®e°fo°«ance  eco«essi«ila°

to an 1-kkclassification °³le q¦³s, ´al³es of « Z bm·Lmo ®°esente¢ fo° A Z 01 aie

®lacticall· t¦e ´al³es of « fo° t¦e 1-kk classifie° kote t¦at t¦e inc°ease in t¦e e°°o° °ate

of t¦e non®a°a«et°ic statistical ®atte°n classifie°s µit¦ an inc°ease in n³« e°offeat³°es

¢ is «o°e si¥nificant t¦an fo° ®a°a«et°ic jpb a¢a®tation °³le xQOz q¦e ¢ec°ease of

t¦e classification e°°o° µit¦ an inc°ease in t¦e t°ainin¥ sa«®le si¸e is also sloµe° fo°

non®ata«et°ic classifie°sK q¦e°efo°e, in o°¢e° to ¢esi¥n co«®le¶ ¢ecision  o³n¢a°ies in

a ¦i¥¦ ¢i«ensional feat³°e s®ace µit¦ t¦e ¦el® of non®a°a«et°icstatistical classifie°s, a

´e°· la°¥e n³« e° of t°ainin¥ sa«®les is °e¯³i°e¢K We s³s®ect t¦at in a tµo-cate¥o°·

case, t¦e co«®le¶ «³lti-la·e° ne³°al netµo°© classifie°s µill also ¦a´e si«ila°  e¦a´io°K =
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Table 2: The val³e±­¤ ²he °ela²§ve §¬¡°ea±e §¬ ²he e¶®e¡²e¢ ®°­bab§l§²· ­¤ «§±¡la±±§¤§¡a²§­¬

©Z bm·L m­­ ­¤ ma°¸e¬ µ§¬¢­µ¡la±±§¤§e° ¤­° ²µ­ da³±±§a¬ ¡la±±e± µ§²h ¡­««­¬ §¢e¬²§²·

¡­va°§a¬¡e «a²°§¡e± x3UzK
 

 
 

k ¢Z3 k ¢ZR k ¢ZU

m° MKN MKMN m·e MN MMN m°­ MN MKMN

S 2KRS QKSR S 2KRS QKSR S 2KRS QKSR
 

2 N9TLN9S 3R3L3RN 3 2NRL2N2 3RRL3RN R 22UL22S Q3MLQ2N
3 N9MLNUM 292L2US R N9ULN9Q 32QL3NR U 2N3L2MR 3QUL3QN
S NTULNSU 2SNL2RN NM NUTLNUM 3KMTL2UT NS N9RLN9M 3NUL3MU
NR NSQLNQS 232L2NU 2R iTNLNRU 2RSL2K3U QM N9NLNTS 3KT2L2QS
3M NKRMLN23 2NRLNTN RM NSSLNQQ 2NSLN9M UM NUQLNSR 22UL2KNM
NRM NK39LNKMS NKR3LNK2M 2RM NS2LNN2 NKUSLNK2T QMM NUNLN29 2NQLNKRQ
 

The ±ea°¡h ¤­° ²he a®®°­®°§a²e a§¡h§²e¡²³°e a¬¢ ²he µe§¥h²± ­¤ a¬ ^kk ¡la±±§¤§e° §± a¬

­®²§«§¸a²§­¬ ®°­ble« ¤­° a ¥§ve¬ e²°­° ¤³¬¡²§­¬K Th§± ­®²§«§¸a²§­¬ ®°­ble« §²±el¤ §¬ ¤a¡²

§¬v­lve± ±ele¡²§¬¥ a va°§a¬² ­¤ a¬ ^kk¡la±±§¤§e° a«­¬¥ a¬ §««e¬±e ¬³«be°­¤ all ®­±±§ble

^kk¡la±±§¤§e°± µ§²h a ¥§ve¬ a°¡h§²e¡²³°e oa³¢·± xQNI QQI QRz a¬al·¸e¢ a ®°­ble« µhe°e

²he be±² «­¢el ¬ee¢± ²­ be ±ele¡²e¢ ¤°­« a¬ §¬¤§¬§²e ¥e¬e°al ®­®³la²§­¬ EjF­¤ ²he «­¢el±K
ie² ²he 2 G «­¢el jX bj be ¡ha°a¡²e°§¸e¢ b· ±­«e val³e ­¤ ²he e°°­° ¤³¬¡²§­¬ mXI a¬¢

²he°e e¶§±²± a¬ e±²§«a²e mK ­¤ mI f² §± a±±³«e¢ ²ha² mII m­IKK a°e °a¬¢­« va°§able± µ§²h

a ¢e¬±§²· ¤³¬¡²§­¬ ¤EmF p§«§la°l·I ^I m·I a°e °a¬¢­« va°§able± µ§²h ²he ¡­¬¢§²§­¬al

¢e¬±§²· ¤³¬¡²§­¬ ¤EmIºmXF a³e ²­ §¬a¡¡³°a¡§e± §¬ ²he e±²§«a²e± mII m±I KI ²he ±ele¡²§­¬
­¤ ²he be±² «­¢el a¡¡­°¢§¬¥ ²­ ²he e±²§«a²e± mXI mIK °e±³l²± §¬ a¬ §¬¡°ea±e §¬ ²he val³e

­¤ ²he ²°³e e°°­° ¤³¬¡²§­¬ m§I·e ¡­«®a°e¢ µ§²h ²he val³e ­¤ ²he e°°­° m§¡a: §¬ a¬ §¢eal

±ele¡²§­¬ ®°­¡e¢³°e µh§¡h ³±e± ²he ²°³e val³e± mII m­I KK

f¬ Table 3 µe ®°e±e¬² e±²§«a²e± ­¤ ²he °ela²§ve «ea¬ §¬¡°ea±e §¬ ¡la±±§¤§¡a²§­¬ eN¸­°

éZ bm§³eLb m§aea² ­b²a§¬e¢ ¤­° a «a²he«a²§¡al «­¢el µhe¬ ²°³e ®°­bab§l§²§e± ­¤ «§±¡la±

±§¤§¡a²§­¬ m§I m2IK have a ¥e¬e°al§¸e¢ Be²a ¢§±²°§b³²§­¬ µ§²h ®a°a«e²e²± m°§¬I m«a¸IY Z

QMIT Z Q a¬¢ ²he be±² «­¢el§± ±ele¡²e¢ ¤°­« NM° «­¢el± °a¬¢­«l· ¡h­±e¬ ¤°­« ²he ¥e¬

e°al ®­®³la²§­¬ j xQNz Thee±²§«a²e± mII mII µe°e ­b²a§¬e¢ b· ³±§¬¥ ¬ ²e±² ±a«®le±I
µhe°e ¬mX §± B§¬­«§all· ¢§±²°§b³²e¢ µ§²h ®a°a«e²e°± mX a¬¢ ¬K Th§± «e²h­¢­l­¥· µa±
al±­ a®®l§e¢ ²­ ²he ®°­ble« ­¤ ±ele¡²§¬¥ ²he be±² ±³b±e² ­¤ ¤ea²³°e± xQRz

The ²he­°e²§¡al val³e± ­¤ ²he °ela²§ve §¬¡°ea±e §¬ ²he ¡la±±§¤§¡a²§­¬ e°°­° ¢³e ²­ a¬

§¬a¡¡³°a²e ±ele¡²§­¬ ­¤ ²he be±² «­¢el ®°­v§¢e ­¬l· ¥³§¢el§¬e± ¤­° °eal «­¢el ±ele¡²§­¬

²a±©±I The· ±h­µI h­µeve°I ²ha² µhe¬ ²he ±a«®le ±§¸e §± ±«allI ²he §¬¡°ea±e §¬ ²he ²°³e

¡la±±§¤§¡a²§­¬ e°°­° §± °a²he° ±§¥¬§¤§¡a¬² a¬¢ ²he°e §± ­¬l· a ±«all ¡ha¬¡e ²ha² a ¥­­¢

«­¢el µ§ll be ±ele¡²e¢K The ±a«e ¡­¬¡l³±§­¬ §± val§¢ ¤­° ²he ^kk ­®²§«§¸a²§­¬ ®°­ble«

The ®e°¤­°«a¬¡e ­¤ ²he ¡­«®le¶ «³l²§ la·e° ^kk ¡la±±§¤§e° ²°a§¬e¢ ­¬ a ±«all ¬³«be°

­¤ ±a«®le± µ§ll ¢§¤¤e° ±§¥¬§¤§¡a¬²l· ¤°­« ²ha² ­¤ ²he ^kk¡la±±§¤§e° §¢eall· ²°a§¬e¢ ­¬ a¬

a°b§²°a°§l· la°¥e ¬³«be° ­¤ ±a«®le±
U¬¤­°²³¬a²el·I ²he ab­ve ²he­°e²§¡al «­¢el ¢­e± ¬­² all­µ ³± ²­ eval³a²e ²he §¬¤l³

e¬¡e ­¤ ¢§«e¬±§­¬al§²·I ¬³«be° ­¤ h§¢¢e¬ la·e°±I a¬¢ ­²he° ®a°a«e²e°± µh§¡h ¢e¤§¬e ²he
a°¡h§²e¡²³°e ­¤ ^kk ¡la±±§¤§e°± Table 3 al±­ ±h­µ± ²ha² ²he °ela²§ve §¬¡°ea±e §¬ ²he ¡la±
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Table 3: The values of the relative increase in the classification error k Z bmiueLbmi¢eol

µhen ine¶act sa«®leJbase¢ esti«ates of the classification error x4Nz µere use¢ to select

the best «o¢elK
=

=

=

mrin ºm«a¶

k î0KOL0K3 0KNL0KO 0K03L0R 0K0NL0KN

OR O3 OKT 4R UKV

R0 OKN OKR 3U TN

N00 NKU OKO 3N RO

O00 NKR NU OK4 3U

R00 NK3 NKR iT OKS
=

sification error ¢ue to ine¶act sa«®leJbase¢ o®ti«i¸ation criterion ¢e®en¢s on the error

tate of the o®ti«i¸e¢ classifier mrin: then mrin is s«allI the relative increase is lar¥eK

The absolute value of the increase in the classification error is of the sa«e or¢er as the

stan¢ar¢ ¢eviation of the esti«ates mII mII K use¢ as the criterion to fin¢ the best µei¥hts

of an ^kkclassifier

3K Teb `i^ppfcf`^Tflk ^``ro^`v ^ka To^fkfkd Tfjb lc

^oTfcf`f^i kbro^i kbTtlohp

jultiJla·er neural netµork classifiers re®resent a µi¢e class of classification tulesK _·

chan¥in¥ the sha®e of activation function fEF in b¯uation ENFI an¢ the architecture of

the ^kkIone can obtainclassification al¥orith«s µith ¢ifferent ¢erive¢ featuresK

ft is ¥enerall· knoµn x3Nz that tra¢itional «ultiJla·er artificial neural netµork classiJ

fiers traine¢ b· the back ®ro®a¥ation al¥orith« re¯uire a ¥reat nu«ber of sµee®s of the

trainin¥ sa«®le ¢ata in or¢er to «ini«i¸e e«®iricalclassification error

cor a ¥iven ®attern reco¥nition ®roble« an¢ a ¥iven set of trainin¥ sa«®lesI the

co«®le¶it· of the ¢ecision re¥ion re¯uire¢ to obtain a ¥oo¢classification accurac· of the

trainin¥ sa«®les is fi¶e¢ ln the other han¢I an ^kk µith a lar¥e nu«ber of hi¢¢en

la·ers an¢ a lar¥e nu«ber of neurons in the hi¢¢en la·ers µill have «ore ¢e¥rees of

free¢o« an¢ µill re¯uire less accurate ¢eter«ination of the µei¥hts to achieve the ¢esire¢

classification accurac·K ThereforeI for a ¥iven set of trainin¥ sa«®lesI it µill be easie¶

to train a co«®le¶ neural netµork than a si«®le oneK This observation is su®®orte¢ b·

nu«erous e¶®eri«ental stu¢ies xOI NSI OUI 34I 4TzK fn an anal·sis of the ulo ®roble«

µith a tµoJla·er neural netµorkI ou«elhart et alK x4Tz ®ro®ose an e«®irical e¯uation to

¢eter«ine the nu«berI pI of ®resentations of trainin¥ sa«®les as a function of the nu«ber

e of the hi¢¢en no¢es:

p Z OU0 33 lo¥I eK EN3F

hun¥ an¢ eµan¥ xOUz ®resent a ¥ra®h of the conver¥ence ti«eEiKeKI nu«berof trainin¥

sµee®sF versus the nu«ber of hi¢¢en no¢es ®er la·er µhen various nu«bers of hi¢¢en

la·ers are use¢ There µere nZU ®airs of ran¢o«l· ¥enerate¢ NOJ¢i«ensionalin®ut an¢ =
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T ¢§«e¬±§­¬al ­³²®³² ²°a§¬§¬¥ ®a²²e°¬± The· ­b±e°ve¢ ²ha² a ¬e²µ­°© µ§²h «­°e h§¢¢e¬

¬­¢e± ®e° la·e° a¬¢ µ§²h «­°e la·e°± le¢ ²­ a ±«alle° ¬³«be° ­¤ ²°a§¬§¬¥ ±µee®±K The·

al±­ ¬­²e¢ a¬ ab°³®² °e¢³¡²§­¬ §¬ ²he ¬³«be°­¤ ²°a§¬§¬¥ ±µee®± a°­³¬¢ ¬ N h§¢¢e¬ ¬­¢e±

E¬ §± ²he ¬³«be° ­¤ ²°a§¬§¬¥ ®a²²e°¬±FK Th§± ­b±e°va²§­¬ a¥°ee± µ§²h a µell ©¬­µ¬ ¤a¡²

§¬ ±²a²§±²§¡al ®a²²e°¬ °e¡­¥¬§²§­¬ ²he­°·I ²ha² §¬ a ¢ ¢§«e¬±§­¬al ¡a±eI a h·®e°®la¬e ¡a¬
¢§±¡°§«§¬a²e ®e°¤e¡²l· a¬· ±e² ­¤ ¢+N ®­§¬²± µ§²h a°b§²°a°· ¡la±± label± xQzK The°e¤­°eI
µhe¬ ²he ¬³«be°­¤ h§¢¢e¬ ³¬§²± §± eq³al ²­ ¬ N ²he°e §± ¬­ ¬ee¢ ²­ a¢j³±² ²he µe§¥h²± ­¤

²he h§¢¢e¬ la·e° ³¬§²±! We °e®ea² ²he e¶®e°§«e¬² ­¬ ²µ­ la·e° ^kk ¡la±±§¤§e°± a¬¢ ±h­µ

²he °e±³l² §¬ F§¥³°e 2K
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F§¥³°e 2: The ¡­¬ve°¥e¬¡e ²§«e E§e I ¬³«be° ­¤ ²°a§¬§¬¥ ±µee®± p$F ve°±³± ²he ¬³«be°­¤

h§¢¢e¬ ¬­¢e± ®e° la·e° §¬ ²he ²µ­ la·e° ^kk ¡la±±§¤§e°±K

W§²h a¬ §¬¡°ea±e §¬ ²he ¬³«be° ­¤ ²°a§¬§¬¥ ±a«®le±I ²he ¡­«®le¶§²· ­¤ ²he ¢e¡§±§­¬

b­³¬¢a°§e± °eq³§°e¢ ¤­° ®e°¤e¡² ¢§±¡°§«§¬a²§­¬ ­¤ ²he ²°a§¬§¬¥ ±a«®le± §¬¡°ea±e± The°e

¤­°eI ²°a§¬§¬¥ ²§«e± a°e ²·®§¡all· l­¬¥e° µhe¬ ¡­«®le¶ ¢e¡§±§­¬ b­³¬¢a²§e± a°e °eq³§°e¢

a¬¢ µhe¬ ¬e²µ­°©± have «­°e h§¢¢e¬ la·e°±” x3Nz
We ®­§¬²e¢ ­³² §¬ pe¡²§­¬ 2I ²ha² §¬ ±ele¡²§¬¥ ²he be±² ¡la±±§¤§e° ­¬ ²he ba±§± ­¤ §¬

a¡¡³°a²e ±a«®le ba±e¢ e±²§«a²e± m°I maI KKI ²he ¢§¤¤e°e¬¡e be²µee¬ ²he ²°³e E²e±² ±a«®le

e±²§«a²eF ¡la±±§¤§¡a²§­¬ e°°­° ­¤ ²he be±²” ¡la±±§¤§e° a¬¢ ²he §¢eal ­¬e E­b²a§¬e¢ µhe¬
±ele¡²§­¬ §± ®e°¤­°«e¢ ­¬ ²he ba±§± ­¤ e¶a¡² val³e± mII mIIKK F ¢e¡°ea±e± µ§²h a¬ §¬¡°ea±e
§¬ ²he ¬³«be° ­¤ ²°a§¬§¬¥ ±a«®le± ³±e¢ ²­ ­b²a§¬ ²he e±²§«a²e± m·I maI K Be±§¢e± ²he

²°³e ¡la±±§¤§¡a²§­¬ e°°­° m·³_e a¬¢ ²he §¢eal ¡la±±§¤§¡a²§­¬ e°²­N m§¥e¥² §¬ ²he ±ele¡²§­¬ ®N­

¡e±±I ²he°e®a²± a¬ a®®a°e¬² e°°­° ma®®a°e¬²I §KeK ²he «§¬§«al val³e a«­¬¥ ²he e±²§«a²e±

mII m°I I m« Ehe°e « §± ²he ¬³«be°­¤¡la±±§¤§e°± ¡­«®a°e¢ e«®§°§¡all·FK The «ea¬ val³e
­¤ ²he a®®a°e¬² e²²­° EF'ma®®a°e¬²F §± le±± ²ha¬ ²ha² ­¤ ²he §¢eal e°°­° bm§¢ea§ The ¢§¤¤e°



4O

enceI Ecb mi¢eal bmau®®arentFs ¢ecreases µith an increase in the trainin¥ sa«®le si¸e use¢

to obtain esti«ates ^I m·KKK mn fn the best classifier selection ®roble«I µhile usin¥ the

ran¢o« o®ti«i¸ation search ®roce¢uieI the values of the trueI i¢ealI an¢ a®®arent errors

¢e®en¢ on the nu«ber «I ieI the si¸e of the set fro« µhich the “best” classifier is seJ

lecte¢ ^ll three error rates ¢ecrease µith an increase in «; the a®®arent error ¢ecteases

«ost ¯uickl·I an¢ the true error «ost sloµl· EseeI for e¶a«®leI curves in ci¥ure 3 obJ

taine¢ for the _etaJ_ino«ial¢istribution «o¢el ¢iscusse¢ in section OFK fn e¶®eri«ents

=

3
0

4

er
ro
r
ra
te

E%
F

= =
=

=

nu«berof classifiersI «

ci¥ure 3: The «ean values of the true error b'mrue ENINTFI i¢eal error bmsaeat EOF an¢

a®®arent error bima®®arent E3I3’F in best classifier selection versus nu«berI «I of classifiers

co«®ate¢ E_etaJ _ino«ial ¢istribution of Em;Im;F E4NFK

µith feature selectionI µhen the nu«ber « is sufficientl· lar¥eI the true error ceases to

¢ecreaseI an¢ «erel· oscillates x4Nz ThereforeI µith finite trainin¥ sa«®le si¸eI there is

no nee¢ to anal·¸e a ver· lar¥e nu«ber of classifiers if the· µere ran¢o«l· chosen fro«

the set of all ®ossible classifiers The sa«e conclusion can be ¢raµn for ^kk o®ti«i¸a

tion The o®ti«i¸ation itself is a selection of the best classifier fro« the infinitel· «an·

®ossible classifiers µith a ¥iven architecture pi«ulation stu¢ies confir« this theoretiJ

call· obtaine¢ conclusion fn ci¥ure 4I µe ®resent tµo such ®airs of ¥ra®hs obtaine¢ b·

«eans of si«ulation pi«ilar ¥ra®hs µere obtaine¢ b· le `un et al xRz µhile solvin¥ a

han¢µritten ¢i¥it reco¥nition ®roble« b· «eansof a 3Jla·er artificial neural netµorkK

ThereforeI in the ^kk trainin¥ ®roble«I an e¶cessive a«ount of o®ti«i¸ation of the

neural netµork µei¥hts is not necessar· if the trainin¥ sa«®le si¸e is s«all The o®tiJ

«al nu«ber of sµee®s re¯uire¢ to «ini«i¸e the true classification error Ethe test sa«®le

esti«ateF ¢e®en¢s on the nu«ber of trainin¥ sa«®lesK ft increases µith an increase in

sa«®le si¸e; hoµeverI theoreticall·Jbase¢ reco««en¢ations for trainin¥ effort re¯uire¢ in=
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c§¥³°£ 4: q°³£ £°°o° E1E_FI1E`FF ~n¢ ~pp~°£n² £°°o° EOE_FIOE`FF ´£°±³± n³« £° o¤ ±µ££p±
§n ²¦£  ~¡© p°op~¥~²§on ~ª¥o°§²¦« EH 4I¢ 1OIk 100I ²µo ±p¦£°§¡~ªª· d~³±±§~n

pop³ª~²§on± kE;I 1S?F 3 µ§ Eµ~I K I H§~F?; ¢~²~ ±£² _: µ§¥ EJ1F'/jIS? 1I1 1IO5T
1IK I¢; ¢~²~ ±£² `: ~ poI S? 4°J1IT 1IOF

p°~¡²§¡~ª p°o ª£«± ¢o no² ·£² £¶§±²K
q¦£ ~n~ª·±§± p°£±£n²£¢ ~ o´£ ±¦oµ±²¦~² §n±²£~¢ o¤ «§n§«§¸§n¥ ²¦£ ~pp~°£n² E²°~§n§n¥

±~«pª£F £°°o°I on£ ±¦o³ª¢ «§n§«§¸£ ²¦£ ²°³£ E²£±² ±~«pª£F £°°o°

4K bpqfjAqflk lc qHb `iAppfcf`Aqflk boolo

A n³« £° o¤ ²£¡¦n§¯³£± £¶§±² ²o £±²§«~²£ ²¦£ ¡ª~±±§¤§¡~²§on £°°o° §n ±²~²§±²§¡~ª p~²²£°n

°£¡o¥n§²§on [13I 15I O0]; f² §± µ£ªª ©noµn ²¦~² ²¦£ °£±³ ±²§²³²§on £±²§«~²£ §± op²§«§±²§¡~ªª·
 §~±£¢ U±£ o¤ ²¦£ °£±³ ±²§²³²§on «£²¦o¢ ²o £±²§«~²£ £°°o° °~²£ o¤ ~n Akk¡ª~±±§¤§£° §n

²¦£ ±«~ªª ²°~§n§n¥ ±~«pª£ ¡~±£ µ§ªª ~ª±o °£±³ª² §n ~  §~±£¢ £±²§«~²£ q¦£°£¤o°£I §n ~ ¤§n§²£

¢£±§¥n ±~«pª£ ¡~±£I ²¦£ ¦oª¢Jo³² «£²¦o¢ Eµ¦£°£ §n¢£p£n¢£n² ²£±² ±~«pª£± ~°£ ³±£¢ ²o

£±²§«~²£ ²¦£ ¡ª~±±§¤§¡~²§on £°°o°F §± p°£¤£°~ ª£K

a³²²~ ~n¢ p¦£©¦~° [10] p°£±£n² ²¦£ ¤oªªoµ§n¥ °£±³ ±²§²³²§on EmpF ~n¢ ¦oª¢Jo³² Em·F
£±²§«~²£±I o ²~§n£¢ ¤o° ~ ²¦°££Jª~·£° Akk ¡ª~±±§¤§£° µ§²¦ SJ ~n¢ 10J¢§«£n±§on~ª ¤£~²³°£
´£¡²o°± µ¦£n ²¦£ ²o²~ª n³« £° o¤ ²°~§n§n¥ ±~«pª£± ¤°o« 4 ¡ª~±±£± µ~± 30 ~n¢ ²¦£ ²£±²

±~«pª£ ±§¸£ µ~± 1T

m° 0KO0 ¤o° ¢ S ~n¢ mp 0K0TS ¤o° ¢ 10I
m° 0KO35 ¤o° ¢ S ~n¢ m· 0K1TS ¤o° ¢ 10
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Wenotice a si¥nificant ¢iffe°ence  etµeen m¶ an¢ m· in t¦e 10-¢i«ensional caseK q¦e

¢iffe°ence Em³ - m°F can se°´e as a c°ite°ion to e´al³ate t¦e s³fficienc· of t¦e t°ainin¥

sa«®le si¸eK q¦³s, fo° ¢Z6 µe can concl³¢e t¦at t¦e t°ainin¥ sa«®le si¸e is s³fficient,

since me Z 0O an¢ m° Z 0O3R, an¢ fo° ¢Z10 t¦e t°ainin¥ sa«®le si¸e is not s³fficient,

since m® Z 0 0T6 an¢ m°· Z 0K1T6K

ft is i«®o°tant to °e«e« e° t¦at t¦e esti«ates m· an¢ m· ate °an¢o« ´a°ia les q¦ei°

stan¢a°¢ ¢e´iations can  e a®®°o¶i«atel· e´al³ate¢  · t¦e folloµin¥ e¯³ation x1O, 36, 39»K

paEmKF Z bml bmKF E1QF

ke

µ¦e°e bK ¢enotes t¦e e¶®ection o®e°ato° an¢ n; is t¦e n³« e° of sa«®les ³se¢ to o tain

t¦e e°°o° esti«ate m, E¦e°e e Z oo¶ ffF

fn sol´in¥ ®°actical ®atte°n °eco¥nition ®°o le«s, a °esea°c¦e° nee¢s to select t¦e

“ est” classifie° an¢ e´al³ate its ®e°fo°«ance e«®i°icall·K b´en µ¦en in¢e®en¢ent test

sa«®les a°e ³se¢ to esti«ate t¦e classification e°°o° of t¦e  est, classifie°, t¦e °es³lt µill

still  e o®ti«isticall·  iase¢ xQ1, QQz; t¦e test sa«®les ta©e t¦e °ole of a¢¢itional t°ainin¥

sa«®les ff se´e°alclassifie°s a°e e´al³ate¢ an¢ co«®a°e¢, t¦en t¦e  ias «entione¢ a o´e

can  eco«esi¥nificant; t¦e  ias can e¶cee¢ t¦e stan¢a°¢ ¢e´iation Eb¯³ation E1QFF of t¦e

esti«ate m¨ ³se¢ to select t¦e  est ´e°sion xQRzK q¦e°efo°e, one ¦as to °e«e« e° t¦at in

e´al³ation of t¦e ®e°fo°«ance of t¦e Akk classifie°, an in¢e®en¢ent test sa«®le, ne´e°

³se¢  efo°e, s¦o³l¢  e ³se¢ to o tain an ³n iase¢ e°°o° °ate

R, mbAKfkd fk qHb CiAppfcfCAqflk mboclojAkCb WfqH

fkCobApb fk afjbkpflkAifqY

ft is µell ©noµn t¦at int°o¢³cin¥ a¢¢itional feat³°es ne´e° inc°eases t¦e classification

e°°o° of t¦e o®ti«al _a·es classifie° Hoµe´e°, in a finite t°ainin¥ sa«®le case, o° µ¦en

one ³ses an ina®®°o®°iate statistical «o¢elfo° t¦e °eal ¢ata, t¦e a¢¢ition of neµ feat³°es

can act³all· inc°ease t¦e classification e°°o°K q¦e a¢¢itional ¢isc°i«inato°· info°«ation

®°o´i¢e¢  · t¦e neµ feat³°esis o³tµei¥¦e¢  · t¦e inc°ease in t¦e inacc³°ac· of ®a°a«ete°

esti«ates nee¢e¢ in t¦e classification t³leK q¦³s a ®ea©in¥ ®¦eno«enonis o se°´e¢:

a¢¢ition of neµ feat³°es ¢ec°eases t¦e classification e°°o° at fi°st, t¦en t¦e e°°o° le´els

off, an¢  e¥ins to inc°ease x1, 8, 9, 19, OO, OQ, O9, 3T, Q0F q¦e ®ea©in¥ ®¦eno«enonis

also o se°´e¢ in t¦e ¢esi¥n of Akkclassifie°s A sin¥le linea° t¦°es¦ol¢ ele«ent t°aine¢

 · t¦e ¢elta °³le in a finite t°ainin¥ sa«®le case µill ¦a´e t¦e sa«e  e¦a´io³° as t¦e

stan¢a°¢ linea° ¢isc°i«inant f³nctionK fn t¦e latte° case, t¦e o®ti«al n³« e°of feat³°es,

¢o®t, is a f³nction of t¦e as·«®totic ®°o a ilit· of e°°o° moo, t¦e n³« e°of feat³°es ¢, an¢

t¦e t°ainin¥ sa«®le si¸e k EOOFK ff “ est” feat³°es E®°o´i¢in¥ t¦e «ost ¢isc°i«inato°·

info°«ationF a°e a¢¢e¢ fi°st an¢ t¦ese  est feat³°es a°e si¥nificantl·  ette° t¦an t¦e µo°st

ones, t¦en ¢o·: µill  e s«all fft¦e ¢isc°i«inato°· info°«ation ®°o´i¢e¢  · t¦e in¢i´i¢³al

feat³°es is a®®°o¶i«atel· e¯³al, o° if µe incl³¢e t¦e« in t¦e classifie° in a °an¢o« o°¢e°

t¦en ¢o®: & k —1 xOOz

=

==

=
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thenone uses a ®§e¡eµ§se l§near ¡lass§f§er µ§th H l§near hy®er®lanes, then the “effe¡J
t§´e” num er of tra§n§n¥ sam®les use¢ to ¢eterm§ne the µe§¥hts of ea¡h l§near  oun¢ary

se¥ment §s a®®ro¶§mately [23]

k* = k/H, EN5)

µhere k§s the num erof tra§n§n¥ sam®les ®er ¡lassK ^ tµoJlayer neural netµor© ¡lass§f§er

µ§th a har¢Jl§m§t§n¥ a¡t§´at§on fun¡t§on ¥§´es a ®§e¡eµ§seJl§near ¢e¡§s§on  oun¢aryK One

¡an, therefore, e¶®e¡t that µhen H§s small, the num erof o ser´at§ons use¢ to a¢just the
µe§¥hts of ea¡h h§¢¢en layer element µ§ll  e a®®ro¶§mately e¯ual to k* = k/H, µhere

H§s the num er of neurons§n the h§¢¢en layer

In F§¥ure 5 µe ®resent se´eral ¥ra®hs that §llustrate ®ea©§n¥ ®henomenaK ^ tµoJlayer

^kk¡lass§f§er µ§th H neurons §n the h§¢¢en layer µas tra§ne¢  y  a¡© ®ro®a¥at§on rule

µ§th a s§¥mo§¢al a¡t§´at§on fun¡t§on an¢ µas use¢ to ¡lass§fy tµo s®her§¡ally Gauss§an

®attern ¡lassesK ^ set of N000 §n¢e®en¢ent test sam®les µas use¢ to est§mate the error rate

of the ^kk¡lass§f§er Gra®hs µere o ta§ne¢  y a´era¥§n¥ the results of s§¶ty Monte Carlo

tr§als µ§th ¢§fferent tra§n§n¥ sam®lesets of f§¶e¢ s§ze an¢ ¢§fferent §n§t§al µe§¥htsK p§m§lar

results, µh§¡h ¢emonstrate the ®ea©§n¥ µ§th §n¡rease §n ¢§mens§onal§ty, µere o ta§ne¢  y
Kohonen et al [27] Gra®h B §n F§¥ure 5, o ta§ne¢ for a ¡ase µhere the ¢§s¡r§m§nat§n¥

®oµer of the features ¢ro®s ´ery sloµly µ§th the §n¡rease §n the num er of features, ¢oes

not e¶h§ §t the ®ea©§n¥ ®henomenon
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F§¥ure 5: E¶®e¡te¢ ®ro a §l§ty of m§s¡lass§f§¡at§on Emy ´ersus ¢§mens§onal§ty ¢ Eqµo

¡lasses of s®her§¡ally Gauss§an ¢ata kE;,N6?), u§ = Ef§, K,f§a); ¢ata set ^: 6; =
iay = EJN)'/7,2 = N,257 = N,K ,¢, H = 2; ¢ata set B: 6; = N, µy = E—JN)'/V7,
t=N,2 7 =N, ,¢, H = 2; ¢ata set C: µy = 2,6? = 4'JN,N = N,2, H = 8)



Q6

6K bccb`q Oc q b kUj_bo Oc kbUoOkpfk q b faabk i^vbo

Ok q b mbocOoj^k`b Oc ^kk `i^ppfcfbop

f² §s o ´§o³s ²¦~² ²¦e¡ª~ss§¤§¡~²§on error o¤ ~n §de~ªª· ²r ~§ned ne³r~ª ne²µor© ¡ª~ss§¤§er

¡~nno²  e §n¡re~sed  · §n²rod³¡§n¥ neµ ¦§dden ª~·er ne³r~ª eªe«en²sK t§²¦ ~n §n¡re~se

§n ²¦e n³« ero¤ ¦§ddenª~·er eªe«en²sI ²¦e ¡ª~ss§¤§¡~²§on error o¤ ²¦e §de~ªª· ²r~§ned ^kk

¡ª~ss§¤§erI mIKI µ§ªª ¤~ªª s¦~rpª· ~² ¤§rs²I ²¦en «ore sªoµª·I ~nd e´en²³~ªª·I ²¦e ~dd§²§on o¤

neµ eªe«en²sµ§ªª no² e¤¤e¡² mKK oµe´erI ¤or ¤§n§²e n³« er o¤ ²r~§n§n¥ s~«pªesI n³«er§¡~ª

e´~ª³~²§ons §nd§¡~²e ²¦e e¶§s²en¡e o¤ ²¦e pe~©§n¥ p¦eno«enon~s ²¦e n³« er o¤ ne³rons §n

²¦e ¦§dden ª~·er §n¡re~ses pe´er~ª ¥r~p¦s ²¦~² §ªª³s²r~²e ²¦e pe~©§n¥ p¦eno«enon µ¦§ªe

§n¡re~s§n¥ ²¦e n³« er o¤ ¦§dden ne³rons ¤or ²µo ¡ª~sses o¤ G~³ss§~n d~²~ ~re presen²ed

§n c§¥³re 6 h¦o²~n¸~d ~nd i³ [25] ²r~§ned ~ ²µoJª~·er ^kk ¡ª~ss§¤§er ²o re¡o¥n§¸e ²¦e

bn¥ª§s¦ ~ªp¦~ e² qr~§n§n¥ d~²~ ¡ons§s²ed o¤ d§¤¤eren²ª· pos§²§onedI s¡~ªedI ~nd or§en²ed

6Q ¶ 6Q  §n~r· §«~¥es o¤ e~¡¦ o¤ ²µen²· s§¶ bn¥ª§s¦ ¡¦~r~¡²ersI N2 §«~¥es per ¡¦~r~¡²erK

q¦e per¤or«~n¡e o¤ ²¦e ^kk ¡ª~ss§¤§er pe~©ed ~² ~ppro¶§«~²eª· 5M ne³rons E2% errorF §n

²¦e ¦§dden ª~·erI ~nd µ§²¦ ~n §n¡²e~se §n I s~²³r~²ed ~² ~n error r~²e o¤ 5%
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n³« ero¤ ¦§dden ³n§²sI

c§¥³§e 6: b¶pe¡²ed pro ~ §ª§²· o¤ «§s¡ª~ss§¤§¡~²§on £Km· ´ers³s ²¦e n³« ero¤ ne³rons §n

²¦e ¦§dden ª~·er Eq'µo¡ª~sses o¤ sp¦er§¡~ªª· G~³ss§~n pop³ª~²§onsI kEMIT Q°J?FI N = NI2I

n³« ero¤ ¤e~²³res d=UI ²r~§n§n¥ s~«pªe s§¸e k=NMI5MINMMF

TI afp`UppfOk

^r²§¤§¡§~ª ne³r~ª ne²µor© ¡ª~ss§¤§ers ¡~n  e ~n~ª·¸ed ~s ~ spe¡§~ª ¡ª~ss o¤ s²~²§s²§¡~ª

p~²²ern re¡o¥n§²§on ~ª¥or§²¦«s fn ²¦e ¡~se o¤ s«~ªª n³« er o¤ ²r~§n§n¥ s~«pªesI se´er~ª

³ne¶pe¡²ed ~nd ¡o³n²er§n²³§²§´e  e¦~´§or ¡~n so«e²§«es  e o ser´ed §n ²¦e des§¥n o¤ ²¦e

^kk¡ª~ss§¤§ers po«eo¤ ²¦ese ~re ª§s²ed  eªoµ =
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N In¡rease §n the true Etest sam®le) ¡lass§f§¡at§on error ¢ue to small s§ze of the tra§n§n¥
sam®les;

2K O®t§m§st§¡  §as §n the a®®arent Etra§n§n¥ sam®le) error rate;

3K In¡rease §n the num er of sµee®s re¯u§re¢ to m§n§m§ze the true an¢ a®®arent ¡lass§J

f§¡at§on error rates of the ^kk ¡lass§f§er µ§th an §n¡rease §n the num erof tra§n§n¥

sam®les;

4 ^n o®t§m§st§¡  §as §n the eNror rate of the  est ´ers§on of an ^kk¡lass§f§er sele¡te¢

from se´eral ¡om®et§n¥ mo¢els  ase¢ on small num er of test sam®les;

5K ^ ®ea©§n¥ §n ¡lass§f§¡at§on ®erforman¡e µ§th an §n¡rease §n the num er of features

an¢ the num er of neurons §n h§¢¢en layers of the ^kk ¡lass§f§erK

In s®§te of the e¶tens§´e ¢e´elo®ment of ^kk theory an¢ a®®l§¡at§ons, many §m®ortant

theoret§¡al ®ro lems are far from  e§n¥ sol´e¢, an¢ ´ery feµ ¯uant§tat§´e results are

a´a§la le qhere are se´eral small sam®le ®ro lems µh§¡h nee¢ to  e sol´e¢:

N qhe role of the sha®e of the nonl§near a¡t§´at§on fun¡t§on an¢ the num er of un§ts

§n the h§¢¢en layer on the sens§t§´§ty of tµoJlayer ^kk ¡lass§f§er to the f§n§teness of

the tra§n§n¥ sam®leK

2K De®en¢en¡e of the true Etest sam®le) error an¢ the a®®arent Etra§n§n¥ sam®le) error

on the tra§n§n¥ t§me Enum er of sµee®s) an¢ the ar¡h§te¡ture of the ^kk §n the
f§n§te tra§n§n¥ sam®le ¡aseK

3 Des§¥n§n¥ fast tra§n§n¥ al¥or§thms µh§¡h m§n§m§ze the true error §nstea¢ of m§n§J

m§z§n¥ the a®®arent errorK

4 ^ ®ro¡e¢ure to ¢eterm§ne the o®t§mal num er of neurons §n the h§¢¢en layer, §n

a¡¡or¢an¡e µ§th the tra§n§n¥ sam®le s§ze an¢ the ®ro lem ¡om®le¶§ty

^¡©noµle¢¥ements — J§an¡han¥ Mao ¡arr§e¢ out se´eral e¶®er§ments re®orte¢ §n

th§s ®a®er qhe f§rst author µoul¢ l§©e to a¡©noµle¢¥e the ´§s§t§n¥ s¡holarsh§® ®ro´§¢e¢

 y the De®artment of Com®uter p¡§en¡e, M§¡h§¥an ptate Un§´ers§tyK
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vKiK `³nI iKa J~¡©eª N G³·onI aK endersonI _K _oserI o b oµ~rdI JpK aen©erI

t ³  ~rdI ~nd m Gr~¤K ~ndµr§²²en d§¥§² re¡o¥n§²§on: ^ppª§¡~²§ons o¤ ne³r~ª

ne²µor© ¡¦§ps ~nd ~³²o«~²§¡ ªe~rn§n¥K fbbb `o««³n§¡~²§ons j~¥~¸§neI p~¥es QN—J

Q6I ko´ NVUVK

G `· en©oK ^ppro¶§«~²§on  · s³perpos§²§ons o¤ s§¥«o§d~ª ¤³n¡²§onK j~²¦e«~²§¡s

o¤ `on²roªI p§¥n~ªsI ~nd p·s²e«sI 2EQFI NVUV

^aK aee´K oepresen²~²§on o¤ s²~²§s²§¡s o¤ d§s¡r§«§n~n² ~n~ª·s§s ~nd ~s·«p²o²§¡

e¶p~ns§ons §n d§«ens§on~ª§²§es ¡o«p~²~ ªe µ§²¦ s~«pªe s§¸e oepor² o¤ ^¡~de«· o¤

p¡§en¡es o¤ ²¦e UppoI NV5Eko QF:T56JT62I NVTMK E§n o³ss§~nFK

a^ ae´§j´er ~nd JK h§²²erI m~²²ern oe¡o¥n§²§on: ^ p²~²§s²§¡~ª ^ppro~¡¦ t§ªe·I

kvI NVU3K

omt a³§n On ²¦e ^¡¡³r~¡· o¤ p²~²§s²§¡~ª m~²²ern oe¡o¥n§¸ers a³²¡¦ b¤¤§¡§en¡·

_³re~³I m§jn~¡©erI q¦e ke²¦erª~ndsI NVTU

p a³²²~ ~nd $ p¦e©¦~rK _ond r~²§n¥: ^ nonJ¡onser´~²§´e ~ppª§¡~²§on o¤ ne³r~ª

ne²µor©sI fn mro¡eK NVUU fbbb fn²K `on¤ on ke³r~ª ke²µor©sI p~¥es NNQQ3JNNQ5MI

p~n a§e¥oI `~ª§¤orn§~I J³ª· NVUUK

oK^ c§s¦erK q¦e ³se o¤ «³ª²§pªe «e~s³re«en²s §n ²~¶ono«§¡ pro ªe«sK ^nn o¤

b³¥en§¡sI TEkoK 2F:NTVJNUUI NV36

a K coªe· `ons§der~²§ons o¤ s~«pªe ~nd ¤e~²³re s§¸e fbbb qr~ns fn¤ q¦eor·I

fqJNUEko 5F:6NUJ626I NVT2
hK c³©³n~¥~K p²~²§s²§¡~ª m~²²ern oe¡o¥n§²§on fn qKvK vo³n¥ ~nd hpK c³I ed§J

²orsI ~nd oo© o¤ m~²²ern oe¡o¥n§²§on ~nd f«~¥e mro¡ess§n¥I p~¥es 3~32I keµ vor©:

^¡~de«§¡I NVU6K

m G~ªª§n~²§I $K q¦§r§~I ~nd cK co¥ªª«~n po³ª§eI j³ª²§ª~·er per¡ep²§ons ~nd d~²~

~n~ª·s§sK fn mro¡K NVUU fbbb fn² `on¤ on ke³r~ª ke²µor©sI p~¥es N3VNJN3VVI p~n

a§e¥oI `~ª§¤orn§~I J³ª· NVUU

aKJ ~ndI oe¡en² ~d´~n¡es §n eNror r~²e es²§«~²§on m~²²ern oe¡o¥n§²§on ie²²ersI

5:335J3Q6I NVU6K

J §¥~s¦§noI _KiK ae¥ree¤~ndI ~nd bJK mersonK k³«er§¡~ª ~n~ª·s§s ~nd ~d~p²~²§on

«e²¦od ¤or ªe~rn§n¥ r~²e o¤  ~¡© prop~¥~²§onK fn mro¡eed§n¥s o¤ fbbb [J`kk’VMI

p~¥es N62TJN63MK i~µren¡e brª ~³« ^sso¡§~²esI fn¡KI NVVM

t j ³~n¥ ~nd o mK i§pp«~nnK ke³r~ª ne² ~nd ²r~d§²§on~ª ¡ª~ss§¤§ers fn a ^nJ

dersonI ed§²orI ke³r~ª fn¤o mro¡ess§n¥ p·s² I p~¥es 3UTJ3V6K ^«er§¡~n fns²§²³²e o¤

m¦·s§¡sI keµ vor©I NVUU

^G f´~©¦~nen©o mer¡ep²rons h§je´I k~³©o´~ a³«©~I NVT5K

^h J~§n ~nd _K `¦~ndr~se©~r~n a§«ens§on~ª§²· ~nd s~«pªe s§¸e ¡ons§der~²§ons §n

p~²²ern re¡o¥n§²§on pr~¡²§¡eK fn mo hr§s¦n~§~¦ ~nd iKkK h~n~ªI ed§²orsI ~nd oo©

o¤ p²~²§s²§¡s 2I p~¥es U35JU55 kor²¦ oªª~ndI NVU2

^h J~§nI oK`K a³ esI ~nd ` `K `¦en _oo²s²r~p ²e¡¦n§¯³es ¤or error es²§«~²§on

fbbb qr~ns m~²²ern ^n~ª j~¡¦§ne fn²eªª I m^jfJVEVF:62UJ63MI NVUT

^hK J~§n ~nd jKa o~«~sµ~«§ `ª~ss§¤§er des§¥n µ§²¦ m~r¸en µ§ndoµsK fn bKpK

Geªse«~ ~nd ikI h~n~ªI ed§²orsI m~²²ern oe¡o¥n§²§on ~nd ^r²§¤§¡§~ª fn²eªªe¥en¡eI

p~¥es 2NNJ22UK bªse´§erI NVUUK =
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[22] ^K g~§¬ ~¬¢ td t~ªªe° l¬ ²¦e ­®²§«~ª ¬³« e° ­¤ ¤e~²³°e± §¬ ²¦e ¡ª~±±§¤§¡~²§­¬

­¤ «³ª²§´~°§~²e d~³±±§~¬ ¢~²~ m~²²e°¬ Re¡­¥¬§²§­¬I NMW S5J 7QI N97UK

[2 ] KK g³±©e´§¡§³± f¬´e±²§¥~²§­¬ ­¤ ²¦e ±e¬±§²§´§²· ­¤ ~ «§¬§«³« ¢§±²~¬¡e ®§e¡eµ§±e ª§¬e~°

¡ª~±±§¤§e° ²­ ²¦e ª§«§²~²§­¬ ­¤ ªe~°¬§¬¥ ±~«®ªe ±§¸eK f¬ p²~²§±²§¡~ª m°­ ªe«± ­¤ `­¬²°­ªI

f±±³e SNI ®~¥e± U9JN29K f¬±²K ­¤ M~²¦K ~¬¢ `·  m°e±±I s§ª¬§³±I N9U K

[2Q] L K~¬~ª ~¬¢ _ `¦~¬¢°~±e©~°~¬ l¬ ¢§«e¬±§­¬~ª§²· ~¬¢ ±~«®ªe ±§¸e §¬ ±²~²§±²§¡~ª

®~²²e°¬ °e¡­¥¬§²§­¬K m~²²e°¬ Re¡­¥¬§²§­¬I W2 UJ255I N97NK

E25F ^ K¦­²~¬¸~¢ ~¬¢ gK H L³ a§±²­°²§­¬ §¬´~°§~¬² ¡¦~°~¡²e° °e¡­¥¬§²§­¬  · ~ «³ª²§J
ª~·e° ®e°¡e®²°­¬ ~¬¢  ~¡©J®°­®~¥~²§­¬ ªe~°¬§¬¥ f¬ m°­¡I N9UU fbbb f¬² `­¬¤ ­¬

ke³°~ª ke²µ­°©±I ®~¥e± NS25JNS 2I p~¬ a§e¥­I `~ª§¤­°¬§~I g³ª· N9UUK

[2S] gKpK K­¤­°¢ ~¬¢ dKF d°­¬e° q¦e ³±e ­¤ ~¬ ~¢~®²§´e ²¦°e±¦­ª¢ eªe«e¬² ²­ ¢e±§¥¬ ~
ª§¬e~° ­®²§«~ª ®~²²e°¬ ¡ª~±±§¤§e°K fbbb q°~¬±I f¬¤ q¦e­°·I fqJN2WQ2J5MI N9SSK

[27] qK K­¦­¬e¬I dK _~°¬~I ~¬¢ R `¦°§±ªe· p²~²§±²§¡~ª ®~²²e°¬ °e¡­¥¬§²§­¬ µ§²¦ ¬e³°~ª

¬e²µ­°©±W _e¬¡¦«~°©§¬¥ ±²³¢§e± f¬ m°­¡ N9UU fbbb f¬² `­¬¤ ­¬ ke³°~ª ke²µ­°©±I

®~¥e± fSNJfSUI p~¬ a§e¥­I `~ª§¤­°¬§~I g³ª· N9UUK

E2UF pv K³¬¥ ~¬¢ gKk Hµ~¬¥K ^¬ ~ª¥e °~§¡ ®°­je¡²§­¬ ~¬~ª·±§± ¤­° ­®²§«~ª ¦§¢¢e¬

³¬§²± ±§¸e ~¬¢ ªe~°¬§¬¥ °~²e± §¬  ~¡© ®°­®~¥~²§­¬ ªe~°¬§¬¥ f¬ m°­¡e N9UU fbbb f¬²

`­¬¤ ­¬ ke³°~ª ke²µ­°©±I ®~¥e± N S JN 7MI p~¬ a§e¥­I `~ª§¤­°¬§~I g³ª· N9UU

[29] dKp L ­´ l¬ ²e®°e±e¬²~²§´e¬e±± ­¤ ²¦e ±~«®ªe ±§¸e µ¦§ªe ¡¦­­±§¬¥ ²¦e e¤¤e¡²§´e

«e~±³°e«e¬² ±·±²e« f¬ kKd Z~¥­°~§©­I e¢§²­°I `­«®³²§¬¥ p·±²e«± f±±³e 22I ®~¥e±

9J5U f¬±² ­¤ M~²¦ m°e±±I k­´­±§ §°±©I N9SS

[ M] R m L§®®«~¬¬K ^¬ §¬²°­¢³¡²§­¬ ²­ ¡­«®³²§¬¥ µ§²¦ ¬e³°~ª ¬e²±K [bbb ^ppm
M~¥~¸§¬eI Q E2FWQJ22I ^®° N9UUK

[ N] RK m L§®®«~¬¬ m~²²e°¬ ¡ª~±±§¤§¡~²§­¬ ³±§¬¥ ¬e³°~ª ¬e²µ­°©± fbbb `­««³¬§¡~²§­¬±

M~¥~¸§¬eI ®~¥e± Q7JSQI k­´K N9U9

[ 2] MK M§¬±©· ~¬¢ p m~®e°² me°¡e®²°­¬±W ^¬ §¬²°­¢³¡²§­¬ ²­ ¡­«®³²~²§­¬~ª ¥e­«e²°·

`~« °§¢¥eI M^WMfq m°e±±I N9S9K

E ] gR M­´eªª~¬ b°°­° ¤³¬¡²§­¬± ²­ §«®°­´e ¬­§±e °e±§±²~¬¡e ~¬¢ ¥e¬e°~ª§¸~²§­¬ §¬  ~¡©
®°­®~¥~²§­¬ ¬e²µ­°©± f¬ m°­¡ee¢§¬¥± ­¤ fbbb Lg`kk’9MI ®~¥e± N557JN5SM L~µ°e¬¡e

bxª ~³« ^±±­¡§~²e±I f¬¡ I N99M

[ Q] v k§±§©~µ~I HK K§²~I ~¬¢ ^K K~µ~«³°~ kk/fW ^ ¬e³°~ª ¬e²µ­°© µ¦§¡¦ ¢§´§¢e± ~¬¢
ªe~°¬± e¬´§°­¬«e¬²± f¬ m°­¡ee¢§¬¥± ­¤ fbbb fg`kk’9MI ®~¥e± NSUQJNSU7 L~µ°e¬¡e

b°ª ~³« ^±±­¡§~²e±I f¬¡ I N99MI

[ 5] sK m§©eª§±K `­«®~°§±­¬ ­¤ «e²¦­¢± ­¤ ¡­«®³²§¬¥ ²¦e ex®e¡²e¢ ¡ª~±±§¤§¡~²§­¬ e°°­°±
^³²­«~²§­¬ ~¬¢ Re«­²e `­¬²°­ªI Ek­K5FW59JS I N97SK E§¬ R³±±§~¬FK

E SF sK m§´­°§³¬~± ~¬¢ $K R~³¢·±K l¬ ²¦e ~¡¡³°~¡· ­¤ “ªe~°¬§¬¥J­¬eJ­³² e±²§«~²e”K f¬
p²~²e±²§¡~ª m°­ ªe«± ­¤ `­¬²°­ªI f±±³e 27I ®~¥e± 5 J7MK f¬±² ­¤ M~²¦K ~¬¢ `·  m°e±±I
s§ª¬§³±I N97UK E§¬ R³±±§~¬F

[ 7] pK R~³¢·± l¬ ²¦e ®°­ ªe«± ­¤ ±~«®ªe ±§¸e §¬ ®~²²e°¬ °e¡­¥¬§²§­¬ f¬ m°­¡ 2¬¢ ^ªªJ

U¬§­¬ `­¬¤ ­¬ p²~²e±²§¡~ª Me²¦­¢± §¬ ¡­¬²°­ª ²¦e­°·I ®~¥e± SQJS7I M­±¡­µW k~³©~I
N97M E§¬ R³±±§~¬F

[ U] pK R~³¢·±K p²~²§±²e¡~ª `ª~±±§¤§¡~²§­¬ §¬ ²¦e `~±e ­¤ b±±e¬²§~ªª· L§«§²e¢ p~«®ªe p§¸e
m¦a ²¦e±§±I f¬±² ­¤ M~²¦K ~¬¢ `· KIL§²¦³~¬§~¬ ^¡~¢ ­¤ p¡§I s§ª¬§³±I N977K E§¬
R³±±§~¬FK
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S o~u¢·±K `o«®~ri±on o¤ t¦e e±ti«~te± o¤ t¦e ®ro ~ ilit· o¤ «i±¡l~±±i¤i¡~tion fn

mro¡ Qt¦ fnt goint `on¤ m~ttern oe¡o¥nition, ®~¥e± OU0JOUO, h·oto, ko´K NVTUK

SK o~u¢·± aeter«in~tion o¤ o®ti«~l ¢i«en±ion~lit· in ±t~ti±ti¡~l ®~ttern re¡o¥nition

m~ttern oe¡o¥nition, NNWOS3JOT0, NVTV

S o~u¢·±K fn¤luen¡e o¤ ±~«®le ±i¸e on t¦e ~¡¡ur~¡· o¤ «o¢el ±ele¡tion in ®~ttern

re¡o¥nitionK fn St~ti±ti¡~l mro le«± o¤ `ontrol, f±±ue 50, ®~¥e± VJ30 fn±t o¤ M~t¦

~n¢ `·  mre±±, silniu±, NVUN Ein ou±±i~nF

S o~u¢·± ~n¢ ^ h g~in S«~ll ±~«®le±i¸e e¤¤e¡t± in ±t~ti±ti¡~l ®~ttern re¡o¥nitionW

oe¡o««en¢~tion± ¤or ®r~¡titioner±K qo ~®®e~r in f qr~n±, on m~ttern ^n~l

M~¡¦ine fntell , NVVNK

S o~u¢·± ~n¢ s mi©eli±K ln ¢i«en±ion~lit·, ±~«®le ±i¸e, ¡l~±±i¤i¡~tion error ~n¢

¡o«®lexit· o¤ ¡l~±±i¤i¡~tion ~l¥orit¦« in ®~ttern re¡o¥nition f_ qr~n±K m~ttern

^n~l M~¡¦ine fntellK, m^MfJOE3FWOQOJO5O, NVU0

SK o~u¢·± ~n¢ sK mi©eli± `olle¡ti´e ±ele¡tion o¤ t¦e  e±t ´er±ion o¤ ~ ®~ttern re¡o¥J

nition ±·±te«K m~ttern oe¡o¥nition ietter±, NWTJN3, NVUOK

S o~u¢·±, s mi©eli±, ~n¢ aK St~±~iti± ^n in¤luen¡e o¤ t¦e nu« er o¤initi~l ~n¢

¤in~l ¤e~ture±, ~n¢ ¡orrel~tion  etµeen t¦e« on t¦e ~¡¡ur~¡· o¤ ¤e~ture ±ele¡tion

fn St~ti±ti¡~l mro le«± o¤ `ontrol, f±±ue TQ fn±t o¤ M~t¦K ~n¢ `· K mre±±, silniu±,

NVUSK Ein ou±±i~nF

o oo±en l~tt mrin¡i®le± o¤ keuro¢·n~«i¡± keµ vor©, S®~rt~n _oo©±, NV5VK

a ou«el¦~rt,G einton, ~n¢ oKgK tilli~«± ie~rnin¥ intern~l re®re±ent~tion±

 · error ®ro®~¥~tionK fn a c K ou«el¦~rt ~n¢ gKi M¡`lell~n¢, e¢itor±, m~r~llel

ai±tri ute¢ mro¡e±±in¥ `~« ri¢¥e, M^WMfq mre±±, NVUSK

^G SeninK ^n~l·±i± o¤ o®ti«~lit· ¡riteri~ u±e¢ in ®~ttern re¡o¥nition ^´to«etri©~

ko 5, ko´o±i ir±©, ®~¥e± O0JO5, NVTN

ct S«it¦ S«~llJ±~«®le o®ti«~lit· o¤ ¢e±i¥n te¡¦nique± ¤or line~r ¡l~±±i¤ier± o¤

G~u±±i~n ®~ttern± f qr~n± fn¤ q¦eor·, fqJNUEko NFWNNUJNOS, NVTOK

v Z q±·®©inK ^¢~®t~tion,le~rnin¥ ~n¢ ±el¤Jle~rnin¥ in ~uto«~ti¡ ±·±te«± ^utoJ

«~ti¡ ~n¢ oe«ote `ontrolErSSo g F, EkoKNFWO3JSN, NVSS

sKk s~®ni©K ±ti«~tion o¤ ae®en¢en¡e±  ~±e¢ on «®iri¡~l a~t~ k~u©~ Mo±¡oµ,

NVTV, S®rin¥er kv, NVUO

_K ti¢roµ ~n¢ oK` tinter keur~l net± ¤or ~¢~®ti´e ¤ilterin¥ ~n¢ ~¢~®ti´e ®~ttern

re¡o¥nitionK f qr~n±, `o«®ut , ®~¥e± O5J3V, M~r¡¦ NVUUK

^ tiel~n¢ ~n¢ o iei¥¦ton Geo«etri¡ ~n~l·±i± o¤ neur~l netµor© ¡~®~ ilitie± fn

f f±t fnt'l `on¤ on keur~l ketµor©±, ®~¥e± NJ3U5, gune NVUT  



 

^°²§¤§¡§~ª ke³°~ª ke²µ­°©± ~¬¢ p²~²§±²§¡~ª m~²²e°¬ Re¡­¥¬§²§­¬

Qª¢ ~¬¢ keµ `­¬¬e¡²§­¬±

LKK pe²¦§ ~¬¢ ^K g~§¬ Eb¢§²­°±F ;
5N

© N99N bª±e´§e° p¡§e¬¡e m³ ª§±¦e°± _s ^ªª °§¥¦²± °e±e°´e¢

l¬ q°ee p²°³¡²³°e¢ `ª~±±§¤§e°±

p~³ª _K deª¤~¬¢ ~¬¢ b¢µ~°¢ gK aeª®

`­«®³²e° s§±§­¬ ~¬¢ f«~¥e m°­¡e±±§¬¥ L~ ­°~²­°·I p¡¦­­ª ­¤ bªe¡²°§¡~ª b¬¥§¬ee°§¬¥I m³°¢³e

U¬§´e°±§²·I te±² L~¤~·e²²eI f¬¢§~¬~ Q79M7

^ ±²°~¡²

`ª~±±§¤§¡~²§­¬ ²°ee± ¡­¬±²§²³²e ~¬ §«®­°²~¬² ~¬¢ §¬¡°e~±§¬¥ª· ®­®³ª~° ¤­°« ­¤
¦§e°~°¡¦§¡~ª ¡ª~±±§¤§e°±K te ¤§°±² ¢e±¡°§ e ~¬¢ ¡­«®~°e¡ª~±±§¤§¡~²§­¬ ²°ee± ~¬¢ ¤ee¢¤­°J

µ~°¢ ¬e³°~ª ¬e²µ­°© ¡ª~±±§¤§e°±K te ²¦e¬ ¤­¡³± ­¬ ²¦e ±®e¡§¤§¡ ®°­ ªe« ­¤ ­ ²~§¬§¬¥
²§¥¦²J±§¸e¢ ²°ee±I §KeKI ²ee± µ¦§¡¦ ¬e§²¦e° ³¬¢e°¤§² ¬­° ­´e°¤§² ²¦e ¢~²~K ^ ¬eµ e¤¤§¡§e¬²
§²e°~²§´e «e²¦­¢ §± ®°­®­±e¢ ²­ ¥°­µ ~¬¢ ®°³¬e ¡ª~±±§¤§¡~²§­¬ ²°ee±K q¦§± «e²¦­¢
¢§´§¢e± ²¦e ¢~²~ ±~«®ªe §¬²­ ²µ­ ±³ ±e²± ~¬¢ §²e°~²§´eª· ¥°­µ± ~ ²°ee µ§²¦ ­¬e ±³ ±e²
~¬¢ ®°³¬e± §² µ§²¦ ²¦e ­²¦e° ±³ ±e²I ±³¡¡e±±§´eª· §¬²e°¡¦~¬¥§¬¥ ²¦e °­ªe± ­¤ ²¦e ²µ­
±³ ±e²±K k³«e°§¡~ª °e±³ª²± ­¬ ~ µ~´e¤­°« Ne¡­¥¬§²§­¬ ®°­ ªe« ~°e ®°e±e¬²e¢K

NK fkqRlaU`qflk

q¦e ¥­~ª ­¤ ²¦§± ®~®e° §± ²­ ex~«§¬e ¡e°²~§¬ ®°­ ªe«± µ§²¦ ±­«e µeªªJ©¬­µ¬
«e²¦­¢± ­¤ ¡­¬±²°³¡²§¬¥ ¡ª~±±§¤§¡~²§­¬ ²°ee±I ~¬¢ ²­ ±³¥¥e±² ±­«e ¬eµ «e²¦­¢± µ¦§¡¦
­´e°¡­«e ²¦e±e ®°­ ªe«±K ^ª²¦­³¥¦ ²¦e ²­®§¡ ³¬¢e° ¡­¬±§¢e°~²§­¬ ¦e°e §± °e~ªª·
¡ª~±±§¤§¡~²§­¬ ²°ee±I §² §± ³±e¤³ª ²­ ¡­«®~°e ¡ª~±±§¤§¡~²§­¬ ²°ee± ~¬¢ ¤ee¢¤­°µ~°¢ ¬e³°~ª
¬e²µ­°© ¡ª~±±§¤§e°± E±­«e µ­°© ¦~± ~ª°e~¢·  ee¬ ¢­¬e ~ª­¬¥ ²¦e±e ª§¬e±; ±ee [N]I [N5]FK

_­²¦ ­¤ ²¦e±e «e²¦­¢­ª­¥§e± ~°e ¡³°°e¬²ª·  e§¬¥ ~®®ª§e¢ ²­ ¡­«®ªex ®~²²e°¬ °e¡­¥¬§J
²§­¬ ®°­ ªe«± ~¬¢  ­²¦ ~°e ~¡²§´e ~°e~± ­¤ °e±e~°¡¦K ^ ¡­«®~°§±­¬ ­¤ ¡ª~±±§¤§¡~²§­¬
²°ee± ~¬¢ ¬e³°~ª ¬e²µ­°© ¡ª~±±§¤§e°± ±³¥¥e±²± ¦­µ §² «§¥¦²  e ®­±±§ ªe ²­ ¡­« §¬e ²¦e
²µ­ «e²¦­¢­ª­¥§e± §¬ ±³¡¦ ~ µ~· ²¦~² ²¦e· ¡­«®ªe«e¬² e~¡¦ ­²¦e°± ¡~®~ §ª§²§e±K q¦e
¡ª~±±§¤§¡~²§­¬ ²°ee ¡­¬±²°³¡²§­¬ «e²¦­¢± ¢e±¡°§ e¢ §¬ ²¦§± ®~®e° ¡~¬  e ~®®ª§e¢ ²­ ²¦e
¢e±§¥¬ ­¤¡ª~±±§¤§¡~²§­¬ ²°ee± §¬ ¥e¬e°~ªI ~¬¢ ²­ ²¦e ¢e±§¥¬ ­¤¡ª~±±§¤§¡~²§­¬ ²°ee± µ¦§¡¦
~°e ³±e¢ §¬ ¡­« §¬~²§­¬ µ§²¦ ¬e³°~ª ¬e²µ­°©± §¬ ®~°²§¡³ª~°K f¬ ¤³°²¦e° µ­°©I µe
ex®ª­°e ²¦e ~®®ª§¡~²§­¬ ­¤ ²¦e±e ²°ee ¡­¬±²°³¡²§­¬ ~ª¥­°§²¦«± ²­ ¡ª~±±§¤§¡~²§­¬ ²°ee±
µ¦§¡¦ e«®ª­· ¬e³°~ª ¬e²µ­°© ¤e~²³°e ex²°~¡²§­¬ E±ee [7]FK

q¦§± °e±e~°¡¦ µ~± ®~°²§~ªª· ±³®®­°²e¢  · ²¦e t¦§°ª®­­ª F­³¬¢~²§­¬I ~¬¢  · ²¦e k~²§­¬~ª
p¡§e¬¡e F­³¬¢~²§­¬ ²¦°­³¥¦ ¥°~¬² k­ `aRJUUM MN7 ²­ ²¦e b¬¥§¬ee°§¬¥ Re±e~°¡¦ `e¬²e°
¤­° f¬²eªª§¥e¬² M~¬³¤~¡²³°§¬¥ p·±²e«±
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q¦e ®~ttern re¡o¥nition ®ro le« µe ¡on±i¢er in t¦i± ®~®er i± in t¦e ±t~ti±ti¡~l
¤r~«eµor©, een¡e µe ~re ¥i´en ~ ¢~t~ ±et µ¦i¡¦ ¡on±i±t± o¤ ~ r~n¢o« ±~«®le o¤
¤e~ture ´e¡tor± ~n¢ t¦eir ¡orre±®on¢in¥ ¡l~±± l~ el±K q¦e±e ¤e~ture± µere ®re±u«~ l·
i¢enti¤ie¢  ~±e¢ on ®ro le«J±®e¡i¤i¡ ©noµle¢¥e ~n¢ ex®lor~tor· ¢~t~ ~n~l·±i±K q¦e
®ro le« i± to ¢e±i¥n ~ ¡l~±±i¤ier µ¦i¡¦ ¦~± ~®®ro®ri~te ®re¢i¡ti´e or ¥ener~li¸~tion
¡~®~ ilit·, iKe, µ¦i¡¦ ¡~n ~¡¡ur~tel· ¡l~±±i¤· ±~«®le± not ~«on¥±t t¦e tr~inin¥ ¢~t~K
curt¦er«ore, t¦e ®ro le« i± ¡o«®letel· non®~r~«etri¡ ~± µe «~©e no ~±±u«®tion±
¡on¡ernin¥ t¦e n~ture o¤ t¦e un¢erl·in¥ ¡l~±± ¢i±tri ution±,

^ t·®i¡~l  in~r· ¢e¡i±ion tree ¤or¡l~±±i¤i¡~tion i± ±¦oµn in ci¥ure NK q¦e ¡ir¡ul~r
no¢e± ~re  in~r· ¢e¡i±ion no¢e± µ¦o±e tµo ¢e±¡en¢ent± ~re ¢eter«ine¢  · ~ t¦re±¦ol¢
q%} on ~ ±®e¡i¤ie¢ ¤e~ture ´~lue x·K q¦e ±qu~re no¢e± ~re ter«in~l no¢e± ~n¢ ~re
~±±i¥ne¢ ~ ¡l~±± l~ elK kote t¦~t t¦e ±~«e ¤e~ture «~· o¡¡ur in ¢i¤¤erent ®~rt± o¤ t¦e
tree ~±±o¡i~te¢ µit¦ ~ ¢i¤¤erent t¦re±¦ol¢K kote ~l±o t¦~t ~ ¤e~ture «~·  e ~ no¢eJ
¢e®en¢ent¤un¡tion Eline~r or nonline~rF o¤t¦e ori¥in~l ¤e~ture±; ¤olloµin¥ [Q] µe re¤er
to ±u¡¦ ¤un¡tion± ~± tr~n±¥ener~te¢ ¤e~ture±K t¦en ~n unl~ elle¢ ¤e~ture ´e¡tori± ±u J
«itte¢ ¤or ¡l~±±i¤i¡~tion, t¦e ´e¡tor i± ~±±i¥ne¢ t¦e ¡l~±± l~ el o¤ t¦e ter«in~l no¢eit
l~n¢± in, q¦e¡l~±±i¤i¡~tion ¡~®~ ilit· o¤ ~ tree ¡l~±±i¤ier ~ri±e± ¤ro« it± ~ ilit· to ®~rtiJ
tion t¦e ¤e~ture ±®~¡e into ¡o«®lex re¥ion±  · «~©in¥ ~ ±equen¡e o¤ ±i«®le ¢e¡i±ion±
~t e~¡¦ o¤it± no¢e±K
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ci¥ure NK

^

¡l~±±i¤i¡~tion tree ¤or ~ 5 ¢i«en±ion~l ¤e~ture ±®~¡e ~n¢ 3 ¡l~±±e±,  
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qhere ha´e  een many a®®roa¡hes to ¡onstru¡t§n¥ ¡lass§f§¡at§on trees
2]K£3N,E4],06],[8],[N NN,[N2],[N4],[N6],[N7N,N8]K Class§f§¡at§on trees are usually ¡onJ

stru¡te¢ to®J¢oµn, §K¢K, an a®®ro®r§ate feature an¢ threshol¢ are f§rst sele¡te¢ at the

root no¢e, an¢ then the ¢ata set §s ®ro®a¥ate¢ ¢oµn throu¥h the root no¢e an¢
a®®ro®r§ate features an¢ threshol¢s are sele¡te¢ at the no¢es at the se¡on¢ le´el of the

tree, an¢ so onK Class§f§¡at§on tree ¡onstru¡t§on §n´ol´es three ste®s: s®l§tt§n¥ no¢es
Esele¡t§n¥ features an¢ threshol¢s), ¢eterm§n§n¥ µh§¡h no¢es are term§nal no¢es, an¢

ass§¥n§n¥ Class la els to term§nal no¢esK koµ§t §s stra§¥htforµar¢ to ass§¥n ¡lass
la els to term§nal no¢es, an¢§t §s ¥enerally a¥ree¢ that fora f§¶e¢ set of features the
®erforman¡e of a ¡lass§f§¡at§on tree ¢oes not ´ary s§¥n§f§¡antly o´er a µ§¢e ran¥e of
reasona le s®l§tt§n¥ ¡r§ter§a E¡KfK [2])K Hen¡e there are really tµo fun¢amental ®ro J
lems §n ¡lass§f§¡at§on tree ¢es§¥n: e¶tra¡t§n¥ ¥oo¢ trans¥enerate¢ features an¢ sele¡tJ
§n¥ the r§¥htJs§ze¢ tree, t§th re¥ar¢ to trans¥enerate¢ features there are ¡erta§n tra¢eJ
offsK ^n a®®ro®r§ate ¡ho§¡e of trans¥enerate¢ features ¡an lea¢ to s§m®l§er trees µ§th
loµererror rates; hoµe´er, trans¥enerate¢ features ¡an also lea¢ to lar¥e §n¡reases§n
the ¡om®utat§on re¯u§re¢ to ¡onstru¡t the ¡lass§f§¡at§on tree, an¢ ¡an re¢u¡e or el§mJ

§nate the a §l§ty to §nter®ret a s®l§t at a no¢eK In ®re´§ous µor©, trans¥enerate¢ features
ha´e ty®§¡ally ¡ons§ste¢ of l§near ¡om §nat§ons ofthe or§¥§nal features [2],[4],[N6]K It
seems reasona le that un¢er ¡erta§n ¡on¢§t§ons trans¥enerate¢ features µh§¡h ¡ons§st

of nonl§near ¡om §nat§ons ofthe or§¥§nal features m§¥ht  e a®®ro®r§ateK t§th re¥ar¢
to r§¥htJs§ze¢ tree sele¡t§on, the §ssue here §s that trees that are too lar¥e or too small

¡an o´erf§t or un¢erf§t the ¢ata, res®e¡t§´elyK Early a®®roa¡hes to sele¡t§n¥ term§nal
no¢es µere  ase¢ on sto®®§n¥rules, eK¥K, un¢er s®e¡§f§e¢ ¡on¢§t§ons the re¡urs§´e ®arJ
t§t§on§n¥ §s s§m®ly halte¢K qhe ¢§ff§¡ulty µ§th su¡h a®®roa¡hes§s that ®art§t§on§n¥ §s
halte¢ too soon at ¡erta§n no¢es an¢ too late at othersK More re¡ent a®®roa¡hes to
sele¡t§n¥ term§nal no¢es §n´ol´e ¥roµ§n¥ a lar¥e tree µ§th ®ure term§nal no¢es E§KeK
term§nal no¢es µh§¡h ¡onta§n ¢ata sam®les from only a s§n¥le ¡lass) an¢ sele¡t§´ely
®run§n¥ §t u®µar¢s [2]K

pome a¢´anta¥es of¡lass§f§¡at§on trees are that they ha´e a form µh§¡h ¡an  e
¡om®a¡tly store¢; they eff§¡§ently ¡lass§fy neµ ¢ata; an¢ they ¢emonstrate ¥oo¢ ¥enJ
eral§zat§on ¡a®a §l§ty on a ´ar§ety of ®ro lemsK ^lso, the ¡onstru¡t§on ®ro¡e¢ure
§n¡lu¢es a meansof sele¡t§n¥ the r§¥htJs§ze¢ tree to a´o§¢ o´erf§tt§n¥ or un¢erf§tt§n¥
the ¢ataK pome ¢§sa¢´anta¥es of ¡lass§f§¡at§on trees are that for ¡erta§n ®ro lems the
use of only s§n¥le or l§near ¡om §nat§ons of features an¢ a ste®µ§se le´elJ yJle´el ¡onJ
stru¡t§on metho¢olo¥y ¡an  e myo®§¡ an¢ lea¢ to lar¥e trees an¢/or ®oor errorratesK
^lso, most a®®roa¡hes to ¡onstru¡t§n¥ ¡lass§f§¡at§on trees are nona¢a®t§´e, §KeK, the
ent§re ¢ata set of feature ´e¡tors an¢ the§r ¡lass la els must  e a´a§la le  efore ¡onJ
stru¡t§on  e¥§ns E ut see [3],[N8])K It µoul¢  e ¢es§ra le to ha´e a metho¢ for u®¢atJ

§n¥ trees as neµ ¢ata  e¡omesa´a§la le, ®oss§ ly §n realJt§meK

In ¡ontrast to a  §nary ¢e¡§s§on tree, a ty®§¡al mult§layer fee¢forµar¢ neural netJ
µor© §s shoµn §n F§¥ure 2K qhe netµor© ¡ons§sts of §nter¡onne¡te¢ §¢ent§¡al s§m®le
®lo¡ess§n¥ un§ts ¡alle¢ neurons Eµe ¢o not ¡all them no¢es here to a´o§¢ ¡onfus§on
µ§th no¢es of a tree)K ^n §n¢§´§¢ual neuron sums §ts µe§¥hte¢ §n®uts an¢ ®asses the
result throu¥h a threshol¢ un§tK In a mult§layer fee¢forµar¢ netµor© the neurons are
or¥an§ze¢ §nto layers µ§th no fee¢ a¡© or lateral ¡onne¡t§onsK iayers of neurons
µh§¡h are not §n the out®ut layer are ¡alle¢ h§¢¢en layersK qhe feature ´alues ¶, are
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²¦e §np³²s ²o ²¦e ne²µor©I ~nd ²¦e µe§¥¦²s ~nd ²¦res¦oªds µ; ~re ²¦e p~r~«e²ers µ¦§¡¦

~re ~dj³s²ed ´§~ ²r~§n§n¥K t¦en ~n ³nª~ eªªed ¤e~²³re ´e¡²or §s s³ «§²²ed ¤or

¡ª~ss§¤§¡~²§onI ²¦e ´e¡²or§s ~ss§¥ned ²¦e ¡ª~ss ª~ eª ¡orrespond§n¥ ²o ²¦e ª~r¥es² o³²p³²

´~ª³eK q¦e ¡ª~ss§¤§¡~²§on ¡~p~ §ª§²· o¤ ~ ¤eed¤orµ~rd ne² ~r§ses ¤ro« §²s ~ §ª§²· ²o

§«pªe«en² ¡o«pªe¶ «~pp§n¥s d³e²o§²s «³ª²§ª~·er s²r³¡²³re ~nd ²¦e ³se o¤ nonª§ne~r

²¦res¦oªd ¤³n¡²§onsEª§©e ²¦e s§¥«od~ªnonª§ne~r§²·FK

n‘V = NEitI¶IJ toF
³

=

=
=

=

~F ~n~nd:
—Jª

¤E¶F = s§¥nE¶F o· = N2U
N+~%*

¦~rd ª§«§²er s§¥«o§d

 F

=

c§¥³re 2 E~F ^ s§n¥ªe ne³ron ~nd so«e ²¦res¦oªd ¤³n¡²§ons; E F ~ ²µoJª~·er ¤eed

¤orµ~rd ne³r~ª ne²µor©K

q¦e «os² pop³ª~r ~ppro~¡¦ ²o «³ª²§ª~·er ¤eed¤orµ~rd ne²µor© ¡ª~ss§¤§ers §s ²o ¤§¶

²¦e s§¸e o¤²¦e ne²µor© E§KeI ²¦e n³« ero¤ ¦§dden ª~·ers ~nd ²¦e n³« ero¤ nodes per

ª~·erFI ~nd ²o ²r~§n ²¦e ne²µor© ³s§n¥ ²¦e soJ¡~ªªed  ~¡©prop~¥~²§on ~ª¥or§²¦« [NM]I

[N3]K _~¡©prop~¥~²§on §s ~ Es²o¡¦~s²§¡F ¥r~d§en² ~ª¥or§²¦« µ¦§¡¦ re¡³rs§´eª· ³pd~²es

²¦e µe§¥¦²s ~nd ²¦res¦oªds so ~s ²o «§n§«§¸e ²¦e «e~n s¯³~re error  e²µeen²¦e ²r³e

~nd des§red ne²µor© o³²p³²sK q¦ere ~re ²µo ¤³nd~«en²~ª pro ªe«s §n ²¦e des§¥n o¤

¤eed¤orµ~rd ne² ¡ª~ss§¤§ers: ¤§nd§n¥ e¤¤§¡§en² ~nd reª§~ ªe ²r~§n§n¥ ~ª¥or§²¦«sI ~nd

seªe¡²§n¥ ²¦e r§¥¦²Js§¸ed ne²K t§²¦ re¥~rd ²o ²r~§n§n¥ ~ª¥or§²¦«sI §²er~²§´e ~ª¥or§²¦«s

reª~²ed ²o  ~¡©prop~¥~²§on ¦~´e  een proposed ²o red³¡e ²¦e ²r~§n§n¥ ²§«e ~² ²¦e ¡os²

o¤ §n¡re~sed ¡o«pªe¶§²·K q¦ere ¦~s ~ªso  een rese~r¡¦ §n²o non§²er~²§´e ~ª¥or§²¦«s=
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µ¦§¡¦ ²°~n±¤o°« ²¦£ n£²µo°© ±²°³¡²³°£ ~n¢/o° ²¦£ §np³² ¢~²~K t§²¦ °£¥~°¢ ²o °§¥¦²J

±§¸£¢ n£² ±£ª£¡²§onI ²¦£ §±±³£ §± ²¦~² n£²± ²¦~² ~°£ ²oo ª~°¥£ o° ²oo ±«~ªª ¡~n o´£°¤§² o°

³n¢£°¤§² ²¦£ ¢~²~I °£±p£¡²§´£ª·K q¦£°£ ¦~±  ££n~ªo² o¤ °£±£~°¡¦ §n²o ²¦£ ¡~p~ §ª§²§£± o¤
¤££¢¤o°µ~°¢ n£²± ~± ²¦£· ¢£p£n¢ on ²¦£ n£²µo°©±§¸£I  ³² ¦£³°§±²§¡ ~pp°o~¡¦£± ~°£ ³±³J
~ªª· ³±£¢ ²o ±£ª£¡² ~ n£² ¤o° ~ p~°²§¡³ª~° p°o ª£« [9]K

po«£ ~¢´~n²~¥£± o¤ ¤££¢¤o°µ~°¢ n£³°~ª n£²µo°© ¡ª~±±§¤§£°± ~°£ ²¦~²I ª§©£
¡ª~±±§¤§¡~²§on ²°££±I ²¦£· ¦~´£ ±«~ªª «£«o°· °£¯³§°£«£n²±; ²¦£· ~ª±o £¤¤§¡§£n²ª· ¡ª~±J
±§¤· n£µ ¢~²~ ~n¢ ¢£«on±²°~²£ ¥oo¢ ¥£n£°~ª§¸~²§on ¡~p~ §ª§²·K Aª±oI ¤££¢¤o°µ~°¢ n£²±
¡~n  £ ²°~§n£¢  · §²£°~²§´£ ~ª¥o°§²¦«± ª§©£  ~¡©p°op~¥~²§on µ¦§¡¦ ~°£ ~¢~p²§´£I§K£KI
£~¡¦ ¤£~²³°£ ´£¡²o° ~n¢ ¡ª~±± ª~ £ª §± ±³¡¡£±±§´£ª· ³±£¢ ²o ³p¢~²£¢ µ£§¥¦²± ~n¢ ²¦°£±J

¦oª¢± §n ²¦£ n£²K po«£ ¢§±~¢´~n²~¥£± ~°£ ²¦£ £¶²°£«£ª· ªon¥ ²°~§n§n¥ ²§«£± ~n¢ ²¦£

po±±§ §ª§²· o¤ ²°~pp§n¥ §n ªo¡~ª «§n§«~K Aª±oI no ±·±²£«~²§¡ p°o¡£¢³°£ £¶§±²± ¤o°
±£ª£¡²§n¥ ²¦£ ±§¸£ o¤ ²¦£ n£²K c³°²¦£°«o°£I ²¦£±£ p°o ª£«±  £¡o«£ «o°£ ±£´£°£ ¤o°
ª~°¥£ ¡o«pª£¶ p°o ª£«±K

fn ´§£µ o¤ ²¦£ ¡¦~°~¡²£°§±²§¡± o¤ ²££ ~n¢ ¤££¢¤o°µ~°¢ n£³°~ª n£²µo°© ¡ª~±±§¤§£°± ~±
¢£±¡°§ £¢ ~ o´£I µ£ ±³¥¥£±² ²¦~² §² «§¥¦²  £ po±±§ ª£ ²o ¡o« §n£ ²¦£ ²µo «£²¦o¢oªoJ
¥§£± §n ±³¡¦ ~ µ~· ~± ²o §«p°o´£ ²¦£ p£°¤o°«~n¡£ o ²~§n~ ª£  · £§²¦£° ~ªon£K koµ
¤°o« ~ ¡£°²~§n po§n² o¤ ´§£µI ²¦£ ~¢´~n²~¥£± ~n¢ ¢§±~¢´~n²~¥£±o¤ ²¦£ ²°££ ~n¢ ¤££¢¤o°J
µ~°¢ n£² ¡ª~±±§¤§£°± ¡~n  £ ~±±o¡§~²£¢ µ§²¦ £§²¦£° ²oo «³¡¦ ±²°³¡²³°£ E§n ²¦£ ¡~±£ o¤²¦£
²°££F o° ²oo ª§²²ª£ ±²°³¡²³°£ E§n ²¦£ ¡~±£ o¤ ²¦£ n£²FK f¤²¦£ ²°££ ~n¢ ²¦£ n£² ¡o³ª¢  £ ¡o«J

 §n£¢ §n²o ~ ¡ª~±±§¤§£° µ¦§¡¦ ¦~¢ ±o«£ §n²£°«£¢§~²£ ¢£¥°££ o¤ ±²°³¡²³°£I ²¦£n p£°¦~p±
onª· ²¦£ ~¢´~n²~¥£±o¤ ²¦£ ²µo ~pp°o~¡¦£± «§¥¦² £ °£²~§n£¢K ln£ µ~·²o ¢o²¦§± §± ²o
³±£ ~ ¡ª~±±§¤§¡~²§on ²°££ µ¦§¡¦ ¦~± ~ ±«~ªª «³ª²§ª~·£° p£°¡£p²°on ~² £~¡¦ no¢£ ²o £¶²°~¡²
~ nonª§n£~° ²°~n±¥£n£°~²£¢ ¤£~²³°£K q¦£±£ ±«~ªª ¤££¢¤o°µ~°¢ n£²± µo³ª¢  £ o¤¤§¶£¢
±§¸£ µ§²¦ on£ ¦§¢¢£n ª~·£° ~n¢ ~ ±§n¥ª£ o³²p³² E¡o°°£±pon¢§n¥ ²o onª· ~  §n~°· ¢£¡§±§on
~² £~¡¦ no¢£FK _· ³±§n¥ ±³¡¦ n£²± ²¦£ p°o ª£«±o¤²°~§n§n¥ ²§«£I ªo¡~ª «§n§«~I ~n¢
±£ª£¡²§n¥ ²¦£ ±§¸£ o¤ ²¦£ n£² «§¥¦²  £ ¡on²°oªª£¢K A² ²¦£ ±~«£ ²§«£I ²¦£ n£²± ¡~n ¥£nJ
£°~²£ °§¡¦ nonª§n£~° ²°~n±¥£n£°~²£¢ ¤£~²³°£± po²£n²§~ªª· ª£~¢§n¥ ²o ±«~ªª£° ²°££± ~n¢
 £²²£° ¡ª~±±§¤§¡~²§on p£°¤o°«~n¡£K Aª±oI §² «§¥¦²  £ po±±§ ª£ ²o ¢£´£ªop ~n ~¢~p²§´£
´£°±§on o¤±³¡¦ ~ ¡ª~±±§¤§¡~²§on ²°££I ±§n¡£ ±o«£ ´£°±§on o¤ ²¦£  ~¡© p°op~¥~²§on ~ª¥oJ
°§²¦« ¡o³ª¢  £ ³±£¢²o ²°~§n ²¦£ n£²± ~² ²¦£ no¢£±o¤ ²¦£ ²°££K

q¦£ °£±² o¤ ²¦§± p~p£° ¢£´£ªop± ±o«£ n£µ «£²¦o¢± ¤o° ¥°oµ§n¥ ~n¢ p°³n§n¥
¡ª~±±§¤§¡~²§on ²°££±K q¦£ «£²¦o¢± ¢£±¡°§ £¢ ¦£°£ ~°£ ³±£¤³ª °£¥~°¢ª£±± o¤ µ¦~² ²·p£ o¤
²°~n±¥£n£°~²£¢ ¤£~²³°£± ~°£ ³±£¢ E§n¡ª³¢§n¥ nonª§n£~° ¤£~²³°£± ¥£n£°~²£¢  · ¤££¢¤o°J
µ~°¢ n£²± ~² ²¦£ no¢£± o¤²¦£ ²°££FK Hoµ£´£°I ¦£°£ µ£ onª· ¡on±§¢£°±pª§²± on ±§n¥ª£
¤£~²³°£ ¡oo°¢§n~²£±K fn [T] µ£ ¦~´£ £¶²£n¢£¢ ²¦£±£ «£²¦o¢± ²o §n¡o°po°~²£ ²°~n±¥£nJ

£°~²£¢ n£³°~ª n£²µo°© ¤£~²³°£ £¶²°~¡²§onI ~ªon¥ ²¦£ ª§n£± ¢£±¡°§ £¢ ~ o´£; µ£ °£«~°©

²¦~² ²¦£ °£±³ª²± §n ²£°«± o¤ ¢£¡°£~±£¢ ²°££ ±§¸£ ~n¢ §«p°o´£¢¡ª~±±§¤§¡~²§on p£°¤o°«~n¡£
~§£ ´£°· £n¡o³°~¥§n¥K

q¦£ ±²~°²§n¥ po§n² ¤o° o³° µo°© ~°£ ²µo °£ª~²£¢ «£²¦o¢± ¤o° ¥°oµ§n¥ ~n¢ p°³n§n¥
E~n¢ ~ª±o £±²§«~²§n¥ ²¦£ £°°o°°~²£F o¤ ¡ª~±±§¤§¡~²§on ²°££± ¤°o« [O]K fn ²¦£ ¤§°±² «£²¦o¢
²¦£ ¢~²~ ±£² §± ¢§´§¢£¢ §n²o §n¢£p£n¢£n²²°~§n§n¥ ~n¢²£±² ±£²±I ~n¢ ~ ª~°¥£ ²°££ µ§²¦ p³°£
²£°«§n~ª no¢£± §± ¥°oµn  ~±£¢ on ²¦£ ²°~§n§n¥ ±£²K q¦£n ~ p°³n£¢ ±³ ²°££ §± ±£ª£¡²£¢
 · «§n§«§¸§n¥ ~n £±²§«~²£ o¤ ²¦£ «§±¡ª~±±§¤§¡~²§on °~²£  ~±£¢ on ²¦£ ²£±² ±£² o´£° ~
p~°~«£²°§¡ ¤~«§ª· o¤ p°³n£¢ ±³ ²°££±K q¦£ ²£±² ±£² §± ~ª±o ³±£¢ ²o £±²§«~²£ ²¦£
«§±¡ª~±±§¤§¡~²§on °~²£ o¤²¦£ ±£ª£¡²£¢ ±³ ²°££K q¦§± «£²¦o¢ §± no² ¢£±§°~ ª£ ¤o° ±«~ªª
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¢ata sets  eca³se it onl· ³ses ®a°t of t¦e ¢ata to ¥°oµ t¦e t°ee an¢ ®a°t of t¦e ¢ata to

®°³ne itK fn t¦e secon¢ «et¦o¢a la°¥e t°ee µit¦ ®³°e te°«inal no¢esis ¥°oµn  ase¢ on

t¦e enti°e ¢ata setK q¦en a ®°³ne¢ s³ t°eeis selecte¢  · «ini«i¸in¥ a c°oss ´ali¢ation

esti«ate of t¦e «isclassification °ate o´e° a ®a°a«et°ic fa«il· of ®°³ne¢ s³ t°ees,

q¦ese «et¦o¢s a°e  ase¢ on an efficient ®°³nin¥ al¥o°it¦« µ¦ic¦ ¥ene°ates t¦e

®a°a«et°ic fa«il· of ®°³ne¢ s³ t°eesK q¦ese «et¦o¢s ¦a´e  een inco°®o°ate¢ into a

®°o¥°a« ©noµn as CAoqEClassification An¢ oe¥°ession q°eesF µ¦ic¦ ¦as ac¦ie´e¢

µi¢e-s®°ea¢ ®o®³la°it·K

q¦e°e a°e so«e si¥nificant ®°o le«s µit¦ t¦e CAoq «et¦o¢s of ¥°oµin¥ an¢

®°³nin¥classification t°eesK q¦e «ost se°io³s ®°o le« µit¦ t¦e CAoq «et¦o¢sis t¦at

a ®°³ne¢ s³ t°ee is selecte¢  · «ini«i¸in¥ o´e° a ®a°a«et°ic fa«il· of ®°³ne¢ s³ -

t°ees, an¢ t¦is ®a°a«et°ic fa«il· «a· not incl³¢e t¦e o®ti«al Eo° e´en a ¥oo¢F ®°³ne¢

s³ t°ee, co° °easons µ¦ic¦ µill  eco«eclea° in t¦e se¯³el, µe  elie´e t¦is is li©el· to

 e t¦e case fo° ¢iffic³lt classification ®°o le«s µ¦ic¦ °e¯³i°e la°¥e t°ees to a®®°o¶i-

«ate co«®le¶ ¢ecision °e¥ionsK A f³°t¦e° ®°o le« µit¦ t¦e CAoqc°oss ´ali¢ation

«et¦o¢ is t¦at it can  e ´e°· e¶®ensi´e co«®³tationall· as it °e¯³i°es t¦e ¥°oµin¥ an¢

®°³nin¥ of a³¶ilia°· t°eesK _ase¢ on t¦ese ®°o le«s µe ®°o®ose tµo neµ «et¦o¢sfo°

¥°oµin¥ an¢ ®°³nin¥ classification t°eesK

fn t¦e fi°st ®°o®ose¢ «et¦o¢t¦e¢ata setis ¢i´i¢e¢ into in¢e®en¢ent t°ainin¥ an¢

test sets, an¢ a la°¥e t°ee µit¦ ®³°e te°«inal no¢es is ¥°oµn  ase¢ on t¦e t°ainin¥ setK

q¦en a ®°³ne¢ s³ t°ee is selecte¢  · «ini«i¸in¥ an esti«ate of t¦e «isclassification

°ate  ase¢ on t¦etest set o´e° all ®°³ne¢ s³ t°eesK q¦etest set is also ³se¢ to esti«ate

t¦e «isclassification °ate of t¦e selecte¢ s³ t°eeK A¥ain, t¦is «et¦o¢is not ¢esi°a le

fo° s«all ¢ata sets  eca³seit onl· ³ses ®a°t of t¦e ¢ata to ¥°oµ t¦e t°ee an¢ ®a°t oft¦e

¢ata to ®°³ne itK fn t¦e secon¢ ®°o®ose¢ «et¦o¢, t¦e fi°st «et¦o¢ is ite°ate¢, alte°-

natel· ³sin¥ t¦e test Et°ainin¥F set to ¥°oµ a t°ee off of t¦e te°«inal no¢es oft¦e ®°e´i-

o³sl· selecte¢ ®°³ne¢ s³ t°ee, an¢ t¦e t°ainin¥ EtestF set to select a neµ ®°³ne¢ s³ t°ee,

ft can  e s¦oµnt¦at t¦is ite°ati´e «et¦o¢ con´e°¥esK q¦ese «et¦o¢s a°e  ase¢ on an

efficient ®°³nin¥ al¥o°it¦« µ¦ic¦ ¥ene°ates a ®a°tic³la° ®°³ne¢ s³ t°eeK

_eca³se t¦e ®°o®ose¢ «et¦o¢sselect a ®°³ne¢ s³ t°ee  · «ini«i¸in¥ o´e° all

®°³ne¢ s³ t°ees, as o®®ose¢to t¦e CAoq «et¦o¢s µ¦ic¦ select a ®°³ne¢ s³ t°ee  ·

onl· «ini«i¸in¥ o´e° a ®a°a«et°ic fa«il· of ®°³ne¢ s³ t°ees, µe e¶®ect t¦e« to ®e°-

fo°«  ette°, iKeK, ¦a´e a loµe° «isclassification tateK fn a¢¢ition, e¶a«ination of t¦e

´a°io³s «et¦o¢ss³¥¥ests t¦at t¦e ®°o®ose¢ «et¦o¢s s¦o³l¢ °e¯³i°e «³c¦ less co«®³-

tation t¦an t¦e CAoq «et¦o¢sK Wet°· t¦e ´a°io³s «et¦o¢s on a µa´efo°« °eco¥ni-

tion ®°o le« f°o« xOz, µ¦ic¦is a ¢iffic³lt ®°o le« fo° classification t°eesK q¦e °es³lts

s¦oµ t¦at fo° t¦is ®°o le« t¦e ®°o®ose¢ «et¦o¢s¢oinfact ®e°fo°«  ette° an¢ °e¯³i°e

less co«®³tation t¦an CAoqK

q¦e ®a®e°is o°¥ani¸e¢ as folloµsK fn pection O µe ¢e´elo® notation fo° ¢ecision

°³les an¢ classification t°eesK fn pection 3 µe °e´ieµ t¦e CAoq «et¦o¢olo¥ies fo°

¥°oµin¥ an¢ ®°³nin¥ classification t°ees, ®°o®ose neµ «et¦o¢olo¥ies fo° ¥°oµin¥ an¢

®°³nin¥classification t°ees, an¢ co«®a°e t¦e«K fn pection Q µe e¶a«ine an¢ co«®a°e

t¦e o®ti«al ®°³nin¥ al¥o°it¦«s µ¦ic¦ a°e ³se¢ in CAoq an¢ o³° ®°o®ose¢ «et¦o¢sK

fn pection R µe ¥i´e n³«e°ical °es³lts fo° t¦e ´a°io³s «et¦o¢s on a µa´efo°« °eco¥:

nition ®°o le«K =
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9I ab`fpflk oUibp Aka `iAppfcf`Aqflk qobbp

i£² EXIYF  £ jo§n²ª· ¢§±²°§ ³²£¢ °~n¢o« ´~°§~ ª£± µ§²¦ X ²~©§n¥ ´~ª³£± §n fo4 ~n¢
Y ²~©§n¥ ´~ª³£± §n ²¦£ §n²£¥£°± E1IKKKIJ}K X §± ~ p~²²£°n o°¤£~²³°£ ´£¡²o° ~n¢ ²¦£ ¡o«J

pon£n²± o¤ X ~°£ ¤£~²³°£±I ~n¢ Y §± ²¦£ ~±±o¡§~²£¢ ¡ª~±± ª~ £ªK q¦£ p°o ª£« §± ²o £±²§J

«~²£ Y  ~±£¢ on o ±£°´§n¥ XK fn o°¢£°²o ¢o ²¦§± µ£ ±¦~ªª ~±±³«£ ²¦~² ~ °~n¢o« ±~«J
pª£ il± EX¶IYnFI n 1IKKK Ik} o¤ ¤£~²³°£ ´£¡²o°± ~n¢ ²¦£§° ~±±o¡§~²£¢ ¡ª~±±

ª~ £ª± ~°£ ~´~§ª~ ª£K H£°£ ²¦£ EX¶I »YnF’± ~°£ §n¢£p£n¢£n² §¢£n²§¡~ªª· ¢§±²°§ ³²£¢ °~nJ

¢o« ´~°§~ ª£±I §n¢£p£n¢£n²o¤ ~n¢ ¢§±²°§ ³²£¢ ª§©£ EXIYFK i© µ§ªª  £ ¡~ªª£¢ ²¦£ ¢~²~
±£²K H£n¡£ ²¦£ p°o ª£« §± ²o £±²§«~²£ Y  ~±£¢ on o ±£°´§n¥ XI ¥§´£n ©noµª£¢¥£ o¤
i©

A ¢£¡§±§on °³ª£ §± ~ ¤³n¡²§on ¢E*F µ¦§¡¦ «~p± fo¢ §n²o {1IKKKIJ}K t¦£n ²¦£
¤£~²³°£ ´£¡²o° X §± o ±£°´£¢ ²¦£ £±²§«~²£¢ ¡ª~±± §± ¢EXFK p³ppo±£ ~ ¢£¡§±§on °³ª£ §±

²o  £ ¡on±²°³¡²£¢  ~±£¢ on iY¡i ©FK ~n¢ ²o  £ £´~ª³~²£¢  ~±£¢ on i™¡i©I fn ²¦§±

¡~±£ i® ~n¢ i®µ§ªª  £ ¡~ªª£¢ ²¦£ ²°~§n§n¥ ~n¢ ²£±² ±£²±I °£±p£¡²§´£ª·K q¦£ ²°³£

«§±¡ª~±±§¤§¡~²§on °~²£ o¤¢§± J

o’E¢F mE¢EXF # YF

i£²i`iI q¦£ £±²§«~²£¢ «§±¡ª~±±§¤§¡~²§on °~²£ o¤ ¢  ~±£¢ on i §±

otF ±5I

µ¦£°£ j §± ²¦£ n³« £° o¤ ±~«pª£± §n i ±³¡¦ ²¦~² ¢E¶F #YII ~n¢ k §± ²¦£ ²o²~ª

n³« £° o¤ ±~«pª£± §n iK t¦£n i i®I oE¢F§± ~ ²°~§n§n¥ ±~«pª£ £±²§«~²£ o¤ o E¢FI
~n¢ µ¦£n i i®FI oE¢F §± ~ ²£±² ±~«pª£ £±²§«~²£ o¤ o E¢FK i£² o¥ ¢£no²£ ²¦£
E«§n§«³«F _~·£± «§±¡ª~±±§¤§¡~²§on °~²£K

t£ °§£¤ª· ¢£±¡°§ £ ±o«£ n£¡£±±~°· ²£°«§noªo¥· ¤o° ¢§±¡³±±§n¥ ²°££± E±££ [O] ¤o°
«o°£ ¢£²~§ªFI A ²°££ §± ~ ¤§n§²£ non£«p²· ±£² q o¤ po±§²§´£ §n²£¥£°± ~n¢ ²µo ¤³n¡²§on±
ª£¤² E°F ~n¢ °§¥¦² E*F ¤°o« q ²o qU {0} ±³¡¦ ²¦~²

E§F co° £~¡¦ ²£q £§²¦£° ª£¤² E²F 0 ~n¢ °§¥¦² E²F 0I o° ª£¤² E²F > ² ~n¢ °§¥¦² E²F >²

E§§F co° £~¡¦ ²£qI o²¦£° ²¦~n ²¦£ ±«~ªª£±² §n²£¥£° §n qI ²¦£°£ §± ~ ³n§¯³£ ±£q ±³¡¦ ²¦~²
£§²¦£°² ª£¤² E±F o° ² °§¥¦² E±F

q µ§ªª §²±£ª¤  £ ¡~ªª£¢ ~ ²°££I ~n¢ £~¡¦ £ª£«£n² o¤ q §± ~ no¢£K c§¥³°£ 3 ±¦oµ± ~ ²°££

~n¢ ²¦£ ¡o°°£±pon¢§n¥ ´~ª³£± o¤ 9E²F ª£¤² E²F ~n¢ 1E²F °§¥¦²E1FI

i£² q;  £ ~ non £«p²· ±³ ±£² o¤ q ~n¢ ª£² ª£¤²I E+F ~n¢ °§¥¦²I E*F  £ ²¦£ °£±²°§¡²§on
o¤ª£¤²E*F ~n¢ °§¥¦²E*F ²o qII °£±p£¡²§´£ª·K qI §± ~ ±³ ²°££ o¤ q §¤²¦£ ²°§pª£ qI ª£¤²;EFI
²§¥¦²;E*FI ¤o°«± ~ ²°££K qI §± ~ p°³n£¢ ±³ ²°££ o¤ q §¤ qI §± ~ ±³ ²°££ o¤ q µ§²¦ ²¦£
±~«£ °oo² no¢£~± q;²¦§± §± ¢£no²£¢  · qI < q o° qO qjK

_K t£ noµ ±¦oµ ¦oµ²o~±±o¡§~²£ ~ ¢£¡§±§on °³ª£ µ§²¦ ~ ²°££K i£² q  £ ~ ²°££I ~n¢
p³ppo±£ ²¦~² UE²F`fo? ~n¢ jE²F£{1IKKKIJ} ¤o° ²£qK c³°²¦£°«o°£ ±³ppo±£ ²¦~²

{UEI ²£q} §± ~ p~°²§²§on o¤ fo‘K A ¡ª~±±§¤§¡~²§on ²°££ ¡on±§±²± o¤ ²¦£ ²°££ q ²o¥£²¦£°
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¹ t AEtF °EtF
¹ O 3

O Q R

é 3 3 6 T

Q 8 9

Q R 6 T R 10 1

6 0 0

T 0 0

8 9 10 11 8 0 0

9 0 0

10 1O 13

1O 13 f| 0 0

1O 0 0

13 0 0

ci¥³°e3A t°ee an¢ t¦e co°°es®on¢in¥ ´al³es of £EtF Z leftEtF an¢ 1EtF Z °i¥¦tEtF

µit¦ t¦e ®a°tition ¹UEtF:teq» an¢ class la els ¹¨EtF:teq»K q µill itself  e calle¢ a
classification t°ee, q¦e ¢ecision °³le ¢ co°°es®on¢in¥ to t¦e classification t°ee q is

¥i´en  ·

¢E¶FZ¨E@F if ¶eUEtFK

jote¥ene°all·, µe can associate a collection of ¢ecision °³les µit¦ t¦e ®°³ne¢ s³ -

t°ees of a t°eeK iet q  e a t°ee an¢ s³®®ose t¦at UEtFCfo® an¢ ¨EtFY ¹1,KKK,J» fo° teqK

c³°t¦e°«o°e s³®®ose t¦at fo° e´e°· ®°³ne¢ s³ t°ee q; Yq, ¹UEtF, teq,» is a ®a°tition

of foQ, q¦en t¦e ¢ecision °³le ¢, co°°es®on¢in¥ to t¦e classification t°ee qF is ¥i´en

 ·

¢iE¶FZ¨EtF if ¶eUEtF, teqFK

We¢enote t¦e t°³e «isclassification °ate ofa classification tee q  · o* EqF, an¢

t¦e esti«ate¢ «isclassification °ate  ase¢ oni  · oEqFK An i«®o°tant fact is t¦at oEqF

can  e e¶®°esse¢as an a¢¢iti´e f³nction onq,ieK, =
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oaZ boOI oOZ^WI QKNF
²T

µhe°e jE²F §± ²he ¬³«be°­¤ ±a«®le± §¬ i ±³¡h ²ha² ¶I€UE²F a¬¢ YI #jEMFI a¬¢ k §±

²he ²­²al ¬³«be° ­¤ ±a«®le± §¬ iK Weµ§ll al±­ ¡­¬±§¢e° a °§±© ¤³¬¡²§­¬ µh§¡h ®e¬al

§¸e± ²he ¡­«®le¶§²· ­¤ ²he ¡la±±§¤§¡a²§­¬ ²°ee a± µell a± §²± «§±¡la±±§¤§¡a²§­¬ °a²eK The

e±²§«a²e¢ ¡­«®le¶§²· «§±¡la±±§¤§¡a²§­¬ °a²e ­¤ a ¡la±±§¤§¡a²§­¬ ²°ee T ba±e¢ ­¬ i §±

¢e¤§¬e¢ a±

oETF Z oETF +aT K

He°e @ §± a ¡­¬±²a¬² µh§¡h µe§¥h²± ²he ¬³«be° ­¤ ²e°«§¬al ¬­¢e± §¬ TI µh§¡h §± a
«ea±³°e ­¤ ²he ¡­«®le¶§²· ­¤ TK k­²e ²ha² oETF ¡a¬ al±­ be e¶®°e±±e¢ a± a¬ a¢¢§²§ve

¤³¬¡²§­¬ ­¬ TI§KeKI

o­ETF Z YF oalFI oaQ ZoO +OK E2K2F
²eT

°

ie² T a¬¢ §²± ®°³¬e¢ ±³b²°ee± be ¡la±±§¤§¡a²§­¬ ²°ee± a± ¢e±¡°§be¢ ab­veK C­¬±§¢e°
²he ®°­ble« ­¤ «§¬§«§¸§¬¥ ²he e±²§«a²e¢ «§±¡la±±§¤§¡a²§­¬ °a²eI ­° «­°e ¥e¬e°all· ²he
e±²§«a²e¢ ¡­«®le¶§²· «§±¡la±±§¤§¡a²§­¬ °a²eI ba±e¢ ­¬ iI ­ve°²he ®°³¬e¢ ±³b²°ee± ­¤ TI
§KeK ¤§¬¢§¬¥ a TX Z ±³¡h ²ha²

o­ETNF Z «§¬ o­ETF
T±T

p§¬¡e ²he ®°³¬e¢ ±³b²°ee± ­¤ T a°e a ¤§¬§²e ±e²I ²he «§¬§«³« e¶§±²± b³² «a· ¬­² be
³¬§q³eK Call a¬· ±³¡h «§¬§«§¸§¬¥ TX a¬ ­®²§«all· ®°³¬e¢ ±³b²°ee ­¤ T µ§²h °e±®e¡² ²­
o­K f¬ x2I ®K 2URz §² §± ±h­µ¬ ²ha² ²he°e e¶§±²± a¬ ­®²§«all· ®°³¬e¢ ±³b²°ee TI < T ±³¡h
²ha² TI <T ¤­° a¬· ­²he° ­®²§«all· ®°³¬e¢ ±³b²°ee T <TK Call ²h§± TI ²he E³¬§q³eF
±«alle±² ­®²§«all· ®°³¬e¢ ±³b²°ee ­¤ T µ§²h °e±®e¡² ²­ o¥I a¬¢ ¢e¬­²e §² b· T§aFK We
°e«a°© ²ha² TEaF µ§ll e¶§±² ¤­° a¬· ²°eeT a¬¢ a¬· ¡­±² ¤³¬¡²§­¬ o¥ETF µh§¡h ¡a¬ be

e¶®°e±±e¢ a± a¬ a¢¢§²§ve ¤³¬¡²§­¬ ­¬ T a± §¬ E2K2FX ²he°e §± ¬­²h§¬¥ ±®e¡§al ab­³²
¡la±±§¤§¡a²§­¬ ²°ee± a¬¢ «§±¡la±±§¤§¡a²§­¬ °a²e± §¬ ²h§± °e¥a°¢K

3K Ci^ppfFfC^TfOk Tobb COkpToUCTfOk ^ka booOo o^Tb bpTfj^
TfOk

The ba±§¡ §¢ea beh§¬¢ «­±² al¥­°§²h«± ¤­° ¥e¬e°a²§¬¥ ¡la±±§¤§¡a²§­¬ ²°ee± §± ²­
°e¡³°±§vel· ®a°²§²§­¬ ²he ¤ea²³°e ±®a¡e §¬ ±³¡h a µa· a± ²­ °e¡³°±§vel· ¥e¬e°a²e ²he²°eeK
f¤² §± a ¬­¬²e°«§¬al ¬­¢eIle² ²_I ²a be §²± §««e¢§a²e ¢e±¡e¬¢e¬²±I ^² ea¡h ¬­¬²e°«§
¬al ¬­¢e ² ²he °e¥§­¬ UE²F¡fo® §± ±®l§² §¬²­ ²µ­ °e¥§­¬± UE²¸IF a¬¢ UE²¥F µh§¡h
¡­°°e±®­¬¢ ²­ ²he ¬­¢e± ²· a¬¢ ²®I °e±®e¡²§vel·K p®l§²²§¬¥ ¡­¬²§¬³e± §¬ ²h§± µa· ³¬²§l
p­«e ±²­®®§¬¥ ¡°§²e°§­¬ §± «e² a¬¢ ²he ¬­¢e be¡­«e±a ²e°«§¬al ¬­¢eK ^² ea¡h ²e°«§
¬al ¬­¢e ² a ¡la±± label jE²F §± a±±§¥¬e¢K Th§± ®°­¡e¢³°e ·§el¢± ¡la±±§¤§¡a²§­¬ ²°ee a±
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¢efine¢ in pection OI fn factI if all no¢es Eter«inal an¢ nonter«inal alikeF are assi¥ne¢

a class label then the ®roce¢ure ·iel¢s a tree such that ever· ®rune¢ subtree is a

classification treeI a¥ain as ¢efine¢ in pection OK

The construction of a classification tree re¯uires three ste®s:

NK The selection ofs®lits Efeatures an¢ threshol¢sFK

OK The ¢ecision as to µhich no¢esare ter«inalno¢esK

3K The assi¥n«entofclass labelsK

teassi¥nclass labels an¢select s®lits as ¢escribe¢ in xOzK _riefl·I µe assi¥n a class

label jEtF to each no¢e t € T b· «ini«i¸in¥ the esti«ate¢ «isclassification rate at no¢e

tK teselecta s®lit sEtF at each nonter«inal no¢e te T T b· «ini«i¸in¥ the resultin¥

chan¥e in no¢e i«®urit· at no¢estI an¢ tr relative to no¢e t; µe use the dini criterion

as our no¢e i«®urit· «easureK lurs®lits consist of threshol¢s on the in¢ivi¢ual

features s Z {¶: ¶I pt} µhere t ran¥es over the real nu«bers an¢ kZNIKKKI¯K The

effect of usin¥ such s®lits is to ®artition the feature s®ace µith h·®er®lanes ortho¥onal

to the co«®onent a¶esK fn other µor¢sI µe ¢o not consi¢er trans¥enerate¢ features

hereK pee xOz fora ¢etaile¢ ¢iscussion of the dini an¢ other i«®urit· functionsI ^lsoI

see x4zIxUzIxNOzIxN4z for other a®®roaches to s®littin¥K

tenoµ consi¢er the ®roble« of¢eci¢in¥ µhether a no¢e shoul¢ be ter«inal or

nonter«inal no¢eI an¢ hoµ to esti«ate the «isclassification tateK pu®®ose µe conJ

struct the classification tree T base¢ on a ¢ata subset i ci©F usin¥ the s®littin¥ an¢

labellin¥ «etho¢s ¢escribe¢ aboveI an¢ µe continue the s®littin¥ until ever· no¢e has

®ure class «e«bershi® Eassu«e this can be ¢one for the «o«entFK Then T correctl·

classifies ever· sa«®le in i an¢ oETFZ0K _utif class ¢istributions overla® T shoul¢

not correctl· classif· ever· sa«®le in i an¢ o*ETF O o¥ > 0K ft is seen that relativel·

®ure ter«inal no¢es µill lea¢ to lar¥e trees µhich overfit the ¢ataI µhile relativel·

i«®ure ter«inal no¢esµill lea¢ to s«all trees µhich un¢erfit the ¢ata; the ®roble« is

to select a ri¥htJsi¸e¢ tree an¢ to obtain honest esti«ates of its «isclassification rateK

barl· a®®roaches to selectin¥ ter«inal no¢es µere base¢ on sto®®in¥rulesI fn xOz it is

su¥¥este¢ that instea¢ of usin¥ sto®®in¥rulesIit is better to ¥roµ a lar¥e tree µithterJ

«inal no¢es µhich have®ure Eor nearl· ®ureF class «e«bershi®I an¢ selectivel· ®rune

it u®µar¢sK

ke¶tI µe ¢escribe four «etho¢s for ¥roµin¥I ®runin¥ an¢ esti«atin¥ the errorrate

of classification treesK These ¢escri®tions for«ali¸e the ¢iscussion in the fntro¢uction

Epection NF te first revieµ the tµo `^oT «etho¢s fro« xOzK _ase¢ on certain ®robJ

le«s µith these «etho¢sI µe ®ro®ose tµo neµ «etho¢sK iet i be a subsetof the ¢ata

set i©K iet kEtF be the nu«berof sa«®les in i µhich lan¢ in no¢etI an¢ let kjEtF be

the nu«ber of sa«®les in i µhich lan¢ in no¢e t an¢ belon¥to class j Ealso recall the

¢efinitions of oEtF an¢ oETF fro«pection OFI fn the se¯uelI su®erscri®ts on ¯uantities

like ni E0I k®EtFI oEtFI an¢ oETF «eanthat the ¯uantities are base¢ on so«e ¢ata

subset i@ci©instea¢ of ici©KI puch notation is necessar· µhen µe ¢iscuss al¥oJ

rith«s µhich o®erate on «ulti®le ¢ata subsets i®ci©I eK¥KI µhen i®is a trainin¥

set an¢ i™is a test setI or µhen ilI va i™F are subsets of i©µhich are use¢ in a

VJfol¢ cross vali¢ation ®roce¢ureK

====
==
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je²h­¢ f: C^oT f¬¢e®e¬¢e¬² T°a§¬§¬¥ a¬¢ Te±² pe² je²h­¢ x2z

NF

2F

3F

QF

RF

a§v§¢e i©§¬²­ i®a¬¢ i®±³¡h ²ha² i® a¬¢ i®have a®®°­¶§«a²el· eq³al
¬³«be°± ­¤ ±a«®le± §¬ ea¡h ­¤²he ¡la±±e±K

U±e i® ²­ ¥e¬e°a²e a ²°ee T b ±®l§²²§¬¥ ³¬²§l all ²e°«§¬al ¬­¢e± ²eT have
kO²F ZkOjF¤­° ±­«e jI ­° kOdF k«§¬I ­° «§¬EkOE²IFI kOE²¥Fz ZM ¤­°
all ®­±±§ble ±®l§²± ­¤²I a¬¢ a±±§¥¬ ¡la±± label± ²­ all ¬­¢e±K
ie² TE¡F be ²he ±«alle±² ­®²§«all· ®°³¬e¢ ±³b²°ee ­¤ T µ§²h °e±®e¡²²­ oWI

de¬e°a²e a ¬e±²e¢ ±eq³e¬¡e ­¤ ®°³¬e¢ ±³b²°ee± TZ T® 2TI 2KKK 2T¶ Z°­­²ETF ­¤
T ±³¡h ²ha² TEaFZT®ZT ¤­° a<­·I T§aFZT· ¤­° O­ <a<OIF a¬¢

©ZNIKKKIK NI a¬¢ TEaFZT¶Z°­­²ETF ¤­° a@2a¶I ¤­° ±­«e ¬³«be°±

—­­ < O· <QF <KKK < OK <­­ EC^oT¡­¬²a§¬± a ®°³¬§¬¥ al¥­°§²h« ¤­° ¡­«®³²
§¬¥ ²he ­Q%’± a¬¢ ²he TXI’±X ±ee pe¡²§­¬ QKF

pele¡² ²he ±«alle±² TG < {T®IKKKIT¶ } ±³¡h ²ha²

oOETGF Z «§¬ o@ETIF
©

b±²§«a²e ²he «§±¡la±±§¤§¡a²§­¬ °a²e ­¤ TG b·

oETGF Z oOET+F

O

je²h­¢ f ­¬l· ³±e± ®a°² ­¤ ²he ¢a²a ²­ ¥°­µ ²he la°¥e ²°ee T a¬¢ ®a°²­¤ ²he ¢a²a ²­
®°³¬e§²K f² §± ¢e±§°ableI e±®e¡§all· ¤­° ±«all ¢a²a ±e²±I ²­ ³±e all ­¤ ²he ¢a²a ²­ ¥°­µ ²he
la°¥e ²°ee T a¬¢all ­¤ ²he ¢a²a ²­ ®°³¬e §²K The ¤­ll­µ§¬¥ ¡°­±± val§¢a²§­¬ «e²h­¢ ®°­
v§¢e± a¬ al²e°¬a²§veK

je²h­¢ ff: C^oT C°­±± Val§¢a²§­¬ je²h­¢ x2z

NF

2F

3F

QF

a§v§¢e i© §¬²­ i·IKKKIi· ±³¡h ²ha² £·IKKKIi· have a®®°­¶§«a²el· eq³al
¬³«be°± ­¤ ±a«®le± §¬ ea¡h ­¤²he ¡la±±e±K ie² i™F Z i iI ¤­° vZNIKKKIV E²·®§
¡all· V Z NMFK

U±e i© ²­ ¥e¬e°a²e a ²°ee T b· ±®l§²²§¬¥ ³¬²§l all ²e°«§¬al ¬­¢e± ²eT have
kOE²F ZkOE²F ¤­° ±­«e jI ­° kOENF < k««§¬I ­° «§¬xkE²IFI kE²aFz ZM ¤­°
all ®­±±§ble ±®l§²± ­¤²I a¬¢ a±±§¥¬ ¡la±± label± ²­ all ¬­¢e±K

ie² TEaF be ²he ±«alle±² ­®²§«all· ®°³¬e¢ ±³b²°ee ­¤ T µ§²h °e±®e¡² ²­ o®I

de¬e°a²e a ¬e±²e¢ ±eq³e¬¡e ­¤ ®°³¬e¢ ±³b²°ee± TZ T¥ 2TI 2KKK 2T¶ Z°­­²ETF ­¤
T ±³¡h ²ha² TEaF Z T® ¤­° a< aNI T§aF Z T· ¤­° ­OI pO < OQI a¬¢ ©ZNIKKKK—NI
a¬¢ TEQF Z T¶ Z°­­²ETF ¤­° 2 a©I ¤­° ±­«e ¬³«be°±
2M < d· < d· <KKK< OK < ­­ EU±e C^oT®°³¬§¬¥ al¥­°§²h«X ±ee pe¡²§­¬ QF

U±e i™²­ ¥e¬e°a²e a ²°ee T™b ±®l§²²§¬¥ ³¬²§l all ²e°«§¬al ¬­¢e± ²e© have
kjE²F Zk@E²F ¤­° ±­«e jI ­° kC E²F p k§¬¬· OF «§¬{xkE²IFI kE²¥Fz ZM ¤­°
all ®­±±§ble ±®l§²± ­¤ ²I a¬¢ a±±§¥¬ ¡la±± label± ²­ all ¬­¢e±I ¤­° v Z NIKIKKIVK

ie² TEqF be ²he ±«alle±² ­®²§«all· ®°³¬e¢ ±³b²°ee ­¤ T™µ§²h °e±®e¡² ²­ oYFK



SO

RF denerate the ®ara«etric fa«il· of ®rune¢ subtrees T™ EaFI 00 < ^< 0I of TTFI

for vZNIKKKIV Erse `^oT®runin¥al¥orith«Isee pection 4F

iet

N ¥V

oVjtZ > a oETEaoe FFI hZNIKKKKhJN
vZN

Eo· is the esti«ate of the «isclassification rate base¢ on iII an¢ o® is a cross

vali¢ation esti«ate of the «isclassification rateF

SF pelect the s«allest T* < {ToIKKK IT¶ } such that

oîvET*F Z «in oî"ETIF

TF bsti«ate the «isclassification rate of T* b·

oET*F Z oîVET*F ol

^s ®ointe¢ out in the fntro¢uction there are so«e si¥nificant ®roble«s µith the

`^oT «etho¢sK cirstI fro« our ®oint of vieµ there is no real justification that the

®ara«etric fa«il· of ®rune¢ subtrees {TEaF : co < @ <o0} is the ri¥ht set of ®rune¢

subtrees to select the final tree T fro«K This ®roble« affects both `^oT «etho¢sK

pecon¢I althou¥h it is ®referable to use jetho¢ff over jetho¢f since it uses all the

¢ata to ¥roµ the lar¥e tree T an¢all the ¢ata to select the final tree T”I jetho¢ ff can

be ver· e¶®ensive co«®utationall· asit re¯uires ¥roµin¥ the lar¥e au¶iliar· trees TtF

an¢ ¥eneratin¥ a ®ara«etric fa«il· of ®rune¢ subtrees ET’ EaF : î¢ <a <0} for each

oneK _ase¢ on these ®roble«s µith the `^oT «etho¢sI µe noµ ®ro®ose tµo neµ

«etho¢s for ¥roµin¥I ®runin¥I an¢ esti«atin¥ the «isclassification rate of

classification treesK

jetho¢ fff: mro®ose¢ fn¢e®en¢ent Trainin¥ an¢ Test pet jetho¢

NF aivi¢e i©into i® an¢ i® such that i®an¢ i®have a®®ro¶i«atel· e¯ual

nu«bers of sa«®les in eachclassK

OF rse i®to ¥enerate a tree T b· s®littin¥ until all ter«inal no¢es teT have

k{aEtF Zklfor so«e jI or k atF < kin oc «inxklEtIFI k@EtaFz Z 0 for

all ®ossible s®lits of tI an¢ assi¥n class labels to all no¢es

3F pelect the s«allest ®rune¢ subtree T’ of T such that

o@ET*F Z «in olTF
st

Eteshall ¥ive an efficient ®runin¥ al¥orith« for co«®utin¥ T’; see pection 4F

4F bsti«ate the «isclassification rate of T b·

oET"F Z oET"F =
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lo

j£²¦o¢ fV: m°opo±£¢ f²£°~²§´£ j£²¦o¢

1F a§´§¢£ i©§n²o i©~n¢ i® ±³¡¦ ²¦~² i® ~n¢ i@F ¦~´£ ~pp°o¶§«~²£ª· £¯³~ª
n³« £°± o¤ ±~«pª£± §n £~¡¦¡ª~±±K

OF k§  i® ²ooI¥£n£°~²£ ~ ²°££ q·  · ±pª§²²§n¥ ³n²§ª ~ªª ²£°«§n~ª no¢£± ²£q ¦~´£
E²F kE²F ¤o° ±o«£ jI o° kj E²Fp k«§nI o° «§n[klE²IFI ka E²£F] 0 ¤o°

~ªª po±±§ ª£ ±pª§²± o¤ ²I ~n¢ ~±±§¥n ¡ª~±± ª~ £ª± ²o ~ªª no¢£±

3F p£ª£¡² ²¦£ ±«~ªª£±² p°³n£¢ ±³ ²°££ qo o¤ q¥ ±³¡¦ ²¦~²

olEqoF «§n oEqF
q±q

EU±£ p°opo±£¢ p°³n§n¥ ~ª¥o°§²¦« §n p£¡²§on 4F
p£²© 1

4F p£²§ 1Ij O§¤© §± £´£nI ~n¢§ OI j 1 §¤ © §± o¢¢K

5F U±£ i®²o ¥£n£°~²£ ~ ²°££ q· · ±pª§²²§n¥ ²¦£ ²£°«§n~ª no¢£± q· ³n²§ª ~ªª ²£°«§J

n~ª no¢£± ²£qI ¦~´£ k§\EF kt ¤o° ±o«£ jI o° k®E²F<pk«§nI lc
«§n{kE²IFI klE²¥F] 0 ¤o° ~ªª po±±§ ª£ ±pª§²± o¤ ²I ~n¢ ~±±§¥n ¡ª~±± ª~ £ª± ²o
no¢£± §n qI —q¶_1 En³« £°±I ±pª§²±I ~n¢ ¡ª~±± ª~ £ª± o¤ no¢£± §n q¦ ~°£
³n¡¦~n¥£¢FK

SF p£ª£¡² ²¦£ ±«~ªª£±² p°³n£¢ ±³ ²°££ q· o¤ q· ±³¡¦ ²¦~²

olEqbF «§n olqF

q·

EU±£ p°opo±£¢ p°³n§n¥ ~ª¥o°§²¦« §n p£¡²§on 4F

TF f£ fq; [q¦~ | ²¦£n ±£² q™ q·; £ª±£ ±£²© ©J+ 1 ~n¢ ¥o ²o 4F

8F b±²§«~²£ ²¦£ «§±¡ª~±±§¤§¡~²§on °~²£ o¤ q  ·

oqF · olHF+ · olt
²£p@ ²£p@

µ¦£°£

±® {²£ q*: ² µ~± ~±±§¥n£¢ ~ ¡ª~±± ª~ £ª  ~±£¢ on il} lo

q¦£°£ §± ~ «o¢§¤§¡~²§on o¤ p²£p ¡F §n j£²¦o¢ fV µ¦§¡¦ ¡~n ±§¥n§¤§¡~n²ª· °£¢³¡£
²¦£ ~«o³n² o¤ ¡o«p³²~²§onK pp£¡§¤§¡~ªª·I §² ¡~n  £ ±¦oµn ²¦~² §¤ ~ no¢£ §± ~ ²£°«§n~ª
no¢£ §n ~n· ²µo ¡on±£¡³²§´£ op²§«~ªª· p°³n£¢ ±³ ²°££±I ²¦£n §² §± ~ ²£°«§n~ª no¢£§n ~ªª
±³ ±£¯³£n² op²§«~ªª· p°³n£¢ ±³ ²°££± ~n¢n£´£° ¦~± ²o  £ ±pª§²K f² ¡~n ~ª±o  £ ²¦°oµn
²¦~² ²¦£ ±£¯³£n¡£ o¤ p°³n£¢ ±³ ²°££± {q·} ¥£n£°~²£¢  · j£²¦o¢ f'V §± n£±²£¢ E§K£K
q· p$ q¦² ¤o° ~ªª ©F ~n¢ ¡on´£°¥£±E§K£K ²¦£°£ £¶§±²± §n²£¥£° h ±³¡¦ ²¦~² q· q© ¤o° ~ªª
©OhFK m°oo¤± o¤ ²¦o±£ ~±±£°²§on± ~n¢ ~¢¢§²§on~ª ¢£²~§ª± on ²¦£ §«pª£«£n²~²§on ~n¢
p°op£°²§£± o¤ j£²¦o¢ fV ¡~n  £ ¤o³n¢§n [5]K

t£ noµ «~©£±£´£°~ª °£«~°©± ~ o³² ¦oµ µ£ p£°¡£§´£ j£²¦o¢± fff ~n¢ fV «§¥¦²
o´£°¡o«£ ²¦£ p°o ª£«± µ§²¦ j£²¦o¢± f ~n¢ ff ¢§±¡³±±£¢ ~ o´£K c§°±²I no²£ ²¦~² §n
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jet¦o¢ ff t¦e ®°³ne¢ s³ t°ee q of q is selecte¢  · «ini«i¸in¥ an ³n iase¢ in¢e®enK
¢ent test set esti«ate of t¦e «isclassification °ate o´e° all ®°³ne¢ s³ t°ees, µ¦e°eas ¨n -
jet¦o¢ f t¦e ®°³ne¢ s³ t°ee q of q onl· «ini«i¸es t¦is esti«ate o´e° a ®a°a«et°ic
fa«il· of ®°³ne¢ s³ t°ees, an¢ t¦is ®a°a«et°ic fa«il· is selecte¢ ³sin¥ a  iase¢ °es³¦K
stit³tion esti«ate of t¦e «isclassification °ateK Hence jet¦o¢ fH eli«inates t¦e ®°o K
le« enco³nte°e¢ µit¦ jet¦o¢ f as to µ¦et¦e° t¦e ®a°a«et°ic fa«il· of ®°³ne¢ s³ t°ees
contains an o®ti«al Eo° e´en ¥oo¢F s³ t°ee µ¦ic¦ can  e selecte¢K We  elie´e jet¦o¢
fV is s³®e°io° to jet¦o¢ ff  · si«ila° °easonin¥K pecon¢, µe  elie´e t¦at jet¦o¢ x·
µill  e «³c¦ less co«®³tationall· e¶®ensi´e t¦an jet¦o¢ff in ¥ene°alK _· fa°, t¦e
«ost co«®³tationall· intensi´e ®a°t of t°ee const°³ction is t¦e selection oft¦e s®lits at
t¦e no¢es of t¦e t°eesK c³°t¦e°«o°e, t¦e a«o³nt of co«®³tation in selectin¥ a s®lit at a
no¢e ¥°oµs°a®i¢l· µit¦ t¦e si¸e of t¦e ¢ata s³ set at t¦e no¢eEsee xO, ®®K 163-16TzF,
q¦e ite°ati´e ®°oce¢³°e of jet¦o¢ fV ¥ene°ates a neste¢ se¯³ence of o®ti«all· ®°³ne¢
s³ t°ees µ¦ic¦, as ¢esc°i e¢ a o´e, ¦as t¦e ®°o®e°t· t¦at if a no¢e is te°«inal no¢e in
tµo consec³ti´e ®°³ne¢ s³ t°ees t¦en it is a te°«inal no¢e in all s³ se¯³ent ®°³ne¢
s³ t°ees an¢ ne´e° ¦as to  e s®litK Conse¯³entl· t¦e  ³l© of t¦e t°ee is const°³cte¢
afte° a feµ ite°ations an¢ t¦e°eafte° °elati´el· feµ no¢es nee¢ to  e s®lit an¢ t¦ese
no¢es contain °elati´el· feµ sa«®lesK q¦e c°oss ´ali¢ation ®°oce¢³°e of jet¦o¢ ff,
¦oµe´e°, «³st ¥°oµ an¢ ®°³ne a³¶ilia°· la°¥e t°ees f°o« sc°atc¦K fn pection R µe
co«®a°e t¦e ´a°io³s «et¦o¢s on a µa´efo°« °eco¥nition ®°o le« f°o« xOzK

Q, qobb moUkfkd AidlofqHjp

fn t¦is section µe consi¢e° tee ®°³nin¥ al¥o°it¦«s µ¦ic¦ a°e nee¢e¢ to i«®le-
«ent t¦e «et¦o¢s ¢esc°i e¢ in pection 3K Wefi°st °e´ieµ an al¥o°it¦« ¢e´elo®e¢ in
xOz fo° ¥ene°atin¥ a ®a°a«et°ic fa«il· ofo®ti«all· ®°³ne¢ s³ t°eesK q¦is al¥o°it¦« is
®a°t of t¦e CAoq «et¦o¢sK We t¦en ®°o®ose a si«®le al¥o°it¦« fo° ¥ene°atin¥ a ®a°
tic³la° o®ti«all· ®°³ne¢ s³ t°eeK q¦is al¥o°it¦« is ³se¢ in t¦e ®°o®ose¢ «et¦o¢sK

q¦e °es³lts in t¦is section act³all· conce°n ®°³nin¥ t°ees µ¦ic¦ a°e not neces-
sa°il· classification t°eesK lf co³°se, t¦e· a®®l· to classification t°ees as a s®ecial
caseK iet qo  e fi¶e¢ t°eeK iet oEtF, te q¥,  e °eal n³« e°s, an¢ fo° eac¦ °eal n³« e°
a, let o· EtF Z oEtF H @ fo° teq¥K di´en a s³ t°ee q of q¥ set

oEqF Z ¥ oitF
tq

an¢

ooEqF Z ¥ ooEtFZoEqF H aqK
teq

iet qoE@F  e t¦e s«allest o®ti«all· ®°³ne¢ s³ t°ee of q¥ µit¦ °es®ect to o¥ Esee pec-
tion OFK lf co³°se, q¥E0F is t¦e s«allest o®ti«all· ®°³ne¢ s³ t°ee of q¥ µit¦ °es®ect to
oK kote t¦at qoEaF, -e° Ya Ye, is °e¯³i°e¢ fo° t¦e CAoq «et¦o¢s Efo° a®®°o®°iate
c¦oice of q¥ an¢ o·F, µ¦ile qoE0F is °e¯³i°e¢ fo° t¦e ®°o®ose¢ «et¦o¢s Efo°
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appropriate choice of To and R).

We now give the CARTpruning algorithm for generating the family of To(c), for
ao<<, and propose a pruning algorithm for generating a particular To(a). Let
T= (ty. tL} with t) <-*<t_. Let «© =left(t), r(t) =right(t), p(t) = parent(t) for
te To. The CART algorithm works with a six-tuple (9(1),1(0),p(),R@, S(),.NW)

while the proposed algorithm works with a four-tuple (9(t), r(t), Rg(t), Sa (t)). Forthe
CARTalgorithm S(t)=R(T,) and N(t)=[T,[, while for the proposed algorithm

Sq(t) = Ro (T;,), where T is the currently considered subtree ofTg at a particular point

in the algorithm.

CARTPruning Algorithm [2]:

For t=tz,--94
{If t¢ To then

{S@ =R@, N() = 1}
Ift € To—To then

{S(t) = S(@()) + S@(O), N(t) = N(9@)) + N@)}}
R(ty) — S(t) THT
— 0B = ho

N(t}) — 1

k=1 .

Repeatuntil |T| =1

{For t=t,...t .

{Ift¢ T-T then

o=

_. RO-SO
{a= min[q, Noli2}

For t=ty,...,tp

(ifte T-Pand SOSSY. = or then

{T=T- (Tig UTy), 8) = 0, 1(t) =0
S() = RO), N() = 1}

Ss = p(t)
Repeat until s = ty

{S(s) = S(9(s)) + S(z(s)), N(s) = N(@(s)) + N@(s))
s=p(s)}}

Qh =a, Ty =T

k=k+1}
K=k-1

To Q<Qy

To=Th & Sa<O,,,, k=1,...,.K—-1

Tk 20K
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Propo±ed Pruning AlgorithmW

q=qo
cor t=t·IKKK±t

{I¤ t¢ q then
{Sq(tF =Ro(tF}

I¤te q q then

{Sq(tF = Sa(Q(tFF H SaG(QF
I¤ R·(tF SotF then

{(q=qJ(qapVqrFI å@ =VI 1=

So(tF =Reld}FF
   

  

 

  
    

   

qo(aF =q

qhe `ARqalgorithm i± e±±entiall· a topJdown algorithmI in that it ±tart± ¤rom the

root node and proceed± down thetreeI pruning awa· branche±K bach time it prune±

awa· a branch to obtain a terminal node t it ±uitabl· modi¤ie± the ±ixJtuple±

(V(±FIx(±Fp(±FI R(±FI R(±FI k(±FF corre±pondingto the a±cendent± ± o¤ t and al±o t it±el¤K h

pa±±e± through the tree are required to generate the ne±ted ±ubtree± qp O q· OOq©

and hence the ¤amil· qo(aF ¤or J° Y @YeeK In contra±t to the `ARq algorithmI the

propo±ed algorithm i± e±±entiall· a bottomJup algorithmIin that it ±tart± ¤rom theter

minal node± and proceed± up the treeI pruning awa· branche±I bach time it prune±

awa· a branch to obtain a terminal node t it ±uitabl· modi¤ie± the ¤ourJtuple

(V(tFI1(tFI Ra(tFI So(tFFK lnl· one pa±± through the tree i± required to generate qo(aFK

te remar© that the `ARq algorithm canI o¤cour±eI be u±ed to generate a particular

qo(aF b· generating qFIKKKIqI ±uch that Sl Y QQ1K qhi± procedure i±I howe´erI

´er· ine¤¤icient comparedto the propo±ed algorithmK

RK buPbRIMbkqAi RbSriqS

qo illu±trate ´ariou± part± o¤ the methodolog·in tree ±tructured cla±±i¤icationI the

wa´e¤orm recognition problem [OI pK QVz wa± cho±enK It i± a threeJcla±± problem ba±ed

on the wa´e¤orm±hI(tFI h(tF and hP(tF ±hown in cigure QI

bachcla±± con±i±t± o¤ a random con´ex combination o¤two o¤the±e wa´e¤orm±

±ampled at O1 point± with noi±e added to themK qhu± the ¤eature ´ector i± O1 dimenJ

±ionalI u = (u1IKKKI%O1FK A cla±± wa± randoml· ±elected with all cla±±e± ha´ing equal

probabilit·K A ¤eature ´ector ¤or the ±elected cla±± wa± then generated b· indepenW

dentl· generating a uni¤orml· di±tributed random ´ariable u on the inter´al [ I1zI and

O1 normall· di±tributed random ´ariable±€1IKKKI€O1 with ¸ero mean and unit ´arianceI

and combining the wa´e¤orm±a± ¤ollow±K
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Figure 4 Three waveforms

For class 1,

Xm =uhy(m) + (l-w)ho(m) +em ; m=1,2,...,21

For class 2,

Xm =uhy(m)+ (-wh3(m)+emn 3 m=1,2,...,21

Forclass 3,

Xin = uhp(m) + (1-u)h3(m)+em ; m=1,2,...,21
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According to [2], the Bayes misclassification rate for this waveform recognition prob-

lem is Rp~.14,

The data setLconsisted of 300 feature vectors and class labels with approxi-
mately 100 samples from each class. Trees were grown using splits of the form
S={X:X, <T} for t ranging over all real numbers and m=1,...,21, and the Gini

splitting criterion (see Section 3). Splitting was terminated as soon as a node had pure
class membership. Pruning and error rate estimation were performed based on each of

- the four methods described in Section 3. In Method I (CART Independent Training
and Test Set Method), Method III (Proposed Independent Training and Test Set



6U

MethodFI and Method IV (Propo±ed Iterati´e MethodFI the data ±et i©wa± di´ided

into the two ±et±iandieach con±i±ting o¤ 1R total ±ample± with approximatel· ©
R ±ample± ¤rom each cla±±K In Method II (`ARq `ro±± Validation MethodF a 1 J¤old

cro±± ´alidation wa± per¤ormed where the data ±et i©wa± di´ided into 1 ±et±

i·IKKKIi1V each con±i±ting o¤ P total ±ample± with approximatel· 1 ±ample± ¤rom
each cla±±K qwo independent data ±et± (each with P total ±ample± and approximatel·
1 ±ample± per cla±±F were generated with di¤¤erent ±eed ´alue± and the re±ult± di±J
cu±±ed below were obtained b· a´eragingK Method IV required h =Q growing and
pruning iteration± to con´erge on both o¤ the data ±et±K An additional ±et o¤ R
independent ±ample± wa± u±ed to obtain highl· accurate e±timate± o¤ the true
mi±cla±±i¤ication rate±K qhe algorithm± were run on a dual proce±±or VAu 11/TU runJ
ning rkIu QKP _SaK

In qable 1 we ±how re±ult± ¤or each o¤ the ¤our method±K In each ca±e we ±how

the numbero¤ terminal node± ºqGzºI the e±timated mi±cla±±i¤ication rate R(qGFI the
true mi±cla±±i¤ication rate RG(qGF (ba±ed on R independent ±ample±FI and the
required computer time mea±ured in `Pr ±econd±K qhe re±ult± ¤or the `ARq Method±
I and II ate con±i±tent with re±ult± obtained in [OzK qhe re±ult± ±how that our propo±ed

Method± III and IV per¤orm better and require le±± computation than the `ARq
Method± I and II at lea±t on the wa´e¤orm recognition problemK It i± particularl·
intere±ting that the propo±ed Method III which u±e± independenttraining andte±t ±et±
per¤orm±better than the `ARq Method II which u±e± cro±± ´alidationI while requiring
onl· a ¤raction o¤ the computing timeK It ±eem± that ±electing the rightJ±i¸ed tree i±
indeed a critical i±±ue ¤or the wa´e¤orm recognition problemK te attribute thi±
beha´iorto the ¤act that the wa´e¤orm recognition problem i± a di¤¤icult problem ¤or
tree cla±±i¤ier± which tr· to approximate the deci±ion region± with h·perplane± orthogJ
onal to the coordinate axe± [OzK

qable 1

A´eraged Re±ult± ¤or ta´e¤orm Recognition ProblemK

Method ºqGz R(qGF RG(qGF `Pr Sb`lkaS
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6. CONCLUSION

Wefirst described and compared classification trees and feedforward neural net-
work classifiers. Wefurther suggested that it might be possible to combine the metho-

dologies in a useful way; in particular we suggested the idea of using small feedfor-
ward nets at the nodes of a classification tree to extract transgenerated features. This

jdea is developed in [7]. We then focused onthecritical issue ofobtaining right-sized
trees, i.e., trees which neither underfit nor overfit the data, This is an important prob-

lem for the design ofclassification trees in general (whether they use transgenerated
features or not). Instead of using stopping rules we followed the philosophy intro-
duced in [2] of growing a large tree with pure (or nearly pure) terminal nodes and
selectively pruning it back. New efficient methods were proposed to grow and prune
classification trees. The first method divides the data set into two independentsubsets,
and uses the first subset to grow a large tree and the second subset to select a pruned
subtree which minimizes an estimate of the misclassification rate overall possible

pruned subtrees. The second method continues this procedure by using the second
subset to grow a large tree off of the terminal nodes of the previously selected pruned
subtree and the first subset to select a new pruned subtree which minimizes an estimate

of the misclassification rate over all possible subtrees, and then iterates this procedure

by successively interchangingtheroles ofthe two subsets. The convergence and other
properties ofthe iterative method have been established. Numerical results were given
which show that our methods perform better and require less computation than the
widely used CART program on a waveform recognition problem.
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Abstract
Decision tree classifiers represent a popular classification methodology that has been

successfully used in many pattern recognition tasks. Noting manysimilarities betweenthe tree
classifiers and the multilayer perceptron classifiers, an artificial neural network based
implementation of decision tree classifiers to enhance their performance is described here
Several issues related to decision tree classifiers are discussed andit is shown how these can be
dealt with following the proposed implementation.

1. INTRODUCTION

Decision tree based classification is a widely used nonparametric method for complex
pattern recognition tasks involving several pattern classes and a large numberof features. A
decision tree classifierutilizes a series of simple decision functions, usually binary in nature, to
determine the identity of an unknown pattern. The evaluation of these decision functionsis
planned in such a way that the outcome ofsuccessive decision functions reduces uncertainty
about the unknownpattern, Each decision function uses only a subset of features, usually a
single feature, as its argument This coupled with the fact that patterns from different classes
are identified using different subsets of the decision functions make decision tree based
classification computationally very attractive. In some sense then, the decisiontree classifier
represents an "optimal" way ofperforming classification by matching the feature subsets with
the pattern class subsets at each step of decision making.

A decision tree inducesa hierarchical partitioning overthe decision space. Starting with the
decision function at the root node, successive internal nodes in a decision tree partition their
associated decision region into two half spaces with the node decision function defining the
dividing boundary. The final decision boundary due to the induced hierarchical pattitioning
can be very complex depending upon the nature of node decision functions and thetree size.
The most common choice for the node decision functions is a threshold comparison on a
componentof the feature vector which results in a feature space partitioning by hyperplanes
parallel or orthogonalto the coordinates axesofthe feature space

An important characteristic of the decision tree induced partitioning is that it is
autonomously configurable from collection of labeled pattern vectors for a given classification
task independently of any a priori information about the functional form ofthe distribution of
pattern vectors in the decision space The procedures to self-configure the hierarchical
partitioning of the feature space are generally referred as automatic tree design proceduresin
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classes at a time, there are several that are suitable for multifeature, multiclass pattern
recognition problems.

The foremost requirementin a top-down tree design procedure is an evaluation criterion to
determine the goodnessof a particularpartitioning of the training vectors. One popular
approach forselecting successive subgroupingsof the training vectors is based on defining a
oodness measure ofpartitioning in terms of mutual information [15,22,38,43,45}. Consider

a two-class problem with only one feature x. Let x = ¢ define the partitioning of the
one-dimensional feature space. If we view the feature x taking on valuesgreater or less than
threshold f as two outcomes x7 and x2 of an event X , then the amount ofaverage mutual

information obtained about the pattern classes from the observation of eventX can be written
as

2 2

W(CX) => Yre,x) log, { p(c,/ x) | Pc) ] (1)
i=] j=l

where C represents the set ofpattern classes and the p(. )'s are the various probabilities.
Clearly, for better recognition, the choice of the threshold ¢ should be such that we get as much
information as possible from the event X. This means that the value which maximizes (1)
should be selected overall possible values of ¢. Average mutual information thus provides a
basis for measuring the goodnessofa partitioning.

Another popular criterion forpartitioning is the Gini index of diversity used in the CART
(Classification and Regression Trees) procedure [5]. In this criterion, the impurity of a set of
observationsat a partitioning stage s is defined as

Ks) = Yvec, / s)p(c; 1s) (2)
i¢j

where p(cj; / 8) denotes the conditional probability. Data are further split by selecting a

partitioning that yields greatest reduction in the average data impurity. The advantage ofthis
criterion is its simpler arithmetic. The other examplesof the partitioning evaluation criterion
include the use of Kolmogorov-Smirnov distance between estimated cumulative distributions
[33] and the permutationstatistics [26].

Although for a given collection of training vectors a tree can be grownto yield 100%
classification rate on the training vectors, doing so is generally equivalentto "noisefitting”.
Thus knowing when to stop splitting is very important in a top-down recursive tree design
method In the simplest case, the numberoftraining vectorsleft for furthersplit can be used as
a measure for termination, Another possibility is to test the statistical significance ofthe
reduction in uncertainty due to a partitioning. In some cases, the classification error
performance,estimated either empirically ortheoretically, is used to terminate the tree growing
process. For example, the AMIG (Average Mutual Information Gain) algorithm [38] uses the
following inequality [11] that determines the lowerlimit on the average mutual information,
I(C,T), to be provided by thetree forthe specified error performance Pe

H(C,T) 2H(C) - H(Pe) - Pe logz(m-1) (3)

where H(C) and H(P), respectively, represent the pattern class and the error entropy and m
indicates the numberofpattern classes. Recently, Goodman and Smyth [15] have derived
several fundamental bounds for mutual information-based recursive tree design procedures and.
Suggested a new stoppingcriterion whichis claimed to be more robustin the presence of noise

Instead ofusing a stoppingcriterion to terminate the recursive partitioning, CART uses a
Pruning approach In this approach, the recursive partitioning continuestill the tree becomes



TQ

´er· large qhi± tree i± then ±electi´el· pruned upward±to ¤ind a be±t ±ubtree ha´ing the lowe±t

error e±timateK qree± obtained u±ing pruning are t·picall· le±± bia±ed toward± the de±ign

±ample± butthi± propert· i± achie´ed at higher computational expen±eK Recentl·I Gel¤and and

aelp [1Pz ha´e de´elopedan e¤¤icient pruning procedure wherethe training ±et i± di´ided into

two ±ub±et±to iterati´el· grow and prunethetreeKIn eachiterationI the role± o¤the two ±ub±et±

are re´er±edK qheirre±ult± indicate that the iterati´e tree growing and pruning require± le±±

computation compared to the `ARqprocedureK
lnce a nodei± de±ignated a± a terminal node due to the ±topping criterionI a deci±ion rule

i± ±et up ¤or that node to a±±ign cla±±i¤ication label± to un©nown ´ector± ¤or the ¤uture u±e o¤

the tree a± a cla±±i¤ierK qhe u±ual practice i± to mar© a terminal node with

a

cla±± labelthati± in

ma¨orit· o´erit± corre±ponding training ´ector± Gi´en a partitioning mea±ureI a ±topping

criterion and a method to ±et up a deci±ion rule at each terminal nodeI the problem o¤ tree

de±ign then e±±entiall· reduce± to a ±earch problem ¤or ¤inding the be±t deci±ion ¤unction at

each±tep o¤the tree de´elopmentKIt i± a commonpractice to ±impli¤· the ±earch b· en¤orcing a

binar· deci±ion ba±ed on a ±ingle ¤eature at each o¤ the nonterminal node±K qhe AMIG

algorithm i± one ±uch exampleo¤ the recur±i´e tree de±ign procedure that ±ee©± to maximi¸e

the amount o¤ mutual in¤ormation gain at e´er· ±tage o¤ tree de´elopment b· e±±entiall·

emplo·ing a brute ¤orce ±earch technique to determine the be±t ¤eature ¤or that ±tage along with

it± be±t thre±hold ´alueK Since the orientation o¤ di´iding h·perplane±i± re±trictedI ie onl· one

¤eature i± u±ed at an· internal nodeI the ±earch ±pace ¤or maximi¸ing the a´erage mutual

in¤ormation gain i± ±mallK qhe ±earch i± made e¤¤icient b· ordering the labeled pattern± along

di¤¤erent ¤eature axe± to obtain a ±mall ±et o¤ po±±ible candidate location± along each axi±K

In addition to ea±ing computational burdenI another ad´antage o¤u±ing a ±ingle ´ariable

deci±ion ¤unction at e´er· nonterminal node i± that the re±ulting tree± ha´e better

interpretabilit·K eowe´erI the tree± obtained u±ing uni´ariate partitioning are generall· larger

and occa±ionall· ·ield poorre±ult±I e±peciall· in ca±e± where the tree cla±±i¤ication i±

attempted with raw mea±urement± without extracting ¤eature± Although linear di±criminant

anal·±i± o¤¤er± a ±olution to the problem o¤recur±i´e partitioning u±ing a linear combinationo¤

±e´eral ´ariable± [1OzI it± application in the pa±t ha± been limited due to the ¤act that a± the

partitioning proceed±I the partitioned training ´ector±±tart re±iding in the ±ub±pace±gi´ingri±e

to almo±t ±ingular co´ariance matrice± Recentl·I a modi¤ied ´er±ion o¤ linear di±criminant

anal·±i± incorporating ±e´eral±tati±tical technique± including the anal·±i± o¤´ariance and the

principle componentanal·±i± ha± been ±ugge±ted b· ioh and Vanich±eta©ul [OUz to generate

multi´ariate partitioning±I eowe´erI the ad´antage± o¤ u±ing multi¤eature ±plit± are

que±tionable in nonparametric ±ituation±K _rieman and criedman [6z point out that "in mo±t

application± where recur±i´e partitioning ha± higher accurac· than traditional method±I that

ad´antage i± achie´ed through uni´ariate rather than linear combination ±plitting " In ¤actI

according to _riemanetalK [RzI obtaining a tree o¤ proper±i¸e i± much more crucial to it±

per¤ormancethan the choiceo¤the partitioning mea±ure u±ed to de´elop itK

OKO Mi±±ing ceature±
In man·application± ±uch a± medical diagno±i±I one or ±e´eral component± o¤a pattern

´ectorare o¤ten ¤ound mi±±ingK In ±uch ca±e±I cla±±i¤ication u±ing deci±ion tree± can not be

ordinaril· done becau±e a mi±±ing ¤eature ma· be in´ol´edin

a

te±t at an internal nodeK lne

±olution to thi± problemI ±ugge±ted b· _rat©o and hononen©o [QzI i± to ¤ollow all the deci±ion

tree branche± ¤rom an internal node requiring the mi±±ing ¤eature ´alueK bach branchi±

a±±igned a probabilit· ´alue which approximate± the chance o¤ ha´ing ta©en that branchi¤ the

´alue ¤or the mi±±ing ¤eature wa± ©nownK qhe±e probabilitie± ´alue± are compiled at the tree

de±ign time and are ta©en into accountat terminal node± to determinethe correct identit· o¤the

pattern with mi±±ing ¤eature±K eowe´erIthe cla±±i¤ication per¤ormance u±ing thi± ±trateg· ¤or

handling mi±±ing in¤ormation doe± not appear to be an· better than ±ome e´en ±impler

±cheme± ±ucha±¤illing in the mi±±ing ´alue with the mo±t common or median ´alueK  
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`ART £«®ª­·±~ b£²²£° ±²°~²£¥· ¤­° ¢£~ª§¬¥ µ§²h «§±±§¬¥ ¤£~²³°£ v~ª³£± E~¡h §¬²£°¬~ª
¬­¢£ §± ~±±§¥¬£¢ ²µ­²£±²±: ~ ®°§«~°· ²£±² ~¬¢ ~ ±³°°­¥~²£ ²£±² Th£ ®°§«~°·²£±² §± ²h£ ­¬£ ²h~² §±

¬­°«~ªª· ³±£¢ Th£ ¤£~²³°£ v~°§~bª£ ¤­° ²h£ ®°§«~°· ²£±² ~¬¢§²± ²h°£±h­ª¢ v~ª³£ ~°£ ¢£²£°«§¬£¢
b· ²h£ ³±³~ª ®~°²§²§­¬§¬¥ ¡°§²£°§­¬, Th£ ¤£~²³°£ v~°§~bª£ ¤­° ²h£ ±³°°­¥~²£ ²£±² ~¬¢ §²±

¡­°°£±®­¬¢§¬¥ ²h°£±h­ª¢v~ª³£± ~°£ ¢£²£°«§¬£¢ b· ²h£ ~¢¢§²§­¬~ª ¡°§²£°§­¬ ­¤ h~v§¬¥ ²h£ b£±²
®°£¢§¡²§v£ ~±±­¡§~²§­¬ µ§²h ²h£ ®°§«~°· ±®ª§² ~² ²h£ ¬­¢£, I² h~± b££¬ ¤­³¬¢ ²h~² ¤­ªª­µ§¬¥ ²h£
±³°°­¥~²£ ±®ª§² ±²°~²£¥· ²h£°£ §± ­¬ª· ~ ±ª§¥h² ¢£²£°§­°~²§­¬ §¬ ²h£ ¡ª~±±§¤§¡~²§­¬ ®£°¤­°«~¬¡£ µ§²h
²h£ «§±±§¬¥ ¢~²~ ®°­v§¢£¢ ²h£ ¤£~²³°£± h~v£ ¥­­¢ ¡­°°£ª~²§­¬ A¬ ~¢¢§²§­¬~ª ~¢v~¬²~¥£­¤³±§¬¥
²h£ ±³°°­¥~²£ ²£±² ²£¡h¬§q³£ §± ²h~² §² ³¬¡­v£°± ±­«£ §«®­°²~¬²¤£~²³°£± ²h~² «~· ¬£v£° ~®®£~°
§¬ ®°§«~°· ²£±²± b³² h~v£~ °­ª£ ²­ ®ª~· b· v§°²³£ ­¤ ²h£§° ±²°­¬¥ ~±±­¡§~²§­¬ µ§²h ±£v£°~ª ­²h£°

¤£~²³°£±

2 3 H~°¢ ~¬¢ S­¤² D£¡§±§­¬ M~©§¬¥
Th£ ±~«£±®ª§²²§¬¥ ®°­¡£±± ²h~² §± ©£· ²­ ²h£ ¢£¡§±§­¬ ²°££ ¢£±§¥¬ §± ®£°h~®± §²± b§¥¥£±²

¢°~µb~¡© µh£¬²h£²°££ §± ª~²£° ³±£¢ ~± ~ ¡ª~±±§¤§£° A± ~ °£±³ª² ­¤ «~©§¬¥ ~ h~°¢ ¡h­§¡£ ²­
£§²h£° «­v£ ¢­µ¬­¬²h£ ª£¤² b°~¬¡h­°²h£ °§¥h² b°~¬¡h, ²h£ ¢£¡§±§­¬ ²°££± ¥§v£ °§±£ ²­ ¢£¡§±§­¬
«­¢£ª± ²h~² ~°£ ²­­ ±§«®ª§±²§¡ ¤­° «~¬· ~®®ª§¡~²§­¬± A± ~¬ £x~«®ª£, ¡­¬±§¢£° ²h£ ¢£¡§±§­¬
±®~¡£ ­¤ F§¥³°£ 1{~F ¤­° ±­«£ h·®­²h£²§¡~ª «~¡h§¬£°· µh£°£ ²h£ ±h~¢£¢ °£¥§­¬ °£®°£±£¬²± ²h£
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TL T—® TH

E¡F

F§¥³°£ 1, E~F T£«®£°~²³°£ ~¬¢ ®°£±±³°£ ±®~¡£ ¤­° ~ h·®­²h£²§¡~ª «~¡h§¬£°· Th£ ±h~¢£¢ °£¥§­¬
T£®°£±£¬²± ²h£ h£~ª²h· ±²~²£ ­¤ ²h£ «~¡h§¬£°· EbF A ¢£¡§±§­¬ ²°££ ²­ §¢£¬²§¤· ²h£ ±²~²³± ­¤ ²h£
«~¡h§¬£°· E¡F A®®°­x§«~²§­¬­¤ ²h£ h£~ª²h· °£¥§­¬ b· ²h£ ¢£¡§±§­¬²°££



7S

¦£~ª²¦· ±²~²£ ­¤ ²¦£ «~¡¦i¬£°· i¬ ~ «£~±³°£«£¬² ±®~¡£ ­¤ ²µ­ ¡­¬²i¬³­³±¤£~²³°£±I ²£«®£°~²³°£
~¬¢ ®°£±±³°£K ^¬ ~®®°­¶i«~²i­¬ ­¤ ²¦£ ¢£¡i±i­¬ °£¥i­¬ ³±i¬¥ ²¦£ ¢£¡i±i­¬ ²°££ ­¤ ci¥³°£ NE Fi±
±¦­µ¬i¬ ci¥³°£ NE¡F f² ¡~¬  £ ¬­²i¡£¢ ¤°­« ²¦£±£ ¤i¥³°£± ²¦~² £i²¦£° µ£ «³±² i¬¡°£~±£²¦£ ²°££
±i¸£ ­° ³±£ ¬­¬ªi¬£~° ¬­¢£ ¢£¡i±i­¬ ¤³¬¡²i­¬± ²­ ­ ²~i¬ ~  £²²£° ~®®°­¶i«~²i­¬ ­¤ ²¦£ ¢£¡i±i­¬
±®~¡£K

^¬­²¦£°¡­¬±£q³£¬¡£ ­¤¦~°¢ ±®ªi²²i¬¥ ~² ²¦£ i¬²£°¬~ª ¬­¢£±i± ²¦£ ±£¬±i²i´i²· ²­ ²¦£ ¬­i±£I
pi¬¡£ ²¦£ ²£±²± ~² i¬²£°¬~ª ¬­¢£±²·®i¡~ªª· i¬´­ª´£ ¡­«®~°i¬¥ ~ ¡­¬²i¬³­³±¤£~²³°£ ´~ª³£ ~¥~i¬±²
~ ²¦°£±¦­ª¢ ²­ ¢£²£°«i¬£  °~¬¡¦i¬¥I ~ ±«~ªª ¡¦~¬¥£i¬ ²¦£ ¤£~²³°£ ´~ª³£ ¢³£ ²­ ¬­i±£ ¡~¬ ¡~³±£ ~
±i¥¬i¤i¡~¬² ¡¦~¬¥£i¬ ²¦£ ¡ª~±±i¤i¡~²i­¬K q¦i± ®°­ ª£« ¥£²± £¶~¡£° ~²£¢ ~± ²¦£²°££ ±²°³¡²³°£i±
«­´£¢ ¤°­« ²¦£ ª~ ­°~²­°· £¬´i°­¬«£¬²²­ ²¦£ ¤i£ª¢ £¬´i°­¬«£¬²¤­° ~¡²³~ª ³±£Kf²I ²¦£°£¤­°£I
 £¡­«£± i«®­°²~¬²²­ ~ªª­µ ¤­° ~ «­°£ ¤ª£¶i ª£ ­° ~¢~®²i´£ ¢£¡i±i­¬ «~©i¬¥ ~² £~¡¦ ¬­¢£ i¬ ~
¢£¡i±i­¬ ²°££ O¬£ ±­³°¡£ ¤­°¤ª£¶i iªi²· i± ²­ °£®ª~¡£ ¦~°¢ ¢£¡i±i­¬ «~©i¬¥~² £~¡¦i¬²£°¬~ª ¬­¢£
µi²¦ ~ ±­¤² ¢£¡i±i­¬ «~©i¬¥ ±¡¦£«£ µ¦£°£ ¬­¬£ ­¤ ²¦£ ¢£±¡£¬¢£¬² ²£°«i¬~ª ¬­¢£± ~°£ °³ª£¢ ­³²
~± ®­±±i ª£ ¡ª~±± ª~ £ª±X i¬±²£~¢ £~¡¦ ¡ª~±± ª~ £ª i± ~±±i¥¬£¢ ~ ®­±²£°i­°i ®°­ ~ iªi²·  ~±£¢ ­¬
²¦£ ­³²¡­«£­¤ ²¦£ ²£±² ®£°¤­°«£¢ ~² ²¦£ i¬²£°¬~ª ¬­¢£ [VI32I3R] q¦£±£ ´~ª³£± ~°£ ®~±±£¢ ­¬ ²­
±³ ±£q³£¬² ¢£±¡£¬¢£¬² ¬­¢£±K q¦£¤i¬~ª ¢£¡i±i­¬ i± «~¢£ i¬ ~¡¡­°¢~¬¡£ µi²¦ ²¦£ ²£°«i¬~ª ¬­¢£
¦~´i¬¥ «~¶i«³« ®­±²£°i­°i ®°­ ~ iªi²·I p³¡¦ ~¬ ~®®°­~¡¦ ª£~¢± ²­  £²²£° ®£°¤­°«~¬¡£ ~¬¢
«­°£ ~¡¡³°~²£ «­¢£ªi¬¥ ­¤²¦£ ³¬¢£°ª·i¬¥°£ª~²i­¬±¦i® ®°£±£¬² i¬ ²¦£ ²°~i¬i¬¥ £¶~«®ª£±

O¬£ ±i«®ª£ ~®®°­~¡¦ ²­ ±­¤² ¢£¡i±i­¬ «~©i¬¥ ®°­®­±£¢  · Q³i¬ª~¬ [32] ¡­¬±i±²± ­¤
¢£¤i¬i¬¥ ~ ±«~ªª i¬²£°´~ª ~°­³¬¢ £~¡¦ ²¦°£±¦­ª¢ ´~ª³£ ²­ ~±±i¥¬ ~ ®°­ ~ iªi²· «£~±³°£ ²­ ²¦£
­³²¡­«£­¤ £~¡¦ ²£±² ­¤ ²¦£ ²·®£ "i± ¤³~ª³£ = ²¦°±¦ " «~¢£ i¬ ²¦£²°££K f¤ ²¦£ ­ ±£°´£¢ ¤£~²³°£
´~ª³£ ªi£± i¬±i¢£ ²¦£ i¬²£°´~ªI ²¦£ ®°­ ~ iªi²· ­¤ ²¦£ ²£±² ­³²¡­«£ i± «~¢£ ®°­®­°²i­¬~ª ²­ ²¦£
¢i¤¤£°£¬¡£ ­¤ ²¦£ ­ ±£°´£¢ ¤£~²³°£ ´~ª³£ ¤°­« ²¦£ ²¦°£±¦­ª¢ ´~ª³£ ~± ±¦­µ¬ i¬ ci¥³°£ 2X
­²¦£°µi±£ ²¦£ ®°­ ~ iªi²· ´~ª³£ ~±±i¥¬£¢ ²­ ²¦£ ²£±² ­³²¡­«£i± £i²¦£° ­¬£ ­° ¸£°­ ¢£®£¬¢i¬¥
³®­¬ µ¦£²¦£° ²¦£ ­ ±£°´£¢ ¤£~²³°£ ´~ª³£ i± ¦i¥¦£° ­° ª­µ£° ²¦~¬ ²¦£ ²¦°£±¦­ª¢ Q³i¬ª~¬
±³¥¥£±²± ~ «£²¦­¢ ¤­° ¢£²£°«i¬i¬¥ ²¦£ i¬²£°´~ª ±i¸£ µ¦i¡¦ i¬´­ª´£±¤i¬¢i¬¥ ²¦£ ´~°i~²i­¬ i¬ ²¦£
¡ª~±±i¤i¡~²i­¬ £°°­° °~²£ µi²¦ °£±®£¡² ²­ ²¦£ ´~°i~²i­¬ i¬ ²¦£ ²¦°£±¦­ª¢ ´~ª³£K
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4,4 S§«³ª²~¬£­³± U±£­¤ T°~§¬§¬¥ V£¡²­°± _ ;
* O¬£¢§¤¤§¡³ª²· µ§²h ²h£ ²­®-¢­µ¬ °£¡³°±§v£ ²°££ ¢£±§¥¬ «£²h­¢± §± ²h~² ²h£· °£q³§°£ ~§ª ²h£

“°~§¬§¬¥ v£¡²­°±²­ b£ ®°£±£¬² §¬ «£«­°·~² ­¬¡£ F­° ®~²²£°¬ ¡ª~±±§¤§¡~²§­¬ ®°­bª£«± µ§²h h§¥h
¢§«£¬±§­¬~ª v£¡²­°±, §² «~· ¬­² b£ ®°~¡²§¡~ª ²­ ±§«³ª²~¬£­³±ª· ±²­°£ ~ªª ²h£ ²°~§¬§¬¥ v£¡²­°± T­
­v£°¡­«£ ²h§± ¢§¤¤§¡³ª²·, ²h£ §¬¡°£«£¬²~ª ¥£¬£°~²§­¬ ­¤ ²°££± h~± b££¬£x®ª­°£¢ b· ±­«£
°£±£~°¡h£°± O¬£ £x~«®ª£ ­¤ §¬¡°£«£¬²~ª ²°££ ¥£¬£°~²§­¬ ~®®°­~¡h§± ²h£ µ§¬¢­µ§¬¥ ²£¡h¬§q³£
[31] I¬ ²h§± ~®®°­~¡h, ~ ±«~ªª ±³b±£² ­¤ ²h£ ²°~§¬§¬¥ v£¡²­°± ¡h­±£¬~² °~¬¢­« §± ³±£¢ ~± ~
¢£±§¥¬ ±£² ²­ ¢£v£ª­® ~ ¢£¡§±§­¬ ²°££ Th£ °£«~§¬§¬¥ ®~²²£°¬± ¤°­« ²h£²°~§¬§¬¥ ±£² ~°£ ³±£¢ ²­
£v~ª³~²£ ²h£ q³~ª§²· ­¤ ²h£ ²°££ §¤²h£ ²°££ ®£°¤­°«~¬¡£§± ¤­³¬¢±~²§±¤~¡²­°·, ²h£¬ ²h£²°££
b³§ª¢§¬¥ ®°­¡£±± ²£°«§¬~²£±; ­²h£°µ§±£ ²h£ ¢£±§¥¬±£² §± £¬ª~°¥£¢ b·§¬¡­°®­°~²§¬¥ ²h­±£ ²°~§¬§¬¥
v£¡²­°± ²h~² µ£°£ «§±¡ª~±±§¤§£¢ §¬ ²h£ ¤§°±² §¬±²~¬¡£ ~¬¢ ²h£ £¬²§°£ ²°££ b³§ª¢§¬¥ ®°­¡£±± §±
°£®£~²£¢ Th£ ¨³±²§¤§¡~²§­¬ ¤­° ²h£ µ§¬¢­µ§¬¥ ~®®°­~¡h §± b~±£¢ ­¬ ²h£ ~±±³«®²§­¬ ­¤
°£¢³¬¢~¬¡· ®°£±£¬²§¬ ~ ª~°¥£ ²°~§¬§¬¥ ±£², W§°²h ~¬¢ `~²ª£²² [48] h~v£ ¢­¬£ ~¬ £x²£¬±§v£ ±²³¢·
­¤ ²h£ ¢£¡§±§­¬ ²°££ ®£°¤­°«~¬¡£ µ§²h ~¬¢ µ§²h­³² µ§¬¢­µ§¬¥ ¤­°«~¬· µ£ªª ©¬­µ¬ ®°­bª£«±
§¬ «~¡h§¬£ ª£~°¬§¬¥ ª§²£°~²³°£ A¡¡­°¢§¬¥ ²­ ²h£§° £x®£°§£¬¡£, µ§¬¢­µ§¬¥ ¢­£± ¬­² ­¤¤£° ~¬·
­v£°~ªª ~¢v~¬²~¥£ §¬ ²°££ ¢£±§¥¬ ~¬¢ ±h­³ª¢¬­²b£ ³±£¢ ³¬ª£±±²h£ ª§«§²~²§­¬± ­¤ «£«­°· ±®~¡£
~°£ ³¬~v­§¢~bª£ b· ­²h£° «£~¬±,

A¬­²h£° ~®®°­~¡h ²­ «§¬§«§z£ «£«­°· °£q³§°£«£¬²± ¤­°²°££ b³§ª¢§¬¥ ¡­¬±§±²± ­¤ «~©§¬¥
§¬¡°£«£¬²~ª «­¢§¤§¡~²§­¬±§¬ ²h£ £x§±²§¬¥ ²°££ ±²°³¡²³°£ ~± «­°£ ~¬¢ «­°£²°~§¬§¬¥ v£¡²­°±~°£
¡­¬±§¢£°£¢ S§«§ª~° ²­ ²h£ µ§¬¢­µ§¬¥ ~®®°­~¡h, ~ ±³b±£² ­¤ ²°~§¬§¬¥ v£¡²­°± §± ¤§°±² ³±£¢ ²­
¢£v£ª­® ~ ¢£¡§±§­¬ ²°££ I¬±²£~¢ ­¤ °£¢£±§¥¬§¬¥ ²h£ £¬²§°£ ²°££ §¬ ²h£ ®°£±£¬¡£ ­¤ ®­­°
®£°¤­°«~¬¡£­¬ ²h£ °£«~§¬§¬¥²°~§¬§¬¥ v£¡²­°±, ²h£ §¬¡°£«£¬²~ª ~®®°­~¡h ­®²± ¤­° ~¢~®²§¬¥ ²h£
£x§±²§¬¥ ²°££ ±²°³¡²³°£ £§²h£° b· °£®ª~¡§¬¥ ~ ±³b²°££ µ§²h ~¬­²h£° ±³b²°££ ­° b· °£±h~®§¬¥ ~
±³b²°££ ²h~² §¬v­ªv£± °£®ª~¡§¬¥ ²h£ °­­² ¬­¢£ ­¤ ²h£ ±³b²°££ µ§²h ­¬£ ­¤ §²± ¢£±¡£¬¢£¬² ¬­¢£±
¤­ªª­µ§¬¥ ¡£°²~§¬ ¡°§²£°§­¬ U²¥­¤¤ [44] h~± ±h­µ¬²h~² °£±h~®§¬¥ ²£¡h¬§q³£ §± «­±² ¡­±² ~¬¢
®£°¤­°«~¬¡£ £¤¤£¡²§v£ H­µ£v£°, ²h£ «~§¬ ¢§¤¤§¡³ª²· µ§²h ²h§± ~®®°­~¡h §± ²h£ ª~¡© ­¤
µ£ªª-¢£¤§¬£¢ ²°££ «­¢§¤§¡~²§­¬ °³ª£±

3 MULTILAYER PER`EPTROk kETWORKS

M³ª²§ª~·£° ®£°¡£®²°­¬ EMLPF ¬£²µ­°©± ~°£ ¤££¢¤­°µ~°¢ ¬£²µ­°©± h~v§¬¥ ±£v£°~ª ª~·£°± ­¤
±§«®ª£ ¡­«®³²§¬¥ £ª£«£¬²±, ¡~ªª£¢ ¬£³°­¬±­° ®£°¡£®²°­¬±, µ§²h ±§¥¬~ª ¤ª­µ ²~©§¬¥ ®ª~¡£ §¬ ²h£
¤­°µ~°¢ ¢§°£¡²§­¬ ­¬ª· Th£ §¬²£°¤~¡§¬¥ ª~·£° ­¬ ²h£ §¬®³² ±§¢£ ­¤ ²h£ ¬£²µ­°© §± ¡~ªª£¢ ²h£
±£¬±­°· ª~·£°; ²h£ ­¬£ ­¬ ²h£ ­³²®³²±§¢£ §± °£¤£°°£¢ ²­ ~± ²h£ ­³²®³²ª~·£° ­° ²h£ «­²­° ¡­¬²°­ª
ª~·£° Aªª ²h£ §¬²£°«£¢§~²£ ª~·£°± ~°£ ¡~ªª£¢ h§¢¢£¬ ª~·£°±, O¬£ ­¤ ²h£ «­±² §«®­°²~¬²~²²°§b³²£ ­¤
MLP¬£²µ­°©±§± ²h£§° ¡~®~b§ª§²· ²­ ¡~®²³°£ §¬®³²-­³²®³²°£ª~²§­¬±h§® ®°£±£¬²§¬ ~ ±£² ­¤ ²°~§¬§¬¥
£x~«®ª£±

A¬ £x~«®ª£ ­¤ ~ MLP ¬£²µ­°© §± ±h­µ¬ §¬ F§¥³°£ 3E~F G£¬£°~ªª·, ~ªª ¬£³°­¬± §¬ ~ ª~·£°
~°£ ¡­¬¬£¡²£¢ ²­ ~ªª ²h£ ¬£³°­¬± §¬ ²h£ ~¢¨~¡£¬² ª~·£°± ²h°­³¥h ³¬§¢§°£¡²§­¬~ª ª§¬©± Th£
¡­¬¬£¡²§­¬ ±²°£¬¥²h b£²µ££¬ ²µ­ ¬£³°­¬± ¤°­« ~¢¨~¡£¬²ª~·£°± §± °£®°£±£¬²£¢ §¬ ²h£ ¤­°« ­¤ ~
µ£§¥h² v~ª³£ Th£ ±§¥¬§¤§¡~¬¡£ ­¤ ²h§± µ£§¥h² v~ª³£ §± ²h~² §² ~¡²± ~± ~ ±§¥¬~ª «³ª²§®ª§£° ­¬ ²h£
¡­°°£±®­¬¢§¬¥ ¡­¬¬£¡²§­¬ ª§¬© E~¡h ¬£³°­¬ §¬ ²h£ ª~·£°£¢ ¬£²µ­°© §± ²·®§¡~ªª· «­¢£ª£¢ ~±
±h­µ¬ §¬ F§¥³°£ 3EbF A± §¬¢§¡~²£¢ §¬ ²h£ ¤§¥³°£, ²h£ §¬®³²²­ ~ ¬£³°­¬ §± ²h£ ª§¬£~° ±³««~²§­¬
­¤~ªª ²h£ §¬¡­«§¬¥±§¥¬~ª± ­¬ ²h£ v~°§­³± ¡­¬¬£¡²§­¬ ª§¬©± Th§± ¬£² ±³««~²§­¬ §± ¡­«®~°£¢
~¥~§¬±² ~ ²h°£±h­ª¢ v~ª³£, ­¤²£¬ ¡~ªª£¢ b§~± Th£ ¢§¤¤£°£¬¡£ ~°§±§¬¥ ¢³£²­ ²h£ ¡­«®~°§±­¬ ¢°§v£±
~¬ ­³²®³² ¤³¬¡²§­¬ ²­ ®°­¢³¡£ ~ ±§¥¬~ª ~² ²h£ ­³²®³² ª§¬£ ­¤ ²h£ ¬£³°­¬ Th£ ²µ­ ¡­««­¬
¡h­§¡£± ¤­° ²h£ ­³²®³² ¤³¬¡²§­¬ ~°£ ±§¥«­§¢ ~¬¢ h·®£°b­ª§¡ ²~¬¥£¬²¤³¬¡²§­¬±

E~¡hª~·£°§¬ ²h£±£ ¬£²µ­°©± ®£°¤­°«±~ ¡£°²~§¬ ²°~¬±¤­°«~²§­¬ ­¬§²± §¬®³² ±§¥¬~ª± G§v£¬
~ ±³¤¤§¡§£¬²ª· ª~°¥£ ¬³«b£°­¤ª~·£°± ~¬¢ ~ ¡~®~b§ª§²· ²­ «~¬§®³ª~²£ ²h£ ª~·£° ²°~¬±¤­°«~²§­¬±,§²
1± ®­±±§bª£ ²­ ~¡h§£v£ ~¬· ¢£±§²£¢ §¬®³²-­³²®³² «~®®§¬¥ ­° ¢£¡§±§­¬ b­³¬¢~°·¤­°¡ª~±±§¤§¡~²§­¬
Aª²h­³¥h ~ ª~°¥£ ¬³«b£° ­¤ h§¢¢£¬ ª~·£°± ®£°h~®± ®°­v§¢£± «­°£ ¤ª£x§b§ª§²· §¬ ²£°«± ­¤



78

~¡¦i£´i¬¥ ~ «~®®i¬¥I i² ¡~¬  £ £~±iª· ±¦­µ¬ ²¦~² ²µ­ ¦i¢¢£¬ª~·£°± ~°£ ±³¤¤i¡i£¬² ²­ ¤­°«

®i£¡£µi±£ ªi¬£~° ¢£¡i±i­¬  ­³¬¢~°i£± ­¤ ~¬· ¡­«®ª£¶i²· [7I27] q¦£ ¤i°±² ­¤ ²¦£±£ ²µ­ ¦i¢¢£¬

ª~·£°± ¡~¬  £ ¡­¬±i¢£°£¢ ~± ²¦£ ®~°²i²i­¬i¬¥ ª~·£° ²¦~² ¢i´i¢£± ²¦£ £¬²i°£ ¤£~²³°£ ±®~¡£ i¬²­

±£´£°~ª °£¥i­¬± q¦£ ±£¡­¬¢ ¦i¢¢£¬ ª~·£° ¤³¬¡²i­¬± ~± ~¬ ^ka¬¥ª~·£°²¦~² ®£°¤­°«± ^kai¬¥

­¤®~°²i²i­¬£¢ °£¥i­¬±²­ ·i£ª¢ ¡­¬´£¶ ¢£¡i±i­¬ °£¥i­¬± ¤­° £~¡¦ ¡ª~±±K q¦£ ­³²®³² ª~·£° ¡~¬  £

¡­¬±i¢£°£¢ ~± ²¦£ Ooi¬¥ ª~·£°²¦~² ª­¥i¡~ªª· ¡­« i¬£± ²¦£ °£±³ª²± ­¤ ²¦£ ®°£´i­³± ª~·£° ²­

®°­¢³¡£ ¢i±¨­i¬² ¢£¡i±i­¬ °£¥i­¬± ­¤ ~° i²°~°· ±¦~®£ µi²¦ ¦­ª£± ~¬¢ ¡­¬¡~´i²i£±I i¤ ¬££¢£¢
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E~F E F

ci¥³°£ 3K E~F ^¬ £¶~«®ª£ ­¤~ «³ª²iª~·£° ®£°¡£®²°­¬ ¬£²µ­°©K E F ^ ²·®i¡~ª ®£°¡£®²°­¬ «­¢£ª

q¦£ ¬£²µ­°© ²°~i¬i¬¥ i± ¢­¬£ i¬ ~¬ i¬¡°£«£¬²~ª ¤~±¦i­¬  · ®°£±£¬²i¬¥ £¶~«®ª£± ­¤

i¬®³²J­³²®³² «~®®i¬¥ ®~i°± i¬ ~ ±£q³£¬¡£I a³°i¬¥ ²¦£ ª£~°¬i¬¥ ®°­¡£±± ²¦£ ¬£²µ­°©

¡­¬²i¬³­³±ª· «­¢i¤i£± i²± ¡­¬¬£¡²i­¬ ±²°£¬¥²¦± ­° µ£i¥¦²± ²­ ~¡¦i£´£ ²¦£ «~®®i¬¥®°£±£¬²i¬ ²¦£

£¶~«®ª£±K pi¬¡£ ²¦£ i¬®³²J­³²®³² ²°~i¬i¬¥ £¶~«®ª£± ±®£¡i¤· ­¬ª· ²¦£ ¢£±i°£¢ ­³²®³² ¤­° ²¦£

¬£³°­¬± i¬ ²¦£ ­³²®³²ª~·£°I ²¦£ £¶®£¡²£¢ °£±®­¬±£ ­¤ ²¦£ ¬£³°­¬±i¬ ²¦£ i¬²£°«£¢i~²£ ª~·£°±i±

¢£²£°«i¬£¢  ·  ~¡© ®°­®~¥~²i¬¥ ²¦£ £°°­° ~² ²¦£ ­³²®³²ª~·£° ²­ ²¦£ i¬²£°«£¢i~²£ ª~·£°± ²¦°­³¥¦ ~

®°­¡£±± ­¤ ¡°£¢i² ~±±i¥¬«£¬²²¦~² ²~©£± i¬²­ ~¡¡­³¬² ²¦£ µ£i¥¦²± ­¤ ²¦£ ´~°i­³± i¬²£°¡­¬¬£¡²i¬¥

ªi¬©±K q¦£ °£±³ª²i¬¥  ~¡©®°­®~¥~²i­¬ ~ª¥­°i²¦« [2VI34I4S] i± ~ ¥°~¢i£¬² ¢£±¡£¬² ®°­¡£¢³°£²¦~²

«i¬i«i¸£± ²¦£ £°°­° ~² ²¦£ ­³²®³² ª~·£°K ^ª²¦­³¥¦ ²¦£ ¡­¬´£°¥£¬¡£ ­¤ ²¦£ ~ª¥­°i²¦« ¦~±  ££¬

®°­´£¢ ­¬ª· ³¬¢£° ²¦£ ~±±³«®²i­¬ ­¤ i¬¤i¬i²£ª· ±«~ªª µ£i¥¦² ¡¦~¬¥£±I ®°~¡²i¡~ª

i«®ª£«£¬²~²i­¬± µi²¦ ª~°¥£° µ£i¥¦² ¡¦~¬¥£± ~®®£~°²­ ·i£ª¢ ¡­¬´£°¥£¬¡£ «­±² ­¤²¦£ ²i«£K

£¡~³±£­¤ ²¦£ ³±£ ­¤¥°~¢i£¬² ±£~°¡¦ ®°­¡£¢³°£I ²¦£  ~¡©®°­®~¥~²i­¬ ~ª¥­°i²¦« ­¡¡~±i­¬~ªª·

ª£~¢± ²­ ±­ª³²i­¬± ²¦~² °£®°£±£¬² ª­¡~ª «i¬i«~K o£¡£¬²ª·I «~¬· ´~°i~²i­¬± ­¤ ²¦£

 ~¡©®°­®~¥~²i­¬ ~ª¥­°i²¦« [8I 42} ¦~´£  ££¬ ®°­®­±£¢ ²­ ±®££¢ ³® ²¦£ ¬£²µ­°© ª£~°¬i¬¥ ²i«£K

£¡~³±£ ­¤²¦£i° £¶¡£ªª£¬² ª£~°¬i¬¥ ¡~®~ iªi²i£± ²¦£ Mim¬£²µ­°©± ~°£ ¤i¬¢i¬¥ i¬¡°£~±i¬¥

³±£ ~± ¬­¬®~°~«£²°i¡ ®~²²£°¬ ¡ª~±±i¤i£°±K q¦£±£ ¬£²µ­°©± ¦~´£  ££¬ ±³¡¡£±±¤³ªª· ³±£¢ ¤­°: |

¡ª~±±i¤i¡~²i­¬ ²~±©± i¬´­ª´i¬¥ ±®££¡¦I ²£¶²I ~¬¢ ±­¬~°¢~²~ µi²¦ ®£°¤­°«~¬¡£ ±i«iª~°²­ ²¦~² ­¤

¡­¬´£¬²i­¬~ª ¬­¬®~°~«£²°i¡ ¡ª~±±i¤i£°± ±³¡¦ ~± ²¦£ ©J¬£~°£±² ¬£i¥¦ ­° ¡ª~±±i¤i£° µi²¦ ²¦£  £¬£¤i²

­¤ i¬¦£°£¬² ®~°~ªª£ªi±« ­¤ ²¦£ ¬£³°~ª ¬£² ±²°³¡²³°£K O¬£ ¢i¤¤i¡³ª²· ­¤²£¬ £¬¡­³¬²£°£¢ i¬ ²¦£

±³¡¡£±±¤³ª ~®®ªi¡~²i­¬ ­¤ Mim ¬£²µ­°©±i± ²¦£ ¬£¡£±±i²· ­¤ «~²¡¦i¬¥ ²¦£ ¬£²µ­°© ²­®­ª­¥·I i£K

²¦£ ¬³« £°­¤ ¬£³°­¬±i¬ £~¡¦ª~·£°I ²­ ²¦£ ¥i´£¬ ®°­ ª£« ~² ¦~¬¢K q¦£ ¬£²µ­°© ²­®­ª­¥· i±

~¬ i«®­°²~¬² ¤~¡²­° ²¦~² ¡~¬ ±i¥¬i¤i¡~¬²ª· ~¤¤£¡² ²¦£ ª£~°¬i¬¥ ²i«£ ~± µ£ªª ~± ²¦£ ­´£°~ªª

i¬®³²J­³²®³² «~®®i¬¥ ®£°¤­°«~¬¡£~± i¬¢i¡~²£¢  · «~¬· £¶®£°i«£¬²~ª ±²³¢i£± [7INSI20]K

C­¬±i¢£°i¬¥ ²¦£ i«®­°²~¬¡£ ­¤¬£²µ­°© ²­®­ª­¥·I «~¬· °£±£~°¡¦£°± [2I3] ~°£ ª­­©i¬¥ ~² ²¦£

²°~¢i²i­¬~ª ±²~²i±²i¡~ª ¡ª~±±i¤i¡~²i­¬ ²£¡¦¬iq³£± ²­ ­ ²~i¬ ²¦£ «~²¡¦i¬¥ ¬£²µ­°© ¡­¬¤i¥³°~²i­¬ ¤­°~

¥i´£¬ ±£² ­¤i¬®³²J­³²®³² ²°~i¬i¬¥ ´£¡²­°±K  
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4I Ak jim fjmibjbkTATflk lc Tobb `iAppfcfbop

l¬£­¤²¦£ £~°ª§£±² °£¤£°£¬¡£±²­ ²¦£ §«®ª£«£¬²~²§­¬ ­¤~ ²°££ ¡ª~±±§¤§£° ~± ~ ª~·£°£¢ ¬£³°~ª
¬£²µ­°© §± ²¦£ µ­°© ­¤ e£¬°§¡¦­¬ ~¬¢ c³ [19] µ¦­ ±³¥¥£±²£¢ ²¦£ ³±£ ­¤ ®£°¡£®²°­¬± µ§²¦ ¦~°¢
¬­¬ª§¬£~°§²· ²­ °£~ª§¸£ ²¦£ ¬­¢£ ¢£¡§±§­¬ ¤³¬¡²§­¬± p§«§ª~° ±¡¦£«£± ¦~´£  ££¬ ®°­®­±£¢ ~¥~§¬
§¬ ²¦£ °£¡£¬² ª§²£°~²³°£ §¬ ²¦£ ¤­°« ­¤ ¬£³°~ª ¢£¡§±§­¬ ²°££± [14I25]K e­µ£´£°I ²¦£
§«®ª£«£¬²~²§­¬ ®°­®­±£¢ ¦£°£ «~©£± ³±£ ­¤ ~ ±²°³¡²³°~ª ²°~¬±¤­°«~²§­¬ [39] ²¦~² ª£~¢± ²­ ~
¢£¡§±§­¬ ²°££ §«®ª£«£¬²~²§­¬ §¬ ²¦£ ¤­°« ­¤~ ²¦°££Jª~·£° ¤££¢¤­°µ~°¢ ¬£²µ­°© ­¤ ®£°¡£®²°­¬±
µ¦§¡¦ ¡~¬  £ ¤³°²¦£° ²°~§¬£¢ ~ª­¬¥ ²¦£ª§¬£± ­¤ ¬£³°~ª ¬£²µ­°© ²°~§¬§¬¥ ®°­¡£¢³°£±

f¬ ­°¢£° ²­ ±££ ¦­µ ~ ¢£¡§±§­¬ ²°££ ¡~¬  £ ²°~¬±¤­°«£¢ §¬²­ ~ ²¦°££ ª~·£°¬£³°~ª ¬£²µ­°©Iª£²
³± ¡­¬±§¢£° ²¦£ ¢£¡§±§­¬ ²°££ ¡ª~±±§¤§¡~²§­¬ ®°­¡£¢³°£ `ª~±±§¤§¡~²§­¬ ³±§¬¥ ¢£¡§±§­¬ ²°££ §±
®£°¤­°«£¢  · ²°~´£°±§¬¥ ²¦£ ²°££ ¤°­« °­­² ¬­¢£ ²­ ­¬£ ­¤ ²¦£ ª£~¤ ¬­¢£± ³±§¬¥ ²¦£ ³¬©¬­µ¬
~²²£°¬ ´£¡²­°K T¦£ °£±®­¬±£ £ª§¡§²£¢  · ²¦£ ³¬©¬­µ¬ ®~²²£°¬ §± ²¦£ ¡ª~±± ­° ¢£¡§±§­¬ ª~ £ª

~²²~¡¦£¢ ²­ ²¦£ ª£~¤ ¬­¢£ ²¦~² §± °£~¡¦£¢  · ²¦£ ³¬©¬­µ¬ ´£¡²­° f² §± ­ ´§­³± ²¦~²~ªª ²¦£
¡­¬¢§²§­¬± ~ª­¬¥ ~¬· ®~°²§¡³ª~° ®~²¦ ¤°­« ²¦£ °­­² ²­ ²¦£ ª£~¤ ¬­¢£ ­¤²¦£ ¢£¡§±§­¬ ²°££ «³±²  £
±~²§±¤§£¢ §¬ ­°¢£° ²­ °£~¡¦ ²¦~² ®~°²§¡³ª~° ª£~¤ ¬­¢£K T¦³±I £~¡¦ ®~²¦ ­¤~ ¢£¡§±§­¬ ²°££
§«®ª£«£¬²± ~¬ Aka ­®£°~²§­¬ ­¬~ ±£² ­¤ ¦~ª¤J±®~¡£± ²¦~² ~°£ ¢£¤§¬£¢  · ²¦£ §¬²£°«£¢§~²£ ¬­¢£±
­¬ ²¦~² ®~²¦K f¤ ²µ­ ­° «­°£ ª£~¤ ¬­¢£± °£±³ª² §¬ ²¦£ ±~«£ ~¡²§­¬ ­° ¢£¡§±§­¬ ²¦£¬ ²¦£
¡­°°£±®­¬¢§¬¥®~²¦± ~°£ §¬ lo °£ª~²§­¬±¦§® p§¬¡£ ~ ª~·£°£¢ ¬£³°~ª ¬£²µ­°© ¤­° ¡ª~±±§¤§¡~²§­¬
~ª±­ §«®ª£«£¬²± Aka§¬¥ ­¤¦·®£°®ª~¬£± ¤­ªª­µ£¢  · lo§¬¥ §¬ ²¦£ ­³²®³² ª~·£°I ~ ¢£¡§±§­¬
²°££ ¡~¬  £ «­¢£ª£¢ ~± ~ ª~·£°£¢ ¬£²µ­°©  · ¤­ªª­µ§¬¥ ±­«£ ²°~¬±¤­°«~²§­¬ °³ª£± T¦£±£ °³ª£±
¡~¬  £ §¬¤­°«~ªª· ±²~²£¢ ~± ¤­ªª­µ±W

E§F T¦£ ¬³« £°­¤ ¬£³°­¬± §¬ ²¦£¤§°±² ¦§¢¢£¬ ª~·£° ­¤ ²¦£ ª~·£°£¢ ¬£²µ­°© £q³~ª± ²¦£
¬³« £°­¤ §¬²£°¬~ª ¬­¢£± ­¤²¦£ ¢£¡§±§­¬ ²°££K b~¡¦ ­¤ ²¦£±£ ¬£³°­¬± §«®ª£«£¬²± ­¬£ ­¤ ²¦£
¢£¡§±§­¬ ¤³¬¡²§­¬±­¤§¬²£°¬~ª ¬­¢£± T¦§±ª~·£° §± ²¦£ ®~°²§²§­¬§¬¥ ª~·£°K

E§§F Aªª ª£~¤ ¬­¢£± ¦~´£ ~ ¡­°°£±®­¬¢§¬¥ ¬£³°­¬ §¬ ²¦£ ±£¡­¬¢ ¦§¢¢£¬ ª~·£° µ¦£°£ ²¦£
Aka§¬¥ §± §«®ª£«£¬²£¢K T¦§± ª~·£° §± ²¦£ Aka§¬¥ª~·£°K

E§§§F T¦£ ¬³« £° ­¤ ¬£³°­¬± §¬ ²¦£ ­³²®³² ª~·£° £q³~ª± ²¦£ ¬³« £° ­¤¢§±²§¬¡² ¡ª~±±£± ­°
~¡²§­¬±K T¦§± ª~·£° §«®ª£«£¬²± ²¦£ lo§¬¥ ­¤ ²¦­±£ ²°££ ®~²¦± ²¦~² ª£~¢ ²­ ±~«£~¡²§­¬K

E§´F T¦£ ¡­¬¬£¡²§­¬±  £²µ££¬ ²¦£ ¬£³°­¬±¤°­« ²¦£ ®~°²§²§­¬§¬¥ ª~·£° ~¬¢ ²¦£ ¬£³°­¬± ¤°­«
²¦£ Aka§¬¥ ª~·£° §«®ª£«£¬²²¦£ ¦§£°~°¡¦·­¤²¦£²°££K

A¬ £¶~«®ª£ ­¤ °£±²°³¡²³°§¬¥ ¤­ªª­µ§¬¥ ²¦£ ~ ­´£ °³ª£± §± ±¦­µ¬ §¬ c§¥³°£ 4K A±²¦§±
£¶~«®ª£ ±¦­µ±I§² §± ¤~§°ª· ±²°~§¥¦²¤­°µ~°¢ ²­ «~® ~ ¢£¡§±§­¬ ²°££ §¬²­ ~ ª~·£°£¢ ¬£²µ­°© ­¤
¬£³°­¬± f² ±¦­³ª¢  £ ¬­²£¢ ²¦~² ²¦£ «~®®§¬¥ °³ª£± ¥§´£¬ ~ ­´£ ¢­ ¬­² ~²²£«®²²­ ­®²§«§¸£ ²¦£
¬³« £°­¤ ¬£³°­¬± §¬ ²¦£ ®~°²§²§­¬§¬¥ ª~·£°K e­µ£´£°I ~  £²²£° «~®®§¬¥ ¡~¬  £ ~¡¦§£´£¢  ·
§¬¡­°®­°~²§¬¥ ¡¦£¡©± §¬ ²¦£ «~®®§¬¥°³ª£± ¤­°°£®ª§¡~²§­¬± ­¤ ²¦£ ¬­¢£ ¢£¡§±§­¬ ¤³¬¡²§­¬± §¬
¢§¤¤£°£¬² ®~°²± ­¤ ²¦£ ²°££ ²­ ~´­§¢ ²¦£ ¢³®ª§¡~²§­¬ ­¤ ²¦£ ¬£³°­¬±§¬ ²¦£ ®~°²§²§­¬§¬¥ ª~·£°K
j­°£­´£°I §² «~· ¬­²  £ ¬£¡£±±~°· ²­ ¦~´£ ²¦£ ­³²®³²ª~·£° §¤ ²¦£ ¬³« £° ­¤¬£³°­¬± §¬ ²¦£
Aka§¬¥ ª~·£°§± ±~«£ ~± ²¦£ ¬³« £°­¤¡ª~±±£±K

t¦§ª£ ²¦£ «~®®§¬¥ °³ª£± ¥§´£¬ ~ ­´£ ~ªª­µ ~¬ §«®ª£«£¬²~²§­¬­¤ ~ ¢£¡§±§­¬ ²°££ ~± ~ ²¦°££
ª~·£° ¬£²µ­°© ­¤ ®£°¡£®²°­¬±I ²¦£ ¤³ªª ®­²£¬²§~ª ­¤²¦§± §«®ª£«£¬²~²§­¬ ¡~¬ ¬­²  £ °£~ª§¸£¢ ³¬ª£±±
²¦£ ®£°¡£®²°­¬± ~°£ ®°­´§¢£¢ µ§²¦ ±­¤² ¬­¬ª§¬£~°§²· ~¬¢ ²¦£ ¬£²µ­°© §± ~ªª­µ£¢ ²­ ~¢~®²§²±
¡­¬¬£¡²§­¬ ±²°£¬¥²¦± ²­ ­´£°¡­«£²¦£ °§¥§¢§²· ­¤ ²¦£ ¢£¡§±§­¬ ²°££ ¡ª~±±§¤§£°± T¦£°£ ~°£ ²µ­
®­±±§ ª£ «£²¦­¢± ¤­° ¢­§¬¥ ±­K l¬£§± ²­ ±§«®ª· ³±£ ²¦£  ~¡©®°­®~¥~²§­¬ ª£~°¬§¬¥ ®°­¡£¢³°£K
e­µ£´£°I ±³¡¦ ~ ²°~§¬§¬¥ ®°­¡£¢³°£ «~·²~©£ £¶¡££¢§¬¥ª· ª­¬¥ ²§«£ ~± ²¦£ «~®®£¢ ¬£²µ­°©§±
®~°²§~ªª· ¡­¬¬£¡²£¢K T¦£ ­²¦£° ®­±±§ §ª§²· §± ²­ £¶®ª­§² ²¦£ ®°£±£¬¡£ ­¤ ¦§£°~°¡¦· §¬ ²¦£
²°~¬±¤­°«£¢ ¬£²µ­°© ²­ ¢£´£ª­® ~ «­°£±³§²~ ª£ ²°~§¬§¬¥ «£²¦­¢K l¬£ ±³¡¦ «£²¦­¢§± ¢£±¡°§ £¢
§¬ ²¦£ ¬£¶²±£¡²§­¬K
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  Pa°²§²§­n§n¥ | AND§n¥ | O §n¥|
ªay£° ªay£° ªay£°

c§¥³°£ 4K An £xa«®ª£ ­¤a ¢£¡§±§­n ²°££ «a®®§n¥

5K T AINING TeE T EE MAPPED NETtO h

T­ b£ abª£ ²­ a¢¨³±² w£§¥h²± §n ²h£ «a®®£¢ n£²w­°kI§² §± £±±£n²§aª ²­ kn­w ²h£ ¢£±§°£¢

­³²®³²­¤²h£ n£³°­n±§n ²h£ ®a°²§²§­n§n¥ ªay£° an¢ ²h£ AND§n¥ªay£° a± w£ªª th§ª£ ²h£ ¢£±§°£¢

­³²®³² ­¤ ²h£ n£³°­n± §n ²h£ §n²£°«£¢§a²£ ªay£°± §± ¥£n£²aªªy n­² kn­wnI ²h§± ®°­bª£« §±

²°a¡²abª£ §n ²h£ ®°£±£n² ¡a±£K A± ¡an b£ n­²§¡£¢ ¤°­« ²h£ «a®®§n¥ ²³ª£±I ²h£°£ £x§±²± a ¥°­³® ­¤

n£³°­n± ¤­° £´£°y ®a²²£°n ¡ªa±± §n ²h£ AND§n¥ ªay£°­¤ ²h£ n£²w­°kI Th£ «£«b£°±h§® §n²h§±

¥°­³® §± kn­wn ¤°­« ²h£ ²°££J²­Jn£²w­°k «a®®§n¥K Th³± ¥§´£n an £xa«®ª£ ®a²²£°n ¤°­« ¡ªa±±

¢I §² §± kn­wn ²ha² ­nªy ­n£ n£³°­n ¤°­« ²h£ ¥°­³® ¢ ­¤ ²h£ AND§n¥ªay£° n£³°­n ±h­³ª¢ ¤§°£

wh§ª£ ²h£ °£«a§n§n¥ n£³°­n± ¤°­« ²ha² ¥°­³® a± w£ªª a± ²h­±£ ¤°­« ­²h£° ¥°­³®± ±h­³ª¢ °£«a§n

§n an §na¡²§´£ ±²a²£K Th£°£¤­°£I ²h£ ±­ª³²§­n ²­ w£§¥h² a¢¨³±²«£n² ¤­° ²h£ AND§n¥ªay£°§± ´£°y

±§«®ª£: £nhan¡£ ²h£ °£±®­n±£ ­¤ ²h£ n£³°­n ®°­¢³¡§n¥ h§¥h£±² ­³²®³² a«­n¥ ²h£ n£³°­n± ¤°­«

¥°­³® ¢ an¢ ±³®®°£±± ²h£ °£±®­n±£­¤ ²h£ °£«a§n§n¥ n£³°­n± §n ²h£ AND§n¥ªay£° ¤­° a ®a²²£°n

¤°­« ¡ªa±± ¡K Th§± §± ±§«§ªa°²­ ²h£ w§nn£°J²ak£Jaªª a®®°­a¡h ¤­ªª­w£¢ ¤­° ²h£ n£³°aª n£²²°a§n§n¥

§n ²h£ ±£ª¤J­°¥an§z§n¥ «­¢£ [24]K Th£ °£a±­n ²ha² ²h§± ±§«®ª£ a®®°­a¡h w­°k± §± ²ha² ²h£

«a®®£¢n£²w­°k ha±a b³§ª²J§n h§£°a°¡hy ­¤²h£ ¢£¡§±§­n ²°££ wh§¡h§± n­² ®°£±£n² §n ²h£ ­²h£°

ªay£°£¢ n£²w­°k± £x¡£®²¤­° ²h£ ¡­³n²£°®°­®a¥a²§­n n£²w­°k [18] wh£°£ aª±­ a ±§«§ªa°²°a§n§n¥

®°­¡£¢³°£ §± ³±£¢K On¡£²h£ §¢£n²§²y ­¤ ²h£ ¤§°§n¥ n£³°­n §n ²h£ AND§n¥ªay£°§± £±²abª§±h£¢ ¤­°

a ¥§´£n £xa«®ª£ ®a²²£°nI ²h£ ¢£±§²£¢ °£±®­n±£ ¤°­« ²h£ ®a°²§²§­n§n¥ ªay£° n£³°­n± §± aª±­

£±²abª§±h£¢ b£¡a³±£ ­¤ a±±­¡§a²§­n b£²w££n a ²£°«§naª n­¢£ an¢ §n²£°naª n­¢£± ­n§²± ®a²h

Aª²h­³¥h²h£ ®°£±£n¡£ ­¤²°££ h§£°a°¡hy §n ²h£ «a®®£¢ n£²w­°k ®°­´§¢£± a ±­ª³²§­n ²­ ²h£

®°­bª£« ­¤ kn­w§n¥ ¢£±§°£¢ °£±®­n±£ ¤­° w£§¥h² a¢¨³±²«£n²¤­°²h£ n£³°­n± §n ²h£ ®a°²§²§­n§n¥

ªay£°I§² §± °£aªªy n­² n£¡£±±a°y ²­ a¢¨³±² w£§¥h²± ­n ²h£ §n¡­«§n¥ ¡­nn£¡²§­n±²­ ²h£±£ n£³°­n±

¢³£ ²­ ²h£ ³±£ ­¤±­¤² n­nª§n£a°§²yK Th§± §± ¢³£ ²­ ²h£ ¤a¡² ²ha² ³±§n¥ ±­¤² n­nª§n£a°§²§£± ±³¡h a±

±§¥«­§¢ ­° hy®£°b­ª§¡ ²an¥£n² ¤³n¡²§­n± ¡a³±£± ²h£ ¢§¤¤£°£n¡£ b£²w££n ²h£ ­b±£°´£¢ ¤£a²³°£

´aª³£ an¢ ²h£ ²h°£±h­ª¢ ´aª³£ ²­ b£ ¡a°°§£¢ a¡°­±± ¢§¤¤£°£n² ªay£°± §n a ¡­¢£¢ ¤­°« Th§± §n

¡­n¨³n¡²§­n w§²h ²h£ a¢a®²ab§ª§²y ®°­´§¢£¢ by ²h£ ¡­nn£¡²§­n± b£²w££n ²h£ ®a°²§²§­n§n¥ ªay£°

an¢ ²h£ AND§n¥ªay£°§± ¥£n£°aªªy ±³¤¤§¡§£n² ²­ ­b²a§n ¢£±§°abª£ ®£°¤­°«an¡£ ¤°­« ²h£ «a®®£¢

n£²w­°k w§²h­³² a n££¢²­ a¢¨³±² ²h£ w£§¥h²± ­n ²h£ §n¡­«§n¥ª§nk±²­ ²h£ ®a°²§²§­n§n¥ ªay£°K

_a±£¢ ­n ²h£ ab­´£ ¢§±¡³±±§­nI ²h£ ®°­¡£¢³°£ ¤­° a¢¨³±²§n¥ ²h£ w£§¥h²± §n ²h£ «a®®£¢

n£²w­°k ¡an b£ ¢£±¡°§b£¢ §n ²h£ ¤­ªª­w§n¥ wayKL£² x(®) w§²h ¡ªa±± ªab£ª L(x(®)) b£ ²h£ §n®³²

®a²²£°n ²­ ²h£ «a®®£¢ n£²w­°ka² ²h£ ®J²h ®°£±£n²a²§­n ¢³°§n¥²h£ ²°a§n§n¥ L£² ¨(x(®)) ¢£n­²£

²h£ °£±®­n±£ ­¤²h£ ¨J²h n£³°­n ¤°­« ²h£ AND§n¥/O §n¥ ªay£°K L£² G(¨) °£®°£±£n² ²h£ ¥°­³® 
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«£« £°±¦§® ­¤²¦£ J²¦ ¬£³°­¬I §K£K ²¦£ ¡ª~±± ª~ £ª ­¤ ²¦£ ¥°­³® ­¤ ¬£³°­¬± µ¦­±£ «£« £°§±
²¦£ J²¦ ¬£³°­¬K c³°²¦£°«­°£ª£² µ§¸  £ ²¦£ ¡­¬¬£¡²§­¬ ±²°£¬¥²¦  £²µ££¬²¦£ J²¦ ¬£³°­¬ ~¬¢ ²¦£

§J²¦ ¬£³°­¬ ­¤ ²¦£ ®°£´§­³± ª~·£°K T¦£¬

µ§E®²1F = «·Eµ§ª®F + Aµ·E®FF §¤ o·E¶E®FF >o·E¶E®FF ¤­°~ªª ©
±³¡¦ ²¦~² dE©F = iE¶E®FF = dE F; ~¬¢

µ§Em²ªF = «§©Eµ§¥E®F JAµ§¶E®FF ¤­° ~ªª © # I

µ¦£°£ ²¦£ ~«­³¬²­¤¡¦~¬¥£ §¬ ²¦£ µ£§¥¦²± §± ¢£²£°«§¬£¢  · ²¦£ t§¢°­µJe­¤¤ ®°­¡£¢³°£ [47]
­° ²¦£ ijp°³ª£~±§² §± ¡~ªª£¢ «~¬· ²§«£±K T¦£ ²£°« « ; §± £§²¦£° ‘f’ ­° ‘0’ §¬¢§¡~²§¬¥ µ¦£²¦£°
~ ¡­¬¬£¡²§­¬ £¶§±²± ²­ ²¦£ J²¦ ¬£³°­¬ ¤°­« ²¦£ §J²¦ ¬£³°­¬ ­° ¬­²K f² ±¦­³ª¢  £ ¬­²£¢²¦~² ²¦£
®°£±£¬¡£ ­° ²¦£ ~ ±£¬¡£ ­¤ ²¦£ ¡­¬¬£¡²§­¬± §± ¢£²£°«§¬£¢ ~² ²¦£ ²§«£ ­¤²°££J²­J¬£²µ­°©
«~®®§¬¥K T¦£ ±³¥¥£±²£¢ ²°~§¬§¬¥ ®°­¡£¢³°£ §± ±³¡¦ ²¦~²§² §± ®­±±§ ª£ ²­ ²°~§¬ £~¡¦ ª~·£°
±£®~°~²£ª· ­° ±§«³ª²~¬£­³±ª·K

b¶~«§¬§¬¥ ²¦£ ®°­®­±£¢ ¢£¡§±§­¬ ²°££ §«®ª£«£¬²~²§­¬ ~±~ ²°~§¬~ ª£ ²¦°££ ª~·£° ¬£²µ­°© ­¤
®£°¡£®²°­¬±I ±£´£°~ª ¡­««£¬²± µ§²¦ °£±®£¡² ²­ ²¦£ ¢£¡§±§­¬ ²°££ §±±³£± °~§±£¢ £~°ª§£° ¡~¬  £
«~¢£I T¦£ «­±² §«®­°²~¬² ­¤²¦£±£ §± ²¦~² ²¦£ jim §«®ª£«£¬²~²§­¬ ­¤ ²¦£ ¢£¡§±§­¬ ²°££± §±
£¶®£¡²£¢ ²­ ®°­´§¢£ ~  £²²£° ~¬¢ «­°£ °­ ³±² ¡ª~±±§¤§¡~²§­¬ ®£°¤­°«~¬¡£  £¡~³±£²¦£¤§¬~ª
¢£¡§±§­¬ «~©§¬¥ §± ¢£ª~·£¢ ²­ ²¦£ ª~±² ª~·£° µ¦£¬ §¬¤­°«~²§­¬ ¤°­« ~ªª ²¦£ ®°£´§­³±ª~·£°± §±
~´~§ª~ ª£K T¦§± §± §¬ ¡­¬²°~±² µ§²¦ ²¦£ ³±³~ª ¢£¡§±§­¬ «~©§¬¥ ®°­¡£¢³°£ §¬ ~ ¢£¡§±§­¬ ²°££ µ¦£°£
~ ¡¦­§¡£ ¦~± ²­  £ «~¢£ ~² £~¡¦ ¬­¢£K j­°£­´£°I ²¦£ ³±£ ­¤±­¤² ¬­¬ª§¬£~°§²§£± §¬ ²¦£ jim
§«®ª£«£¬²~²§­¬ ~ªª­µ±®£°²³° ~²§­¬± §¬ ²¦£ ¤£~²³°£ ´~ª³£± ²­  £ ²­ª£°~²£¢ µ¦§¡¦ §¬ ²¦£ ³±³~ª
¢£¡§±§­¬ ²°££ §«®ª£«£¬²~²§­¬ ¡~¬ª£~¢ ²­ ~¬ £¬²§°£ª· ¢§¤¤£°£¬² ®~²¦K p§¬¡£ ~ ±­¤² ¬­¬ª§¬£~°§²·
°£²~§¬± «­°£ §¬¤­°«~²§­¬ ~ ­³² ²¦£ §¬®³²I ~¬­²¦£° §«®­°²~¬² ¡­¬±£q³£¬¡£ ­¤ ²¦£ jim
§«®ª£«£¬²~²§­¬ §± ²¦~² ²¦£ ¤§¬~ª ¢£¡§±§­¬  ­³¬¢~°§£± ~°£ £¶®£¡²£¢ ²­  £ ±«­­²¦£° ~¬¢ ­¤
~° §²°~°· ­°§£¬²~²§­¬ ª£~¢§¬¥ ²­  £²²£° ¢£¡§±§­¬ «­¢£ª± ²¦~¬ ~°£ ®­±±§ ª£ µ§²¦ ²¦£ ¡­¬´£¬²§­¬~ª
¢£¡§±§­¬ ²°££ §«®ª£«£¬²~²§­¬K T¦§± ¡~®~ §ª§²· §¬ ²¦£ jim §«®ª£«£¬²~²§­¬ ­¤²¦£ ¢£¡§±§­¬ ²°££±
~ª±­ °£¢³¡£± ²¦£ ¬££¢ ¤­°¤§¬¢§¬¥ «³ª²§´~°§~ ª£ ±®ª§²± µ¦§ª£ ¢£´£ª­®§¬¥ ²¦£²°££K T¦£ ¡~®~ §ª§²·
²­ ~¢ ³±² ²¦£ µ£§¥¦²± §¬ ²¦£ ®°­®­±£¢ §«®ª£«£¬²~²§­¬ ~ª±­ ®°­´§¢£±~ ±­ª³²§­¬ ²­ ²¦£ ®°­ ª£« ­¤
±§«³ª²~¬£­³±³±£ ­¤~ªª ²¦£ ²°~§¬§¬¥ ´£¡²­°± µ¦§ª£ ¢£±§¥¬§¬¥ ~ ¢£¡§±§­¬ ²°££K t§²¦ ²¦£ jim
§«®ª£«£¬²~²§­¬I§² §± ®­±±§ ª£ ²­ ¢£±§¥¬ ²¦£ ²°££ ³±§¬¥ ­¬ª· ~ ±³ ±£²­¤²¦£ ²°~§¬§¬¥ ´£¡²­°± T¦£
°£«~§¬§¬¥ ²°~§¬§¬¥ ´£¡²­°± ¡~¬  £ ³±£¢ §¬ ~¬ §¬¡°£«£¬²~ª ¤~±¦§­¬ ²­ ~¢ ³±² ²¦£ µ£§¥¦²± ­¤²¦£
«~®®£¢ ¬£²µ­°© ²¦³± ~´­§¢§¬¥ ²¦£ ¬££¢ ²­ ¦~´£ ~ªª ²°~§¬§¬¥ ´£¡²­°± §¬ ²¦£ «£«­°· ~² ²¦£ ±~«£
§¬±²~¬²K T¦£±§¸£ ­¤ ²¦£ ²°££ ~ª±­  £¡­«£±ª£±± ¡°³¡§~ª µ§²¦ ²¦£ jim §«®ª£«£¬²~²§­¬ l°¢§¬~°§ª·
µ¦£¬ ~ ¢£¡§±§­¬ ²°££ §± ¥°­µ¬  £·­¬¢ ²¦£ ~®®°­®°§~²£ ±§¸£I ²¦£ ¡­°°£±®­¬¢§¬¥ ¤£~²³°£ ±®~¡£
®~°²§²§­¬§¬¥ ±²~°²± ¥£²²§¬¥ «­°£ ~¬¢ «­°£  §~±£¢ ²­µ~°¢± ¬­§±· ²°~§¬§¬¥ ´£¡²­°±K T¦§± ª~²£° ­¬
ª£~¢± ²­ ®­­°¡ª~±±§¤§¡~²§­¬ ®£°¤­°«~¬¡£I e­µ£´£° µ¦£¬~¬ ­´£°¥°­µ¬²°££ §± «~®®£¢§¬²­§²±
¡­«£±®­¬¢§¬¥ jim±²°³¡²³°£I ²¦£ £¤¤£¡² ­¤ §¬~®®°­®°§~²£ ²°££ ±§¸£ §± £¶®£¡²£¢ ²­  £ «§¬§«~ª~±
²¦£ Aka§¬¥ ª~·£°µ§ªª £ª§«§¬~²£ ­° µ£~©£¬I ²¦°­³¥¦ ²¦£ ³±£ ­¤ ¡­«®£²§²§´£ ²°~§¬§¬¥ ®°­¡£¢³°£I
¬£³°­¬±²¦~² ¡­°°£±®­¬¢²­_²¦­±£ ²£°«§¬~ª ¬­¢£±­¤²¦£ ²°££ ²¦~² ~°£ ¢³£ ²­ §¬~®®°­®°§~²£ ±§¸£
[39]K T¦£ §±±³£ ­¤ «§±±§¬¥ ¤£~²³°£±§± ~ª±­ ª£±± ¡°³¡§~ª §¬ ²¦£ ¬£³°~ª §«®ª£«£¬²~²§­¬  £¡~³±£ ­¤
²¦£ ®~°~ªª£ª ¬~²³°£ ~¬¢ ¥°~¡£¤³ª ¢£¥°~¢~²§­¬ ®°­®£°²· ­¤ ²¦£ ¬£³°~ª ¬£²µ­°©±K

6K mboclojAk`b bsAirATflk

A ±£°§£± ­¤£¶®£°§«£¬²± µ£°£ ®£°¤­°«£¢ ²­ ¡­«®~°£ ²¦£ ®£°¤­°«~¬¡£­¤ ²¦£ ²°~¢§²§­¬~ª ²°££
¡ª~±±§¤§£° §«®ª£«£¬²~²§­¬ µ§²¦ ²¦£ jim §«®ª£«£¬²~²§­¬ ~± ¢£±¡°§ £¢ £~°ª§£°K T¦°££ µ£ªª ©¬­µ¬
¢~²~ ±£²± µ£°£ ³±£¢ §¬ ²¦£±£ £¶®£°§«£¬²±K “¦£ ¤§°±² ²µ­ ¢~²~ ±£²± ±§«³ª~²£ ¢~²~ ¤­° ²µ­
µ£ªªJ©¬­µ¬ ®°­ ª£«±¤°­« ²¦£¡ª~±±§¤§¡~²§­¬ ²°££ ª§²£°~²³°£ [5] T¦£¤§°±² ±·¬²¦£²§¡ ¢~²~ ±£²I
¡~ªª£¢iba ¢~²~I ±§«³ª~²£± ~ ¤~³ª²· iba ¢§±®ª~·K b~¡¦ ¢§±®ª~·£¢ ¢§¥§² §± °£®°£±£¬²£¢ ~± ~ ±£´£¬
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¡­«®­n£n²b§na°y ´£¡²­° ²ha² ¤­°«± an §n®³²²­ ²h£ ¡ªa±±§¤§£°K Th£ ¡ªa±±§¤§£° ­³²®³²§n¢§¡a²£± ²h£

¢§¥§² °£®°£±£n²£¢ by ²h£ ±£´£n ¡­«®­n£n² b§na°y §n®³²´£¡²­°K Th£ ¤a³ª² §n ²h£ ¢§±®ªay §± ±³¡h

²ha² §² ¡a³±£± a ±w§²¡h§n¥ ¤°­« a ¡­°°£¡² ±£¥«£n²±²a²£ ²­ an §n¡­°°£¡²±²a²£ w§²h a ®°­bab§ª§²y ­¤

0K10 ¤­° £a¡h ±£¥«£n²§n an §n¢£®£n¢£n² ¤a±h§­nK Aªª ¢§±®ªay£¢ ¢§¥§²± a°£ a±±³«£¢ ²­ ha´£

£q³aª ®°­bab§ª§²yK Tw­ h³n¢°£¢ ®a²²£°n± ­¤ ±³¡h ¤a³ª²y ¢a²a w£°£ ¥£n£°a²£¢ ²­ b£ ³±£¢ a±

²°a§n§n¥ ®a²²£°n± wh§ª£ an­²h£° 5000 ®a²²£°n± w£°£ ¥£n£°a²£¢ ²­ ¤³n¡²§­n a± ²£±² ´£¡²­°±K c§¥³°£

5(b) ±h­w± ²h£ ¢£¡§±§­n ²°££ ¤­° °£¡­¥n§z§n¥ ¤a³ª²y LED ¢§±®ªay ²ha² wa± ­b²a§n£¢ ³±§n¥ ²h£

²°a§n§n¥ ´£¡²­°±K Th£ n³«b£°§n £a¡h ¡§°¡³ªa° n­¢£ ­¤²h£ ²°££ °£¤£°± ²­ a ±£¥«£n²§n ²h£ ¢§±®ªay

a± ±h­wn§n c§¥³°£ 5(a)K I¤ ²h£ ±£¥«£n²§± ¤­³n¢ ²­ b£ ²³°n£¢ ­nI ²h£ °§¥h² b°an¡h §n ²h£ ²°££§±

²ak£n; ­²h£°w§±£ ²h£ ª£¤² b°an¡h §± ¤­ªª­w£¢ Th£ n³«b£° §n a ±q³a°£ b­x §n ²h£ ²°££ °£®°£±£n²± a

¢§¥§² ªab£ª Th§± ²°££ a± w£ªª a± ²h£ ²°££± ¤­°²h£ ­²h£° ¢a²a ±£²± w£°£ aªª ­b²a§n£¢ ¤­ªª­w§n¥ ²h£

a´£°a¥£ «³²³aª §n¤­°«a²§­n ¥a§n (AMIG)²°££ ¢£±§¥n ®°­¡£¢³°£K

1

2 3

4

5 6

7

 

{a) (b)

c§¥³°£ 5 (a) LED ¢§±®ªay (b) ¢£¡§±§­n ²°££ ¤­° ²h£ ¤a³ª²y LED ¢a²aK

Th£ ±£¡­n¢ ±§«³ªa²£¢ ¢a²a ±£² ¡­°°£±®­n¢±²­ ²h£ wa´£¤­°« °£¡­¥n§²§­n ®°­bª£« Unª§k£

²h£ LED ¢a²a ²ha² §± b§na°y §n na²³°£I ²h£ tAVE ¢a²a ¡­n±§±²± ­¤ 21J¢§«£n±§­naª ¡­n²§n³­³±

´aª³£¢ ¤£a²³°£ ´£¡²­°± ¡­«§n¥ ¤°­« ²h°££ ¡ªa±±£± Da²a ¤°­« £a¡h ¡ªa±± a°£ ¥£n£°a²£¢ by

¡­«b§n§n¥ ²w­ ­¤ ²h£ ²h°££ wa´£¤­°«±­¤ c§¥³°£ 6(a) a² £q³§J±®a¡£¢ 21 ±a«®ª£¢ ®­±§²§­n±K

Ea¡h ¡­«®­n£n²­¤ ²h£ 21J¢§«£n±§­naª ¤£a²³°£ ´£¡²­° §± ¡­°°³®²£¢ by °an¢­« n­§±£ ¢°awn: _

¤°­« a n­°«aª ¢§±²°§b³²§­n ­¤ z£°­ «£an an¢ ´a°§an¡£ 1K Th£ ²°a§n§n¥ an¢²£±² ±£² ±§z£± a°£ 300

an¢ 5I000I °£±®£¡²§´£ªy w§²h £q³aª aJ®°§­°§ ®°­bab§ª§²y ¤­° aªª ¡ªa±±£±K Th£ ²w­ £n²°§£± w§²h§n

£a¡h §n²£°naª n­¢£ ­¤ ²h£ ²°££ §n ²h§± ¡a±£ °£®°£±£n² a (¤£a²³°£I ²h°£±h­ª¢) ®a§° w§²h ²h£

¡­n´£n²§­n ²ha² ²h£ ª£¤² b°an¡h §± ¤­ªª­w£¢ §¤ ²h£ ­b±£°´£¢ ¤£a²³°£ ´aª³£§± ª£±± ²han ²h£

²h°£±h­ª¢ ´aª³£: ­²h£°w§±£ ²h£ °§¥h² b°an¡h §± ²ak£n ³®KI² §± ²­ b£ n­²£¢ ²ha² ­nªy a ±«aªª

n³«b£° ­¤ ²h£ ¤£a²³°£± a°£ a¡²³aªªy ³²§ª§z£¢ §n ¡­n±²°³¡²§n¥ ²h£ ¢£¡§±§­n ²°££ Th£±£ a°£ ²h£

¤£a²³°£± ²ha² a°£ ¡­n±§¢£°£¢ «­±² ¢§±¡°§«§na²­°yK  
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    ¤ª ¤3 £2

1 11 21

E£ `ª~±± | 6 3 0

&S `ª~±± 2 S \

= `ª~±± 3

E~F EbF

F§¥³°£ 6 E~F Th°££ µ~v£¤­°«±EbF ¢£¡§±§­¬ ²°££ ©

 
Th£²h§°¢ ¢~²~ ±£² §± ²~©£¬ ¤°­« ¡h~°~¡²£° °£¡­¥¬§²§­¬ ¢­«~§¬ ~¬¢ ³±£± ~ ±³b±£² ­¤ M³¬±­¬

h~¬¢®°§¬²£¢ FORTRAk¡h~°~¡²£°±£² [21] Th£ ±³b±£², ¡~ªª£¢ IMOX ¢~²~, ¡­¬±§±²± ­¤ ¤­³°
¡h~°~¡²£° ¡ª~±±£±, I, M, O, ~¬¢ X E~¡h ¡h~°~¡²£°¡ª~±± ¡­¬±§±²± ­¤ 48 ®~²²£°¬± E~¡h ®~²²£°¬
§± °£®°£±£¬²£¢ ~± ~¬ £§¥h²-¢§«£¬±§­¬~ª ¤£~²³°£ v£¡²­° ­¤ §¬²£¥£° v~ª³£¢ ¡­«®­¬£¬²± Th£±£
¤£~²³°£± °£®°£±£¬² ²h£ ª£¬¥²h ­¤ £§¥h² ¢§°£¡²§­¬~ª ª§¬£± §¬ ²£°«± ­¤®§x£ª ¡­³¬²± ~± ±h­µ¬ §¬
F§¥³°£ 7E~F, I¬ ²h£ £x®£°§«£¬² ¡­¬¢³¡²£¢ µ§²h ²h§± ¢~²~, 36 ª~b£ª£¢ ®~²²£°¬± ¤°­« £~¡h
¡~²£¥­°· µ£°£ ³±£¢ ²­ ¢£v£ª­® ²h£ ¢£¡§±§­¬ ²°££ ­¤ F§¥³°£ 7EbF, Th£ °£«~§¬§¬¥ 12 ®~²²£°¬±
¤°­« £v£°· ¡~²£¥­°· µ£°£ ³±£¢²­ ²£±² ²h£ °£ª~²§v£ ¡ª~±±§¤§¡~²§­¬ ®£°¤­°«~¬¡£­¤²h£ ¢£¡§±§­¬ ²°££
~¬¢ ²h£ ²°~§¬£¢ ¬£²µ­°©

 
E~F EbF

F§¥³°£ 7 E~F IMOX ¤£~²³°£± EbF ¢£¡§±§­¬ ²°££
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^¤²£° «~®®i¬¥£~¡¦ ²°££ i¬²­ i²± ¡­°°£±®­¬¢i¬¥ Mim ¬£²µ­°©I²¦£ ²°~i¬i¬¥ ­¤²¦£ «~®®£¥
¬£²µ­°© µ~± ¢­¬£ ³±i¬¥ ²¦£ ®°­¡£¢³°£ ¢i±¡³±±£¢ £~°ªi£°K q¦£ ²°~i¬i¬¥ ±£² ¡­¬±i±²£¢ ­¤²¦£
±~«£ ´£¡²­°± ²¦~² µ£°£ ³±£¢ ²­ ¢£´£ª­® ¢£¡i±i­¬ ²°££±K q¦£°£ ~°£ ²µ­ ®~°~«£²£°±I ® ~¬¢ '¥¢
i¬´­ª´£¢ i¬ ²¦£ ²°~i¬i¬¥ ®°­¡£¢³°£K q¦£ ®~°~«£²£° ® ¢£²£°«i¬£±²¦£i¬i²i~ª ª£~°¬i¬¥ °~²£ ~¬¢ µ~±
±£² £q³~ª ²­ NK0K f¬ ~ªª ²¦£ £¶®£°i«£¬²±I ª£~°¬i¬¥ °~²£ µ~± ¢£¡°£~±£¢ i¬ i¬´£°±£ ®°­®­°²i­¬ ²­
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d~²~ o° ²¦e fMOXd~²~. q¦e °e~±o¬ ¤o° ±m~ªªe° §m °oveme¬²§¬ ²¦e c~±e o¤iEa d~²~ §± bec~³±e
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can  £ ²°a§n£¢ ¤­ªª­µ§n¥ ²¦£ µ§nn£°J²a©£Jaªª ±²°a²£¥·K q¦£ §nc­°®­°a²§­n ­¤²¦£ ±­¤²
n­nª§n£a°§²§£± §n ²¦£ n£³°­n± ¦a±  ££n ±¦­µn ²­ ­´£°c­«£ «an·­¤²¦£ ¢£c§±§­n ²°££===
¢£¤§c§£nc§£±K q¦£ £¶®£°§«£n²aª °£±³ª²± ²¦a² c­«®a°£²¦£ cªa±±§¤§ca²§­n ®£°¤­°«anc£­¤²¦£ n£³°aª
§«®ª£«£n²a²§­n µ§²¦ ²¦£ ²°a¢§²§­naª ²°££ cªa±±§¤§£° §«®ª£«£n²a²§­n ±¦­µ ²¦a² ²¦£ n£³°aª
§«®ª£«£n²a²§­n §± a ª£ ²­ ®°­´§¢£ §«®°­´£¢ ®£°¤­°«anc£K

obcbobk`bp

¹Nz

xOz

xPz

xQz

xRz

x6z

Tz

x8z

xVz

xNMz

xNNz
¹NOz

xNPz

xNQz

xNRz

xN6z

xNTz

xN8z

mK ^°¥£n²§£°­I oK `¦§nI an¢ mK _£a³¢£²I ?^n a³²­«a²£¢ a®®°­ac¦ ²­ ²¦£ ¢£±§¥n ­¤
¢£c§±§­n²°££ cªa±±§¤§£°±I? fbbb q°an±K m^jfI s­ªKQI ®®KRNJRTI NV8OK
b_K _a³« an¢ K Ha³±±ª£°I ?W¦a² ±§z£ n£² ¥§´£± ´aª§¢ ¥£n£°aª§za²§­n?I? §n pK
q­³°£²z©· (£¢)I ^¢´anc£± §n k£³°aª fn¤­°«a²§­n m°­c£±±§n¥ p·±²£«± fI j­°¥an
Ka³¤«ann m³ I NV8VK
j _§c¦±£ª an¢mK p£§²zI ?j§n§«³« cªa±± £n²°­®·: ^ «a¶§«³« §n¤­°«a²§­n a®®°­ac¦²­
ªa·£°£¢ n£²µ­°©±I? k£³°aª k£²µ­°©±I s­ª OI ®®K NPPJNQOI NV8VK
fI _°a²©­ an¢ fK K­n­n£n©­I ?L£a°n§n¥ ¢§a¥n­±²§c °³ª£± ¤°­« §nc­«®ª£²£ an¢ n­§±·
¢a²aI? §n _K m¦£ª®± (b¢ )I fn²£°ac²§­n± §n ^f an¢ p²a²§±²§caª j£²¦­¢±I q£c¦n§caªm°£±±K
Han²±I bn¥ªan¢I NV8TK
LK _°£§«anI JK c°§£¢«anI o Oª±¦£nI an¢ `KJK p²­n£I `ªa±±§¤§ca²§­n an¢ o£¥°£±±§­n
q°££±I Wa¢±µ­°²¦ fn²'ª G°­³®I _£ª«­n²I `aª§¤KI NV8QK
LK _°£§«an an¢ JK c°§£¢«anI ?`­««£n² ­n ?q°££J±²°³c²³°£¢ cªa±±§¤§ca²§­n ´§a
¥£n£°aª§z£¢ ¢§±c°§«§nan² anaª·±§±?I? J ^«£°K p²a²§±²§caª ^±±­c§a²§­nI s­ª 8PI k­ QMPI
®®KTORJTOTI NV88K
KJK _³°°I ?b¶®£°§«£n²± ­n n£³°aª n£² °£c­¥n§²§­n ­¤ ±®­©£n an¢ µ°§²²£n ²£¶²I? Jbbb
q°an±K ^ppmI s­ªK P6I ®®KNN6OJNN68I J³ª· NV88I
b K a¦ªI ?^cc£ª£°a²£¢ ª£a°n§n¥ ³±§n¥ ²¦£ ¥£n£°aª§z£¢ ¢£ª²a °³ª£I? m°­cK fbbb c§°±² fn²'ª
`­n¤ k£³°aª k£²µ­°©±I pan §£¥­I `aª§¤­°n§aI ®®K ffJROPJRPMI NV8VI
GKoK a²²a²°£·a an¢ LKkK KanaªI ?^¢a®²§´£ §«®°­´£«£n²­¤®a²²£°n °£c­¥n§²§­n ²°££±I?
m°­c fbbb fn²'ª `­n¤K p·±²£«±I janI an¢ `· £°KI _­« a·I fn¢§aI ®®K PVPJPVTI NV8PK
GKoK a²²a²°£·a an¢ LkK KanaªI “ £c§±§­n ²°££± §n ®a²²£°n °£c­¥n§²§­nI? §n LKk Kanaª
an¢ ^K o­±£n¤£ª¢ (b¢±K)I m°­¥°£±± §n ma²²£°n o£c­¥n§²§­n OI bª±£´§£° pc§£nc£ m³ ª§±¦£°±
_sK (k­°²¦JH­ªªan¢)I NV8RK
oKjK can­I q°an±«§±±§­n ­¤ fn¤­°«a²§­nI J­¦n W§ª£· & p­n±I k£µ Y­°©I NV6PK
JKHK c°§£¢«anI ?^ °£c³°±§´£ ®a°²§²§­n§n¥ ¢£c§±§­n °³ª£ ¤­° n­n®a°a«£²°§c cªa±±§¤§ca²§­nI”
fbbb q°an± `­«®³²£°±I s­ªKO6I ®®K QMQJQM8I NVTTK
pK_ G£ª¤an¢I `KpK oa´§±¦an©£°I an¢ bKJK £ª®I ?^n §²£°a²§´£ ¥°­µ§n¥ an¢ ®°³n§n¥
aª¥­°§²¦« ¤­° cªa±±§¤§ca²§­n ²°££ ¢£±§¥nI? Jbbb q°an±K ma²²£°n ^naª jac¦§n£ fn²£ªª I s­ªK
NPI ®®K N6PJNTQI NVVNK
jK G­ª£a an¢ jK ja°c¦an¢I ?^ ¥°­µ²¦ aª¥­°§²¦« ¤­° n£³°aª n£²µ­°© ¢£c§±§­n ²°££±I”
b³°­®¦·± L£²²KI s­ªK NOI ®®KOMRJONMI NVVMK
o jK G­­¢«anan¢ mK p«·²¦I ? £c§±§­n ²°££ ¢£±§¥n ¤°­« a c­««³n§ca²§­n ²¦£­°·
±²an¢®­§n²I? Jbbb q°an±K fn¤­°« q¦£­°·I s­ªK fqJPQI ®®KVTVJVVQI p£®²K NV88K
oKmI G­°«an an¢ qKJK p£jn­µ±©§I “^naª·±§± ­¤ ¦§¢¢£n ³n§²± §n a ªa·£°£¢ n£²µ­°© ²°a§n£¢
²­ cªa±±§¤· ±­na° ²a°¥£²±I? k£³°aª k£²µ­°©±I s­ªKNI ®®KTRJ8VI NV88
`omK Ha°²«annI mKKK sa°±¦n£·I K GK j£¦°­²°aI an¢ ` LK G£° £°§c¦I ?^®®ª§ca²§­n ­¤
§n¤­°«a²§­n ²¦£­°· ²­ ²¦£ c­n±²°³c²§­n ­¤£¤¤§c§£n² ¢£c§±§­n ²°££±I? Jbbb q°an±K fn¤­°«K

q¦£­°·I s­ªLfqJO8I ®®K R6RJRTTI J³ª· NV8OK
oK H£c¦²Jk§£ª±£nI ?`­³n²£°®°­®a¥a²§­n n£²µ­°©±I? ^®®ª§£¢ O®²§c±I s­ª O6I ®®K
QVTVJQV8QI £c£« £°NV8TK

xNVz bG H£n°§c¦­n an¢ KpK c³I ?^ n­n®a°a«£²°§c ®a°²§²§­n§n¥ ®°­c£¢³°£ ¤­° ®a²²£°n

xOMz
cªa±±§¤§ca²§­nI? xbbb q°an±K `­«®³² I s­ªK `JN8I ®®K 6NQJ6OQI J³ª· NV6VK
WYK H³an¥I an¢ oKmK L§®®«annI ?`­«®a°§±­n  £²µ££n n£³°aª n£² an¢ c­n´£n²§­naª
cªa±±§¤§£°±I m°­cK fbbb c§°±² fn²'ª `­n¤ k£³°aª k£²µ­°©±I pan §£¥­I`aª§¤­°n§aI ®®K
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xQQz

xQRz

xQ6z

xQTz

xQ8z

H­ªªan¢)I NV86K
mbK U²¥­¤¤I “f p: ^n §nc°£«£n²aª N PI? m°­c c§¤²¦ fn²'ª `­n¤ jac¦§n£ L£a°n§n¥I ^nn

^° ­°I j§c¦§¥anI ®®KNMTJNOMI NV88

Oo Wan¥ an¢ `KY p³£nI “^naª·±§± an¢ ¢£±§¥n ­¤ a ¢£c§±§­n ²°££  a±£¢ ­n £n²°­®·

°£¢³c²§­n an¢§²± a®®ª§ca²§­n ²­ ªa°¥£ c¦a°ac²£° ±£² °£c­¥n§²§­nI? Jbbb q°an±K m^jfI

s­ªK 6I ®®KQM6JQNTI J³ª· NV8QK

W£° ­±I mK _£·­n¢ o£¥°£±±§­n; k£µ q­­ª± ¤­° m°£¢§c²§­n an¢ ^naª·±§± §n ²¦£

_£¦a´§­°aª pc§£nc£±I m¦K K²¦£±§±I Ha°´a°¢I NVTQK

_ W§¢°­µ an¢ jbKH­¤¤I ?^¢a®²§´£ ±µ§²c¦§n¥c§°c³§²±I? NV6M fob Wbp`Ok`­n·I

o£c­°¢I ma°² QI ®®KV6JNMQI NV6MK

JK W§°²¦ an¢ JK `a²ª£²²I ?b¶®£°§«£n²± ­n ²¦£ c­±²± an¢  £n£¤§²± ­¤ µ§n¢­µ§n¥ §n f PI?

m°­c c§¤²¦ fn²'ª `­n¤ jac¦§n£ L£a°n§n¥I ^nn ^° ­°I j§c¦§¥anI ®® 8TJVVI NV88K

=



Artificiaª k£³raª k£tµ­r©± a¬¢ ptati±ticaª matt£r¬ o£c­¥¬iti­¬

lª¢ a¬¢ k£µ `­¬¬£cti­¬± |

ihKp£t¦i a¬¢ AhI gai¬ Eb¢it­r±F

VV

ç NVVN bª±£´i£r pci£¬c£ m³ ªi±¦£r± _ s Aªª ri¥¦t± r£±£r´£¢

=

_a·£±ia¬ a¬¢ ¬£³raª ¬£tµ­r© ®att£r¬ r£c­¥¬iti­¬ W a
t¦£­r£ticaª c­¬¬£cti­¬ a¬¢ £«®iricaª r£±³ªt± µit¦ ¦a¬¢µritt£¬

c¦aract£r±

aarJp¦·a¬¥ i££GI par¥³rkK pti¦ariì a¬¢ o­¥£r da ­r±©i[

aa£®art«£¬t ­f `­«®³t£r pci£¬c£I ptat£ r¬i´£r±it· ­f k£µ v­r© at _³ffaª­I k£µ v­r©

NQOS

 ra±t«a¬ h­¢a© `­«®a¬·I o­c¦£±t£rI k£µ v­r© NQS5

A ±tract

ptati±ticaª matt£r¬ o£c­¥¬iti­¬ a¬¢ Artificiaª k£³raª k£tµ­r©± ®r­´i¢£ aªt£r¬ati´£

«£t¦­¢­ª­¥i£± t­ t¦£ cªa±±ificati­¬ ­f ®att£r¬± r£®r£±£¬t£¢ a± f£at³r£ ´£ct­r±K T¦i± ®a®£r

®r­´i¢£± a t¦£­r£ticaª r£ªati­¬±¦i® a¬¢ a¬ £«®iricaª c­«®ari±­¬  £tµ££¬ t¦£ _a·£± ¢£J

ci±i­¬ r³ª£ a¬¢ t¦£  ac©®r­®a¥ati­¬ «­¢£ªK It i± ±¦­µ¬ t¦at  ac©®r­®a¥ati­¬ ®£rf­r«±
ª£a±t «£a¬ ±q³ar£ a®®r­xi«ati­¬ t­ t¦£ _a·£± ¢i±cri«i¬a¬t f³¬cti­¬K W¦iª£ a t¦r££J

ªa·£r  ac©®r­®a¥ati­¬ ¬£tµ­r© E­¬£ ¦i¢¢£¬ ªa·£rF µit¦ a ±³ffici£¬t ¬³« £r ­f ¦i¢¢£¬

³¬it± i± ©¬­µ¬ t­ ®­±±£±± ³¬i´£r±aª «a®®i¬¥ a iªit·I ¥ra¢i£¬tJ¢£±c£¬t  a±£¢  ac©®r­®J
a¥ati­¬ ª£ar¬i¬¥ ¢­£± ¬­t ¥³ara¬t££ fi¬¢i¬¥ t¦£ «i¬i«³« ®r­ a iªit· ­f £rr­r ±­ª³ti­¬K
bx®£ri«£¬taª r£±³ªt± µit¦ ¦a¬¢µritt£¬ c¦aract£r r£c­¥¬iti­¬ E¢i¥it± a¬¢ ª£tt£r± £xtract£¢
fr­« ¦a¬¢µritt£¬ a¢¢r£±±£±F ar£ ®r£±£¬t£¢K T¦£ £x®£ri«£¬t± ar£ µit¦ tµ­ ¢iff£r£¬t r£®J
r£±£¬tati­¬± ­f c¦aract£r± W  i¬ar· ®ix£ª arra·± a¬¢ ±tr³ct³raª f£at³r£± r£®r£±£¬t£¢ a±
 i¬ar· ´£ct­r±K Wit¦ ®ix£ª arra·±I t¦£  ac©®r­®a¥ati­¬ «­¢£ª ®£rf­r«±  £tt£r t¦a¬
t¦£ fir±tJ­r¢£r _a·£± ¢i±cri«i¬a¬t t¦at a±±³«£± ±tati±ticaª i¬¢£®£¬¢£¬c£  £tµ££¬ ®ix£ª±

Wit¦ ±tr³ct³raª f£at³r£±I t¦£ fir±tJ­r¢£r _a·£± a¬¢  ac©®r­®a¥ati­¬ ¦a´£ ±i«iªar ®£rf­rJ

«a¬c£I H­µ£´£rI trai¬i¬¥ ­f a  ac©®r­®a¥ati­¬ ¬£tµ­r© i± «³c¦ «­r£ i¬´­ª´£¢K I¬¦£r£¬t

¢iffic³ªti£± µit¦  ­t¦ cªa±±ifi£r± ar£ ¢i±c³±±£¢K

N I¬tr­¢³cti­¬

matt£r¬ r£c­¥¬iti­¬ ¦a±  ££¬ a¬ acti´£fi£ª¢ ­f r£±£arc¦ f­r ­´£r t¦irt· ·£ar± i¬±®iri¬¥ «a¬·

t¦£­r£ticaª a¬¢ £x®£ri«£¬taª r£±³ªt± W£ªªJ¢£´£ª­®£¢ ±tati±ticaª a®®r­ac¦£± t­ ®att£r¬

r£c­¥¬iti­¬ £xi±t [F³©7OI aH73I Td7Q] o£c£¬tª· «³c¦ att£¬ti­¬ ¦a±  ££¬ ¢i´£rt£¢ t­
| ®att£r¬ r£c­¥¬iti­¬ ³±i¬¥ t¦£ artificiaª ¬£³raª ¬£tµ­r© a®®r­ac¦I µit¦ «a¬· ±³cc£±±f³ª

£x®£ri«£¬t± r£®­rt£¢ [F³©88I _³r87I oMp8VI agdG8V] W£i±± a¬¢ ha®­³ª£a± [Wh8V]
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have done a thoro³¥h e«®§r§¡aª ¡o«®ar§±on o¤ ®attern re¡o¥n§t§onI ne³r aª netµor©I and

«a¡h§neªearn§n¥¡ªa±±§¤§¡at§on «ethod±K

qh§± ®a®er ¤o¡³±e± on the ±tat§±t§¡aªª· o®t§«aª _a·e± ¡ªa±±§¤§er and a ®o®³ªar ne³J

raª netµor© ar¡h§te¡t³reI the  a¡©®ro®a¥at§on netµor©I fn ®art§¡³ªarI o³r §ntere±t §±

§n e¶®er§«entaª evaª³at§on ¤or the ¡a±e o¤  §nar· ¤eat³re ve¡tor± ar§±§n¥ ¤ro« the ®ro J

ªe« o¤ handµr§tten ¡hara¡ter re¡o¥n§t§onK fn anaª·¸§n¥ the±e tµo ¡ªa±±§¤§er± ¤ro«  oth

theoret§¡aª and e«®§r§¡aª a±®e¡t±I µe ho®e to ¥a§n ±o«e §n±§¥ht §nto the§r reªat§on±h§®±I

qhe or¥an§¸at§on o¤ the ®a®er §± a± ¤oªªoµ±K pe¡t§on O §ntrod³¡e± the _a·e±¡ªa±±§¤§er

and §t± a®®ro¶§«at§on ¤or the ¡a±e o¤  §nar· ¤eat³re ve¡tor±K pe¡t§on P §ntrod³¡e± art§¤§J

¡§aª ne³raª netµor©± and the  a¡©®ro®a¥at§on ¡on¡e®tK pe¡t§on ®rov§de± a theoret§¡aª

anaª·±§± o¤ the ¥eneraª§¸ed deªta r³ªe ³±ed §n a  a¡©®ro®a¥at§on netµor© andreªate±§t to

the error rate a¡h§eved  · the _a·e±¡ªa±±§¤§erK ft §± ±hoµn that  a¡©®ro®a¥at§on ®er¤or«± _

ªea±t «ean ±q³ate error a®®ro¶§«at§on to the _a·e± d§±¡r§«§nant ¤³n¡t§onK pe¡t§on 5 deJ

±¡r§ e± e¶®er§«ent± µ§th  oth ¡ªa±±§¤§er± tra§ned and te±ted on a data a±e o¤ «ore than

O0I000 handµr§tten ¡hara¡ter±K Co«®ar§±on± o¤ the±e ¡ªa±±§¤§er± and ®ra¡t§¡aª ®ro ªe«±

§n tra§n§n¥ the« are d§±¡³±±ed §n ±e¡t§on 6K

O _a·e± Cªa±±§¤§er

qhe _a·e± de¡§±§on r³ªe §± a µeªªJ±t³d§ed ±tat§±t§¡aª ¡ªa±±§¤§¡at§on «ethod µh§¡h §± deJ

¤§ned to  e o®t§«aª µ§th ©noµn a ®r§or§ and ¡ªa±±J¡ond§t§onaª ®ro a §ª§t§e± [DH7P]K ft__

«§n§«§¸e± ¡ond§t§onaª r§±©± ¤or an· ªo±± ¤³n¡t§onK

Let the §n®³t ¶  e a ve¡tor o¤ d rando« var§a ªe±I and ªet C·ICOIKKKICn  e the n__

¡ªa±±e± to µh§¡h aªª ®o±±§ ªe §n®³t ve¡tor± «a·  eªon¥K _a·e± r³ªe ±tate± that

P(C·®¶) =PfC) (1)

µhere

P(¶) = PO Pª¶ªC})P(C±) (O)
t=1

_· a±±§¥n§n¥ ¶ to the ¡ªa±± µ§th «a¶§«³«

a

®o±ter§or§ ®ro a §ª§t·I P(C;|¶)I the ®ro aJ

 §ª§t· o¤ er¸or §± «§n§«§¸edK De¤§n§n¥ the d§±¡r§«§nant ¤³n¡t§on ¥;(¶) ¤or ea¡h ¡ªa±± Cj a±

the a ®o±ter§or§ ®ro a §ª§t· ¤or ¡ªa±± j

¥(¶) = P(C·|¶) (P) 
the «§n§n³« ®ro a §ª§t· o¤ error ¡an  e a¡h§eved  · ±eªe¡t§n¥ the ¡ªa±± µho±e d§±¡r§«§nant

¤³n¡t§on ha± the h§¥he±t vaª³eI or



VN

®­ = mbaolK “F

=

pi¬c£ mExF i± i¬¢£®£¬¢£¬t ­ft¦£ cªa±±£±I it ca¬  £ £ªi«i¬at£¢ µit¦­³t aff£cti¬¥ t¦£

¢£ci±i­¬±K W£ ca¬ f³rt¦£r r£¢³c£ t¦i± £q³ati­¬  · a®®ª·i¬¥ a «­¬­t­¬icaªª· i¬cr£a±i¬¥

f³¬cti­¬I ±³c¦ a± ª­¥I ­¬ aªª ¢i±cri«i¬a¬t f³¬cti­¬±K T¦£ r£±³ªt i±

¥jExF = ª­¥ mEx|`;F + ª­¥ mE`FFK E5F

I¬ ­r¢£rt­ ³±£ t¦i± ¢i±cri«i¬a¬t f³¬cti­¬I µ£ ¬££¢ t­ ©¬­µ t¦£ ®r­ a iªit· ¢£¬±it·

f³¬cti­¬ ­f x µit¦ r£±®£ct t­ £ac¦ cªa±± `;I a¬¢ t¦£ ®ri­r ®r­ a iªit·I ­f £ac¦ cªa±± `;K I¬

®racticaª ®att£r¬ r£c­¥¬iti­¬ ®r­ ª£«±I c­«®ª£t£ ©¬­µª£¢¥£­f £it¦£r i± rar£K M­r£ ­ft£¬

µ£ ar£ ®r­´i¢£¢ µit¦ a fi¬it£ ¬³« £r ­f ±a«®ª£±I a¬¢ ar£ f­rc£¢ t­ £±ti«at£ t¦£ a ®ri­ri

a¬¢ cªa±±Jc­¬¢iti­¬aª ®r­ a iªiti£±  a±£¢ ­¬ t¦£ trai¬i¬¥±£tK

OKN _i¬ar· `a±£ W

W£ µiªª ¬­µc­¬±i¢£r t¦£ ca±£ µ¦£r£ t¦£ c­«®­¬£¬t± ­f x ar£  i¬ar·K I¬ ¥£¬£raªI t¦£ a

®ri­ri ®r­ a iªit·I mE`;F ca¬  £ £±ti«at£¢ q³it£ acc³rat£ª· if t¦£ trai¬i¬¥ ±£t i± ªar¥£
H­µ£´£rI a®®r­xi«ati­¬ ­f cªa±±Jc­¬¢iti­¬aª ®r­ a iªiti£± i± a c¦aªª£¬¥i¬¥ ta±© pi¬c£

t¦£r£ ar£ OQ ®­±±i ª£ ¢J¢i«£¬±i­¬aª  i¬ar· ´£ct­r±I O¢ ®r­ a iªiti£± ¬££¢ t­  £ caªc³ªat£¢

f­r £ac¦ cªa±±K T¦£ ªar¥£ ¢i«£¬±i­¬aªit· ­ft£¬ £¬c­³¬t£r£¢ i¬ ®att£r¬ r£c­¥¬iti­¬ ®r­¦i it±

³± fr­« «a©i¬¥ ±³c¦ a®®r­xi«ati­¬±I

OKNKN Fir±tJlr¢£r A®®r­xi«ati­¬

Ift¦£ c­«®­¬£¬t±­f x ar£aªª ±tati±ticaªª· i¬¢£®£¬¢£¬t ­f £ac¦ ­t¦£rI t¦£ cªa±±Jc­¬¢iti­¬aª
®r­ a iªit· ca¬  £ £x®r£±±£¢ a± t¦£ ®r­¢³ct ­f c­¬¢iti­¬aª ®r­ a iªiti£± ­f £ac¦ c­«®­J

¬£¬tI a±

a
o

mEx|`±F = TT mE£FI ESF
O Iª £

|| µ¦£r£ O; i± t¦£ t¦ c­«®­¬£¬t ­f x T¦£r£f­r£I µ£ ¬££¢ t­ £±ti«at£ ¢ ®r­ a iªiti£± f­r
£ac¦ cªa±±I

If µ£ ª£t

m· = mEx; = N|`;F E7F

a¬¢

N~ mi; = mEa; = |`;F E8F



9O

then

d J

P(¶|C;) =]Pd J P·) (9)
§=1

p³ ±t§t³t§n¥ bq³at§on 9 §nto bq³at§on 5I §t §± ±§«®ªe to der§ve the ¤oªªoµ§n¥K

 
PI;

}=vªo¥^ H voµ 1 P;j) H ªo¥ P(C;)K (10)

p§n¡e th§± eq³at§on §± ª§near §n ¸;I µe ¡an reµr§te bq³at§on 10 a±

d
= [ á;µ§; H  ; (11)

t=1

µhere

P_I
µ§j = ªo¥ q_PKP·

(1O)

and

d
 ; = }[ ªo¥(1 PI;) H ªo¥ P(C;) (1P)

§=1

qhere¤oreI the d§±¡r§«§nant ¤³n¡t§on ¤or ea¡h ¡ªa±± ¡an  ee¤¤§¡§entª· ¡hara¡ter§¸ed  ·
a  §a± ¤a¡tor and a dJd§«en±§onaª µe§¥ht ve¡torK

OK1KO b±t§«at§n¥ Para«eter±

p§n¡e the §n®³t ve¡tor §±  §nar·I and §t± ¡o«®onent± are §nde®endent ³nder o³r a±±³«®J

t§onI the ¡ªa±±J¡ond§t§onaª ®ro a §ª§t§e± ¡an  e e±t§«ated  ·  ³§ªd§n¥ a n¶d h§±to¥ra«K

qhen PI; ¡an  e a®®ro¶§«ated  · the ±a«®ªe «ean ©II;L±;I µhere ±; §± the n³« ero¤ ±a«J

®ªe± ¤or ªa±± gjI and ©I; §± the n³« er o¤o¡¡³rren¡e± o¤ 1 ± §n the §th ¡o«®onent a«on¥

aªª ±; ±a«®ªe±K lne ¡o««on ®ro ªe« en¡o³ntered ³±§n¥ th§± a®®roa¡h §± to deter«§ne

a ±³§ta ªe vaª³e ¤or PI; µhen ©j; = 0I ±; = 0 or ©·; = ±;K ^n· one o¤ tho±e ±§t³at§on±

ªead± to re®re±ent§n¥ e§ther §n¤§n§t· or ne¥at§ve §n¤§n§t·K ^ ³±e¤³ª te¡hn§q³e that avo§d±

th§± ®ro ªe« §± to e±t§«ate PI;  · (©j; H 1)L(±; H O)K fn ¤a¡tI §t ha±  een ±hoµn th§± §±
the  e±t e±t§«at§on §n ¡a±e o¤ a «ean ±q³areerror ªo±± ¤³n¡t§onI dood re±³ªt± have aª±o
 een o ±erved  · a±±§¥n§n¥ P;; the vaª³e o¤ 1LP±; µhen PI; §± 0

  

   

  

    

  

t§th a ¥§ven ±et o¤ ¤eat³re ve¡tor±I µ§th ¡o«®ªete ©noµªed¥e o¤a ®r§or§ and ¡ondtJ
t§onaª ®ro a §ª§t§e±I the _a·e± de¡§±§on r³ªe µ§ªª ®rov§de the «§n§«³« error rate qhe

d§±¡r§«§nant ¤³n¡t§on §n bq³at§on 10 µo³ªd  e a®®ro®r§ate §¤ the ¡o«®onent± §n the








































































































































































































































































































































































