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PREFACE 

The Initial Impetus for this thesis came from a 

suggestion by Prof. Karl Deutsch, my thesis supervisor, 

that | look more closely at the prediction of national 

assimilation and polttical mobIlizatton, by use of the 

Deutsch-Solow model; his comments have been of major 

help to me with all the empirical work on nationalism, 

and In revising the original structures of Chapters (V) 

and (VI). The earller work reported in section (ii) of 

Chapter (VI) was carried out under his supervision and 

support, through a research project funded by the 

Cambridge Project. | have been surprised more than 

once by the sensitivity and receptiveness of his 

intuition, in suggesting areas of research which looked 

unworkable at first but which led In the end to useful 

and surprising Innovations. The opinions expressed in 

Chapter (V), however, remain my own responsibility, 

particularly in thelr more bull-headed aspects. 

Professor Mosteller, In the Harvard Statistics 

Department, has helped by introductng me to current 

work on robust estimation, by suggesting the use of 

simulation tests, and by monitoring the general content 

of the first four chapters. Professors Anderson and 

Bossert, of the Committee on Applted Mathematics, and
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Professor Dempster, of the Harvard Statistics 

Department, have helped me to find a more orderly way 

of presenting the mathematical Ideas here, help whlich 

was sorely needed in the summer of 1973. To the 

Cambridge Project, and its sponsors at ARPA, must be 

given thanks, not only for all the computer time used 

in thts research and In Its documentation, but also for 

the opportunity to translate some of these Ideas from 

theory Into operational systems without the extensive 

delays more common In such research; without thelr 

support, this research could never have been brought to 

a state final enough to allow its continuation. 

The personal and financial conditions which led to 

the completion of this thesis were rather complex, and 

debts are owed to more Individuals than should properly 

be cited here. Certainly | have a strong debt to my 

parents In this respect; a debt to Richard Ney, whose 

ideas on the stock market financed a large part of my 

activity In thls period; amoral debt to Prof. Nazli 

Choucri, of M.1t.T., who, In a brief discussion In the 

spring of 1973, encouraged me to continue this work; a 

debt to a colleague, Gopal Krishna, for helping me see 

more clearly that the psychological hurdles | faced at 

first were not totally unique; a debt to Dr. Karreman, 

of the Bockus Research Institute, who, In one of those
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1960's programs to encourage high school students, 

connected with the Moore School of Electronics at the 

University of Pennsylvania, got me started asking 

questions about the phenomenon of intelligence, 

questions which led me to the dynamic feedback concept, 

which was applied only later to formal statistics.
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SYNOPSIS 

This thests provides a broad, coherent exposttion 

of a new mathematical approach to social studies and to 

related fields. 

This work began as an attempt to apply the 

classical techniques of statistics and econometrics to 

the Deutsch-Solow model of nationalism, in order to 

turn thts model Into a workable tool for predicting the 

political future. itn the course of this effort, it 

became clear that the usual statistical methods do a 

poor job in fitting dynamic models to real-world data, 

if we judge these models by thelr ability to make good 

predictions across time. It also became clear that 

newer and better methods would not be feasible, 

economically, unless we could Invent less expensive 

algorithms, too. Thus the goals of this thesIs are 

five-fold: (1) to describe new ways of fitting models 

to data; (11) to define new algorithms which make 

these methods feasible; (ili) to Introduce evidence for 

the superlority of these methods, both for real-world 

and for simulated data; (Iv) to discuss the 

applications of these ideas, in broad terms, to social 

and even blological sclences; (v) to discuss the new 

work on natftonalism which has led us In these
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directions. 

Let us begin with the first three goals. 

We have studied not one, but two, new approaches 

to fitting models to data. First, we generalized the 

work by Box and Jenkins, on "ARMA" processes, on "mixed 

AutoRegressive Moving-Average processes." Chapter 

(111) discusses the mathematics of this approach, In 

detail. [tt shows how an ordinary, multivariate 

autoregressive process, observed by way of "noisy" data 

(i.e. data measured with random measurement errors or 

conceptual distortions), becomes a "vector ARMA 

process.'' It then shows how to apply "dynamic 

feedback" to estimate the coefficients of such 

processes, at much lower costs than were possible 

previously; the resulting computer program Is now 

avallable to the public through the MIT Cambridge 

Project Consistent System. In Chapter (Vv), we discuss 

why we considered this approach [mportant for 

quantitative political science. 

in studies of simulated data, the ARMA approach 

generally ylelded only half as much error as regression 

did, in estimating the coefficients of a simple model; 

it was more efficient in making use of limited data and 

It led to less systematic bias, both. However, with 

real-world data, the ARMA approach did little better
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than regression In making long-term predictions; the 

error distribution curves for ARMA are only about 10% 

smaller than those for regression, and the curves are 

untformly close to each other. 

After re-examining these empirical results and the 

theory of maximum likelihood Itself, we formulated a 

new, more radical and more successful approach to the 

fitting of models. tn essence, the idea is to maximize 

long-term predictive power directly, over the known 

data, Instead of maximizing formal likelihood. 

Formally, thls Idea rests upon the aprior! expectation 

that many social processes are governed by relatively 

deterministic underlying trends, obscured both by 

measurement noltse and by transient deviations of great 

complexity. The qualitative, political basis of this 

tdea Is discussed In Chapter (V). Sections (vii) and 

(xt) of Chapter (11) discuss the statistical basis. 

The "measurement-nolse-only" approach strongly 

outperformed both ARMA and regression, over both 

real-world and simulated data. It outperformed ARMA 

most strongly In our most complex simulated processes, 

which seem most representative of the real world. 

According to our error distribution graphs, the new 

method cuts In half the errors In long-term predictions 

of real-world vartables; the biggest reductions occur
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with those varlables, such as national assimilation, 

and with those cases, near the middle of the 

distributions, for which the simple models of the first 

half of Chapter (VI) can do an adequate job of 

prediction. 

These empirical results for our new approach came 

from special computer programs, which exploited the 

simplictty of the models under study. In Chapter (11), 

we discuss how the algorithm of "dynamic feedback" can 

be used to estimate more general 

‘measurement-nolse-only" models, at minimal cost, 

especially for models which are very Intricate, 

nonlinear and nonMarkhovian; we also discuss how the 

algorithm can flt more conventional models, can 

optimize policy, and can perform "pattern analysis" - a 

dynamic alternative to factor analysis. "Dynamic 

feedback" Is essentlally a technique for calculating 

dertvatitves inexpensively, for use with the classic 

method of steepest descent. In section (iv) of Chapter 

(111), and in section (fit) of Chapter (VI), we discuss 

how our experftence here with steepest descent has led 

us to new ways of adjusting the “arbitrary convergence 

welghts" of steepest descent; these methods speeded up 

the process of convergence by a large factor. The 

Appendix to Chapter (I1) discusses extensfons of these
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methods, for the general, nonlinear case. 

From a practical point of view, the applications 

of such mathematical tdeas In the social sciences 

remain controversial. The extreme positions of 

“behaviorism™ and "traditionalism" remain popular; 

divistons still exist between quantitative and verbal 

studies of soctal behavior. In Chapter (Vv), we 

describe how our mathematical tools might fit in, in 

the broader context of social studies and political 

decitston-making. From a utilitarian and Bayesfan point 

of view, we suggest a methodological approach 

intermediate between "behaviorism" and 

"reraditionalism," in which the different frameworks 

might be Integrated more closely with each other. In 

sketching out the possibilities for such an integrated 

framework, we also point out that the algorithms of 

Chapter (11), taken as part of "cybernetics," have a 

direct value as paradigms, to help us understand the 

requirements of the complex informatton-processing 

problems faced by human societies and by human brains. 

We also mention possible applications to other fields, 

Including ecology. 

Finally, Chapter (VI) presents our emptrical and 

analytic work on natlonalism. 

In sections (il) and (ttt), we discuss our success
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In making long-term predictions of national 

assimilation and mobilization, by use of the 

Deutsch-Solow model. Table V!I-8, for example, gives the 

average errors In predicting the percentagse of 

population assimilated, over time periods on the order 

of thirty years; these errors are unlformly distributed 

between 0% and 2%, except for four outliers (20% of all 

cases) at 2.68%, 3.08%, 3.09% and 6.21%. The fallures 

of these predictions are also Informative; they give us 

a picture of those external factors which really do 

have the power to divert the processes of assimilation 

and mobilization from a steady course. We have 

tabulated the predictions of the "robust" method for 

the years 1980, 1990 and 2000; these predictions are 

subject to caveats discussed in section (iil). 

In section (Iv), more complex models of 

nationalism are synthesized, by drawing together ideas 

from the literature on this topic and Ideas from social 

psychology. The future possibilities of these models, 

In verbal and quantitative analysis, are sketched out 

briefly. These models attained high levels of 

"statistical significance," and led to noticeable 

Improvements In long-term prediction, in emplrical 

tests described In section (v); however, these tests, 

based on classical estimation routines, are regarded as
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preliminary. The communtcattons concepts of section 

(Iv), as applied In section (v), also yielded an 

explanation of one of the Inconsistencies observed with 

"sravity models" In previous research; thls explanation 

was validated empirically. 

The MIT Cambridge Project has begun Implementing 

the algorithms of Chapter (11).
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(1) GENERAL INTRODUCTION AND SUMMARY 

The original purpose of this research was to apply 

the classical techniques of statistics and econometrics 

to the Deutsch-Solow model of nationalism, In order to 

turn this model Into a workable tool for predicting the 

political future. In the course of this research, It 

became clearer and clearer that the usual statistical 

methods do a poor job In fitting dynamic models to 

real-world data, If we judge these models by thelr 

abIltty to make good predictions across time. 

Furthermore, It became clear that newer and better 

methods would not be feasible, economically, unless we 

could also develop new, less expensive algorithms. 

Thus the goals of this thesis have heen five-fold: 

(1) to describe new ways of fitting models to data; 

(11) to define the new algorithms which make these 

methods feasible; (iil) to Introduce evidence for the 

superlfority of the methods (see Table IV-1, on Page 

1V-34, and the graphs which start on Page Vi-3)3 

(iv) to discuss the applications of these Ideas, fn 

broad terms, to social and even biological sciences} 

(v) to discuss the new empIrical work on nattonalism 

whtch has led us tn these directions. 

Let us begin by discussing the first three goals.
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Strictly speaking, we have studied not one, but 

two, new approaches to fitting models to data, In 

polltical sclence. The first approach was essentially 

an extenston of work by Box and Jenkins, on "ARMA! 

processes, on "mixed AutoRegressive Moving~Average 

processes.'' Chapter (II!) discusses the mathematical 

statistics of this approach, In detail. !t begins by 

polnting out that an ordinary, multivariate 

autoregressive process, observed by way of data which 

were not measured perfectly accurately (l.e. measured 

with random measurement errors or conceptual 

distortions), turns Into a "vector mixed autoregressive 

moving-average process." It then proceeds to show how 

the algorithm of "dynamic feedback," discussed In 

Chapter (!1!), can be applied to estimate the 

coeffictents of such a process, at a lower cost than 

was possible with previous methods; the resulting 

procedure has been tested, and made available to the 

general user, as part of the MIT Cambridge Project 

Consistent System. !n Chapter (V), we discuss why this 

approach seemed Important to us, In quantitative 

polftical sclence. 

In studies of simulated data, this approach did 

quite a bit better than the best form of regression. 

In Table !V-1, on Page !V-34, one can see that the
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average estimates ("av'') produced by "arma," for the 

coeffictents of a simple model, were much closer to the 

true values than were those of "reg,'' In the twelve 

cases studied; this tmplles much less systematic blas. 

Also, the disperston of the "arma" estimates was about 

half as much as that of "reg," on the whole; this 

Implles less random error In estimation, or, In other 

words, greater practical efficiency In making use of 

limited data. However, in studies of real-world data, 

the long-term predictions by this method were only 

slightly better than those by regression; for example, 

In Figures VI-1 through Vi-4, on Pages VI-4 through 

VI-7, one can see that the error distribution curve for 

"ARMA" 1s only about 19% smaller In area than that for 

"Regresstion,'' and that the curves are uniformly close 

to each other. 

After re-examining the empirical results of this 

research, and the concepts of maximum likelfhood 

themselves, we have arrived at a new, more radical and 

more successful .approach to the fitting of models. In 

essence, the idea is to maximlze long-term predictive 

power directly, over the known data set, instead of 

maximizing formal lfkelthood. Formally, this tdea rests 

upon the aprior! expectation that many social processes 

are governed by relatively deterministic underlying
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trends, obscured both by measurement noise and by 

transtent deviations of a very complex sort. The 

qualitative, political basts of this Idea is discussed 

In Chapter (V). The statistical basis Is discussed In 

sections (vil) and (xf) of Chapter (II). 

The "measurement-nolse-only'"' approach performed 

much better than both ARMA and regression, on both 

real-world and stmulated data. In Table IV-1, "ext" Is 

markedly superior to “arma” In estimating coefficients; 

in the text of Chapter (IV), we note that this 

supertority is greatest for the stmulated data 

generated by the more complex processes (11 and 12), 

processes which may be more representative of the real 

world. In Figures Vl-1 through VI-4, the 

'measurement-noise-onlty' approach, described as the 

"robust'! approach, had much lower distributions of 

error than ARMA or Regresston did, In long-term 

prediction. If one allows for the spread of the 

vertical axis In these graphs, one can see that the 

"Robust!! method cuts the long-term prediction errors In 

half, roughly; the blgegest reductions occur with those 

vartables, such as natlonal assimilatlton, and with 

those cases, near the middle of the distributions, for 

whitch the simple models of the first half of Chapter 

(VI) can do an adequate job of prediction.
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The empirical results for the "robust" method were 

all based on special computer programs, destgned to 

take advantage of the simplicity of the models under 

study. In Chapter (11), we discuss how the general 

algorithm of "dynamic feedback"’ can be used to estimate 

such "measurement-noise-only" models, at a minimal 

cost, especially for models which may be very 

Intricate, nonlinear and nonMarkhovian; we also 

discuss how the algorithm can be used to fit more 

conventional models, to optimize policy, and to perform 

"pattern analysis" - a dynamic alternative to factor 

analysis. The technique of "dynamic feedback" fs 

essentially a technique for calculating derivatives 

Inexpensively, to be used with the classic method of 

steepest descent. In section (Iv) of Chapter (11), and 

In section (ttt) of Chapter (VI), we point out how 

practical experfence with steepest descent In this 

context has Jed us to new ways of adjusting the 

“arbitrary convergence weights" of steepest descent; 

these methods appear to have the power, In normal, 

practical situations, to speed up the process of 

convergence by a large factor. In the Appendix to 

Chapter (11), we mention a few generalizattions of 

these methods, whitch may be helpful In the general, 

noniftnear case,
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From a practical potnt of view, the applications 

of these and other mathematical approaches In. the 

soctal sclences remain a subject of dispute. The 

extreme posttions of "behaviorism" and "traditionalism" 

remaln popular; a diviston still tends to exist 

between quantitative and verbal studies of social 

behavior. In Chapter (V), we describe the way that our 

mathematical tools might fit In, In the broader context 

of soctal studies and political decision-making. From 

a utllitartan and Bayestan point of view, we suggest a 

methodological approach Intermediate between 

"bhehaviorism' and "traditionalism," tn which the 

different frameworks might he Integrated more closely 

with each other. In sketching out what such an 

Integrated framework might look llke, we also polnt out 

that the algorithms of Chapter (I1), taken as part of 

"cybernetics," may have some direct value as paradlems, 

to help us try to understand the requirements of the 

complex Informatlon-processing problems faced by human 

soctetles and by human braltns. We also mention the 

possibility of applying these approaches to other 

flelds, such as ecology. 

Finally, In Chapter (VI), a few substantive 

conclustons emerge from our empirfeal and analytic work 

on nattonalism. The relative success of our long-term



Page I-7 

prediction of national assimilation and mobilization, 

as shown In Tables VI-8& and VI-9 [In section (tt) of 

Chapter (VI), Is of some substantive Interest; note, 

for example, that In predicting the percentaze of 

population assimilated, over perlods of time on the 

order of thirty to forty years, that the errors are 

untformly distributed between 0% and 2%, except for 

four outllers (20% of all cases) at 2.68%, 3.08%, 3.09% 

and 6.21%. The exact sources of weakness In these 

predictions are also of Interest, Insofar as they give 

us a picture of those external factors which really do 

have the power to divert the processes of assimilation 

and mobIltzatton from a steady course. In Tables VI-21 

and Vi-22, In sectton (ttt) of Chapter (vi), we have 

listed the predictions of the "robust" method for the 

years 1980, 1990 and 2000; these predictions are 

subject to caveats discussed In the text of that 

section. Both In sections (if) and (ttt), all 

predictions are based on the Neutsch-Solow model, with 

minor modifications. 

In section (Iv), more complex models of national 

asstmit lation and mobIlization are synthesized, by 

drawing together Ideas from the literature on this 

topte and Ideas from soctal psychology. The future 

possthtlities of these models, In verbal and
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quantitative analysis, are sketched out briefly. In 

section (v), a preliminary test of the models Is 

described. The main methodologteal conclusion of 

Chapter (VI) Is that the available tools for 

time-series analysis cannot cope adequately with the 

level of complexity represented by such models; 

however, In the preliminary tests, the models attained 

a high level of "statistical stgntficance," and did 

have a noticeable value [In [Improving long-term 

prediction. The communications concepts of section 

(iv), as applied In section (v), also had the spinoff 

of suggesting a rational explanation of one of the 

Inconsistencies observed with "gravity models," fn 

previous research; this explanation was validated 

empirically. 

In concluding thts Introduction, It would seem 

appropriate to describe what might come out of this 

work, In the future. However, these possibIiifties are 

discussed In enough detail In each of the separate 

chapters. Still, It should be of general Interest that 

the programming of the general algorithm of Chapter 

(11) ts already underway at MIT, as part of the 

large-scale "DATATRAN" project on Multics, and Is 

scheduled to be avallable to the social sclentist In 

1974,
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(II) DYNAMIC FEEDBACK, STATISTICAL ESTIMATION AND 

SYSTEMS OPTIMIZATION: THE GENERAL TECHNIQUES 

(1) INTRODUCTION 

In recent years, social scientists and ecologists have become 

interested more and more in the use of mathematical models 

to describe the dynamic laws of the systems they study. Karl Deutsch 

and Robert Solow, for example, have proposed(1) the following model 

to predict the size of the assimilated population, A, and the 

unassimilated population, U, in a bilingual or bicultural society: 

dA 
at = aA + bU 

(2.1) 
Fi 
dt cus 

where "a", "b" and "c" may be treated as constants, at least for 

medium lengths of time, The constant "b" represents the rate of 

assimilation, as a fraction of the people yet to be assimilated, 

per unit of times; "a" and "c" represent the natural growth rates 

of the assimilated and unassimilated populations, respectively, 

Mathematical models may serve two general purposes in the 

social sciences, On the one hand, they may be used as a tool in 

verbal reasoning, as a technique for formulating one's assumptions 

and their consequences very clearly and very coherently; 

they may be used to construct paradigms, which, like metaphors,
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may be very useful but which are not meant to be taken literally, 

The "prisoner's dilemna" paradigm(2) is a good example of such 

a model, On the other hand, mathematical models may be used to make 

actual predictions of variables which can actually be measured; 

economists, for example, have long been in the business of predicting 

the GNP, as a number, from the use of equations(3) originated by 

Keynes and Samuelson, These equations offer different predictions 

for the GNP, depending on one's assumptions abeut government spending 

and tax rates; thus they can be used, not merely in prediction, but 

in helping the government to choose a policy for spending and taxation 

which will maximize the real GNP, 

Our major concern in this thesis is with the second type of 

model ~ predictive models, like the Deutsch-Solow model above, 

Given such a model, the social scientist would want to ask three 

questions: (1) how likely is it that the model is true, empirically? ; 

(11) how can we measure the values of the constants in the model? ; 

(414) if the model is true, but if certain policy-makers could change 

some of the constants or even control some of the variables directly, 

what should they do in order to get the “best" results? The first two 

questions concern the problem of estimation, the core of classical 

statistics, The third question falls roughly into the area now called 

"control theory", All three questions can be answered, by use ef 

existing methods, but only for certain restricted classes of models, 

Our main objective in this chapter is to present a more general
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method, to allow us to answer these questions for any explicit 

model, of any complexity, at a minimal cost in terms of computer 

time, More precisely, if a user specifies his model in terms of 

equations built up out of elementary operations and functions, 

known to a standard computer package, then our method could give 

this computer package the power te answer the three questions above, 

at a minimal cost, As more data become available in the social 

sciences and in ecology, and as models are developed which reflect 

the true complexity of the secial systems themselves, the need for 

such a general method may grow greater and greater, 

In this chapter, we plan to explain the dynamic feedback method, 

by building up examples of its most important applications; these 

examples will grow in complexity until, in section (xii), we present 

the general algorithm explicitly. Thus we will start out in 

section (111) by showing how to reduce the cost of conventional 

nonlinear estimation, In section (iv), we will show how the dynamic 

feedback method can cope with simple models with "memory"; even 

simple models ef this type are difficult to handle by other methods, 

In sections (v) through (vii), we will discuss the basic problem of 

induction, as seen by the statistician, This material prepares us for 

the discussion of more advanced applications in later sections and 

also in Chapter (III). In particular, in section (vii), we will 

propose a new, "robust" approach to estimation, which, even for
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simple models, calls for the use of the dynamic feedback methods 

later, in section (xi), we will specify exactly which "models with 

memory" are used in this approach, and in Chapters (IV) through (VI) 

we will discuss the evidence that this approach is worthwhile, 

In section (xiii), we will discuss the problem of estimation with 

complex noise models, In section (ix), we will discuss a radically 

new concept, "pattern analysis," for dealing with situations where 

the nonlinearities and complexities of a process defy the use of 

straightforward estimation; the applications of this concept would 

include problems now dealt with by factor analysis or by pattern 

recognition techniques, Once a person has finished estimating a model, 

he may then wish to go on to use this model in formulating policy; 

in section (x), we will show how the dynamic feedback method can be 

used at that stage, too, to help one maximize the utility function 

of one's choice, Finally, in the Appendix, we will mention a few 

technical procedures, which can help speed up the convergence of a 

computer routine based on the dynamic feedback method, 

(41) ORDINARY REGRESSION 

Let us begin by discussing the first two questions listed on 

page II-2, from the viewpoint of classical maximum likelihood theory. 

How would we ascertain the "truth" of a model like the 

Deutsch-Solow model, equations (2.1), if we were given the values
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of "A" and "U" every year for some nation, from 1901 to 1973? 

If we were given the values of the constants, a, b, and c, then we 

could simply solve these equations, starting from the known values 

of A and U in 1901, In order to avoid having to solve a differential 

equation, we could rewrite the model in a simpler, but equivalent, 

form: 

A(t+l) = k, A(t) + k,U(t) 

(2.2) 
U(ttl) = k,U(t), 

where "U(t)" means the value of U in the year t, and where 

Ky ky and ky are all constants, In either case, we could predict 

A and U for 1902 through 1973, by starting from our knowledge of 

A and U in 1901, and using our model, We could compare the predictions 

of the model against the observed data, And we would discover that 

equations (2,2) are simply false, as written; there would always be 

some difference between our predictions and the data, while the 

equations (2,2) do not allow for any such error, Equations (2,2) are 

completely deterministic, This complaint may seem like quibbling, 

but it is central to the classic concepts of statistics, In practice, 

admittedly, one may be more interested in the predictive power of a 

simplified model, rather than its formal statistical truth; however, 

in section (vii), we will be able to discuss this possibility as an 

extension of the more classical approach discussed here, At any rate, 

to construct a model which has some hope of being “true”, in the
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social sciences, we need to express the idea that there will be 

a certain amount of unpredictable random noise in the system we are 

studying. Thus we might rewrite equations (2.2) to gets 

A(tt+1) = k,a(t) + kU (t) + b(t) (2.3a) 

U(tt1) = k,U(t) + o(t), (2,3b) 

where b(t) and c(t) are random error terms, obeying: 

  

  

a,/by2 
1 -3(5) 

p(b) = THRs ° 

~3(£)* (2.4) 

p(c) = 2 
Lic 

In other words, we do not know what b(t) and c(t) will be in advances 

the probability that b(t) will equal some particular value, b, is 

given by p(b) in the formula, Strictly speaking, since "b" is a 

continuous variable, p(b) is actually a probability density functions 

one may think of it as the probability that b(t) lies between "b", 

and a nearby point, "btdb", divided by the size of the interval(4), 

db, These functions for the probability of b and c are simply the 

classic bell-shaped curve, or “normal distribution," The constants 

in front of the "e" are there, te make sure that the probabilities of 

the different values for b add up to one, when the formula is 

integrated, The constants "B" and "C", like the constants "ky "s "Kk," 

and "ky" need to be specified before our model is complete,
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According to this elementary model, the probability of b (or c) 

is highest when b (or c) is zero; in other words, it is highest 

when the exponent is zero, instead of a negative number, When b gets 

to be a large number, positive or negative, in proportion to B, 

the exponent gets to be a large negative number, and the probability 

falls off very quickly, It should be emphasized that this simple 

model of noise, while standard, is far from the only possibility 

in this case; in section (vii), we will mention a few other 

possibilities, 

Once we have decided to formulate such a simple model, 

at least to start with, classical statistics can tell us exactly 

how to measure its “likelihood of truth" for any combination of 

and k the constants k,, k In sections (v) and (vi), we will 
2 3° 

discuss in more detail how it is possible for some statisticians 

to arrive at such strong statements; for the moment, however, 

we will relegate the theoretical abstractions to a footnote(5), 

Even on a very concrete level, one can get a feeling for the 

power of the classical appreach, 

Looking back at equations (2.3), we may define: 

A(t+1) = ka(t) + kU(t) 

(t+1) = kU (t) 

“A(t+i)" 1s simply the best prediction one could make for A(t+1),
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at time t, given our knowledge of A(t) and U(t), and given our 

model, From equations (2.3), we get: 

b(t) = A(ttl) - A(t+1) 
(2.5) 

e(t) = U(tt1) = O(t+1). 

Intuitively, one would expect that a model which gives us 

"zood" predictions, %, would be likelier to be true than 

a model which gives us "bad" predictions; one would expect that 

bigger errors, b and c, would imply a lower probability that the 

model is true, Indeed, when we look back at equations (2.4), 

. the only probability functions we have with this model, 

we can see that larger values of b and c would imply a lower 

probability, More exactly, as we look at these equations, we 

can see that the probabilities of these errors really depend 

upon (B)* and (8)? - i,e the size of the square of the error, 

As part of our model, we assume that the errors at different times 

are all independent of each ether, Thus in order to combine 

all the different probabilities fer different times, t, 

into one overall probability, it is legitimate to multiply them 

all together; this has the effect of telling us to add up all 

the exponents, the square error terms, (2) and (5 

to get an overall measure of the probability of the model, 

Therefore we can measure the total effective size of the errors 

in equation (2.3a) by: 

ye Dee = Low? 
a ¢
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In order to pick the best values of k, and Kos in our model, 

we do not have to account for the ether part of the error, 

the of term, since our choice of k, and ky does not affect 

equation (2,3b), Indeed, to pick the best values of ky and Kos 

in equation (2.3a), we do not even have to worry about the value 

of B, since B does not appear in that equation; thus we can 

simply try to minimize: 

2 
L= > (o(t)) (2.6) 

t 
Similarly, in equation (2.3b), we can pick k, by minimizing the 

analogous function: 

Lt = 2. (e(t))° 
t 

Notice that we now seem to have two separate measures of truth, 

for (2.3a) and (2,3b) treated as independent equations, 

Formally speaking, we have found that the maximization of 

likelihood for the composite model, (2.3) and (2.4), 

can be decomposed into the maximization of likelihood for 

(2,3a) and (2.3b) as separate equations, attached to the 

top and bottom equations of (2.4), respectively. 

This decomposition is due to the simplicity of the original model; 

{t would not be valid for many more complex models, In section (vi), 

we Will present more details of this decompesition with ordinary 

regression; in Chapter (III), however, we will focus on a class of 

standard statistical models, the "vector ARMA" models, for which
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such a decomposition is impossible, and for which 

an equation-by-equation estimation procedure cannot have statistical 

consistency, 

Even in the simple case here, however, we have yet to specify 

how to pick k, and k, to minimize "L", in equation (2.6). 

Let us begin by substituting into (2,6) the value of b(t) from 

equation (2,3a): 

L= D_ (a(te2) - k,a(t) ~ k,u(t)) (2.7) 

¢ 
Qur problem, again, is to minimize L as a function of ky and Kos 

while treating the measured data series, A(t) and U(t), as fixed, 

From basic calculus, we know that a function has its minimum, 

for variables ky and Kos only at a point where its derivatives 

with respect to ky and 7) both equal zero, In other words, if the 

derivative of L with respect to ky were not zero, but, say, +10, 

this means that L will change whenever we change ky and that 

the change in L will equal 10 times the change in Ky» roughly, 

for small changes in kis thus, if we change ky by -1/100, then 

L would change by about -1/10, proving that it hadn't yet reached 

a minimum at our original choice of k, and k,, Thus we can try to 
1 

1 and k, such that the. derivatives of L 

with respect to both of these parameters will equal zero, 

find values for k
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Differentiating, we get: 

2s (A(t+1) - k,A(t) - KU(t))” 

t 

>. 2(A(t+1) - k, A(t) - k(t) AA (E44 Jol a(t) =H U(t)) 

t 

DS z(a(tet) = a(t) = u(t) (At) 
t 

= -2( DS (ACA A(t) = (ACE)? = kyu(t)a(t))), 

which we will try to set to zero, And we get a similar expression 

for aL, putting them together, we get two algebraic equations: 

2 

D_ A(ttt a(t) = ky Baw + Hy Queda 

t 

“Va(tti)u(t) = 1 Event Eww 
t 

We can calculate these sums by looking at our datas; we can solve 

these simple simultaneous equations for the variables ky and k, 

exactly, by classical algebra, or by using programs available on 

any computer. The procedure above is the procedure of classic 

multiple regression, 

All ef this reasoning, however, supposes that we decide to look 

at a very simple model, like equation (2.3a), It also assumes that 

the "errors", b and c, follow a normal distribution, There is nothing 

to stop us from using the same calculating procedure in cases where
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we do not expect the noise to be normal; from a classical point of 

view, this may still be equivalent to accepting the normal 

distribution as part of one's "simplified model,” but the effects 

of such a “simplification” are far from obvious apriori.(6), 

What happens, however, if we move on to consider a more complex 

model? What would happen if we decided to change equation (2,.3a) 

itself? For example, in equation (2,3a), we assume that the rate of 

assimilation, Kos is constant in any given country. In reality, we 

know that this is unreasonable, If the "unassimilated”" outnumber the 

"assimilated" by a large majority, they may feel very little pressure 

at all to assimilate; on the other hand, if they are a tiny isolated 

group, dependent on an economic world which is mostly "assimilated", 

then their rate of assimilation is likely to be higher than it 

otherwise would be, There are other factors involved, but, holding 

those facters censtant, our model is likely to be “truer” and better 

if it accounts somehow fer the power of percentage dominance, 

How could we revise equation (2,3a) to express this kind of 

effect? First of all, we need to find some kind of measure of 

“percentage dominance," The simplest and most obvious measure is 

simply the difference between the percentage of the population 

which is assimilated and the percentage of the population which 

is unassimilated. In order to avoid having to multiply everything 

by 100, let us look instead at the difference between the fraction
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which is assimilated and the fraction which is not, The fraction 

of the population assimilated equals, by definition, the ratio 

between the number of people assimilated, A(t), and the total 

number of people, A(t)+U(t); thus it equals A(t)/(A(t)+U(t)). 

The fraction unassimilated equals U(t)/A(t)+U(t); the difference 

between the two equals (A(t)-U(t))/(A(t)+U(t)). Somehow, we 

wish to express the idea that an unassimilated person is more likely 

to assimilate if the "percentage dominance” of the assimilated 

population is larger, If we recall that ko was defined as the rate 

of assimilation per unassimilated population per unit of time, 

we may simply postulate that Kos instead of being constant, 

will be larger if “percentage dominance", as defined above, is larger, 

For simplicity, We may consider the idea that i) is directly 

proportional to percentage dominance: 

» A(t )=U k(t) = ks As (2.8) 

This time, ky is assumed to be constant. While the actual 

relation between ky and percentage dominance is not likely to be 

quite this simple, this equation still gives us some expression of 

the important qualitative idea that there is a strong and consistent 

positive connection between the two, To generate an explicit model 

of assimilation, we may substitute this equation back into (2.3a): 

A(t+L) = k,a(t) + ks he ate u(t) + b(t) (2.9)
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The second term on the right is an “interaction term," nonlinear 

in A and U, A great deal of fuss has been made about this kind of 

nonlinearity, with terminology such as "curvilinear regression", 

"polynomial regression", and even "spectral regression” often 

used,(7), However, this kind of situation is fairly easy to deal 

with, We can solve for b(t), as before, to get: 

Ls 2 (A(tet) = galt) - AEE u(t) )? 
t 

(2,10) 

As a function of ky and ke this is really the same kind of 

expression as (2.7), with "U(t)" replaced by a mere complicated 

expression which we might call "U'(t)": 

A(t )-U(t 
U'(t) = A(t)+U(t u(t) 

The derivatives with respect to k, and k, are the same, with a few 

"prime" signs interjected, and we wind up with the same 

algebraic equations to solve and almost the same sums to calculate, 

(We have to sum up (u'(t))* and U'(t)A(t) instead of u(t)* and 

U(t)A(t).) In practice, one would normally begin by calculating 

the variable "U'" from one's existing data, and injecting it into 

a standard regression package to calculate the sums and solve 

the equations; in a computer package such as TSP, one could compute 

U' from one's previous data by use of the command "GENR" (generate), 

and issue a regression command (OLSQ) with U' and A as independent
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variables, What is essential in this example is that we 

continue to express A(t+i) as a linear combination of 

other variables, which are defined as specific functions of 

the available data, 

(4111) NONLINEAR REGRESSION AND DYNAMIC FEEDBACK 

However, if we want to move on to more interesting models of 

social phenomena, we will often find that we have to estimate 

constants which do not simply multiply an expression we already 

know how to calculate, like U'(t); we will find that there are 

constants on the “inside" of the model, For example, in equation (2,8) 

we said that ky is directly proportional to the dominance of A over U 

as a fraction of the total population, How do we know that it is 

a matter of direct proportionality? k, is the rate of assimilation, 

per unassimilated person per unit of time, as originally 

defined in equation (2,3). In equation (2.8), if U is 25% of the 

population, then = will equal $; if U is almost 0, then i will 

equal 1, Thus we assume that the rate of assimilation will always be 

twice as much in the latter case, as compared with the former case, 

But how do we know it is only twice as much? It might be four times 

as much, After all, the pressures on a tiny community, near 0%, may be 

much, much larger than en a community near 25%, which may be large 

enough to protect its own members, and to give them economic
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opportunities almost as great as they would find after assimilation. 

AU A-U )2 A-U 3 So instead of 777, we might have written (au? 1? . . Or (5 

Even without considering more complicated possibilities, it would be 

interesting to try to measure just how strong these effects are that 

we have been talking about; we may write: 

a(t)-u(t) Me 
k(t) = ky Grey) , 

where Ky like kos is a constant we would like to estimate, 

To turn this into an explicit model of assimilation, we substitute 

into (2.3a): 
k 

A(ttL) = KjA(t) + kf Ae ste ) u(t) + v(t) (2611) 

We can solve for b(t), to get: 

D (v(t)? 
© k 

= Dated) ~ ka(t) - xy (AL) Yu(t) )? (2.12) 

When we differentiate L, and try to set the derivatives to zero, 

as before, we find a very unpleasant set of equations emerging: 

A(t)A(t41) = ky) (A(t)? + ky Zaenatestty u(t) 
t 

U(t)A(ttL) = k 1 Fawcett 

+k Sooty hy
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k 

2 ( 2(A(t+t) - k,a(t) - wie Ste) UC) 

A(t)-U(t) A(t )-U(4) 
* (ky suc) Aue) log 4(t)s0(t) )) 

(Note that we use the asterisk to indicate multiplication, as in 

FORTRAN, ) To solve these three equations as functions of Ky» ky and 

k, is not only a difficult exercise in algebra; it would appear to be 
4h 

impossible, There are many equations in algebra for which there simply 

exist no "closed" solutions <- no solutions which can be expressed 

in terms of the ordinary "vocabulary" of mathematics, (8). 

Thus, in order to devise computer routines to handle this 

contingency, we must use routines which give numerical approximations 

to the constants Kye ky and kt we must estimate kk and ky, by a 

numerical technique of successive approximations, rather than an exact 

solution, This is the classic problem of "nonlinear estimation," 

A similar problem can even arise when dealing with more sophisticated 

linear models, 

There are two well-known methods for dealing with the problem of 

nonlinear regression, The simplest, and perhaps the best, is the 

method of “steepest descent," (9), When we try to maximize L, 

as a function of Kys 2 and k ye We may not be able to solve for 

a = 0, aa = Q ond Se = QO, However, if we start off with 

reasonable guesses for all of the constants, k 1° ky and k, 9 then we 

can differentiate (2,12), plug in our guesses, and see if the
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derivatives happen to equal zero; if so, chances are good that 

we have guessed the best values, (With classic regression, when we 

had two simple equations in two unknowns, k, and Kos there would 

only be one solution in the usual case, and there would always be a 

minimum for L; therefore, we could be fairly certain that the 

derivatives were zero only at the minimum, With very complex 

formulas, we simply have no way of being sure about this, ) 

If the derivatives are not zero, then we can guess new values for 

our constants, values which will make L smaller, rp Sk is positive, 

then we can decrease L by decreasing kj 3 1 Se is negative, then we 

can decrease L by increasing k,- re $f is close to zero, then 

k is probably close to its best value; parte is far away from zero, 

then k, is probably further off, Thus we can create a new guess, 

k,(n+1), better than the old guess, k,(n), by changing k, in 

proportion to Se but in the opposite direction: 

Kk, (ntt) = k,(n) - oe , 

where C is some positive constant, and where we calculate the 

derivative by using our old guesses, ky (n)s k3(n) and k(n). 

We also calculate the derivative and then the new guess for 

ky and Kye each, Once we have our new guesses for Kys ky and Kus 

we can go back to (2,12), to see if we really have gotten a smaller 

value for L, If we have, then we can start again from our new 

guesses, to check the derivatives, etc, If not... then C must be
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too big. If C is small enough, the definition of the derivative 

assures us that L can be predicted as well as we like by looking 

at just the first derivative; therefore, for some C small enough, 

we know that our new guesses will have a smaller L than our old 

guesses, If we find ourselves making C smaller and smaller, from 

guess to guess, then we may eventually quit, when C is so small that 

we aren't changing the constants very much, Hopefully, this will mean 

that our approximations are very close to the ideal values. 

In the Appendix to this chapter, we will suggest a few ways to 

speed up the convergence of this classical technique, 

As we look back at equatien (2,12), it is clear what our biggest 

problem is in actually doing all this work: we have to calculate 

the derivatives of a very complicated-looking expression, L, 

and We have to calculate the exact numerical values of these 

derivatives for many different values of the constants Kas ky and Kye 

Even worse, there is the question of who the "we" is who will do all 

the work, in most cases, Classical regression can be done automatically 

for the social scientist, at a low cost, by a computer program; the 

social scientist need only load in his data, and specify his choice 

of variables, Who is to do the differentiating here? The social 

scientist? In BMD, one of the biggest computer packages for use in 

social science and biology, there is only one “nonlinear regression" 

routine, added into the X-Supplement(10) available June 1972;
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this routine requires the social scientist to write his own 

FORTRAN programs both for the function A(t+1) and for all its 

derivatives, It is reasonable to ask a social scientist to 

understand the logic behind a formula like (2,11); it seems 

rather unreasonable to ask him to carry out elaborate 

differentiations, and write and debug his own FORTRAN programs, 

for every such model he chooses to investigate, Also, this approach 

could become expensive in terms of computer time, too, depending on 

the user's ability to devise lew-cost ways of calculating his 

derivatives, There is a second possibility: the user could be asked 

to specify a FORTRAN program to calculate A(tt+l), as a function 

of A(t), U(t), Ky k, and k,; the program would then go on to 

calculate the derivatives numerically, by changing k, a little bit, 

and seeing what happens to A(t+1), At each time, for each constant, 

the computer would have to carry out calculations as expensive as 

calculating A(t+i); with many constants, this could multiply the cost 

many-fold, In the two nonlinear regression reutines easily available 

in Cambridge, besides BMD - TSP-CSP(11) and Troll1/1(12) - the social 

scientist has a more convenient way to get his work done, In these two 

systems, he need only specify his model in terms of a "formula", like: 

A(t+1) = kLwa(t) + k2*U(t)*(((A(t)-U(t) )/(A(t)4U(t)) ed) 

This is the same as (2,11), but with FORTRAN conventions used to 

make it possible to put everything on one line, and with error terms
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Actual Variable Variable Category Major Minor 
Number source source 
(Address) 

A(t+1) 13 sun 12 11 

k, A(t) 12 product 3 1 

A(t )-U(t ky 
k5U(t) (5 eyau(t ) 11 product 10 4 

A(t )=u(t) So 
UL wu(t ) 10 product 9 2 

A(t JeU(t Ky 

are) 7 power ° ° 
A(t JeU(t 
A(t) #U(t) 8 ratio 7 6 

A(t)-U(t) 7 difference 1 2 

A(t) +(t) 6 sum 1 2 

k, 5 parameter - - 

ky 4 parameter - - 

ky 3 parameter - - 

u(t) 2 given - - 

A(t) 1 given s - 
  
        

Table II-1: Table of Operations for Equation (2,11) 
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left implicit, (Single asterisk means multiplication, double means 

raising to a power.) This formla then gets translated by the 

computer into a list of simple expressions, This list of 

expressions would normally look something like Table II-1, 

with the explanation column on the left removed; such a list is 

called a "Polish string," The categories of operation allowed 

on such a list depend on the arbitrary choices of the systems 

programmers, In some systems, there are function names reserved 

for user-supplied FORTRAN subroutines; in other systems, there are 

functions corresponding to model neurons, for use in statistical 

pattern recognition; et cetera, It is already possible for a 

computer to calculate the symbelic derivatives of a formula by 

manipulating formulas which have been broken down like this; 

however, that process becomes quite expensive, if we have many 

parameters to differentiate against, 

The easiest way to calculate these derivatives is by a simple 

use of dynamic feedback, Now we know that: 

L= 2 (o(t))? 
t 

ob 2. 2 ee 2 3 ((0()") 

To calculate oh we need only calculate Bi ((o(4))) for each time, 

and add up these derivatives over time, We want to know the effect 

on the error, (o(+))*, of changing, say, k,, while we keep our data
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(i.e. A(t), A(ttl),U(t)) constant, and while we keep the other 

parameters (k5 9k, ) constant, In Table II-1, let us define the 

“ordered derivative” of (v(t)? with respect to variable number i 

to be the change we get in (o(t))* in proportion to the change 

in variable #1, when we hold all the previous variables constant, 

For Sf (p(t))*, this definition doesn't give us anything new; 

the ordered derivative, 5p (v(t))*, is the same as the ordinary 

partial derivative, o (b(t))*. But for the other variables, 

it gives us something new to calculate, 

Now: suppose we ask, in changing variable #7 by a small amount, 

what will the total effect be on (b(t))*? Changing variable #7, 

we will have a direct effect on only one variable, later in the 

system, variable #8, (See Table II-1.) Thus if: 

Hn + ay 
where “d" is a small number, where x, 4s variable #7, and where 

"X'" 45 the value after our changes, We will produce the 

following direct effect on later variables: 

, xX +4 te Ze 2 Ly 48 Xe Xt X, X, + x, (X, held constant. ) 

If we are calculating backwards from the top of the table, we 
+ 

already know 5x, ((o(t))*)s we already know the ratio between 
8 

(b(t)")*=(b(t))® and Xj-X,, Let us call that ratio, or derivative,
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"Spe Thus we know, for small values of g, that if Xp=nXotés that 

pi? = Med + Sog, Now we just found out, for small d, that if 
8 

Kak, +4, that Ki =X, + zo 5 thus if we write g=<%, 
8 Xe x,’ 

we know that this change in Xe will lead to a total change in 

(o(t))* of Spa- it . (Before, when we measured S,, we assumed that Xy 

would be held constant, However, when we vary Xo and hold the 

earlier variables constant, there is no way that this change can 

affect anything later on, except by way of Xg.) Thus we deduce: 

8 
s= 

7 OX 

In more sophisticated language, this is an example of: 

+ fy 

a (OF) - St ((b(t))*) ee 

where fp is the function Xe = fg (Xp) = , . Now let us consider 

a more complicated example, In Table II-i, X, has a direct effect on 

three variables higher in the table - Xi grX and Xp When we start to 

vary Xos we have to account for the total effect of all three of the 

changes it introduces directly on these other variables, Thus we get: 

f 
io + 5 2 + aot 

~ "10 Fi 7% ook 

= Si o% + So(-1) + S(+1). 

Of course, X, is simply U(t); the reader, differentiating (2,12) 

with respect to U(t), would also arrive at. three terms, equal to
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the three terms here, but the work involved would be rather 

tedious, To make it explicit how we begin this downwards calculation, 

let me point out how to get Sy 3! 

+ 

S15 = geceray ((e(t))") 

r A 2 
= StH) ((A(t#1) - A(t+1)) ) 

= =2(A(te1) - M(t41)) 

One way to operationalize all this is to start from the top, 

and, for every variable, look at all of its direct connections to 

‘variables higher up. An easier Way, in practice is to pass down 

from the top all the information to variables below them and also 

directly connected to them; the effect is exactly the same, but the 

order of computations is easier to deal with, We can start out, 

in our example, by. setting 8, through Si to zero, and plugging in 

S,. a8 above, At S139 we note that we have a "sum"; thus we add 
13 

13 12 
2 

X44 on (b(t))©, Then we are done; we go down to S,,. At Sj5, we know 

S,. to S,, and to Sia to account for the direct effect of Xo and of 

that all the later effects of X15 have already been added into Sior 

and that our value for S10 has been completely calculated, At S109 

we encounter a product, XqXy Thus we add Siok, to Sie and 545%, to 

Sa. We go down to S44: We encounter another product, We add 544%46 to 

S,. and Sy 10° 

really look only at Seo 8, and Sa the derivatives we wanted for the 

XK, to 5 We go down to S4o¢ And so on, At the end, we
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steepest descent method, The mathematical basis of these operations 

is the theorem, for a set of ordered functional relations 

Xyety (Ky ig hyip ee eXy Je thats 

+. + o%, O38) 
® 

Ory me OX; OX 
pret 

a theorem to be discussed in section (xii), For each line 

  

(2,13) 

  

of the list, as we go down, we have only two calculations to perform 

at most, one for the "major source” and one for the "minor source”; 

thus the total number of calculations needed for each time, t, 

“will equal only ny» where ny is the total number of variables 

on the list. The total cost will be én T, across all times, to get 

all of the derivatives we want, regardless of how many parameters 

there are, Notice that te go up the list, starting from U(t) and 

A(t), requires one calculation per line of the list; thus the total 

cost, merely to compute all the M441) for a given model, will equal 

nT, the same order of magnitude, I assumed, above, that we had 

already carried out this latter calculation, so that the values of 

the "X," were already known; given that we have to find L for each 
4. 

guess, not just the derivatives of L, there is no extra cost in 

first caleulating the "x," and L. 

In practice, one can imagine three ways that a systems 

programmer might want to use the generalized form ef the dynamic 

feedback method, First of all, he might simply write a subroutine,
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to do the calculations specified above directly, on the table of 

operations fer some model, Second of all, he might write one 

subroutine to look at one table of operations, and to specify the 

calculations required by the dynamic feedback method for this 

table, in another table of operations; he might write a second 

subroutine to prune away all unnecessary and redundant operations 

from this table, The relative advantages of these methods would 

depend heavily on the characteristics of the model being studied, 

on the number of time periods and calculations of derivatives to be 

performed, and even on machine characteristics, Finally, one might 

imagine the possibility that the operations on a table like 

Table II-1 will someday be grouped into "strata," groups of 

operations that can be performed in parallel, on a computer 

capable of parallel processing, On such a machine, one could perform 

the operations at a given set of "Sys in parallel, using the 

same procedures as above, so long as none of the corresponding "X," 

depend directly on each other as input sources; in short, one could 

use any system of stratification which was adequate for calculating 

the Xye This possibility is restricted, however, by the requirement 

that several processors would have to be able to add something to 

the same machine word (S, for "i" on the next lower stratum), at the 

same time, with the result that this word would be increased by the 

sum of all the numbers added,
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(iv) MODELS WITH MEMORY 

Now: with a firm mathematical basis for these procedures, 

equation (2,13), we can extend tham still further, The models we have 

discussed so far have all been rather conventional "Markhovian" 

models; in other words, they give us a prediction of A(tti) as a 

function of A(t) and U(t), We could add in A(t-i) and U(t-1) as 

dependent variables, without changing much, because we would still 

have a distinct table for every time "t" giving @(t+1) as a function 

of a manageable number of variables, Suppose, however, that we have 

a model with "memory," In economics, for example, there is a model 

of consumer behavier which states that consumers spend money, not in 

proportion to their current income, but in proportion to the 

permanent income(13) which they expect to average in their lifetimes; 

the model states that the perceived permanent income is adjusted 

slightly, from year to year, in response to actual income, 

Thus we get a model: 

C(t) = ky Y(t) + b(t) 

(2,14) 

Y p(t) = (l-K DY (t-1) + KY, (t)s 

Where "C" is consumption, tS is permanent income, v," is actual 

annual income, and "b(t)" is an error term, Note that statistics 

will normally be available here for "C" and for "Ya" s not for YD 

However, this is still what we would call an "explicit" or
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“phenomenological” model, Given estimates for Yp(t)s and data 

for Y(t), the model tells us exactly how to calculate ¥ (t+) 

and how to predict C(t). To calculate the Y(t), for all times t, 

and to make predictions for the C(t), we need to start off, 

at time t#l, with some estimate of ¥,(0)s this estimate we can treat 

as an external constant ef the model, like ky and Kos to be estimated 

by the statistician (us), (From ¥,,(0) and Y,(1) equation (2,14b) 

tells us how to calculate ¥,(4)s then we can calculate ¥,(2) from 

¥,() and X,(2)s then ¥,(3) from ¥,(2) and Y,(3)s etc, ) 

To minimize the sum of the errors squared, L, is much harder 

in this case than with our complicated-looking model in equation (2,11), 

To calculate here, it is not enough to set up separate tables, 

like Table II-1, for each time t, and add up the se (o(t)*). 

Equation (2,14b) establishes a connection between the unknown 

variables, oe at all different times, However, We can set up a 

large table to include all the different values of Y(t) and C(t) 

across different times; this will be like taking the separate tables 

for each time t, tables like those implied by Table II~1, and putting 

them together inte one large table, In this large table, we can show 

the relations that exist across time, Suppose that we have data 

for "C" and "x," from time 1 to time 4, We get a big table, 

as shown in Table II-2, on the next page. 

With a given set of constants - ¥,(0), k, and k, - and with a
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Actual Variable Variable Operation Ma jor Minor 

Number Category Source | Source(s) 

L 37 sum 36 28,20,12 

(o(4))? 36 product 35 35 
b(H)ac(4 ky ¥ (4) 35 | difference 34 33 

c(4) 34 input - - 

ky¥ (4) 33 product 32 1 

¥,(4) (see 2,14b) 32 sum 31 29 

kpY, (4) 31 preduct 30 2 

¥, (4) 30 input - - 

(1-k, )¥,(3) 29 product 24 4 

(0(3))* 28 product 27 27 

b( 3)=C(3)-k, ¥,( 3) 27 difference 26 25 

c(3) 26 input - - 

ky¥ (3) 25 product 24 1 

¥,() (see 2,14b) 24 sum 23 21 

kY (3) 23 product 22 2 

¥,(3) 22 input - - 

(1-k, )¥_ (2) 21 product 16 4 
  

Table II-2: Table of Operations for Equations (2.14), 
(top section)
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Actual Variable Variable Operation Ma jor Minor 
Number Category Source | Source 

2 
(b(2)) 20 product 19 19 

b(2)=c(2 )-kyY (2 ) 19 difference 18 17 

c(2) 18 input - - 

ky¥,(2) 17 product 16 1 

¥,(2) 16 sum 15 13 

kpY, (2) 15 product 14 2 

¥, (2) 14 input - - 

(i-k, )¥ (1) 13 product 12 4 

(b(4))* 12 product i1 11 

b(1)mc(4 ky ¥ (1) 11 difference 10 9 

ky¥ (1) 9 product 8 1             

Table II-2: Table of Operations for Equations (2,14), 
(middle section)
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Actual Variable Variable Operation Ma jor Minor 
Number Category Source | Source 

¥,() 8 sum ? 5 

k oY, (1) ? product 6 2 

¥, (4) 6 input - - 

(1-k, )¥,(0) 5 product 3 4 

ink, 4 difference 0 2 

¥ (0) 3 parameter - - 

k, 2 parameter - - 

ky 1 parameter - - 

1 0 input - ~             
Table II-2: Table ef Operations for Equations (2,14). 

(bottom section)
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given set of data, we can calculate "forwards in time", or upwards 

in this table, to calculate every one of the "actual variables," 

including L, the total error, To calculate i we can calculate 

backwards, just as we did before with Table II-1, from the top of 

the table to the bottom. This time, however, it is easier to see 

where to start: 

gs « ah. Hey 

37 By, OL 

This time, with L itself on tep, instead of (n(t))*, 

we get a simpler result at the end: 

5 « Ob. Ok 
1 OX, 4 I

Y
 

5 « Oe. 
2 ox, Ok, 

o"L L 
55 " ax, 7 3x0). 

exactly the quantities we need to apply the steepest descent method, 

For each line of the table, except for the top, there are only two 

sources, or no sources; thus to go back from the top line to the 

bottom line requires only two operations per line, at the most, 

For a very large table, with n, lines for each time t, and with T 

periods of time, this amounts to nt lines, and en T operations 

in all, to get all the derivatives of L, Remember that to go up
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the table, to calculate L, we had to carry out one operation 

per line - nit operations in all. No matter how complex the model, 

if the functional relations across time are explicit enough that 

they can be put into formulas which the computer can translate 

into a table, like Table II-2, then "dynamic feedback” can be used 

to calculate all the derivatives, in one pass, 

As a practical matter, one may wonder just how explicit is 

“explicit enough”, In general, the procedure above allows us to 

calculate the derivatives backwards down any ordered table of 

operations, so long as the operations correspond to differentiable 

functions, In order for us to use this method, then, the primary 

requirement is that we be able to specify the model well enough 

to construct such a table, This is the same requirement that applies 

when we wish to use a model forwards in time, to make a prediction 

of the future, without having te solve a complex set of nonlinear 

algebraic equations in every time period, In general, in the existing 

computer packages (including FORTRAN compilers), any formula 

expressed in the following form can be parsed into a table of operations 

(a "Polish string") generating the variable X,(t) from operations 

performed on the arguments: 

X, (t) = f, (arguments), 

where "f," is a function made up by nesting basic operations known to 

the computer package; for example: 

X, (t) = W(t-1)*¥(t-1) + k + sin(Z(t-1)),
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In order for a set of such formulas to be converted into a table 

of operations, we need only find an ordering of the variables to be 

computed, "X,(t)"s such that the arguments used in calculating X, (t) 

are calculated before x, (t) itself is; the table of operations to 

calculate X, (t) can simply be inserted on top of the table already 

built up to calculate variables earlier in the causal ordering, 

If the arguments of "f," {included only constants, parameters and 

values of variables at "t-n", for all fy» with "n" always greater 

than zero for endogenous variables, then this requirement would be 

satisfied automatically, Otherwise, an ordering of the variables 

X, (t) Would have to exist, with the later expressed as functions of 

the earlier, Global things to be calculated, such as the sum of a 

utility function or a loss function over time, can always be inserted 

on top of the table of calculations, so long as we specify formulas 

for calculating them as a function of sums across time or the like, 

Indeed, even if one had a set of implicit equations, so that one had 

to use algebraic solution methods instead of explicit calculation 

in order to carry out a simple prediction of the future from given 

parameters, then one could easily calculate the matrix of partial 

derivatives for those equations, to be used in conjunction with the 

algebraic solutions generated for prediction, to allow one to carry out 

dynamic feedback estimates; however, simulations of this sort are 

both expensive, and outside the major realm of interest here,
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Parenthetically, one might note that there is a certain 

difference between the operations needed to specify the generation 

of a random number, and the operations needed to calculate the 

associated loss function, Estimation by dynamic feedback requires 

the specification of loss functions, In the case where the 

unobserved random numbers are generated by a rather complex process, 

the translation between the two forms of specification may not be 

easy, However, if the losses one is concerned with are the 

discrepancies between the actual and predicted values of Imown 

variables, the specification of an explicit loss function should 

present no problem to the user of a computer package, The 

corresponding model would be suitable for predicting the future, 

but may not be quite as suitable for stochastic simulations of 

the future, in some cases, In such cases, however, the method of 

pattern analysis, to be discussed in section (ix), may help 

reduce the distance between the two forms of specification, 

(v) NOISE, AND THE CONCEPT OF THE TRUTH 

OF A MODEL, IN STATISTICS 

Up until now, we have avoided one other aspect of statistical 

estimation: the problem of noise models, In our old model, in 

equations (2,3) and (2,4), we assumed a simple equation to predict 

A(t+i), and a simple bell-shaped curve for the distribution of the
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errors, b(t), In the last thirty pages or so, we have considered 

more and more complex models to predict things. However, we have 

stayed with the old idea of minimizing the square of the error, 

an idea based upon the old bell-shaped normal distribution, 

We have begun in this way only with great reluctance, and only 

for the sake of exposition, In fact, if we admit that most processes 

in human society and ecology do contain important elements of 

randommess, then we must admit that equation (2.4) is just as much 

a part of our original model as equation (2.3). Equation (2.4) is 

not an “assumption which must be proven true before we can use 

classical techniques"; like equation (2.3) itself, it is part of a 

simple, approximate model, to be evaluated for its predictive power, 

Unfortunately, there has sometimes been a tendency in social science 

and ecology to formulate ever more complicated models to predict 

things, without an explicit model of the random element; the "errors" 

are sometimes regarded as something unpleasant, that one faces up to 

at the end of one's research, after one has formated a model of 

what is interesting. 

Statisticians, on the other hand, have long since passed 

the stage of “minimizing least squares" or of "ninimizing error" 

in general, We mentioned, earlier, the idea of measuring the 

"probability of truth” of a model, We mentioned the problem of 

how to estimate the probability of truth of a model, given
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a set of data observations, The traditional "maximum likelihood" 

school of statistics, as represented by Jeffreys and Carnap(14), 

and the more recent Bayesian schools, both agree that this is 

simply a problem in conditional probabilities: how do we estimate 

the probability of the truth of a model, conditional upon our 

having made a certain set of observations? Formally, the conditional 

probability of A given B, p(A|B), is defined to equal 

p(A and B)/p(B); from this follows Bayes' Law: 

P(a(B) = Pllaleta) 

Statisticians have applied this law to deduce: 

p(model| data) = data tmodel )p( model (2,15) 

p(data) 

This equation does not say that the “data” and the "model" have to be 

expressed in purely mathematical terms; as a result, the equation 

has led to enormous controversy both among statisticians and among 

philosophers, It is a general equation telling us how to determine 

the probability of truth of any sort of theory; thus, its relevance 

to social and natural science goes well beyond the question of 

statistical methods proper, The calculations on the right involve 

two terms of real interest ~ p(data| model) and p(model), The term 

p(data) is the same for all models, and does not help us to evaluate 

the relative probabilities of truth of different models, except 

perhaps indirectly(15), The term p(data| model) represents what
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statisticians have traditionally focused on: how well the data "fit" 

the model, defined as the probability that these particular data 

would have been generated if the model were true, The term p(model) 

refers to the probability of the model before any data have been 

observed at all; it is our apriori probability distribution, 

The philosopher Immanuel Kant long ago asserted that “empirical 

induction" is impossible, without some system of apriori assumptions 

(the "apriori synthetic") with real information content to them(16); 

the choice of "p(model)" would constitute such a system of assumptions, 

More recent philosophers, such as Carnap and Jeffreys(17), 

have tried to preserve the more popular attitudes of pure empiricism 

and positivism, by suggesting that p(model) should be "equal" 

(apriori) for all different models, Thus p(datal model) would be the 

only term left to consider, in measuring probabilities of truth. 

Their suggestions have been carried over to the field of statistics, 

where they are now orthodox practice(18), This approach is normally 

referred to as the "maximum likelihood approach," In more recent years, 

however, many members of a new school of statisticians, the Bayesians, 

have grown in their opposition to this orthodox procedure, They have 

pointed out that "p(model)=k", with the same "k" for all models, 

is a very strong assumption, just as strong as any of the alternatives, 

In most practical problems, the social scientist would have some 

reason to expect some models to be likelier than others, even before
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he runs his statistical analysis, Thus they suggest that a user 

of statistical programs should be asked to specify his apriori 

probability distribution as the first step of any statistical 

analysis(19); then the computer program Can account for both 

p(model) and p(data model), in picking out the model with the 

highest probability of truth, From a broader perspective, 

one might say that the Bayesians are proposing a procedure for 

allowing the social scientist to account for two different kinds 

of data ~- statistical data, and verbal data he has from other 

sources, This still leaves open the question of where his initial 

p(model) should come from, a question which we can avoid in this 

context. (20). 

The Bayesians may be right in principle, but in practice 

the orthodox procedures may remain a sensible way to design 

computer statistical packages. The social scientist, when he reads 

the output of a computer, would normally expect that this output 

reflects only the ability of different models to fit the actual data; 

in deciding what he finally believes about the world, he can then 

account for his verbal data, This does require that he understand 

what "standard errors" mean, in ordinary regression, 80 that he can 

get some idea of the variety of models consistent with the statistical 

data, It also suggests that a direct printout of the relative 

probabilities of truth of different models, over the given data,
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would be a useful feature to have, In brief, it requires the 

development of an intuition regarding the relation of mathematics 

to social processes, an intuition strong enough to sustain the 

balanced assessment of probabilities, This does place a burden on 

the social scientist, On the other hand, the extreme Bayesian 

alternative - to ask a social scientist to encode his intuition 

into a few normal distributions, and to ask for a more complete 

faith in what cemes out of a computer - would seem to place a 

much heavier burden on the social scientist, It would tend to 

de-emphasize the learning experience which usually occurs at 

the end of a statistical analysis, when the social scientist tries 

to relate all the things which came out of the computer to what 

he knows in the real world; if this experience is what develops 

a balanced intuition in the first place, it should not be given 

a diminished role, In Chapter (V), we will discuss in detail the 

importance of this type of experience to the actual application of 

statistical methods in the social sciences, Furthermore, the verbal 

knowledge of a social scientist will not normally fit a simple 

distribution, Even if it did, few “intuitive decision-makers" can 

express their intuition at all reasonably in terms of probability 

distributions, even in simple cases, without extensive training 

in that task,(21), While there is more that could be said on both sides 

of this particular issue, the orthodox approach would seem quite 

adequate for the purposes of the present context,
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The dynamic feedback algorithm, which we are discussing in this 

paper, can actually be applied to Bayesian estimation as easily 

as to conventional estimation, In our examples and in our applications 

we will follow the more orthodox procedures, However, we will refer 

back, on occasion, to the concept of "prior probabilities" when 

this is appropriate, 

In concluding this section, we might note, for the sake of the 

mathematician, that equation (2,15), when used in statistics, is 

normally used to give the probability distributions of a continuous 

family of models, rather than a discrete probability, Strictly 

speaking, such distributions are not even functions; they are 

actually "measures", and they would normally be written as the 

product of a function times an explicit measure, like "de", where 

"9" 4s a parameter of the model, In equation (2,15), however, 

the choices of measure used for the data cancel out; thus it is 

not of intrinsic importance, so long as We are consistent in the 

units we use to record the data, The choice of measure for the 

model is one more aspect of the problem of specifying p(model), 

an aspect discussed by the sources referred to above, In general, 

however, one would not expect the maximum likelihood choice of 

parameters to be affected very strongly by the choice of measure, 

unless the standard error for these parameters indicated a large 

uncertainty and probably a low statistical significance in any case,
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(vi) ORDINARY REGRESSION AND THE MAXIMUM 

LIKELIHOOD APPROACH 

Back in section (ii), when we discussed how to measure 

the "probability of truth" of the Deutsch-Solow model, 

we glossed over the basic questions discussed in section (v). 

In section (11), we found ourselves discussing two different 

"neasures" of the probability of truth, one for equation (2,3a) 

and another for equation (2,30); all the rest of our discussion 

focused on equation (2,3a), an equation to predict a single 

variable, A(tti). When discussing a single equation, to predict 

a single variable from known data, it makes some kind of sense 

simply to add up all the square errors (v(t))* across time, and use 

the sum as a measure of how good the equation is, However, what 

do we do if there are two equations and two sets of errors? 

How do We combine the two different error terms to measure the 

validity of the model as a whole? With the Deutsch-Solow model, 

we could pick out the best values for k, and. k, without answering 

these questions, because the two equations were essentially 

independent, and because we assumed that the two error terms, 

"hb" and "c", each had their own probability distributions 

independent of each other, (Equation (2.4).) But we had to 

avoid the question of how to measure the validity of the model 

as a whole, Now, using the concepts of section (v), we can come back
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to answer this question, Let us define the relative probability 

of truth, P, of any model, as: 

P= p(data|model), 

the probability that we would have observed the data we have 

observed, if the model were true, More precisely, this 

"probability" is actually a probability density, as are the 

other "probabilities" in this section, For simplicity, 

let us assume, with the Deutsch-Solow model, that we only have 

data for three years, 1958, 1959 and 1960, in one country, 

Writing out the data explicitly, we are trying to measure: 

P = p(A(1960),U(1960),A(1959),U(1959),A(1958) ,U(1958)] model), 

which, by classic probability theory, equals the product: 

P = p(a(1960)]u (1960), a(1959),U(1959),A(1958),U(1958), model) 
* p(U(1960)fa(1959),U(1959),A(1958),U (1958) model) 

* p(a(1959)fu(1959),A(1958),U(1958),mode2) 

* p(U(1959)f.A(1958) ,U(1958), model) 

* p(A(1958),U(1958)|mode2). 
Now our model, equation (2,3), predicts A(1960) as a funetion of 

A(1959) and U(1959)3; once these data are given, the other data will 

not affect the probability of A(1960) as given by the model,
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Similarly for U(1960), etc,; thus we can simplify our expression: 

P = p(A(1960)]A(1959) ,U(1959) model) 

* p(u(1960) [U(1959) model) 

* p(a(1959) la(1958) (1958) »mode) 

* p(U(1959)|U(1958) »model) 

* p(A(1958),U(1958)| model). 

Once we are given values for A(1959) and U(1959), how do we 

determine the probabilities of the possible values for A(1960)? 

The most likely value of A(1960), according to equations (2.3) 

and (2.4), is the one with b(1960)=0, i.e. A(1960) = a(1960), 

which equals k,A(1959 )+k,U(1959). But any value for A(1960) would be 

consistent with equations (2,3), for some value of b, Values of 

A(1960) far away from A(1960), however, would imply large values of b, 

which, according to equations (4.4) are not as likely as small values 

of b, To determine the probability of any given A(1960), given 

A(1959) and U(1959), we need only look at the probability of the 

value of b needed to generate the combination, 

(1959 )=A(1960 )-k, A(1959)-kpU (1959). Thus: 

p(A(1960)}4(1959),U(1959) model) = p(b(1959)| model) 
1/b(1959) \2 

1 —3( 3 ) 
e 

{are 
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And similarly for A(1959), U(1960) and U(1959), Thus we get, 

in summary: 

P = p(b(1959)| model) * p(b(1958)|nodel) * p(o(1959)\node2) 

* p(e(1958)|model) * p(A(1958),U(1958)| mode1), 

which, by equation (2.4), equals: 

      

  

~2 (211959) 2 421258) 2 ~3(£(4259))2 

cee yt eR eS 
{2qB Jana V2nc 

4 e(1958) 2 

* os e+) * p(a(1958),U(1958)| mode2) 

What do we do about the last term, representing our earliest 

data point, 1958? The usual practice is simply to ignore the final 

term on grounds that it is difficult to compute, and contributes 

only one time-point worth of information; for long series of data, 

the importance of one extra point of information grows very small, 

In the social sciences, the argument for eliminating this term 

grows even stronger, This term, as usually interpreted(22), 

requires us to compute the probability that we would have started off 

at a data point equal to (A(1958),U(1958)), if this initial data had 

been generated by the Deutsch-Solow model operating for an infinite . 

length of time before the start of the available data. Normally, 

in the social sciences, one picks the start of one's data series for 

one of two reasons: (1) one is trying to find a model to describe 

events in a given historical period, and one does not expect the
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model to be valid before the start of one's data series; 

(44) the data are not available before a certain time, usually 

implying that some aspects of the social system were different 

beforehand, Furthermore, if one’s model is not "stationary", 

as few stationary processes are, then the usual procedure for 

computing this term breaks down in any case, 

On this basis, we get a relative probability density: 

e e e e 

J2nB AZNB {anc AAC ; 

which reduces to: 
2 2 2 2 

((RUSID)” 4 PUREED)” 4. (2L4952)," 4 2142581)” 

  

      

P = 

1 
ene — rN 

le? B* cH 

The interesting part of this formula is the exponent, the part which 

pe 

depends on b and c, In order to maximize p with respect to kis ks 

and Kas we try to bring the negative number in the exponent as 

close to zero as possible, This number is essentially the sum of 

the errors squared, exactly what we tried to maximize before, 

Once we have done this, it is well-known that we can maximize P 

by picking B and C to equal the root-mean-square average of b 

and c, respectively,
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(vii) THE NEED FOR SOPHISTICATED NOISE MODELS 

In general, there is little reason to believe that the classic 

normal distribution, of equations (2.4), will be a good model of 

the noise element in all social processes, Mosteller, for example, 

has pointed out that "flukes" occur fairly often in real social 

data. (23), There may be many processes which normally plod along 

in a predictable sort of way, governed by a noise process b(t) 

which fits a normal distribution and which never gets to be very 

large; every once in a while, however, the process may be hit by 

a fluke, which leads to changes much larger than one would have 

expected in the normal course of events, Suppose that "Py" is the 

probability, at any time, of getting a fluke, Then the probability 

distribution for b(t) may actually fit this kind of equation: 

1 2 

tes, 
    p(b) = (1-p,) e + D,* 

1 

vane 

where By is much larger than B, This equation states that most of 

the time - (1-p, ) of the time, to be precise - b will fit the same 

bell-shaped curve as before; however, when a “fluke” occurs, 

b will fit a much broader bell-shaped curve, leading to much larger 

values for b, One way to account for these effects is to use this 

probability formula explicitly, instead of the usual normal 

distribution, in one's noise model; it may be impossible to
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estimate "By" accurately, but, if flukes are a serious problen, 

it may still be possible to estimate k, and ky more accurately, 

and to show when "P" is larger for this kind of model, 

Another source of noise, rarely handled explicitly in social 

science, is “measurement noise," In our discussion above, we 

talked about "A(1959)" and "A(1960)" as if we had available exact 

data for the true levels of assimilation in those years, We may have 

data, but there is good reason to believe that errors of different 

sorts occurred in the collection of this data, Even if the data were 

"perfect", in the sense of giving us a perfect measure of who speaks 

what language when, for example, they may still not be giving us a 

perfect measure of the underlying concept of assimilation, as 

governed by equations (2,3), Let us define "U(t)" as the true size 

of the unassimilated population, and "U'(t)" as the measured size of 

the unassimilated model, Then we might modify equation (2.3b) 

by writing: 

U(ttl) = k,U(t) + e(t) 

(2.16) 
U'(t+1) = U(t+L) + a(tt), 

where "c" is the noise going on in the process itself, and where 

"a" is the measurement noise, The "process noise," "c", is a random 

factor in the actual process (top equation) which determines the 

objective evolution of the real variable we are interested in, U,
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through time, The "measurement noise", "d", does not affect the 

objective reality, U, but only adds a factor of distortion to our 

measurement ef U, our U'sU'-U, the difference between the measured 

value of U and the true value of U, equals the measurement error, d, 

Even if U* did represent an objective variable in its own right, but 

a variable different from the one we really postulate to govern the 

dynamics, then this mathematical structure would still apply, 

Given that we do not know the true value of U(t) at any times t, 

this model is not an "explicit" model; it does not tell us directly 

how to estimate U'(t+1) from earlier data available, (Note that the 

noise term, "c(t)", makes it impossible to calculate later values of 

U(t) from an estimate of U(O).) However, Box and Jenkins(24) have 

shown that this model is equivalent to the explicit model; 

UN(t+l) = kU'(t) + £(t41) = ky £(t), 

where "f" is a noise process fitting a normal distribution, 

This model has a kind of “memory term" in it, k, f(t), and may be 

estimated by use of the dynamic feedback method, as discussed in 

section (iv), In Chapter (III), we will describe how this method can 

be specialized to deal with models of this general sort, with 

any number of dependent variables, Economists, like Cochrane and 

Orcutt, have developed techniques to deal with some of the 

secondary consequences of measurement noise, like the problem of
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serial correlation; however, in their original article(25), these 

authors have made it quite clear that the general problem of 

measurement noise is beyond the scope of their techniques, 

This idea can be taken even further, if we wipe out the 

term for "process noise," and allow for the possibility of 

measurement neise only, In equation (2,16), this would mean 

eliminating the term c(t), while retaining d(t+1) and the other 

terms of the models this would make (2,16) an “explicit” nedel, 

with memory U(t), similar to our example of section (iv), 

At first glance, this procedure sounds both unrealistic, and totally 

inferior to the procedures of the paragraph above, Process noise 

does exist in most social and ecological processes; as long as we can 

account for process noise and measurement noise both, why should we 

limit ourselves to the second possibility only? 

Let us begin by seeing what this process really entails, 

If we assume that there is no process noise at all, then we can 

start out from our initial estimates (or data) for our variables, 

and solve our equations exactly to yield a stream of predictions 

for later data, right up to the end of our data set; these 

predictions account only for the data in the initial time-period, 

Notice that this is exactly what we were thinking of doing, 

early in section (11), before we introduced the more "sophisticated" 

concept of ordinary regression, Also, note that this is what 

Jay Forrester's techniques(26) for "dynamic systems analysis"
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tend to involve, even though he prefers to judge the final fit of 

his models by eye rather than by computer, Above all, note that 

the practical value of social and ecological models usually lies in 

their ability to predict the situation at distant times, without 

requiring knowledge of intervening times in the future, (This includes, 

of course, the ability to predict the results of different policies, ) 

Using our new procedure, we evaluate models by their ability to 

yield good predictions across long periods of time, not by their 

ability to predict across the smallest possible period of time; 

therefore, we will generate models and coefficients better suited to 

the practical demands which will be placed on them, In order to estimate 

such models, we will have to resort to the dynamic feedback 

techniques of section (iv) above, The prior unavailability of such 

techniques offers at least some justification for the apparent 

disregard of empirical data in some of Forrester's more interesting 

work(27); however, if these estimation routines should become 

available soon at the Cambridge Project Consistent System, a more 

empirical analysis of these issues will become possible, 

In short, the practical reasons for disregarding process noise 

can be very strong, at times, From a theoretical point of view, 

however, the reasons are not so obvious, If we start with a given 

statistical process, governed by a given set of equations, then 

those equations themselves are the best possible basis for prediction,
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whether across one period of time or many, Thus “truth” implies 

predictive power, When we have a given set of data, the maximum 

likelihood method allows us to make use of all the information 

available - not just one measure, like long-term predictive power 

over the given data ~ to find the parameters and model closest 

to being "true," 

The difficulty in this argument is that "closeness te truth,” 

unlike “truth” itself, can be measured in many different ways, 

The Bayesian school of thought has begun to argue that this point, 

too, should be accounted for in practical statistical routines(28); 

however, their concepts of “loss function" do not fully encompass 

the concept of "long-term predictive power" here, As a practical 

matter, most models in the social sciences and in ecology are 

simplified, approximate models, which we do not expect to be "true" 

in any absolute sense; we only expect tham to approach truth, or, 

more realistically, we expect them to give us predictions similar 

in a broad way to what we would predict if we knew the full truth, 

Even when these models contain a hundred variables or so, they will 

still be hundreds of times simpler than the complete systems which . 

they represent, If there were an infinite quantity of representative 

data available, and if we had to choose between a limited set of 

models, none of which are "true" in an absolute sense, then the model 

which performs best, on, say, predicting across ten years of time,



Page II-54 

over this data, can also be expected to give us the best predictions 

of the future ten years hence, In order to estimate such a model, 

we should indeed try to minimize the errors across ten years, 

instead of following the conventional likelihood approach, 

In other words, if we wish to carry out an estimation which is 

"robust" - an estimation which will give us good predictions despite 

the oversimplifications of one's model - then a direct maximization 

of predictive power is appropriate; that is exactly what our 

"measurement noise only" approach entails, 

In reality, we will have to accept limits both upon our choice of 

models and upon the size of our data, We will have two sorts of 

information to use in evaluating the predictive powers of our models: 

(i) the long-term predictive power as measured directly over the 

available data; (ii) general information about the "truth" of our 

model, as given by the maximum likelihood formulas, The first 

information is a direct measure of what we want to know, On the other 

hand, we only have a certain limited amount of this kind of 

information, in our data, The second information does tell us 

something about how close our model is to "truth", which in turn 

tells us something about predictive power, When our total information 

is limited, statistical theory recommends that we make use of all the 

information at our disposal, including both the "hard" and the 

"soft," Our problem, then, is ene ef a more practical nature:
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which of the two sources of information should we emphasize, 

when we want to build a model suitable for medium-term and 

long-term prediction? 

General guidelines for dealing with this problem will have to 

come from experience, experience with both ordinary procedures 

and with the new procedure suggested here, It should be clear, 

however, that the relative importance of process noise and 

measurement noise will vary from case to case, A direct comparison 

of the methods, say, in predicting the second half of one's data 

from the first half, would probably be desirable, in most cases, 

When the major flaw in one's existing model lies in its inability 

to describe measurement noise accurately, then one would suspect — 

the possibility that the unexplained portion of that measurement 

noise would be organized enough to be partly "predictable" from 

one's process variables and noise; this would lead to distortion 

of the parameters of the process proper, For models which have 

this problem, the best way to improve predictive power may be to 

avoid this distortion, by making sure that measurement noise is not 

falsely attributed to the precess equations (i.e. to process noise). 

by falling back on a "measurement noise only" model, in which 

process noise does not exist at all, one can eliminate this 

distortion entirely, Once again, as noted en the previous page, 

the "measurement noise only" approach involves no distortion at all,
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insofar as it maximizes long-term predictive power, directly; 

its weakness lies in the lack of formal statistical efficiency, 

When process noise is very large, and the neglect of process noise 

would appear to seriously weaken one’s ability to make full use 

of one's data, then it would still be possible to compromise, 

by the relaxation methods to be discussed in section (xi); 

these methods, by allowing process noise, but by making it 

much more “expensive” to attribute randomness to process noise 

than to measurement noise, may reduce the false attribution 

of the latter to the former, while preserving an adequate level of 

statistical efficiency, It is conceivable that in social science, 

as in hard science, there will someday be a viable distinction 

between “practical” statistical work, where prediction is most 

important, and "theoretical" statistical work, where "truth" as such 

turns out to be a more effective guide to finding new variables and 

terms to use in one's models, However, ence again, the practical 

values of these techniques will have to emerge from empirical work, 

The empirical work of this thesis, in Chapters (IV) and (VI), does 

provide a strong indication that the “measurement noise only" 

approach is superior to the pure maximum likelihood approach, in the 

social sciences; this indication has been strong enough to totally 

reverse our own initial bias in favor of the classical approach, 

Still, the empirical studies here are only the beginning of a long 

process,
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Finally, let us consider one other situation where the 

conventional approach to noise is inadequate: the case of 

"ideal types," Very often, in social science, we run across 

variables like "Republican President" and “Democratic President" 

which do not tend to vary across a continuous spectrum; they 

tend to be simply "true" or "false," The error in predicting 

such variables would not follow a normal distribution, but the 

problem need not be overwhelmingly difficult, On the other hand, 

we often find societies falling into certain distinct 

"ideal types"(29), such as "traditional", "developed" and 

"transitional"; we may find that a whole collection of other 

variables ~ political stability(30), aggressiveness, economic 

growth, etc, - depend heavily on which ideal type a society falls 

into, As an extreme example, let us imagine that there are three 

"ideal types" a nation might fall into, and that we have been 

studying four social variables which are all really determined 

by the current “ideal type": 

  

  

  

  

Type Type Type 
1 2 3 

Variable 1 1 0 1 

Variable 2 0 1 1 

Variable 3 1 0 0 

Variable 4 0 1 0           
Table II-3: Hypothetical Example of "Ideal Types",



Page ILI-58 

If we predict that variable one will equal one, and discover that 

it actually equals zero, then this last piece of information tells us 

exactly what to expect for variables two, three and four, If we 

already made predictions for variables two, three and four, then 

we would also know now exactly what errors to expect in these 

predictions, Thus there is a connection, though complex, between 

the “errors” in predicting different variables, If our example 

had been somewhat more complex, with a lot of nonlinearity, and 

a certain amount of freedom to deviate from one's ideal type, 

it is clear that the correlations between the prediction errors 

of different variables could become hopelessly complex, 

According to maximum likelihood theory, as sketched briefly in 

section (v), it is important to minimize the "right" measure of 

error, even when we estimate the coefficients we intend to use in 

making predictions of this process, The "right" measure is supposed to 

correspond to the actual noise process going on, If it does become 

important, in practice, that we do have such an accurate measure of 

error, and if the actual noise process is as complex as above, 

then we face serious difficulties in estimating any parameters at all. 

In our simple example, we could escape from these difficulties, 

by carrying out a simple factor analysis to detect the ideal types; 

then we could go on to study the ideal types only, and disregard
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the original four variables. However, in the general case, a linear 

technique like factor analysis may not be enough; also, we may still 

want to consider the original variables, to account for whatever 

independent variation they have, In any case, it is clear that the 

conventional model of independent errors, following a normal 

distribution, cannot deal effectively with this kind of situation, 

The "measurement noise only" technique could conceivably reduce 

the difficulties here, but one would still expect a better model 

to emerge, if one could account for the complex interrelations 

of the process variables more explicitly. 

In summary, in order to produce a "true" model of a social 

process, Which is also capable of yielding good predictions, 

one must have an accurate model both of the "predictive part" 

(like equations (2.3)), and of the "noise part" (like equations (2.4))3 

otherwise, the standard techniques of statistical estimation may 

yield unrealistic estimates of both, If one pursues an unbalanced 

approach, giving more weight to the "predictive" part than to the 

"noise" part, one may soon find oneself in a situation where the 

inaccuracies in one's noise model are so large that any improvements 

in the "predictive" part are reflected by little improvement, 

if any, in the statistical likelihood of one's model, The "models 

without process noise" discussed above can, at the very least, serve 

as detectors for this kind of difficulty.
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(vidi) HOW TO ESTIMATE EXPLICIT 

SOPHISTICATED NOISE MODELS 

Suppose that we had decided to make the Deutsch-Solew model 

for assimilation more sophisticated, not by working on the 

“predictive” part, but by working on the "noise" part; suppose that 

we decided to account for the possibility of "flukes," as discussed 

above, Then we might write the model: 

A(t+1) = k, A(t) + k,U(t) + b(t+1) 

  

~3(2)? ~3(2-)? (2.17) 

p(b) = (1-p,) t— 9 > + ae e 74 
{zn B fan, 

Qur problem is to try to maximize "P", which, as in the case of 

ordinary regression, will equal the product: 

P = p(b(2))p(b(3) p(b(4))..- P(b(T)), 

where T is the last time period for which we have data, An easier way 

to approach this is by trying to maximize the logarithm of P: 

L = log P = log p(b(2)) + log p(b(3)) +... + log p(b(T)). 

We are trying to pick out the best possible values for the parameters 

Ky» Kos B, By and Py. As before, we can try to do this by using 

"steepest descent"; as before, this means trying to measure the . 

derivatives, 57 etc, As before, in section (i411), we can set up 

a table of operations for each time t, which corresponds to a table 

which would emerge from a computer program to analyze this models
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Actual Variable Variable} Operation Ma jor Minor 
Number Category Source | Source 

log p(b(t+1)) 32 logarithn | 31 - 

p(b(t+1) ) 34 sum 30 25 

3B tt1 ) 2 
. 72 

(i=Pi) , ** 2B 30 product 29 16 
127 8B 

~3(2G#) 2 

e 29 exponential | 28 - 

~4(PUEHLD 2 28 product 27 1 

(Pitt) 2 27 product 26 26 

oth 26 ratio 20 9 

Py ~4( Bi —— L 2 

—— e 1 25 product 24 13 
(anB, 

1 (pitt ) ye 
"2 

e By 24 exponential | 23 ~ 

~j(RUtt) 2 23 product 22 1 

(PG) 2 22 product 21 21 
1           
  

Table II-4; Table of Operations for Equations (2,17) 
(top section)
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Actual Variable Variable | Operation Ma jor Minor 
Number Category Source {| Source 

bith) 21 ratio 20 8 
1 

b(t+1 Jaa(t+1)-ky A(t )-k,U(t) 20 difference 6 19 

k,A(t)+k,U(t) 19 sum 18 17 

k, A(t) 18 product 5 11 

kU (t) 17 product 4 10 

1-p, 

16 ratio 15 14 
427 B 

1=p, 15 difference 3 7 

{27 B 14 product 2 9 

Py 
13 ratio 7 12 

eT By 

Jan By 12 product 8 2           

Table II-4: Table of Operations for Equations (2,17) 
(middle section) 
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Actual Variable Variable {Cperation Ma jor Minor 

Number Category Source ]| Source 

ky 11 parameter - - 

ky 10 parameter - - 

B 9 parameter - - 

By 8 parameter - - 

Py 7 parameter - - 

A(t+1) 6 given - - 

A(t) 5 given - 7 

U(t) 4 given - - 

1 3 given - - 

{27 2 given ~ - 

4+ 1 given - -         
  

Table II-: Table of Operations for Equations (2.17) 

(bottom section) 
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_ this table is shown in Table II-4, 

We may use such a table, as before, to calculate all the 

derivatives required by the steepest descent method, We may 

compute ae log p(b(t+1)), etcetera, by inserting Saoml, and 

working down the table as before to compute all the derivatives, 

The error model was complicated; therefore, the table is long. 

We can compute Se simply by computing si ee p(b(t+1)) for 

all times t, from 1 to T-1, and adding up all the results; 

this would be the same sort of operation as in section (iii), 

In brief: if our model of error is complicated, but explicit, 

then dynamic feedback can be used to estimate the parameters of 

our model, Notice, if there had been two variables to predict, 

A(t+1) and U(t+1), that the two error terms b(t+1) and e(t+1) 

would appear somewhere in the middle of the table; if 

p(b(t+1),c(t+1)) were a function of both errors, a very complicated 

but explicit function, we could still have put together a table 

like this and used dynamic feedback, Also, if there were "memory" 

in the model, we could merge all these tables, for different times t, 

just as we did in section (iv), Nete, however, that when the models 

become extremely complex, the choice of the initial guesses for our 

constants, to be used with the steepest descent method, becomes 

increasingly important; bit by bit, this problem becomes a sub ject 

worthy of attention in its own right, as our models grow in complexity,
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original number of variables; however, it would still be much 

smaller than the number of possible system configurations, 

Let us imagine that we start out with a set of variables 

to study, Xa neeesXsnevenks forming a vector, x. We are looking 

for another set of variables, RyseeosRis forming a vector, 

which "governs" the vector X in the sense that it accounts for all 

the cross-correlation between the different components of X, 

(More precisely, it accounts for the cross-correlation in the 

random disturbances applied to the different components of x, ) 

At every time t+1, we wish to define these variables, Ry (t+), 

as functions of the data at time t41, Kitet), More generally, 

we may allow them to be functions of X(t) and R(t) also; this 

would allow us to detect dynamic patterns, involving such 

phenomena as population growth or physical motion, 

Thus we may define: 

R,(t41) = £,(X(tH1), Kt), R(t), 

In trying to "find" or to “define” the fundamental variables, Ry 

our goal is to adjust the parameters of the functions f, to 

fit the verbal requirements implied by our discussion above, 

These requirements involve the dynamic relations of the R, 

and X, variables; thus we can fit the parameters of the functions f, 

only within the broader context of fitting a dynamic model of the 

entire process,
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The first of the requirements we must meet is that the R, (t+1), 

unlike the original X,(t+1), are generated by independent stochastic 

processes, Our dynamic model must include a description of each of 

these processes. Thus it must specify the probability distribution 

—_ —_ 

for each variable, R,(t+1), as a function of R(t) and X(t); it must 

maintain the assumption that these probability distributions are 

independent of each other, Thus we may write: 

p(y (et )| RCE), RE)) = wy (Ry (t+), Ke), Rt) 

These functions, Ey» like the functions fys are part of our model, 

Rather than assume that we start out with the "correct" By» we will 

try to adjust the parameters of the functions Sy and the parameters 

of the functions f,. both, in order to make the model as a whole 

fit the data as well as possible; this procedure will presumably 

ad just the functions f, to fit as well as possible the assumption of 

independence, which is built into this model, 

Finally, we have a second verbal requirement to meet. 

We require the ability to regenerate the X, (t+1) back again from 

Rt+1), with minimum possible errors; as before, we can also allow 

the use of information from R(t) and X(t) in this procedure, 

In setting up equations to predict the X,(t+1), from known values 

of Rit+1), X(t) and R(t), we are effectively just extending our 

dynamic model to predict a new set of variables, We want the value of
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R(t41) to account for all the interdependence of the variables, 

X,(t+l)s thus, once the value of H(t+1) is known, we want to be able 

to predict all of the X, (t+1) independently of each other, Thus we 

want to extend our dynamic model to describe the probability 

distribution of each variable, X, (ttl), as a function of R(t+1), R(t) 

and X(t)} we want to maintain the requirement that each of these 

probability distributions is independent of all the others. Thus we 

may write: 

p(x, (t+2)| R(t41), R(t), X(t)) = hy (X, (tt) R(t41), R(t) X(t) 

These functions, hys like the functions Es and fy are part of our 

model, In adjusting the parameters of all these functions, to fit the 

data, we Will hope to adjust the parameters of the f, to fit the 

assumptions of independence both for the Bs and for the hye 

Our objective, then, is to estimate the functions fy» gy and hye 

so as to maximize the likelihood of this model as a whole, In order to 

do this, we could calculate the likelihood as we have with other models: 

p(R(t+t)PRt), R(t), mode?) = p(R(t+1 )|R(e+t ), X(t), Blt) moder) 

* p(R(t+1)\ X(t), R(t) node) 

(Notice, in this equation, that we do not have to integrate over 

all possible values of R(t+1), on the right, because the R, (t+1) 

have been defined as definite functions of the other variables here}; 

it is as if they were components of X(t+1), or, from another point of
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view, as if their probability distribution contingent on X(t+1), 

R(t) and X(t) were a Dirac delta function which we have already 

integrated implicitly, ) This yields a likelihood measure for 

a complete set of data: 

L= 2 log p(X(t+t) (X(t), Rt)) 
Ww 

- > (J tow ny (tet), Mev), Re), Mey 
t Gat 

+ > leg 6,(R, (t+), X(t), R(t))) 
c= 

-> 2 Log hy (Xy(t41), F(R(t) RAY, Kt), Met)) 
Tt ¢=t 

+ “log 5 (£4 (Kt) R(t), Xt), R(t))) 
et 

Using this likelihood function, we may construct tables, 

analogous to those used in section (iii) for log p, to let us 

calculate the derivatives of likelihood with respect to all of 

our parameters, in the functions fy» &5 and hy. Thus, once again, 

we may use the method of steepest descent to maximize likelihood, 

It should be emphasized, however, that the likelihood function 

spelled out in the equation above was based on substitutions which 

were, in some ways, arbitrary, From a formal point of view, 

the functions fis Es and hy are somewhat redundant as model 

specifications; thus we have a certain amount of leeway in deciding 

how to combine them, When, as above, the functions hy are adjusted



Page II=-70 

in such a way that the "f," are considered to be fixed but effectively 
i 

wl 

unknown funetions, and in such a way that R(t) and X(t) are directly 

available to the h, as arguments, then the resulting model will, 
i 

as a whole, be at least as good as a simple model specifying the 

X, (t+1) as independent functions of R(t) and X(t)} in other words, 

even if the R, (t+1) are totally ignored, a model fit in this way 

can achieve, at a minimum, the level of fit that would be achieved 

by a conventional model assuming independence. In order to get 

maximum value from this technique, however, one would want to adjust 

the éefinition of the "f," to increase the actual likelihood of the 

model as a whole, evaluated in terms of the observed data, X(t+1), 

by themselves, It is likely that the constraint of having to assume 

independence at all levels, in order to minimize cost with a large 

number of variables, might not be consistent with achieving an 

absolute maximum of likelihood by this more strenuous criterion, 

Also, it is far from obvious that the procedure above is the best 

procedure for measuring likelihood, even subject to that constraint. 

The concepts of time-series analysis discussed elsewhere in this 

thesis required considerable theoretical and empirical work, both, 

before the pros and cons of specific algorithms began to seem clear; 

pattern analysis, which is a more subtle and potentially more 

powerful technique, will require at least as much development, both 

theoretical and empirical, to become useful in the future, Theoretical
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studies of the linear special case may be of particular value in 

the early stages of this develepment, 

Even at this stage of research, however, it seems clear where 

the applications of pattern analysis will lie, Pattern analysis is 

essentially a generalization of the idea of factor analysis to the 

nonlinear dynamic case, The dynamic power of a proposed "principal 

factor" would appear to be a better measure of its importance than 

the variance it account for in static cross-sections; when 

time-serles data are available, pattern analysis would appear to be 

a clearly superior strategy for evaluating the same set of parameters 

as with faetor analysis, With many variables, or long time-series, 

the nonlinear feature may also turn out to grow in importance; 

statistical pattern-recognition, or satellite-collected data, may 

both provide major applications for the possibility of nonlinearity 

here, In such highly complex systems, the massive number of 

variables may make the assumption of independence a necessity, both 

in terms of computational cost and in terms of avoiding models with 

more degrees of freedom than one could hope to estimate; pattern 

analysis may be essential to prevent excessive reductions of model 

likelihood as a result of that assumption, Also, with such systems, 

note that one does not have to restrict one's computer package to 

estimating functions - fs Bs and hy - whose form has been specified 

in advance by the user, One can provide an option for the computer to
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try out new tables of operations, automatically, by pruning out 

terms which contribute little and by evaluating the improvement in 

likelihood frem adding new terms, chosen essentially at random. 

Finally, one should note that the assumption of independence 

may be especially valuable on machines which allow parallel processing; 

the one-to-one association between functions f, and functions Bys 

corresponding to the same components of ® may be of major 

importance in making pattern analysis operational on such machines, 

(x) OPTIMIZATION 

In sections (iii) and (iv), we saw how dynamic feedback can be 

used to minimize error; later on, We saw how it could be used to 

maximize probability, In general, the method of steepest descent 

can be used to minimize or maximize any function we please, so long 

as We can calculate all the derivatives, Dynamic feedback lets us 

calculate the derivatives, so long as our system of formulas is 

explicit, Therefore: the dynamic feedback method can be used to 

minimize or maximize other things besides error, 

Suppose, for example, that we have a simple model of the US 

economy, something like this: 

C(t+1) = k, C(t) + k¥(t+1 ) 

Y(t+1) = a, P(t+1 ) (2,18) 

P(t+1) = P(t) + k, (P(t) - c(t))
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�U� �b�y� �t�h�e� �m�e�t�h�o�d� �o�f� �s�t�e�e�p�e�s�t� �a�s�c�e�n�t�,� �w�e� �n�e�e�d� �o�n�l�y� �c�a�l�c�u�l�a�t�e� �5�3�,�"� 

�t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�f� �U� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�e� �p�a�r�a�m�e�t�e�r� �w�e� �h�a�v�e� �t�o� �c�o�n�t�r�o�l�,� 

�W�e� �m�a�y� �c�a�l�c�u�l�a�t�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �o�f� �U�s�k� �g�e� �a�s� �b�e�f�o�r�e�,� �b�y� �u�s�i�n�g� 

�t�h�e� �m�e�t�h�o�d� �o�f� �d�y�n�a�m�i�c� �f�e�e�d�b�a�c�k� �o�n� �t�h�e� �t�a�b�l�e� �o�f� �o�p�e�r�a�t�i�o�n�s�,� �T�a�b�l�e� �I�I�-�5�,� 

�W�e� �m�a�y� �s�t�a�r�t� �w�i�t�h� �S�,�.�=� �O�U�.� �=� �1�;� �t�h�e�n�,� �i�f� �w�e� �c�a�l�c�u�l�a�t�e� �d�e�r�i�v�a�t�i�v�e�s� 
�2�9� �O�x� 

�2�9� �Q�u� �d�o�w�n� �t�h�e� �t�a�b�l�e�,� �a�s� �b�e�f�o�r�e�,� �S�,� �w�i�l�l� �e�q�u�a�l� �j�a�,� �°� �O�u�r� �o�r�i�g�i�n�a�l� �m�o�d�e�l� 
�1� 

� � 

�w�a�s� �v�e�r�y� �s�i�m�p�l�e� �i�n� �t�h�i�s� �e�x�a�m�p�l�e�;� �h�o�w�e�v�e�r�,� �i�t� �s�h�o�u�l�d� �b�e� �c�l�e�a�r� �t�h�a�t
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Actual Variable Variable} Operation Ma jor Minor 
Number Category source | Source 

U = 0(2)4+C(3)+c(4) 29 sum 28 21,14 

(4) = K, 0(3) +k ¥ (4) 28 sum 27 26 

Kk, 0(3) | 27 product 21 4 

kY(4) 26 product 25 3 

Y¥(4)ea, P(4) 25 product 24 1 

P(4 )=P(3 +k, (P(3)-C(3)) 24 sum 23 17 

k,(P(3)-C(3)) 23 product 22 2 

P(3)-c(3) 22 difference 17 21 

C(3) = ky C(2)+k,¥(3) 21 sum 20 19 

k,C(2) 20 product 14 4 
4. 

ko ¥(3) 19 product 18 3 

¥(3)=a,P(3) 18 product 17 1 

P(3 )=P(2) +k (P(2)-C(2)) 17 sum 16 10 

k,(P(2)=C(2)) 16 product 15 2 

P(2)-C(2) 15 difference 10 14             
  

Table II~5: Table of Operations for Equations (2,18), 
(top section)
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Actual Variable Variable ] Operation Ma jor Minor 
Number Category source Source 

c(2) = k, C(1)+k,¥(2) 14 sum 13 12 

—_—_—_—_—_— > 

k,c(1) 13 product 7 4 

fr 

kX (2) 12 product 14 | 3 

oa SNL ET i 

¥(2)=a, P(2) 411 product 10 1 

oom 

P(2 )eP(1)+k,(P(1)-C(1)) 10 sum 9 5 

k,(P(1)-c(1)) 9 product 8 2 
ee 

P(1)-c(1) 8 difference 5 7 
- 

c(1) 7 given - - 

Y(1) 6 given | - - 

P(1) 5 given - —_ 
~ 

ky 4 given - - 

ky . 3 given - - 

SmaI . 

Ke 2 given - - 

- TL 

ay 1 parameter - -             
Table II-5: Table of Operations for Equations (2,18), 

(bottom section)



�P�a�g�e� �I�I�-�7�6� 

�e�v�e�n� �a� �c�o�m�p�l�i�c�a�t�e�d� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�,� �i�n�v�o�l�v�i�n�g� �m�a�n�y� �c�o�n�t�r�o�l� 

�p�a�r�a�m�e�t�e�r�s�,� �c�o�u�l�d� �b�e� �t�r�a�n�s�l�a�t�e�d� �i�n�t�o� �a� �t�a�b�l�e� �l�i�k�e� �T�a�b�l�e� �I�I�-�5�,� �b�y� 

�c�o�m�p�u�t�e�r�,� �i�f� �t�h�e� �m�o�d�e�l� �i�s� �"�e�x�p�l�i�c�i�t�"� �i�n� �t�h�e� �s�e�n�s�e� �o�f� �s�e�c�t�i�o�n� �(�i�v�)�,� 

�I�n� �o�u�r� �e�x�a�m�p�l�e� �a�b�o�v�e�,� �w�e� �h�a�v�e� �d�e�s�c�r�i�b�e�d� �a� �p�r�o�b�l�e�m� �w�h�i�c�h� �d�o�e�s� �n�o�t� 

�q�u�i�t�e� �f�i�t� �t�h�e� �s�t�a�n�d�a�r�d� �f�o�r�m�a�t� �u�s�e�d� �m�o�s�t� �o�f�t�e�n� �i�n� �c�o�n�t�r�o�l� �t�h�e�o�r�y�,� 

�I�t� �i�s� �a� �p�r�o�b�l�e�m� �i�n� �w�h�a�t� �w�e� �w�o�u�l�d� �p�r�e�f�e�r� �t�o� �c�a�l�l�  ��s�y�s�t�e�m�s� �o�p�t�i�m�i�z�a�t�i�o�n�"� 

�o�r� �"�d�y�n�a�m�i�c� �s�y�s�t�e�m�s� �o�p�t�i�m�i�z�a�t�i�o�n�,�"� �P�r�o�b�l�e�m�s� �o�f� �t�h�i�s� �t�y�p�e� �h�a�v�e� �b�e�e�n� 

�d�i�s�c�u�s�s�e�d� �b�y� �J�a�c�o�b�s�o�n� �a�n�d� �M�a�y�n�e�(�3�1�)�,� �a�s� �a� �d�e�v�i�c�e� �f�o�r� �o�v�e�r�c�o�n�i�n�g� �s�o�m�e� 

�o�f� �t�h�e� �d�i�f�f�i�c�u�l�t�i�e�s� �o�f� �o�p�t�i�m�i�z�a�t�i�o�n� �u�n�d�e�r� �c�o�n�d�i�t�i�o�n�s� �o�f� �u�n�c�e�r�t�a�i�n�t�y�;� 

�i�n� �t�h�e� �s�o�c�i�a�l� �s�c�i�e�n�c�e�s�,� �h�o�w�e�v�e�r�,� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �m�a�y� �h�a�v�e� �s�u�b�s�t�a�n�t�i�v�e� 

�a�d�v�a�n�t�a�g�e�s� �o�v�e�r� �t�h�e� �m�o�r�e� �s�t�a�n�d�a�r�d� �f�o�r�m�u�l�a�t�i�o�n�,� �w�h�i�c�h� �a�r�e� �w�o�r�t�h� �p�o�i�n�t�i�n�g� 

�o�u�t� �h�e�r�e�,� 

�I�n� �t�h�e� �c�a�s�e� �a�b�o�v�e�,� �f�o�r� �e�x�a�m�p�l�e�,� �w�e� �t�r�i�e�d� �t�o� �p�i�c�k� �t�h�e� �b�e�s�t� �p�o�s�s�i�b�l�e� 

�v�a�l�u�e� �f�o�r� �"�a�y�s� �a� �c�o�n�s�t�a�n�t� �i�n� �t�h�e� �n�a�t�i�o�n�'�s� �t�a�x�a�t�i�o�n� �s�y�s�t�e�m�,� 

�I�n� �s�t�a�n�d�a�r�d� �c�o�n�t�r�o�l� �t�h�e�o�r�y�,� �o�n�e� �w�o�u�l�d� �u�s�u�a�l�l�y� �l�o�o�k� �a�t� �a�,�(�t�)�,� �t�h�e� 

�t�a�x�a�t�i�o�n� �r�a�t�e� �a�t� �e�a�c�h� �t�i�m�e�,� �a�n�d� �t�r�y� �t�o� �f�i�n�d� �t�h�e� �b�e�s�t� �p�o�s�s�i�b�l�e� �s�c�h�e�d�u�l�e� 

�o�f� �t�a�x� �r�a�t�e�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �y�e�a�r�s�,� �I�n� �p�r�i�n�c�i�p�l�e�,� �t�h�e� �s�e�c�o�n�d� �w�a�y� �i�s� 

�b�e�t�t�e�r�,� �b�u�t� �o�n�l�y� �i�f� �i�t� �i�s� �f�e�a�s�i�b�l�e�,� �p�o�l�i�t�i�c�a�l�l�y�,� �t�o� �c�h�a�n�g�e� �t�h�e� �t�a�x� 

�r�a�t�e�s� �u�p� �a�n�d� �d�o�w�n� �e�v�e�r�y� �y�e�a�r�,� �I�n� �p�r�a�c�t�i�c�e�,� �g�o�v�e�r�n�m�e�n�t�s� �t�r�y�i�n�g� �t�o� 

�f�o�l�l�o�w� �c�o�n�v�e�n�t�i�o�n�a�l� �K�e�y�n�e�s�i�a�n� �p�o�l�i�c�i�e�s�,� �e�d�j�u�s�t�i�n�g� �t�a�x� �r�a�t�e�s� �e�v�e�r�y� �y�e�a�r�,� 

�h�a�v�e� �e�n�c�o�u�n�t�e�r�e�d� �s�e�r�i�o�u�s� �p�o�l�i�t�i�c�a�l� �p�r�o�b�l�e�m�s� �a�n�d� �p�r�o�b�l�e�m�s� �o�f� �t�i�m�i�n�g�;� 

�t�h�u�s� �t�h�e�r�e� �h�a�s� �b�e�e�n� �g�r�e�a�t� �i�n�t�e�r�e�s�t� �i�n�  ��a�u�t�o�m�a�t�i�c� �a�d�j�u�s�t�m�e�n�t �� 

�f�a�c�t�o�r�s�(�3�1�)�,� �a�n�d� �i�n� �o�t�h�e�r� �s�y�s�t�e�m� �p�a�r�a�m�e�t�e�r�s� �w�h�i�c�h� �c�a�n� �b�e� �a�d�j�u�s�t�e�d� �t�o



�F�r�a�g�e� �i�i�s�f�f� 

�i�m�p�r�o�v�e� �e�c�o�n�o�m�i�c� �p�e�r�f�o�r�m�a�n�c�e� �w�i�t�h�o�u�t� �f�o�r�c�i�n�g� �u�s� �t�o� �c�h�a�n�g�e� �p�o�l�i�c�y� 

�t�o�o� �o�f�t�e�n�,� �T�h�u�s� �"�s�y�s�t�e�m�s� �o�p�t�i�m�i�z�a�t�i�o�n�"� �h�a�s� �s�o�m�e�t�h�i�n�g� �w�o�r�t�h�w�h�i�l�e� 

�t�o� �o�f�f�e�r� �t�h�e� �p�o�l�i�c�y�~�m�a�k�e�r�,� �a�b�o�v�e� �a�n�d� �b�e�y�o�n�d� �i�t�s� �m�a�t�h�e�m�a�t�i�c�a�l� 

�c�o�n�v�e�n�i�e�n�c�e�,� 

�T�h�e� �m�e�t�h�o�d�s� �h�e�r�e� �c�o�u�l�d� �a�l�s�o� �b�e� �u�s�e�d� �i�n� �c�o�n�v�e�n�t�i�o�n�a�l� �c�o�n�t�r�o�l� 

�t�h�e�o�r�y� �p�r�o�b�l�e�m�s�,� �I�n� �o�u�r� �e�x�a�m�p�l�e�,� �w�e� �c�o�u�l�d� �t�r�y� �t�o� �p�i�c�k� �t�h�e� �b�e�s�t� 

�v�a�l�u�e�s� �f�o�r� �t�h�e� �t�h�r�e�e� �p�a�r�a�m�e�t�e�r�s�,� �a�(�2�)�,� �a�(�3�)� �a�n�d� �a�(�4�)�,� �b�y� �p�u�t�t�i�n�g� 

�a�l�l� �t�h�r�e�e� �a�t� �t�h�e� �b�o�t�t�o�m� �o�f� �o�u�r� �t�a�b�l�e�,� �a�n�d� �c�a�l�c�u�l�a�t�i�n�g� �b�a�c�k� 

�B�a�y�  �� �S�G� �a�n�d� �5� �.� �J�a�c�o�b�s�o�n� �a�n�d� �M�a�y�n�e�(�3�2�)� �h�a�v�e� �s�h�o�w�n� �h�o�w� 

�s�t�e�e�p�e�s�t� �a�s�c�e�n�t� �m�e�t�h�o�d�s�,� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �o�u�r�s�,� �c�a�n� �a�l�s�o� �b�e� �u�s�e�d� �i�n� 

�c�a�s�e�s� �w�h�e�r�e� �n�o�i�s�e� �t�e�r�m�s� �a�p�p�e�a�r� �i�n� �t�h�e� �m�o�d�e�l�,� �T�h�e� �d�y�n�a�m�i�c� �f�e�e�d�b�a�c�k� 

�m�e�t�h�o�d� �a�l�l�o�w�s� �u�s� �t�o� �c�a�l�c�u�l�a�t�e� �$�¢�-� �»� �i�n� �c�a�s�e�s� �w�h�e�r�e� �t�h�e� �d�y�n�a�m�i�c� �l�a�w�s� 

�o�f� �t�h�e� �s�y�s�t�e�m� �a�r�e� �a�r�b�i�t�r�a�r�i�l�y� �c�o�m�p�l�e�x�,� �a�n�d� �w�h�e�r�e� �t�h�e� �i�n�t�e�r�c�o�n�n�e�c�t�i�o�n�s� 

�i�n� �t�i�m�e� �m�a�y� �s�t�r�e�t�c�h� �o�v�e�r� �s�e�v�e�r�a�l� �t�i�m�e�~�p�e�r�i�o�d�s�;� �i�t� �a�l�l�o�w�s� �u�s� �t�o� 

�e�x�p�l�o�i�t� �t�h�e� �i�n�t�e�r�n�a�l� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �m�o�d�e�l�,� �a�s� �s�p�e�l�l�e�d� �o�u�t� �i�n� �a� 

�t�a�b�l�e�,� �i�n� �o�r�d�e�r� �t�o� �c�a�l�c�u�l�a�t�e� �b�a�c�k� �a�l�l� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �i�n� �o�n�e� �p�a�s�s�,� 

�a�t� �a� �c�o�s�t� �m�u�c�h� �l�o�w�e�r� �t�h�a�n� �w�i�t�h� �s�e�p�a�r�a�t�e� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�s�,� �O�t�h�e�r�w�i�s�e�,� 

�h�o�w�e�v�e�r�,� �t�h�e� �m�e�t�h�o�d�s� �d�i�s�c�u�s�s�e�d� �b�y� �J�a�c�o�b�s�o�n� �a�n�d� �M�a�y�n�e� �f�o�r� �m�a�k�i�n�g� �u�s�e� 

�o�f� �s�n� �»� �i�n� �s�y�s�t�e�m�s� �o�p�t�i�m�i�z�a�t�i�o�n�,� �a�r�e� �v�e�r�y� �g�e�n�e�r�a�l�,� �a�n�d� �d�o� �n�o�t� 

�r�e�q�u�i�r�e� �f�u�r�t�h�e�r� �e�l�a�b�o�r�a�t�i�o�n� �h�e�r�e�,



�P�a�g�e� �I�I�-�7�8� 

�(�x�i�)� �T�H�E� �M�E�T�H�O�D� �O�F�  ��R�E�L�A�X�A�T�I�O�N �� �W�I�T�H� 

�M�E�A�S�U�R�E�M�E�N�T�-�N�O�I�S�E�-�O�N�L�Y� �M�O�D�E�L�S� 

�I�n� �s�e�c�t�i�o�n� �(�v�i�i�)�,� �w�e� �h�a�v�e� �d�i�s�c�u�s�s�e�d� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� 

�"�m�e�a�s�u�r�e�m�e�n�t�-�n�o�i�s�e�-�~�o�n�l�y�"� �m�o�d�e�l�s�,� �w�h�i�c�h� �a�r�e� �a�t� �t�h�e� �o�p�p�o�s�i�t�e� �p�o�l�e� 

�f�r�o�m� �t�h�e� �u�s�u�a�l� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�s�,� �w�h�i�c�h� �m�a�y� �b�e� �c�h�a�r�a�c�t�e�r�i�z�e�d� �a�s� 

�"�p�r�o�c�e�s�s�-�n�o�i�s�e�-�o�n�l�y�"� �m�o�d�e�l�s�,� �B�e�t�w�e�e�n� �t�h�e�s�e� �t�w�o� �p�o�l�e�s� �i�s� �a� �w�h�o�l�e� 

�s�p�e�c�t�r�u�m� �o�f� �m�o�r�e� �m�o�d�e�r�a�t�e� �t�e�c�h�n�i�q�u�e�s�,� �L�e�t� �u�s� �s�u�p�p�o�s�e� �t�h�a�t� �o�n�e� �h�a�s� 

�a� �s�i�m�p�l�e� �m�o�d�e�l� �o�f� �s�o�m�e� �p�r�o�c�e�s�s�,� �d�e�f�i�n�e�d� �b�y� �t�h�e� �e�q�u�a�t�i�o�n�s�:� 

�X�,� �(�t�+�1�)� �=� �£�5� �(�X�y� �(�t�e�e�s� �x� �(�t�)�)� �i�f�e�i�,�n� �(�2�,�1�9�)� 

�U�s�i�n�g� �t�h�e� �c�l�a�s�s�i�c�a�l� �r�e�g�r�e�s�s�i�o�n� �a�p�p�r�o�a�c�h�,� �w�e� �w�o�u�l�d� �t�a�c�k� �o�n� �a� �n�o�r�m�a�l� 

�n�o�i�s�e� �t�e�r�m�,� �a�,�(�t�)�s� �t�o� �t�h�e� �e�n�d� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s�,� �t�o� �a�r�r�i�v�e� �a�t� 

�t�h�e� �s�t�o�c�h�a�s�t�i�c� �m�o�d�e�l�:� 

�X�,�(�t�+�h�)� �=� �£�5�(�X�y�(�t�)�e�e�e�e� �X�i� �(�t�)�)� �+� �a�y� �(�t�)� 

�W�e� �w�o�u�l�d� �e�s�t�i�m�a�t�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�i�s� �m�o�d�e�l� �b�y� �t�r�y�i�n�g� �t�o� �m�i�n�i�m�i�z�e� 

�t�h�e� �s�q�u�a�r�e� �e�r�r�o�r�s�:� 

�L�l�,� �>� �(�X�y�(�t�4�1�)� �=� �£�,�Q�G� �(�t�r�e�e�.� �X�(�t�)�,� �(�2�.�2�0�)� 

�a�f�t�e�r� �w�e� �s�u�b�s�t�i�t�u�t�e� �i�n� �f�o�r� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e�s� �o�f� �X�,� �(�t�+�1�)� �a�n�d� �X� �s�(�t�)�.� 

�I�n� �e�f�f�e�c�t�,� �t�h�i�s� �w�o�u�l�d� �i�m�p�l�y� �m�i�n�i�m�i�z�i�n�g� �t�h�e� �s�q�u�a�r�e� �e�r�r�o�r� �f�o�r� �|� 

�p�r�e�d�i�c�t�i�o�n�s� �o�v�e�r� �o�n�e� �i�n�t�e�r�v�a�l� �o�f� �t�i�m�e�.� 

�W�i�t�h� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t�-�n�o�i�s�e�-�o�n�l�y� �m�o�d�e�l�s�,� �w�e� �w�o�u�l�d� �n�o�r�m�a�l�l�y� 

�i�n�c�l�u�d�e�,� �i�n� �t�h�e� �l�i�s�t� �o�f� �p�a�r�a�m�e�t�e�r�s� �t�o� �b�e� �e�s�t�i�m�a�t�e�d�,� �t�h�e� �v�a�l�u�e�s� �o�f� 

�¥�,� �(�0�)� �w�h�e�r�e� �Y�,� �i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �"�t�r�u�e�"� �v�a�l�u�e� �o�f� �X�,�.� �U�s�i�n�g



�P�a�g�e� �I�I�-�7�9� 

�e�q�u�a�t�i�o�n�s� �(�2�,�1�9�)�,� �w�e� �c�a�n� �p�r�e�d�i�c�t� �t�h�e� �"�t�r�u�e�"� �v�a�l�u�e� �o�f� �x�X�,� �(�1�)�,� �¥�,� �(�1�)�,� 

�f�r�o�m� �o�u�r� �e�s�t�i�m�a�t�e�s� �o�f� �t�h�e� �Y�,� �(�0�)�,� �a�n�d� �p�r�e�d�i�c�t� �Y�,� �(�2�)� �f�r�o�m� �t�h�e� 

�p�r�e�d�i�c�t�i�o�n�s� �o�f� �Y�,�(�1�)�,� �e�t� �c�e�t�e�r�a�,� �U�s�i�n�g� �t�h�e�s�e� �l�o�n�g�~�t�e�r�m� �p�r�e�d�i�c�t�i�o�n�s�,� 
�~� 
�Y�,�(�t�)�s� �w�e� �c�a�n� �t�r�y� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �e�r�r�o�r�s�:� 

�=� �D�_� �(�x�(�t�)� �=� �(�F�y� �(�t�)�v�e� �R�C�)�?� �(�2�8�)� �t� 
�F�r�o�m� �t�h�e� �v�i�e�w�p�o�i�n�t� �o�f� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �t�h�e�o�r�y�,� �t�h�e�s�e� �p�r�e�d�i�c�t�i�o�n�s�,� 

�T�(�t�)�,� �m�a�y� �b�e� �v�i�e�w�e�d� �a�s� �t�h�e�  ��e�s�t�i�m�a�t�e�s �� �o�f� �Y�,�(�t�)�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� 

�e�s�t�i�m�a�t�e�s� �¥�,�(�0�)� �a�n�d� �f�r�o�m� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �e�q�u�a�t�i�o�n�s� �(�2�.�1�9�)� �a�r�e� 

�e�x�a�c�t�l�y� �t�r�u�e�,� �w�i�t�h� �n�o� �n�o�i�s�e�,� �f�o�r� �t�h�e� �t�r�u�e� �v�a�l�u�e�s�,� �Y�,�(�t�)�.� 

�H�o�w� �c�a�n� �w�e� �f�i�n�d� �a� �v�i�a�b�l�e� �c�o�m�p�r�o�m�i�s�e� �b�e�t�w�e�e�n� �(�2�.�2�0�)� �a�n�d� �(�2�,�2�1�)�?� 

�I�n� �(�2�,�2�0�)�,� �w�e� �u�s�e� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e�,� �X�(�t�)�,� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� �t�r�u�e� 

�v�a�l�u�e�s�,� �Y�,�(�t�)�,� �f�o�r� �u�s�e� �a�s� �t�h�e� �a�r�g�u�m�e�n�t�s� �o�f� �f�,�3�;� �i�n� �(�2�.�2�1�)�,� �w�e� �u�s�e� �i� 
�e�s�t�i�m�a�t�e�s�,� �%�(�t�)�,� �b�a�s�e�d� �s�o�l�e�l�y� �o�n� �u�p�d�a�t�i�n�g� �o�u�r� �e�s�t�i�m�a�t�e�s� �f�o�r� �Y�,�(�t�-�1�)�,� 

�i�v�e�,� �%�(�t�-�1�)�,� �b�y� �u�s�e� �o�f� �(�2�,�1�9�)�,� �T�h�e� �o�b�v�i�o�u�s� �c�o�m�p�r�o�m�i�s�e� �i�s� �t�o� �e�s�t�i�m�a�t�e� 

�Y�,� �(�t�)� �b�y� �s�o�m�e�t�h�i�n�g� �h�a�l�f�-�w�a�y� �b�e�t�w�e�e�n� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e�s�,� �X�(�t�)�,� 

�a�n�d� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �Y�,� �(�t�)� �w�h�i�c�h� �r�e�s�u�l�t� �f�r�o�m� �u�p�d�a�t�i�n�g� �o�u�r� �e�s�t�i�m�a�t�e�s� �o�f� 

�Y�,�(�t�-�1�)�,� �T�h�u�s� �w�e� �m�a�y� �d�e�f�i�n�e� �n�e�w� �e�s�t�i�m�a�t�e�s�,� �Z�(�t�)�.� �o�f� �Y�,�(�t�)�,� �b�y�:� 

�Z�,�(�t�)� �=� �(�l�e�r� �)�f�,�(�Z�,�)�(�t�-�1�)�,�.�.�.� �Z�_�(�t�-�1�)�)� �+� �r�X�,� �(�t�)�.� �(�2�.�2�2�)� 

�U�s�i�n�g� �t�h�e�s�e� �e�s�t�i�m�a�t�e�s�,� �w�e� �m�a�y� �a�t�t�e�m�p�t� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �l�o�s�s� �f�u�n�c�t�i�o�n�:� 

�o�e� �2� �L�t�t� �=� �>� �(�X�,�(�t�4�1�)� �=� �£�,�(�2�,�(�t�)�e�e�e�e� �Z�(�t�)�)�)�®�  �� �(�2�.�2�3�)� 
�t



�P�a�g�e� �1�i�-�o�v� 

�T�h�e� �Z�5�(�0�)�,� �l�i�k�e� �¥� �5�(�0�)�,� �w�o�u�l�d� �b�e� �p�a�r�a�m�e�t�e�r�s� �t�o� �e�s�t�i�m�a�t�e�,� �T�h�e� �c�o�n�s�t�a�n�t� 

�"�y�r�"� �m�a�y� �b�e� �c�a�l�l�e�d� �t�h�e� �"�c�o�e�f�f�i�c�i�e�n�t� �o�f� �r�e�l�a�x�a�t�i�o�n ��;� �i�t� �i�s� �a� �k�i�n�d� �o�f� 

�i�n�t�e�r�e�s�t� �r�a�t�e� �w�h�i�c�h�,� �w�h�e�n� �l�a�r�g�e�,� �i�m�p�l�i�e�s� �a� �g�r�e�a�t�e�r� �c�o�n�c�e�r�n� �f�o�r� 

�s�h�o�r�t�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n� �t�h�a�n� �f�o�r� �l�o�n�g�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n�.� 

�N�o�t�e� �t�h�a�t� �t�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �e�q�u�a�t�i�o�n� �(�2�,�2�2�)� �l�o�o�k�s� �s�i�m�i�l�a�r� �t�o� 

�t�h�a�t� �o�f� �a� �f�i�l�t�e�r�i�n�g� �s�y�s�t�e�m�,� �d�e�s�i�g�n�e�d� �t�o� �y�i�e�l�d� �a� �p�o�s�t�e�r�i�o�r� 

�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �"�t�r�u�e �� �v�a�l�u�e� �o�f� �g�i�v�e�n� �b�o�t�h� �a� �p�r�i�o�r� �e�x�p�e�c�t�a�t�i�o�n� 

�a�n�d� �a�n� �a�c�t�u�a�l� �m�e�a�s�u�r�e�m�e�n�t�,� �I�n� �t�h�e� �f�i�e�l�d� �o�f� �e�n�g�i�n�e�e�r�i�n�g�,� �a� �g�r�e�a�t� �d�e�a�l� 

�o�f� �w�o�r�k� �h�a�s� �b�e�e�n� �d�o�n�e� �o�n� �t�h�e� �p�r�o�b�l�e�m� �o�f� �d�e�s�i�g�n�i�n�g� �a�n� �o�p�t�i�m�a�l� �f�i�l�t�e�r�i�n�g� 

�s�y�s�t�e�m�,� �t�o� �d�e�a�l� �w�i�t�h� �v�e�c�t�o�r�s�,� �x� �w�h�i�c�h� �r�e�s�u�l�t� �f�r�o�m� �n�o�i�s�y� �m�e�a�s�u�r�e�m�e�n�t�s� 

�o�f� �a� �l�i�n�e�a�r� �p�r�o�c�e�s�s� �w�h�i�c�h� �h�a�s� �b�e�e�n� �c�o�m�p�l�e�t�e�l�y� �s�p�e�c�i�f�i�e�d� �i�n� �a�d�v�a�n�c�e�,� 

�I�t� �i�s� �w�e�l�l�-�k�n�o�w�n� �t�h�a�t� �t�h�e� �b�e�s�t� �w�a�y� �t�o� �u�p�d�a�t�e� �o�n�e�'�s� �e�s�t�i�m�a�t�e�s�,� �i�n� �t�h�i�s� 

�s�i�t�u�a�t�i�o�n�,� �i�s� �n�o�t� �b�y� �t�h�e� �i�n�d�e�p�e�n�d�e�n�t� �e�q�u�a�t�i�o�n�s� �(�2�,�2�2�)�,� �b�u�t� �b�y� �t�h�e� 

�m�a�t�r�i�x� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �"�K�a�l�m�a�n� �f�i�l�t�e�r�"�(�3�3�)�:� 

�~�*�~� �7� �A�t�)� �=� �F�Z� �e�-�1�)�)� �+� �R�(�t�)� �(�R�(�t� �)�-�w�(�t� �F�(�Z�(�t�-�1�)�)�)�,� 
�w�h�e�r�e� �K� �a�n�d� �H� �a�r�e� �t�i�m�e�-�v�a�r�y�i�n�g� �m�a�t�r�i�c�e�s� �d�e�t�e�r�m�i�n�e�d� �b�y�:� 

�K�(�t�)� �=� �p�(�t�)� �H�(�+�)�R�7�+� �(�+�)� 

�P�(�t�)� �=� �(�T�(�t�)� �+� �H�(�t� �)�R�T� �(�t�L� �)�H�(�t�)�)!"� 
�M�(�t�4�L�)� �=� �A�(�t�)�P�(�t�)�s�7�(�t�)� �+� �G�(�t�)�Q�(�t�)�G�"�(�t�)�,� 

�a�n�d� �w�h�e�r�e� �H�,� �R�,� �G� �a�n�d� �Q� �a�r�e� �a�l�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �m�a�t�r�i�c�e�s� �o�f� �t�h�e� �l�i�n�e�a�r� 

�p�r�o�c�e�s�s�,� �a� �p�r�o�c�e�s�s� �w�h�i�c�h� �m�a�y� �b�e� �s�p�e�c�i�f�i�e�d�:� 

�X�(�t�)� �=� �H�(�t�)�¥�(�+�)� �+� �B�(�t�)� 
�-�*� 

�2�,�2�4� 

�Y�(�t�+�1�)� �=� �G�(�t�)�¥�(�t�)� �+� �C�(�t�)�,� �(�2�,�2�4�)



�P�a�g�e� �J�I�~�8�1� 

�w�i�t�h� �R� �a�n�d� �Q� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�c�e�s� �o�f� �t�h�e� �n�o�i�s�e� �v�e�c�t�o�r�s� �b� �a�n�d� �%�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �d�e�t�a�i�l�s� �o�f� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �a�r�e� �b�e�y�o�n�d� �t�h�e� �r�a�n�g�e� �o�f� 

�o�u�r� �d�i�s�c�u�s�s�i�o�n� �h�e�r�e�,� �O�n�e� �s�h�o�u�l�d� �n�o�t�e� �t�h�a�t� �t�h�e� �l�i�n�e�a�r� �p�r�o�c�e�s�s�e�s� �o�f� 

�e�q�u�a�t�i�o�n� �(�2�,�2�4�)� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �w�e� �w�i�l�l� �d�i�s�c�u�s�s� 

�e�a�r�l�y� �i�n� �C�h�a�p�t�e�r� �(�I�I�I�)�;� �i�t� �w�i�l�l� �b�e� �s�h�o�w�n� �i�n� �t�h�a�t� �c�h�a�p�t�e�r� �t�h�a�t� �p�r�o�c�e�s�s�e�s� 

�o�f� �t�h�a�t� �g�e�n�e�r�a�l� �s�o�r�t� �c�a�n� �b�e� �d�e�a�l�t� �w�i�t�h� �e�x�a�c�t�l�y� �b�y� �u�s�e� �o�f� �t�h�e� �"�A�R�M�A�"� 

�a�p�p�r�o�a�c�h�,� �w�h�o�s�e� �p�r�a�c�t�i�c�a�l� �l�i�m�i�t�a�t�i�o�n�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r�s� 

�(�I�V�)�,� �(�V�)� �a�n�d� �(�V�I�)�,� �H�o�w�e�v�e�r�,� �e�v�e�n� �i�f� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r�i�n�g� �e�q�u�a�t�i�o�n�s� 

�w�e�r�e� �d�e�r�i�v�e�d� �f�o�r� �a� �l�i�m�i�t�e�d� �c�l�a�s�s� �o�f� �l�i�n�e�a�r� �p�r�o�c�e�s�s�e�s�,� �o�n�e� �m�i�g�h�t� �e�x�p�e�c�t� 

�t�h�e�m� �t�o� �b�e� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �e�q�u�a�t�i�o�n�s� �(�2�.�2�2�)�,� �o�n� �t�h�e� �t�h�e�o�r�y� �t�h�a�t� 

�t�h�e�y� �c�a�n� �b�e� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�a�m�e� �f�u�n�c�t�i�o�n�,� �s�o�m�e�w�h�a�t� �m�o�r�e� 

�r�a�t�i�o�n�a�l�l�y�,� �a�s� �p�a�r�t� �o�f� �o�u�r� �s�y�s�t�e�m� �o�f� �r�o�b�u�s�t� �e�s�t�i�m�a�t�i�o�n�,� �I�n� �t�h�i�s� �c�a�s�e�,� 

�o�n�e� �w�o�u�l�d� �a�d�j�u�s�t� �t�h�e� �m�a�t�r�i�c�e�s� �H�,� �R� �a�n�d� �Q� �i�n� �a�n� �a�d� �h�o�c� �s�o�r�t� �o�f� �w�a�y�,� 

�j�u�s�t� �a�s� �o�n�e� �w�o�u�l�d� �a�d�j�u�s�t� �t�h�e� �r�e�l�a�x�a�t�i�o�n� �c�o�n�s�t�a�n�t�,� �"�r�"�,� �r�a�t�h�e�r� �t�h�a�n� 

�e�s�t�i�m�a�t�e� �t�h�e�m� �a�l�l� �b�e�f�o�r�e�h�a�n�d� �b�y� �u�s�e� �o�f� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� 

�t�e�c�h�n�i�q�u�e� �o�n� �s�o�m�e� �v�e�r�s�i�o�n� �o�f� �t�h�e� �s�i�m�p�l�e� �e�q�u�a�t�i�o�n�s� �(�2�.�2�4�)�,� �H�o�w�e�v�e�r�,� 

�t�h�i�s� �u�s�e� �o�f� �t�h�e� �K�a�l�m�a�n� �f�i�l�t�e�r� �b�r�i�n�g�s� �t�h�r�e�e� �d�i�f�f�i�c�u�l�t�i�e�s� �w�i�t�h� �i�t�,� 

�w�h�i�c�h� �m�a�k�e� �i�t� �a� �s�u�b�j�e�c�t� �f�o�r� �f�u�t�u�r�e� �r�e�s�e�a�r�c�h� �r�a�t�h�e�r� �t�h�a�n� �p�r�e�s�e�n�t� 

�s�y�s�t�e�m�s� �d�e�s�i�g�n�:� �(�i�)� �t�h�e� �n�e�e�d� �t�o� �a�d�j�u�s�t� �t�h�r�e�e� �m�a�t�r�i�c�e�s�,� �H�,� �R� �a�n�d� �Q�,� 

�a�u�t�o�m�a�t�i�c�a�l�l�y�,� �r�e�q�u�i�r�e�s� �a� �m�u�c�h� �g�r�e�a�t�e�r� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �t�h�e�o�r�y� �o�f� 

�r�o�b�u�s�t� �e�s�t�i�m�a�t�i�o�n� �t�h�a�n� �d�o�e�s� �t�h�e� �n�e�e�d� �t�e� �a�d�j�u�s�t� �a� �s�i�n�g�l�e� �c�o�n�s�t�a�n�t�,� �r�,� 

�b�y� �h�a�n�d�;� �(�i�i�)� �t�h�e� �s�h�e�e�r� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �K�a�l�m�a�n� �e�q�u�a�t�i�o�n�s� �w�o�u�l�d� �i�m�p�o�s�e



�P�a�g�e� �I�I�-�8�2� 

�h�e�a�v�y� �c�o�s�t�s� �o�n� �t�h�e� �s�y�s�t�e�m�s� �p�r�o�g�r�a�m�m�e�r�;� �(�1�1�1�)� �e�v�e�n� �g�i�v�e�n� �a� �r�a�t�i�o�n�a�l� 

�a�p�p�r�o�a�c�h� �t�o� �e�s�t�i�m�a�t�i�n�g� �t�h�e� �m�a�t�r�i�c�e�s� �H�,� �R� �a�n�d� �Q�,� �o�n�e� �w�o�u�l�d� �p�r�e�s�u�m�a�b�l�y� 

�n�e�e�d� �a� �h�u�g�e� �q�u�a�n�t�i�t�y� �o�f� �d�a�t�a� �t�o� �e�s�t�i�m�a�t�e� �s�o� �m�a�n�y� �p�a�r�a�m�e�t�e�r�s�,� �i�n� 

�a�d�d�i�t�i�o�n� �t�o� �a�l�l� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �o�f� �o�n�e�'�s� �m�o�d�e�l�,� 

�(�x�i�i�)� �T�H�E� �O�R�D�E�R�E�D� �D�E�R�I�V�A�T�I�V�E� �A�N�D� 

�D�Y�N�A�M�I�C� �F�E�E�D�B�A�C�K� 

�T�h�e� �t�r�a�d�i�t�i�o�n�a�l� �f�o�r�m�a�l�i�s�m� �u�s�e�d� �f�o�r� �d�e�a�l�i�n�g� �w�i�t�h� �p�a�r�t�i�a�l� 

�d�e�r�i�v�a�t�i�v�e�s� �w�a�s� �e�v�o�l�v�e�d� �t�o� �d�e�a�l� �w�i�t�h� �t�h�e� �p�r�o�b�l�e�m�s� �o�f� �g�e�o�m�e�t�r�y� 

�a�n�d� �o�f� �p�h�y�s�i�c�a�l� �s�c�i�e�n�c�e�,� �I�n� �t�h�o�s�e� �f�i�e�l�d�s�,� �o�n�e� �n�o�r�m�a�l�l�y� �d�e�a�l�s� �w�i�t�h� 

�f�u�n�e�t�i�o�n�s� �d�e�f�i�n�e�d� �o�v�e�r� �a� �f�i�x�e�d� �s�e�t� �o�f� �c�o�o�r�d�i�n�a�t�e� �v�a�r�i�a�b�l�e�s�;� 

�e�v�e�n� �w�h�e�n� �o�n�e� �c�h�a�n�g�e�s� �o�n�e�'�s� �c�h�o�i�c�e� �o�f� �c�o�o�r�d�i�n�a�t�e�s�,� �o�n�e� �i�s� �u�s�u�a�l�l�y� 

�m�a�k�i�n�g� �a� �c�l�e�a�r�c�u�t� �s�h�i�f�t� �f�r�o�m� �o�n�e� �s�e�t� �t�o� �a� �s�e�c�o�n�d� �s�e�t�,� �I�n� �t�h�e� �s�o�c�i�a�l� 

�s�c�i�e�n�c�e�s�,� �h�o�w�e�v�e�r�,� �o�n�e� �n�o�r�m�a�l�l�y� �d�e�a�l�s� �w�i�t�h� �a� �c�o�m�p�l�e�x� �w�e�b� �o�f� 

�f�u�n�c�t�i�o�n�a�l� �r�e�l�a�t�i�o�n�s� �a�n�d� �v�a�r�i�a�b�l�e�s�,� �T�h�i�s� �w�e�b� �w�i�l�l� �o�f�t�e�n� �h�a�v�e� �a� 

�c�a�u�s�a�l� �o�r�d�e�r�i�n�g� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �i�t�,� �T�h�u�s� �w�h�e�n� �w�e� �s�a�y� �t�h�a�t� 

�X�e� �F�Y� �2�2�)� �w�e� �n�o�t� �o�n�l�y� �m�e�a�n� �t�h�a�t� �a� �r�e�l�a�t�i�o�n� �e�x�i�s�t�s� �b�e�t�w�e�e�n� �t�h�e� 

�v�a�r�i�a�b�l�e�s� �Y�y�s� �2� �a�n�d� �X�p� �4�4�4� �w�e� �a�l�s�o� �t�e�n�d� �t�o� �m�e�a�n� �t�h�a�t� �t�h�e� �v�a�r�i�a�b�l�e�s� �y�y� 
�t� 

�a�n�d� �z�,�  ��c�a�u�s�e �� �X�,� �1�4� �t�o� �e�q�u�a�l� �w�h�a�t� �i�t� �d�o�e�s�,� �a�n�d� �t�h�a�t� �X�4�4�.� 

�"�l�a�t�e�r�"� �t�h�a�n� �Y�y� �a�n�d� �Z�e� �W�e� �w�i�l�l� �o�f�t�e�n� �b�e� �i�n�t�e�r�e�s�t�e�d� �i�n� �a�s�k�i�n�g� 

�4� �i�s� �c�a�u�s�a�l�l�y�.� 

�w�h�a�t� �c�h�a�n�g�e�s� �w�i�l�l� �f�o�l�l�o�w�,� �l�a�t�e�r�,� �i�f� �w�e� �c�h�a�n�g�e� �a� �g�i�v�e�n� �v�a�r�i�a�b�l�e� �b�y� 

�a� �s�m�a�l�l� �a�m�o�u�n�t� �a�t� �a� �g�i�v�e�n� �t�i�m�e�,� �C�l�e�a�r�l�y�,� �t�h�i�s� �q�u�e�s�t�i�o�n� �c�a�l�l�s� �f�o�r� �u�s� 

�t�o� �c�a�l�c�u�l�a�t�e� �s�o�m�e� �k�i�n�d� �o�f� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�,� �I�n� �o�r�d�e�r� �t�o� �d�e�a�l� �w�i�t�h



�F�a�s�e� �1�1�7�0�)� 

�t�h�i�s� �k�i�n�d� �o�f� �s�i�t�u�a�t�i�o�n�,� �a�s� �e�a�s�i�l�y� �a�s� �w�e� �n�o�w� �d�e�a�l� �w�i�t�h� �s�i�t�u�a�t�i�o�n�s� 

�i�n� �p�h�y�s�i�c�a�l� �s�c�i�e�n�c�e� �a�n�d� �g�e�o�m�e�t�r�y�,� �w�e� �n�e�e�d� �t�o� �d�e�f�i�n�e� �a� �n�e�w� �f�o�r�m�a�l�i�s�m� 

�f�o�r� �t�h�i�s� �k�i�n�d� �o�f� �p�a�r�t�i�a�l� �d�e�r�i�v�a�t�i�v�e�.� 

�L�e�t� �u�s� �b�e�g�i�n� �b�y� �i�m�a�g�i�n�i�n�g� �t�h�a�t� �w�e� �h�a�v�e� �a� �w�e�l�l�-�o�r�d�e�r�e�d� �s�e�t� �o�f� 

�v�a�r�i�a�b�l�e�s�,� �X�e� �X�o�v�e�e�e� �X�y�s� �w�i�t�h� �e�a�c�h� �v�a�r�i�a�b�l�e� �X�y� �o�b�e�y�i�n�g� �a� 

�f�u�n�c�t�i�o�n�a�l� �r�e�l�a�t�i�o�n�:� 

�X�p� �=� �f�y� �(�X�y� �p�e� �X�p�i�g�e�e�e�e� �X�y�)�e� 

�L�e�t� �u�s� �d�e�f�i�n�e� �a� �n�e�w� �s�e�t� �o�f� �f�u�n�c�t�i�o�n�s�,� �F�y� �r�e�c�u�r�s�i�v�e�l�y�:� 

�(�1�)� �F�(�x�)� �e�X�,� �y�p� �e�%�p�i�g�e�e�e�e� �x�)� �=�X�,� 

�(�1�4�)� �F�y�_�y� �(�<�p� �l�y� �o�X�y�o�v�e�r�e� �x�4�)� 

�F�C� �L�(�g� �o�X�q� �p�v� �e�e�e� �d�e� �M�y� �g�e�%�y�p�v�e�e�s� �%�)� 

�(�I�n� �o�t�h�e�r� �w�o�r�d�s�,� �"�F�,�"� �e�x�p�r�e�s�s�e�s� �x�,� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� 
�i� 

�X�i� �9�%�s�_�q�e�e�e�e�X�y�s� �a�r�r�i�v�e�d� �a�t� �b�y� �s�u�b�s�t�i�t�u�t�i�o�n� �i�n�t�o� �h�i�g�h�e�r� �F� �5�'�s�.�)� 

�L�e�t� �u�s� �d�e�f�i�n�e� �t�h�e� �o�r�d�e�r�e�d� �d�e�r�i�v�a�t�i�v�e� �o�f� �x�,� �a�s� �f�o�l�l�o�w�s�:� 

�a�,� 
�O�%�X�4� �O�x�, �� 
� � �n�Z�i�r�i�y� 

�w�h�e�r�e� �t�h�e� �d�e�r�i�v�a�t�i�v�e� �o�n� �t�h�e� �r�i�g�h�t� �i�s� �e�v�a�l�u�a�t�e�d� �b�y� �t�r�a�d�i�t�i�o�n�a�l� 

�p�r�o�c�e�d�u�r�e�s�,� �h�o�l�d�i�n�g� �c�o�n�s�t�a�n�t� �a�l�l� �t�h�e� �v�a�r�i�a�b�l�e�s� �X�p� �p�r�o�c�e� �K�y�e



�2�4�6�9�5� �4�4�7�0�'�r� 

�W�e� �m�a�y� �f�u�r�t�h�e�r� �d�e�f�i�n�e�:� 

� � � � 

� � 

�n� �0� �<�q� �=� �i�<�i�S�i�4� �O�X�,� �O�x�,� �-� �0� 

�T�h�e�o�r�e�m�:� 

�=� �+� 
�f� �£�3�<� 

�o�F� �5� �=� �O�X�,� �f�o�r� �t�o� �2�5� �"� 

 ��O�X� �=� �O�X�,� �O�F�}� �1�<�1�<�j� 
�z�+�)� �d� 

�W�e� �c�a�n� �p�r�o�v�e� �t�h�i�s�,� �f�o�r� �a�n�y� �g�i�v�e�n� �i� �a�n�d� �n� �w�i�t�h�i�n� �t�h�e� �a�c�c�e�p�t�a�b�l�e� �r�a�n�g�e�,� 

�b�y� �i�n�d�u�c�t�i�o�n� �o�n� �j� �d�o�w�n�w�a�r�d�s� �f�r�o�m� �j�=�n�-�1� �(�d�o�w�n� �t�o� �j�e�i�)�,� �L�e�t� �u�s� �b�e�g�i�n� 

�b�y� �c�o�n�s�i�d�e�r�i�n�g� �t�h�e� �i�n�i�t�i�a�l� �c�a�s�e�,� �j�e�n�-�1�,� �I�n� �t�h�i�s� �c�a�s�e�,� �o�u�r� �g�e�n�e�r�a�l� 

�c�l�a�i�m� �r�e�d�u�c�e�s� �t�o�:� 

�O�n�t� �<� �3�%�,� �o�F�,� 

�O�%�y� �o�%�,� �O�X�,� �"� 

� � 

�F�r�o�m� �o�u�r� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �F�o� �a�n�d� �o�f� �F�i�n�i�?� �t�h�i�s� �r�e�d�u�c�e�s� �i�m�m�e�d�i�a�t�e�l�y� �t�o�:� 

�o�H� �.� �&� 
�a�y� �a�e�,� �O�y� 

�w�h�i�c�h� �i�s� �c�l�e�a�r�l�y� �t�r�u�e�,� 

�N�o�w�,� �t�o� �c�o�m�p�l�e�t�e� �o�u�r� �p�r�o�o�f�,� �w�e� �n�e�e�d� �o�n�l�y� �p�r�o�v�e� �t�h�e� �f�o�r�m�u�l�a� 

�f�o�r� �j�>� �i� �a�n�d� �?� �l�o�s� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �i�t� �i�s� �t�r�u�e� �f�o�r� �j�t�i�S� �n�,� 

�L�e�t� �u�s� �b�e�g�i�n� �b�y� �g�o�i�n�g� �b�a�c�k� �t�o� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �P�a�t� 

�P�(�X� �s�o�X�s� �p�e�e�s� �»�X�4�)� �=� �P�s�a�t� �(�E� �g�a�g� �(�X�5�e�X� �s�i�g� �o�e�e� �e�X� �e�X� �s�r�e�e� �e�X�)
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�I�n� �o�r�d�e�r� �t�e� �m�a�k�e� �t�h�i�s� �m�o�r�e� �e�x�p�l�i�c�i�t�,� �w�e� �m�a�y� �w�r�i�t�e� �i�t� �a�s� �f�o�l�l�o�w�s�:� 

�F�(�X� �e�X� �5�_� �g�e�e� �e�X�)� �=� �F�i� �(�S�s�a�g� �e�S� �j�e�S�z�i�g�r�e�e�e� �s�,�)� 

�w�h�e�r�e� �S�5�4�1� �=� �F� �5�4�q� �(�X�5�o�%� �p�i�g� �o� �e�e� �%�y�)� 

�8�,� �=�X� �1� �<� �i� �<� �j�e� 
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�t�h�i�s� �c�h�a�p�t�e�r� �d�e�p�e�n�d�s� �o�n� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� 

�c�a�l�c�u�l�a�t�e�d� �b�y� �t�h�i�s� �m�e�t�h�o�d� �c�a�n� �b�e� �u�s�e�d� �a�s� �t�h�e� �i�n�p�u�t� �t�o� �t�h�e� 

�s�t�e�e�p�e�s�t� �a�s�c�e�n�t� �m�e�t�h�o�d�,� �i�n� �m�i�n�i�m�i�z�i�n�g� �o�r� �m�a�x�i�m�i�z�i�n�g� �v�a�r�i�o�u�s� �t�y�p�e�s� 

�o�f� �f�u�n�c�t�i�o�n�s�,� �I�n� �p�r�a�c�t�i�c�e�,� �h�o�w�e�v�e�r�,� �w�e� �h�a�v�e� �f�o�u�n�d� �g�r�e�a�t� �d�i�f�f�i�c�u�l�t�i�e�s� 

�i�n� �g�e�t�t�i�n�g� �a�d�e�q�u�a�t�e� �c�o�n�v�e�r�g�e�n�c�e� �w�i�t�h� �t�h�e� �c�l�a�s�s�i�c�a�l� �s�t�e�e�p�e�s�t� �a�s�c�e�n�t� 

�m�e�t�h�o�d�,� �i�n� �o�u�r� �e�a�r�l�y� �e�x�p�e�r�i�m�e�n�t�s� �w�i�t�h� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�,� �t�o� �b�e� 

�d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �(�I�I�I�)�,� �T�h�i�s� �e�x�p�e�r�i�e�n�c�e� �s�e�e�m�s� �t�o� �b�e� �i�n� �l�i�n�e� �w�i�t�h� 

�t�h�e� �g�e�n�e�r�a�l� �i�m�p�r�e�s�s�i�o�n�s� �o�f� �o�t�h�e�r� �p�e�o�p�l�e� �i�n� �t�h�e� �c�o�m�m�u�n�i�t�y� �w�h�o� �h�a�v�e� 

�u�s�e�d� �t�h�e� �m�e�t�h�o�d�,� �I�t� �i�s� �p�o�s�s�i�b�l�e�,� �h�o�w�e�v�e�r�,� �t�o� �b�r�i�n�g� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�r�a�t�e� �u�p� �t�o� �r�e�a�s�o�n�a�b�l�e� �s�t�a�n�d�a�r�d�s� �b�y� �u�s�e� �o�f� �"�v�a�r�i�a�b�l�e� �m�e�t�r�i�c� �t�e�c�h�n�i�q�u�e�s�"� 

�a�n�d� �r�e�l�a�t�e�d� �m�e�t�h�o�d�s�,� 

�I�n� �s�e�c�t�i�o�n� �(�i�i�i�)�,� �w�e� �a�l�l�u�d�e�d� �b�r�i�e�f�l�y� �t�o� �t�h�e� �c�o�n�s�t�a�n�t�s� �"�C�"� �t�o� �b�e� 

�u�s�e�d� �i�n� �t�h�e� �s�t�e�e�p�e�s�t� �a�s�c�e�n�t� �m�e�t�h�o�d�;� �i�n� �o�u�r� �d�i�s�c�u�s�s�i�o�n�,� �t�h�e�r�e� �w�a�s� �n�e�v�e�r� 

�a�n�y� �r�e�a�s�o�n� �t�o� �r�e�q�u�i�r�e� �t�h�a�t� �"�C�"� �b�e� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �o�f� �t�h�e� �p�a�r�a�m�e�t�e�r�s�,� 

�B�s�.� �I�n� �t�h�e� �"�v�a�r�i�a�b�l�e� �m�e�t�r�i�c�"� �a�p�p�r�o�a�c�h�,� �o�n�e� �s�i�m�p�l�y� �c�h�o�o�s�e�s� �d�i�f�f�e�r�e�n�t� 

�c�o�n�s�t�a�n�t�s�,� �C�y�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �p�a�r�a�m�e�t�e�r�s�,� �T�h�u�s� �o�n�e� �w�o�u�l�d� �w�r�i�t�e�:� 

�(�n�t�t�)� �2� �i� �(�n�)� �Q�U� �a�(�n�)� 
�B�s� �a�s� �*� �s�a�,� �(�a�r�)�.� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �s�p�e�c�i�f�i�e�s� �t�h�a�t� �o�u�r� �n�-�p�l�u�s�-�f�i�r�s�t� �e�s�t�i�m�a�t�e� �o�f� �t�h�e� 

�p�a�r�a�m�e�t�e�r� �a�,� �W�i�l�l� �e�q�u�a�l� �o�u�r� �n�t�h� �e�s�t�i�m�a�t�e�,� �p�l�u�s� �C�,� �t�i�m�e�s� �t�h�e� 
�i



�2� �O�g�w� �4�4� �°� �/� 

�d�e�r�i�v�a�t�i�v�e� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a�s� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�,� �U�,� �w�h�i�c�h� �w�e� �a�r�e� 

�t�r�y�i�n�g� �t�o� �m�a�x�i�m�i�z�e�,� �(�T�h�e� �d�e�r�i�v�a�t�i�v�e� �i�s� �c�a�l�c�u�l�a�t�e�d�,� �o�f� �c�o�u�r�s�e�,� 

�f�r�o�m� �o�u�r� �c�u�r�r�e�n�t� �s�e�t� �o�f� �e�s�t�i�m�a�t�e�s�,� �2�°�"�)�,� �)� �T�h�i�s� �a�p�p�r�o�a�c�h� �h�a�s� �b�e�c�o�m�e� 

�f�a�i�r�l�y� �p�o�p�u�l�a�r� �,� �i�n� �s�o�m�e� �q�u�a�r�t�e�r�s�,� 

�I�d�e�a�l�l�y�,� �i�f� �o�n�e� �h�a�d� �a�l�l� �t�h�e� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e�s� �a�v�a�i�l�a�b�l�e�,� 

�o�n�e� �m�i�g�h�t� �u�s�e� �t�h�e� �c�l�a�s�s�i�c� �G�a�u�s�s�i�a�n� �m�e�t�h�o�d�:� 

 ��7�(�n�+�1�)� �=� �y�(�n�)� �~� �a�t� �q�e�)�,� 

 �� 
�w�h�e�r�e� �"�Y�W�"� �i�s� �t�h�e� �v�e�c�t�o�r� �o�u� �a�n�d� �"�A�"� �i�s� �t�h�e� �m�a�t�r�i�x� �o�f� �t�h�e� �s�e�c�o�n�d� 

�2� �1� 
�d�e�r�i�v�a�t�i�v�e�s�,� �7� �U� �.� �T�o� �p�i�c�k� �t�h�e� �c�o�n�s�t�a�n�t�s�,� �"�C�,�,�"� �a�b�o�v�e�,� �o�n�e� �m�i�g�h�t� 

�Q�a�,�0�a� �4� 
�t�r�y� �t�o� �p�i�c�k� �t�h�e�m� �t�o� �f�o�r�m� �a�s� �c�l�o�s�e� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �a�s� �p�o�s�s�i�b�l�e� 

�t�o� �t�h�e� �G�a�u�s�s�i�a�n� �e�q�u�a�t�i�o�n� �h�e�r�e�,� �T�h�u�s� �o�n�e� �m�i�g�h�t� �t�r�y� �t�o� �a�p�p�r�o�x�i�m�a�t�e�:� 

�C�,� �=� �-�1� 
 �� �(�S�3�2� 

�I�n� �o�r�d�e�r� �t�o� �g�e�n�e�r�a�t�e� �a� �l�o�w�-�c�o�s�t�,� �o�r�d�e�r�~�o�f�-�m�a�g�n�i�t�u�d�e� �e�s�t�i�m�a�t�e�,� �S�t�s� 
�f�y� �2� 

�o�f� �O�Y�)� �=� 
�O�a�  ��3�2� 

�d�o�w�n� �o�i�r� �t�a�b�l�e�d� �o�f� �o�p�e�r�a�t�i�o�n�s�:� 

�-�>� �(� �s�o�y� �S�e� �+� �¢� �s�e� �,� �(�2�.�2�5�)� 
�y�r�c�t�l� 

�g�u�y� �o�n�e� �m�i�g�h�t� �c�a�r�r�y� �o�u�t� �a�n�o�t�h�e�r� �f�e�e�d�b�a�c�k� �c�a�l�c�u�l�a�t�i�o�n� 

�w�h�e�r�e� �S�,� �4�s� �t�h�e� �o�r�d�e�r�e�d� �d�e�r�i�v�a�t�i�v�e� �o�f� �U� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �X�5�0� 

�a�s� �c�o�m�p�u�t�e�d� �b�y� �t�h�e� �p�r�o�c�e�d�u�r�e�s� �o�f� �s�e�c�t�i�o�n� �(�4�4�1�)�,� �a�n�d� �t�h�e� �r�e�s�t� �o�f� 

�t�h�e� �n�o�t�a�t�i�o�n� �h�e�r�e� �c�o�m�e�s� �f�r�o�m� �s�e�c�t�i�o�n� �(�x�i�i�)�,� �T�h�e� �t�e�r�m� �o�n� �t�h�e� �l�e�f�t� �s�i�d�e� 

�o�f� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �t�o� �b�e� �s�u�m�m�e�d� �p�r�e�s�e�r�v�e�s� �t�h�e� �s�i�g�n� �o�f� �t�h�e� �"�e�s�t�i�m�a�t�e�d�"



�P�a�g�e� �I�I�-�9�1� 

�s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e�s�,� �a�s� �w�e� �g�o� �d�o�w�n� �f�r�o�m� �t�h�e� �3� �t�o� �S�f�.� �T�h�e� �t�e�r�m� 

�o�n� �t�h�e� �r�i�g�h�t�,� �h�o�w�e�v�e�r�,� �r�i�s�k�s� �a� �c�h�a�n�g�e� �o�f� �s�i�g�n�s� �i�t� �m�i�g�h�t� �e�i�t�h�e�r� �b�e� 

�e�l�i�m�i�n�a�t�e�d�,� �o�r� �e�l�s�e� �c�u�t� �o�f�f� �t�o� �e�q�u�a�l� �z�e�r�o� �w�h�e�n�e�v�e�r� �i�t� �t�r�i�e�s� �t�o� 

�g�o� �t�o�o� �f�a�r� �i�n� �a�n� �a�b�n�o�r�m�a�l� �d�i�r�e�c�t�i�o�n�,� �i�f� �w�e� �c�h�o�o�s�e� �t�o� �a�v�o�i�d� �t�h�i�s� 

�r�i�s�k�,� �N�o�t�e�,� �i�n� �t�h�e� �c�a�s�e� �o�f� �a� �m�a�x�i�m�i�z�a�t�i�o�n� �p�r�o�b�l�e�m�,� �t�h�a�t� �t�h�e� 

�n�o�r�m�a�l� �s�i�g�n� �f�o�r� �t�h�e� �s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e�s� �i�s� �n�e�g�a�t�i�v�e�,� 

�I�f� �w�e� �w�r�i�t�e�:� 

�C�c�,� �=�  ��W�/�S�F� 

�t�h�e�n�,� �i�f� �t�h�e� �n�-�p�l�u�s�-�f�i�r�s�t� �e�s�t�i�m�a�t�e� �t�u�r�n�s� �o�u�t� �t�o� �b�e� �i�n�f�e�r�i�o�r� �t�o� 

�t�h�e� �n�t�h�,� �w�e� �c�a�n� �s�i�m�p�l�y� �r�e�d�u�c�e� �t�h�e� �u�n�s�u�b�s�c�r�i�p�t�e�d� �c�o�n�s�t�a�n�t�  ��w�"� �a�n�d� 

�t�r�y� �a�g�a�i�n�,� �T�h�i�s� �m�e�t�h�o�d� �i�s� �g�u�a�r�a�n�t�e�e�d� �e�v�e�n�t�u�a�l� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �a� 

�l�o�c�a�l� �m�a�x�i�m�u�m�,� �a�s� �w�e� �a�d�j�u�s�t�  ��w�"� �b�a�c�k� �a�n�d� �f�o�r�t�h�,� �f�o�r� �e�x�a�c�t�l�y� �t�h�e� 

�s�a�m�e� �r�e�a�s�o�n�s� �t�h�a�t� �t�h�e� �c�l�a�s�s�i�c�a�l� �m�e�t�h�o�d� �i�s� �g�u�a�r�a�n�t�e�e�d� �c�o�n�v�e�r�g�e�n�c�e� 

�a�s� �"�C�"� �i�s� �a�d�j�u�s�t�e�d� �b�a�c�k� �a�n�d� �f�o�r�t�h�;� �g�i�v�e�n� �t�h�a�t� �w�e� �h�a�v�e� �i�m�p�o�s�e�d� 

�m�e�a�s�u�r�e�s� �t�o� �k�e�e�p� �t�h�e� �s�i�g�n�s� �o�f� �t�h�e� �S�t� �n�e�g�a�t�i�v�e�,� �w�e� �m�a�y� �i�n�v�o�k�e� �t�h�e� 

�d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�v�e�,� �j�u�s�t� �a�s� �w�e� �d�i�d� �i�n� �s�e�c�t�i�o�n� �(�i�i�i�)�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�,� �a� �s�i�m�i�l�a�r� �t�h�o�u�g�h� �m�o�r�e� �s�p�e�c�i�a�l�i�z�e�d� 

�a�p�p�r�o�a�c�h� �h�a�s� �t�u�r�n�e�d� �o�u�t� �t�o� �b�e� �q�u�i�t�e� �s�u�c�c�e�s�s�f�u�l�,� �W�h�i�l�e� �w�e� �h�a�v�e� �n�o�t� 

�r�u�n� �a�c�r�o�s�s� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �f�o�r�m� �o�f� �t�h�e� �v�a�r�i�a�b�l�e� �m�e�t�r�i�c� �a�p�p�r�o�a�c�h� 

�i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �w�e� �h�a�v�e� �h�e�a�r�d� �r�u�m�o�r�s� �t�h�a�t� �s�o�m�e�t�h�i�n�g� �s�i�m�i�l�a�r� �m�a�y� 

�h�a�v�e� �a�t�t�r�a�c�t�e�d� �a�t�t�e�n�t�i�o�n� �e�l�s�e�w�h�e�r�e� �i�n� �s�t�a�t�i�s�t�i�c�s�;� �h�o�w�e�v�e�r�,� �i�t� �w�o�u�l�d� �b�e� 

�d�i�f�f�i�c�u�l�t� �t�o� �b�e�l�i�e�v�e� �t�h�a�t� �e�q�u�a�t�i�o�n� �(�2�.�2�5�)�,� �i�t�s�e�l�f�,� �w�h�i�c�h� �i�s� �b�a�s�e�d� �o�n



�r�a�g�e� �i�i�w�y�e� 

�a� �p�r�o�c�e�d�u�r�e� �r�e�l�a�t�e�d� �t�o� �d�y�n�a�m�i�c� �f�e�e�d�b�a�c�k�,� �h�a�s� �b�e�e�n� �u�s�e�d� �i�n� �t�h�i�s� 

�g�e�n�e�r�a�l� �f�o�r�n�,� 

�I�n� �s�i�t�u�a�t�i�o�n�s� �w�h�e�r�e� �t�h�e� �n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s� �i�s� �g�r�e�a�t�,� �a�n�d� 

�m�a�n�y� �i�t�e�r�a�t�i�o�n�s� �a�r�e� �r�e�q�u�i�r�e�d� �i�n� �a�n�y� �c�a�s�e�,� �o�n�e� �c�a�n� �i�m�a�g�i�n�e� �a�n� 

�a�d�d�i�t�i�o�n�a�l� �p�r�o�v�i�s�i�o�n�,� �"�c�o�n�v�e�r�g�e�n�c�e� �l�e�a�r�n�i�n�g�,�"� �t�o� �t�r�y� �t�o� �m�a�k�e� �t�h�e� 

�c�o�n�s�t�a�n�t�s� �C�,� �b�e�t�t�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �t�o� �t�h�e� �c�h�o�i�c�e� �w�h�i�c�h� �w�o�u�l�d� �l�e�a�d� 

�t�o� �t�h�e� �f�a�s�t�e�s�t� �c�o�n�v�e�r�g�e�n�c�e�,� �O�n�e� �m�a�y� �s�e�t�:� 

�C�,� �=� �-�w�0�,�/�S�t�,� 

�(�n�)� �s�e�e�m�s� �t�o� �b�e� �m�o�v�i�n�g� 

�s�y�s�t�e�m�a�t�i�c�a�l�l�y� �i�n� �o�n�e� �d�i�r�e�c�t�i�o�n� �f�r�o�m� �e�s�t�i�m�a�t�e� �(�n�)� �t�o� �e�s�t�i�m�a�t�e�,� 

�w�h�e�r�e� �"�e�,�"� �i�s� �i�n�c�r�e�a�s�e�d� �w�h�e�n� �t�h�e� �p�a�r�a�m�e�t�e�r� �a� 

�(�n�J� �s�e�e�m�s� �t�o� �b�e� �o�s�c�i�l�l�a�t�i�n�g�,� 

�O�n�e� �m�i�g�h�t�,� �f�o�r� �e�x�a�m�p�l�e�,� �m�u�l�t�i�p�l�y� �8�,� �b�y� �1�4�+�C�,� �f�o�r� �s�o�m�e� �p�o�s�i�t�i�v�e� �C�,� 

�a�n�d� �w�h�e�r�e� �i�t� �i�s� �d�e�c�r�e�a�s�e�d� �w�h�e�n� �a� 

�w�h�e�n� �x� �c�a�l�c�u�l�a�t�e�d� �a�t� �s�g�i�n�t�t�)� �h�a�s� �t�h�e� �s�a�m�e� �s�i�g�n� �a�s� �s�t� 

�c�a�l�c�u�l�a�t�e�d� �a�t�"�)�,� �o�n�e� �m�i�g�h�t� �d�i�v�i�d�e� �i�t� �b�y� �1�+�C� �w�h�e�n� �t�h�e� �s�i�g�n�s� �a�r�e� 

�o�p�p�o�s�i�t�e�,� �A�s� �b�e�f�o�r�e�,� �i�f� �t�h�e� �s�i�g�n� �o�f� �9�,� �i�s� �p�o�s�i�t�i�v�e�,� �o�n�e� �i�s� �s�t�i�l�l� 

�a�s�s�u�r�e�d� �o�f� �e�v�e�n�t�u�a�l� �c�o�n�v�e�r�g�e�n�c�e� �t�o� �a� �l�o�c�a�l� �m�a�x�i�m�u�m�,� �I�n�s�o�f�a�r� �a�s� 

�e�a�c�h� �o�f� �t�h�e�s�e� �f�a�c�t�o�r�s�,� �"�@�,�"�,� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �a�n� �a�d�j�u�s�t�m�e�n�t� �f�a�c�t�o�r� 

�f�o�r� �o�u�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �@�,� �w�e� �m�i�g�h�t� �e�v�e�n� �u�s�e� �i�t� �i�n� �(�2�.�2�5�)�,� 

�t�o� �d�i�v�i�d�e� �t�h�o�s�e� �t�e�r�m�s� �i�n� �o�u�r� �s�u�m�m�a�t�i�o�n� �o�n� �t�h�e� �r�i�g�h�t� �w�h�i�c�h� �i�n�v�o�l�v�e� 

�e�n�t�r�i�e�s�,� �X�o�o� �i�n� �o�u�r� �t�a�b�l�e� �o�f� �o�p�e�r�a�t�i�o�n�s�,� �w�h�i�c�h� �u�s�e� �t�h�e� �p�a�r�a�m�e�t�e�r� �a�,� 

�a�s� �a� �"�s�o�u�r�c�e� �v�a�r�i�a�b�l�e�,�"� 

�I�n� �o�r�d�e�r� �t�o� �d�e�f�i�n�e� �t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �i�n� �m�o�r�e� �d�e�t�a�i�l�,� �i�t� �w�o�u�l�d� �b�e



�P�a�g�e� �I�I�+�9�5� 

�n�e�c�e�s�s�a�r�y� �t�o� �h�a�v�e� �s�o�m�e� �w�a�y� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �m�a�n�y� �a�l�t�e�r�n�a�t�i�v�e� 

�p�o�s�s�i�b�i�l�i�t�i�e�s� �i�n� �t�h�e�s�e� �d�i�r�e�c�t�i�o�n�s�;� �i�n�s�o�f�a�r� �a�s� �t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �a�r�e� 

�a�l�l� �a�i�m�e�d� �a�t� �t�h�e� �p�r�a�c�t�i�c�a�l� �g�o�a�l� �o�f� �s�p�e�e�d�i�n�g� �u�p� �c�o�n�v�e�r�g�e�n�c�e�,� 

�i�t� �w�o�u�l�d� �s�e�e�m� �b�e�s�t� �t�o� �e�v�a�l�u�a�t�e� �t�h�e�m� �b�y� �w�a�y� �o�f� �p�r�a�c�t�i�c�a�l� �e�x�p�e�r�i�m�e�n�t�s�,� 

�w�h�e�n� �t�h�e� �n�e�c�e�s�s�a�r�y� �c�o�m�p�u�t�e�r� �r�o�u�t�i�n�e�s� �b�e�c�o�m�e� �a�v�a�i�l�a�b�l�e�,



�f�a�p� �4�4�°�7�7� 

�F�O�O�T�N�O�T�E�S� �T�O� �C�H�A�P�T�E�R� �(�I�T�I�)� 

�(�1�)� �D�e�u�t�s�c�h�,� �K�a�r�l� �W�.�,� �N�a�t�i�o�n�a�l�i�s�m� �a�n�d� �S�o�c�i�a�l� �C�o�m�m�u�n�i�c�a�t�i�o�n�s� �_�,� 
�M�I�T� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�,� �M�a�s�s�,� �1�9�6�6�,� �r�e�v�i�s�e�d� �s�e�c�o�n�d� �e�d�i�t�i�o�n�,� 

�A�p�p�e�n�d�i�x� �V�,� �N�o�t�e� �t�h�a�t� �w�e� �h�a�v�e� �u�s�e�d� �t�h�e� �l�e�t�t�e�r� �"�U�"� �i�n�s�t�e�a�d� 

�o�f� �"�D�"�,� �i�n� �t�h�e� �r�e�v�i�s�e�d� �v�e�r�s�i�o�n� �o�f� �t�h�e� �m�o�d�e�l�,� �A�l�s�o� �n�o�t�e� �t�h�a�t� 

�s�e�v�e�r�a�l� �v�e�r�s�i�o�n�s� �o�f� �t�h�i�s� �m�o�d�e�l� �h�a�v�e� �a�p�p�e�a�r�e�d� �i�n� �p�r�i�n�t�,� 

�T�h�e� �v�e�r�s�i�o�n� �h�e�r�e�,� �i�n� �a�l�l� �f�a�i�r�n�e�s�s�,� �w�a�s� �a�c�t�u�a�l�l�y� �t�a�k�e�n� �d�i�r�e�c�t�l�y� 

�f�r�o�m� �H�o�p�k�i�n�s�,� �R�a�y�m�o�n�d� �a�n�d� �C�a�r�o�l�,� �"�A� �D�i�f�f�e�r�e�n�c�e� �E�q�u�a�t�i�o�n� 

�M�o�d�e�l� �f�o�r� �M�o�b�i�l�i�z�a�t�i�o�n� �a�n�d� �A�s�s�i�m�i�l�a�t�i�o�n� �P�r�o�c�e�s�s�e�s�"�,� �1�9�6�9�,� 

�u�n�p�u�b�l�i�s�h�e�d�;� �a� �c�o�p�y� �o�f� �t�h�i�s� �p�a�p�e�r� �w�a�s� �p�r�o�v�i�d�e�d� �t�o� �u�s� �b�y� 

�P�r�o�f�,� �D�e�u�t�s�c�h�,� �a�n�d� �d�e�s�c�r�i�b�e�d� �a�s� �c�o�n�t�a�i�n�i�n�g� �t�h�e� �f�i�n�a�l� �r�e�v�i�s�i�o�n� 
�o�f� �t�h�e� �m�o�d�e�l�,� �T�h�i�s� �r�e�v�i�s�i�o�n� �a�p�p�e�a�r�s�,� �i�n� �d�i�f�f�e�r�e�n�c�e� �e�q�u�a�t�i�o�n� 
�f�o�r�m�,� �i�n� �H�o�p�k�i�n�s�,� �R�a�y�m�o�n�d�,�  ��P�r�o�j�e�c�t�i�o�n�s� �o�f� �P�o�p�u�l�a�t�i�o�n� �C�h�a�n�g�e� 
�b�y� �M�o�b�i�l�i�z�a�t�i�o�n� �a�n�d� �A�s�s�i�m�i�l�a�t�i�o�n�"�,� �B�e�h�a�v�i�o�r�a�l� �S�c�i�e�n�c�e�,� �1�9�7�2�,� 

�p�.�2�5�4�,� �T�h�e� �r�e�a�s�o�n�s� �f�o�r� �t�h�e� �r�e�v�i�s�i�o�n�s� �t�o� �e�a�r�l�i�e�r� �v�e�r�s�i�o�n�s� 
�a�r�e� �d�e�s�c�r�i�b�e�d� �i�n� �H�o�p�k�i�n�s�,� �R�a�y�m�o�n�d�,� �"�M�a�t�h�e�m�a�t�i�c�a�l� �M�o�d�e�l�l�i�n�g� 
�o�f� �M�o�b�i�l�i�z�a�t�i�o�n� �a�n�d� �A�s�s�i�m�i�l�a�t�i�o�n� �P�r�o�c�e�s�s�e�s�"�,� �i�n� 
�M�a�t�h�e�m�a�t�i�c�a�l� �A�p�p�r�o�a�c�h�e�s� �t�o� �P�o�l�i�t�i�c�s�,� �e�d�i�t�e�d� �b�y� �H�a�y�w�a�r�d� �A�l�k�e�r�,� 
�K�a�r�l� �D�e�u�t�s�c�h� �a�n�d� �A�n�t�o�i�n�e� �S�t�o�e�t�z�e�l�,� �E�l�s�e�v�i�e�r� �P�u�b�l�i�s�h�i�n�g� �C�o�.�,� 
�N�Y�,� �1�9�7�3�,� �p�.� �3�8�1�,� 

�(�2�)� �R�a�p�o�p�o�r�t�,� �A�n�a�t�o�l�,� �F�i�g�h�t�s�,� �G�a�m�e�s� �a�n�d� �D�e�b�a�t�e�s�,� �U�.� �o�f� �M�i�c�h�i�g�a�n� �P�r�e�s�s�,� 
�A�n�n� �A�r�b�o�r�,� �M�i�c�h�,�,� �1�9�6�1�,� �S�e�c�o�n�d� �P�r�i�n�t�i�n�g�,� �p�.� �1�7�3�.� 
�T�h�e� �"�p�r�i�s�o�n�e�r�'�s� �d�i�l�e�m�n�a�"�,� �i�n� �i�t�s� �o�r�i�g�i�n�a�l� �f�o�r�m�,� �i�s� �a� �s�i�m�p�l�e� 
�t�w�o�-�p�e�r�s�o�n� �g�a�m�e� �i�n� �w�h�i�c�h� �e�a�c�h� �p�l�a�y�e�r� �h�a�s� �t�w�o� �o�p�t�i�o�n�s� �t�o� �c�h�o�o�s�e� 
�f�r�o�m�:� �t�o� �b�e�t�r�a�y� �o�r� �n�o�t� �t�o� �b�e�t�r�a�y� �t�h�e� �o�t�h�e�r� �p�l�a�y�e�r� �t�o� �t�h�e� 
�p�o�l�i�c�e�,� �I�f� �n�e�i�t�h�e�r� �p�l�a�y�e�r� �i�s� �b�e�t�r�a�y�e�d�,� �b�o�t�h� �p�a�y� �a� �s�l�i�g�h�t� 
�p�e�n�a�l�t�y� �(�a� �s�m�a�l�l� �j�a�i�l� �s�e�n�t�e�n�c�e�)�,� �I�f� �o�n�e� �i�s� �b�e�t�r�a�y�e�d�,� �t�h�e�n� 
�h�e� �p�a�y�s� �a� �h�e�a�v�y� �p�e�n�a�l�t�y�,� �b�u�t� �t�h�e� �o�t�h�e�r� �e�s�c�a�p�e�s� �a�l�l� �p�e�n�a�l�t�y�.� 
�I�f� �b�o�t�h� �b�e�t�r�a�y� �e�a�c�h� �o�t�h�e�r�,� �b�o�t�h� �p�a�y� �a� �f�a�i�r�l�y� �h�e�a�v�y� �p�e�n�a�l�t�y�.� 
�T�h�e� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�i�s� �g�a�m�e� �h�a�s� �b�e�e�n� �u�s�e�d� �a�s� �a� �p�a�r�a�d�i�g�m� �f�o�r� 
�c�e�r�t�a�i�n� �a�r�m�s� �r�a�c�e�s�,� �i�n� �w�h�i�c�h� �t�h�e� �s�e�l�f�-�i�n�t�e�r�e�s�t� �o�f� �e�a�c�h� �p�l�a�y�e�r�,� 
�p�a�r�a�d�o�x�i�c�a�l�l�y�,� �m�a�y� �l�e�a�d� �b�o�t�h� �i�n�t�o� �a� �c�o�m�p�e�t�i�t�i�o�n� �i�n� �w�h�i�c�h� 
�b�o�t�h� �o�f� �t�h�e�m� �e�n�j�o�y� �l�e�s�s� �s�e�c�u�r�i�t�y� �a�n�d� �h�a�v�e� �l�e�s�s� �m�o�n�e�y� �l�e�f�t� �o�v�e�r� 
�t�h�a�n� �i�f� �b�o�t�h� �h�a�d� �s�h�o�w�n� �r�e�s�t�r�a�i�n�t�,� 

�(�3�)� �E�v�e�n� �t�h�e� �m�o�s�t� �e�l�e�m�e�n�t�a�r�y� �m�o�d�e�l�s� �u�s�e�d� �i�n� �e�c�o�n�o�m�i�c�s� �t�e�n�d� �t�o� �b�e� �u�s�e�d� 
�t�o� �g�e�n�e�r�a�t�e� �t�a�n�g�i�b�l�e� �n�u�m�e�r�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�;� �s�e�e�,� �f�o�r� �e�x�a�m�p�l�e�,� 
�E�c�o�n�o�m�i�c�s� �:� �A�n� �I�n�t�r�o�d�u�c�t�o�r�y� �A�n�a�l�y�s�i�s�,� �b�y� �P�a�u�l� �A�,� �S�a�m�u�e�l�s�o�n�,� 
�F�o�u�r�t�h� �E�d�i�t�i�o�n�,� �M�c�G�r�a�w�-�H�i�l�l�,� �N�Y�,� �1�9�5�8�,� �c�h�a�p�t�e�r�s� �e�l�e�v�e�n� �t�h�r�o�u�g�h� 
�t�h�i�r�t�e�e�n�,� �M�o�r�e� �e�x�p�l�i�c�i�t� �p�r�e�d�i�c�t�i�v�e� �m�o�d�e�l�s� �m�a�y� �b�e� �f�o�u�n�d� �i�n� 
�H�i�c�k�m�a�n�,� �B�e�r�t� �G�.�,� �E�c�o�n�o�m�e�t�r�i�c� �M�o�d�e�l�s� �o�f� �C�y�c�l�i�c�a�l� �B�e�h�a�v�i�o�r�,� 
�N�a�t�i�o�n�a�l� �B�u�r�e�a�u� �o�f� �E�c�o�n�o�m�i�c� �R�e�s�e�a�r�c�h�,� �1�9�7�2�.
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�(�4�)� �F�r�o�m� �a� �s�t�r�i�c�t� �m�a�t�h�e�m�a�t�i�c�a�l� �p�o�i�n�t� �o�f� �v�i�e�w�,� �t�h�e�s�e� �"�d�e�n�s�i�t�y� 
�f�u�n�c�t�i�o�n�s�"� �a�r�e� �a�c�t�u�a�l�l�y�  ��m�e�a�s�u�r�e�s�"� �o�r� �"�d�i�s�t�r�i�b�u�t�i�o�n�s�"� 
�r�a�t�h�e�r� �t�h�a�n� �f�u�n�c�t�i�o�n�s�,� �T�h�u�s� �o�n� �p�,�4�,� �t�h�e� �n�o�t�a�t�i�o�n� �"�d�b�"� 
�a�n�d� �"�d�e�"� �s�h�o�u�l�d� �h�a�v�e� �f�o�l�l�o�w�e�d� �e�q�u�a�t�i�o�n�s� �(�2�,�4�)�,� �f�o�r� �t�o�t�a�l� 
�r�i�g�o�r�,� �H�i�s�t�o�r�i�c�a�l�l�y�,� �t�h�i�s� �i�s�s�u�e� �h�a�s� �n�o�t� �t�u�r�n�e�d� �o�u�t� �t�o� �b�e� 
�o�f� �m�a�j�o�r� �i�m�p�o�r�t�a�n�c�e�;� �s�e�e� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �a�t� �t�h�e� �e�n�d� �o�f� 
�s�e�c�t�i�o�n� �(�v�)�,� �a�n�d� �t�h�e� �m�o�r�e� �r�i�g�o�r�o�u�s� �d�i�s�c�u�s�s�i�o�n� �i�n� 
�B�o�x�,� �G�e�o�r�g�e� �E�,�P�,� �a�n�d� �J�e�n�k�i�n�s�,� �G�w�i�l�y�m� �M�,� �T�i�m�e�-�S�e�r�i�e�s� �A�n�a�l�y�s�i�s�:� 
�F�o�r�e�c�a�s�t�i�n�g� �a�n�d� �C�o�n�t�r�o�l�,� �H�o�l�d�e�n�-�D�a�y�,� �S�a�n� �F�r�a�n�c�i�s�c�o�,� �C�a�l�i�f�.�,� 
�1�9�7�0�,� �p�e�2�7�4�-�2�8�3�,� 

� � 

�(�5�)� �M�o�r�e� �p�r�e�c�i�s�e�l�y�,� �c�l�a�s�s�i�c�a�l� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �t�h�e�o�r�y� �s�p�e�c�i�f�i�e�s� 
�a� �u�n�i�q�u�e� �l�o�g� �l�i�k�e�l�i�h�o�o�d� �m�e�a�s�u�r�e� �o�f� �g�o�o�d�n�e�s�s� �o�f� �f�i�t�,� �f�o�r� �t�h�e� 
�s�i�m�p�l�e� �m�o�d�e�l� �a�b�o�v�e�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �n�o�r�m�a�l� �n�o�i�s�e� �d�i�s�t�r�i�b�u�t�i�o�n� 
�a�s� �p�a�r�t� �o�f� �t�h�e� �m�o�d�e�l�.�T�h�i�s� �m�e�a�s�u�r�e� �o�f� �f�i�t� �i�s� �a� �s�p�e�c�i�a�l� �c�a�s�e� 
�o�f� �w�h�a�t� �w�e� �w�i�l�l� �d�e�s�c�r�i�b�e� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �s�e�c�t�i�o�n� �(�v�i�)�,� 
�b�a�s�e�d� �u�p�o�n� �t�h�e� �c�o�n�c�e�p�t�s� �o�f� �s�e�c�t�i�o�n� �(�v�)�,� �F�r�o�m� �a� �c�o�n�s�e�r�v�a�t�i�v�e� 
�B�a�y�e�s�i�a�n� �p�o�i�n�t� �o�f� �v�i�e�w�,� �t�h�i�s� �m�e�a�s�u�r�e� �i�s� �t�a�k�e�n� �t�o� �b�e� �t�h�e� 
�l�o�g�a�r�i�t�h�m� �o�f� �t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�r�u�t�h� �o�f� �a� �m�o�d�e�l�,� �c�o�n�d�i�t�i�o�n�a�l� 
�u�p�o�n� �t�h�e� �o�b�s�e�r�v�e�d� �d�a�t�a�,� �a�s�s�u�m�i�n�g� �a� �p�r�i�o�r� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n� 
�w�h�i�c�h� �i�s� �"�f�l�a�t�"� �w�h�e�n� �d�e�s�c�r�i�b�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� 
�o�f� �t�h�e� �m�o�d�e�l� �a�s� �w�r�i�t�t�e�n�,� �a�n�d� �r�e�l�y�i�n�g� �o�n� �t�h�e� �s�p�a�c�e� �o�f� �t�h�e�s�e� 
�c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �o�f� �t�h�e� �d�a�t�a� �a�s� �e�n�c�o�d�e�d� �t�o� �p�r�o�v�i�d�e� �u�s� �w�i�t�h� 
�t�h�e� �m�e�a�s�u�r�e�s� �o�v�e�r� �w�h�i�c�h� �t�h�e�s�e� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�s� �a�r�e� 
�d�e�f�i�n�e�d�,� 

�I�n� �a� �s�e�n�s�e�,� �t�h�i�s� �c�r�i�t�e�r�i�o�n� �p�r�o�v�i�d�e�s� �a� �m�e�a�n�i�n�g�f�u�l� �e�s�t�i�m�a�t�e� 
�o�f� �t�h�e� �r�e�l�a�t�i�v�e� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�r�u�t�h� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t� �v�a�l�u�e�s� 
�c�o�n�s�i�d�e�r�e�d�,� �s�u�b�j�e�c�t� �t�o� �t�h�e� �c�o�n�s�t�r�a�i�n�t� �t�h�a�t� �t�h�e� �m�o�d�e�l� �i�s� 
�a�s�s�u�m�e�d� �t�o� �b�e�  ��t�r�u�e�, �� �f�o�r� �s�o�m�e� �v�a�l�u�e� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� 
�i�n� �w�h�a�t�e�v�e�r� �s�e�n�s�e� �i�t� �i�s� �p�o�s�s�i�b�l�e� �f�o�r� �a� �s�t�a�t�i�s�t�i�c�a�l� �m�o�d�e�l� 
�t�o� �b�e� �"�t�r�u�e�,�"� �O�n�e� �o�f� �o�u�r� �p�r�i�m�a�r�y� �o�b�j�e�c�t�i�v�e�s� �i�n� �t�h�i�s� �t�h�e�s�i�s� 
�i�s� �t�o� �p�o�i�n�t� �o�u�t� �t�a�n�g�i�b�l�e�,� �c�o�r�r�e�c�t�i�b�l�e� �d�e�f�i�c�i�e�n�c�i�e�s� �i�n� �t�h�e� 
�c�l�a�s�s�i�c�a�l� �i�d�e�a� �o�f� �l�o�o�k�i�n�g� �f�o�r� �"�t�r�u�t�h�"� �a�s� �s�u�c�h�,� �i�n� �s�t�a�t�i�s�t�i�c�a�l� 
�d�y�n�a�m�i�c� �m�o�d�e�l�s�;� �i�n� �C�h�a�p�t�e�r� �(�V�)�,� �w�e� �w�i�l�l� �p�o�i�n�t� �o�u�t� �t�h�a�t� �v�e�r�b�a�l� 
�m�o�d�e�l�s� �a�n�d� �s�t�a�t�i�s�t�i�c�a�l� �m�o�d�e�l�s� �a�r�e� �s�u�b�j�e�c�t� �t�o� �s�i�m�i�l�a�r� �d�i�f�f�i�c�u�l�t�i�e�s�,� 
�i�n� �b�a�s�i�c� �m�a�t�t�e�r�s�,� �(�S�t�a�t�i�s�t�i�c�a�l� �m�o�d�e�l�s� �i�n� �a� �v�e�r�y� �h�a�r�d� �s�c�i�e�n�c�e�,� 
�s�u�c�h� �a�s� �p�u�r�e� �p�h�y�s�i�c�s�,� �m�a�y� �b�e� �d�i�f�f�e�r�e�n�t�,� �h�o�w�e�v�e�r�,� �)� �,� 
�I�n� �s�e�c�t�i�o�n� �(�v�i�i�)�,� �w�h�e�r�e� �t�h�e� �n�e�w� �a�l�t�e�r�n�a�t�i�v�e�s� �a�r�e� �d�i�s�c�u�s�s�e�d� 
�o�n� �a� �t�h�e�o�r�e�t�i�c�a�l� �l�e�v�e�l�,� �w�e� �h�a�v�e� �b�e�e�n� �c�a�r�e�f�u�l� �t�o� �e�m�p�h�a�s�i�z�e� 
�t�h�a�t� �t�h�e�s�e� �a�p�p�r�o�a�c�h�e�s� �t�o� �t�h�e� �p�r�a�c�t�i�c�a�l� �p�r�e�d�i�c�t�i�o�n� �o�f� 
�t�i�m�e�-�s�e�r�i�e�s� �c�a�n� �b�e� �u�n�d�e�r�s�t�o�o�d� �a�s� �a�n� �o�f�f�s�h�o�o�t� �o�f� �t�h�e� �m�o�r�e� 
�g�e�n�e�r�a�l� �a�n�d� �m�o�r�e� �c�o�h�e�r�e�n�t� �B�a�y�e�s�i�a�n� �p�h�i�l�o�s�o�p�h�y� �o�f� �i�n�d�u�c�t�i�o�n�,� 
�a�s� �b�r�i�e�f�l�y� �s�k�e�t�c�h�e�d� �i�n� �s�e�c�t�i�o�n� �(�v�)�,� �T�h�e� �m�a�i�n�t�e�n�a�n�c�e� �o�f� �t�h�i�s� 
�c�o�n�n�e�c�t�i�o�n� �i�s� �e�s�p�e�c�i�a�l�l�y� �i�m�p�o�r�t�a�n�t� �t�o� �t�h�e� �s�o�c�i�a�l� �s�c�i�e�n�c�e�s�,� 
�w�h�e�r�e� �t�h�e� �B�a�y�e�s�i�a�n� �f�r�a�m�e�w�o�r�k� �h�a�s� �m�a�n�y� �a�p�p�l�i�c�a�t�i�o�n�s� �b�e�y�o�n�d� 
�t�h�o�s�e� �o�f� �e�x�p�l�i�c�i�t� �d�a�t�a� �a�n�a�l�y�s�i�s�;� �s�e�e�,� �f�o�r� �e�x�a�m�p�l�e�,� �R�a�i�f�f�a�,� 

�_� �H�o�w�a�r�d�,� �D�e�c�i�s�i�o�n� �A�n�a�l�y�s�i�s�:� �I�n�t�r�o�d�u�c�t�o�r�y� �L�e�c�t�u�r�e�s� �o�n� �M�a�k�i�n�g� 
�C�h�o�i�c�e�s� �U�n�d�e�r� �U�n�c�e�r�t�a�i�n�t�y�,� �A�d�d�i�s�o�n�-�W�e�s�l�e�y�,� �R�e�a�d�i�n�g�,� �M�a�s�s�,�,� �1�9�6�8�,



�P�a�g�e� �I�I�-�9�6� 

�(�6�)� �O�n�c�e� �a�g�a�i�n�,� �o�u�r� �d�i�s�c�u�s�s�i�o�n� �h�a�s� �b�e�e�n� �b�a�s�e�d� �o�n� �t�h�e� �m�a�x�i�m�u�m� 
�l�i�k�e�l�i�h�o�o�d� �p�o�i�n�t� �o�f� �v�i�e�w�,� �w�h�i�c�h� �w�i�l�l� �b�e� �c�a�l�l�e�d� �i�n�t�o� �q�u�e�s�t�i�o�n� 
�i�n� �s�e�c�t�i�o�n� �(�v�i�i�)�,� �F�o�r� �t�h�o�s�e� �w�h�o� �a�r�e� �c�o�n�c�e�r�n�e�d� �w�i�t�h� �p�r�e�d�i�c�t�i�v�e� 

�p�o�w�e�r�,� �a�n�d� �n�o�t� �w�i�t�h� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �o�f� �t�r�u�t�h� �a�s� �s�u�c�h�,� 
�t�h�e� �s�u�c�c�e�s�s� �o�f� �v�a�r�i�o�u�s� �n�o�i�s�e� �m�o�d�e�l�s� �d�e�p�e�n�d�s� �l�e�s�s� �o�n� �t�h�e�i�r� 
�"�t�r�u�t�h�"� �i�n� �t�h�e� �p�r�o�c�e�s�s� �a�t� �h�a�n�d� �a�n�d� �m�o�r�e� �o�n� �t�h�e� �r�o�b�u�s�t�n�e�s�s� �o�f� 
�t�h�e� �a�s�s�o�c�i�a�t�e�d� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�;� �t�h�u�s�,� �o�n�e� �m�a�y� �c�h�o�o�s�e� �t�o� 
�r�e�g�a�r�d� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �p�r�o�c�e�d�u�r�e� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e� �a�s� �a�n� 
�i�n�d�e�p�e�n�d�e�n�t� �a�l�g�o�r�i�t�h�m�,� �w�h�i�c�h� �c�a�n� �b�e� �d�e�r�i�v�e�d� �f�r�o�m� �m�a�x�i�m�u�n� 
�l�i�k�e�l�i�h�o�o�d� �t�h�e�o�r�y� �b�u�t� �w�h�i�c�h� �i�s� �s�t�i�l�l� �a� �d�i�s�t�i�n�c�t� �o�b�j�e�c�t� �a�b�l�e� 
�t�o� �s�t�a�n�d� �a�l�o�n�e�,� �F�r�o�m� �t�h�i�s� �p�o�i�n�t� �o�f� �v�i�e�w�,� �t�h�e�n�,� �t�h�e� �m�e�t�h�o�d�s� 
�a�b�o�v�e� �d�o� �n�o�t� �r�e�q�u�i�r�e� �a�n� �a�s�s�u�m�p�t�i�o�n� �o�f� �a� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�,� 

�(�7�)� �E�z�e�k�i�e�l�,� �M�o�r�d�e�c�a�i� �a�n�d� �F�o�x�,� �K�a�r�l� �A�,�,� �M�e�t�h�o�d�s� �o�f� �C�o�r�r�e�l�a�t�i�o�n� �a�n�d� 
�R�e�g�r�e�s�s�i�o�n� �A�n�a�l�y�s�i�s�,� �W�i�l�e�y�,� �N�e�w� �Y�o�r�k�,� �1�9�5�9�,� �T�h�i�r�d� �E�d�i�t�i�o�n�,� 
�c�h�a�p�t�e�r� �s�i�x�,� 

�(�8�)� �P�o�s�t�r�i�k�o�v�,� �F�o�u�n�d�a�t�i�o�n�s� �o�f� �G�a�l�o�i�s� �T�h�e�o�r�y�,� �P�e�r�g�a�m�o�n� �P�r�e�s�s�,� �M�c�M�i�l�l�a�n�,� 
�N�e�w� �Y�o�r�k�,� �1�9�6�2�,� �p�.� �v�i�l�.� 

�(�9�)� �W�a�s�a�n�,� �M�.�T�.�,� �P�a�r�a�m�e�t�r�i�c� �E�s�t�i�m�a�t�i�o�n�,� �M�c�G�r�a�w�-�H�i�l�l�,� �N�e�w� �Y�o�r�k�,� 
�p�.�1�6�1�-�1�6�2�,� �A�l�t�e�r�n�a�t�i�v�e� �t�e�c�h�n�i�q�u�e�s� �e�x�i�s�t�,� �b�u�t� �t�h�e� �o�n�e�s� �l�i�s�t�e�d� �b�y� 
�W�a�s�a�n� �a�r�e� �s�e�c�o�n�d�-�o�r�d�e�r� �-� �t�h�e�y� �r�e�q�u�i�r�e� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �o�f� 
�s�e�c�o�n�d� �d�e�r�i�v�a�t�i�v�e�s�,� �w�h�i�c�h� �a�r�e� �m�o�r�e� �n�u�m�e�r�o�u�s� �t�h�a�n� �f�i�r�s�t� 
�d�e�r�i�v�a�t�i�v�e�s� �a�n�d� �m�a�y� �b�e� �e�x�p�e�n�s�i�v�e� �t�o� �c�a�l�c�u�l�a�t�e�,� �T�h�e� �M�a�r�q�u�a�d�t� 
�a�l�g�o�r�i�t�h�m�,� �t�h�e� �b�e�t�t�e�r�-�k�n�o�w�n� �a�l�t�e�r�n�a�t�i�v�e�,� �a�s�s�u�m�e�s� �t�h�a�t� �t�h�e�.� 
�l�i�k�e�l�i�h�o�o�d� �f�u�n�c�t�i�o�n� �i�s� �q�u�a�d�r�a�t�i�c�,� �a�n� �a�s�s�u�m�p�t�i�o�n� �w�e� �w�i�l�l� 
�n�o�t� �m�a�k�e� �i�n� �t�h�i�s� �t�h�e�s�i�s�,� �i�n� �l�a�t�e�r� �s�e�c�t�i�o�n�s�;� �a�l�s�o�,� �i�t� �i�n�c�u�r�s� 
�h�e�a�v�y� �c�o�s�t�s� �i�n� �o�t�h�e�r� �w�a�y�s�.� �I�n� �t�h�e� �A�p�p�e�n�d�i�x�,� �w�e� �h�a�v�e� �p�r�o�p�o�s�e�d� 
�a� �p�r�o�c�e�d�u�r�e� �f�o�r� �h�a�n�d�l�i�n�g� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �d�i�f�f�i�c�u�l�t�i�e�s� �c�i�t�e�d� 
�b�y� �W�a�s�a�n�,� �f�o�r� �v�a�r�i�a�t�i�o�n�s� �o�n� �t�h�e� �t�h�e�m�e� �o�f� �s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t�;� 
�i�n� �t�h�e� �c�a�s�e� �o�f� �m�u�l�t�i�v�a�r�i�a�t�e� �A�R�M�A�(�1�,�1�)� �e�s�t�i�m�a�t�i�o�n�,� �a�t� �l�e�a�s�t�,� 
�r�e�s�u�l�t�i�n�g� �c�o�n�v�e�r�g�e�n�c�e� �t�i�m�e�s� �h�a�v�e� �b�e�e�n� �r�e�a�s�o�n�a�b�l�e�,� 

�(�1�0�)� �D�i�x�o�n�,� �W�.�J�.� �B�M�D� �B�i�o�m�e�d�i�c�a�l� �C�o�m�p�u�t�e�r� �P�r�o�g�r�a�m�s�:� �X�-�S�e�r�i�e�s� 
�S�u�p�p�l�e�m�e�n�t�,� �U�,� �o�f� �C�a�l�i�f�o�r�n�i�a� �P�r�e�s�s�,� �B�e�r�k�e�l�e�y�,� �C�a�l�i�f�.�,� 
�J�u�n�e� �1�9�7�2�,� �p�.�1�7�7�.� 

�(�1�1�)� �B�r�o�d�e�,� �J�o�h�n�,� �T�i�m�e�-�S�e�r�i�e�s�-�P�r�o�c�e�s�s�o�r� �-� �C�S�P�,� �a�v�a�i�l�a�b�l�e� �f�r�o�m� 
�P�r�o�j�e�c�t� �C�a�m�b�r�i�d�g�e�,� �M�I�T�,� �5�t�h� �f�l�o�o�r�,� �5�7�5� �T�e�c�h�n�o�l�o�g�y� �S�q�u�a�r�e�,� 
�C�a�m�b�r�i�d�g�e�,� �M�a�s�s�,� �0�2�1�3�9�,� �A� �m�a�n�u�a�l� �f�o�r� �t�h�e� �r�e�v�i�s�e�d� �v�e�r�s�i�o�n� �o�f� 
�T�S�P� �m�a�y� �b�e� �f�o�r�t�h�c�o�m�i�n�g� �i�n� �t�h�e� �M�I�T� �P�r�e�s�s�,� 

� � 

�(�1�2�)� �N�a�t�i�o�n�a�l� �B�u�r�e�a�u� �f�o�r� �E�c�o�n�o�m�i�c� �R�e�s�e�a�r�c�h�,� �T�R�O�L�L�/�1� �P�r�i�m�e�r�,� �a�v�a�i�l�a�b�l�e� 
�c�/�o� �9�t�h� �f�l�o�o�r�,� �5�7�5� �T�e�c�h�n�o�l�o�g�y� �S�q�u�a�r�e�,� �C�a�m�b�r�i�d�g�e�,� �M�a�s�s�,� �0�2�1�3�9�,



�S�E�R�S� �2�4�6�7�8� 

�(�1�3�)� �F�r�i�e�d�m�a�n�,� �M�i�l�t�o�n�,� �A� �T�h�e�o�r�y� �o�f� �t�h�e� �C�o�n�s�u�m�p�t�i�o�n� �F�u�n�c�t�i�o�n�,� �P�r�i�n�c�e�t�o�n� 

�U�n�i�v�e�r�s�i�t�y� �P�r�e�s�s�,� �P�r�i�n�c�e�t�o�n�,� �N�.�J�.�,� �1�9�5�7�,� �p�.�2�0�-�3�1�,� �F�r�i�e�d�m�a�n�'�s� 

�d�i�s�c�u�s�s�i�o�n� �h�e�r�e� �l�e�a�v�e�s� �o�p�e�n� �s�o�m�e�w�h�a�t� �t�h�e� �q�u�e�s�t�i�o�n� �o�f� �h�o�w� 

�p�e�r�m�a�n�e�n�t� �i�n�c�o�m�e� �i�s� �d�e�t�e�r�m�i�n�e�d�;� �t�h�e� �s�i�m�p�l�i�f�i�e�d� �m�o�d�e�l� �w�e� �u�s�e� 

�a�s� �o�u�r� �e�x�a�m�p�l�e� �a�s�s�u�m�e�s� �a� �s�i�m�p�l�e� �e�x�p�o�n�e�n�t�i�a�l� �l�e�a�r�n�i�n�g� �p�r�o�c�e�s�s�,� 

�b�a�s�e�d� �o�n� �a�c�t�u�a�l� �i�n�c�o�m�e�,� 

�(�1�4�)� �T�h�e� �m�o�s�t� �f�u�n�d�a�m�e�n�t�a�l� �s�o�u�r�c�e� �f�o�r� �t�h�i�s� �p�o�i�n�t� �o�f� �v�i�e�w� �i�s� �C�a�r�n�a�p�,� 

�R�u�d�o�l�f� �a�n�d� �J�e�f�f�r�e�y�s�,� �R�i�c�h�a�r�d� �C�,�,� �S�t�u�d�i�e�s� �i�n� �I�n�d�u�c�t�i�v�e� �L�o�g�i�c� �a�n�d� 

�P�r�o�b�a�b�i�l�i�t�y�,� �U�.� �o�f� �C�a�l�i�f�o�r�n�i�a� �P�r�e�s�s�,� �B�e�r�k�e�l�e�y�,� �C�a�l�i�f�,� �1�9�7�1�,� 

�D�i�s�c�u�s�s�i�o�n�s� �o�f� �i�t�s� �d�i�r�e�c�t� �a�p�p�l�i�c�a�t�i�o�n�s� �t�o� �s�t�a�t�i�s�t�i�c�s� �m�a�y� �b�e� 

�f�o�u�n�d� �i�n� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�.� �c�i�t�,� �(�n�o�t�e� �4�)�,� �p�.�2�5�0�-�2�5�2�,� �a�n�d� �i�n� 
�K�e�n�d�a�l�l�,� �M�.�G�.� �a�n�d� �S�t�u�a�r�t�,� �A�.�,� �T�h�e� �A�d�v�a�n�c�e�d� �T�h�e�o�r�y� �o�f� �S�t�a�t�i�s�t�i�c�s�,� 

�H�a�f�n�e�r� �P�u�b�l�i�s�h�i�n�g� �C�o�.�,� �N�Y�,� �S�e�c�o�n�d� �E�d�i�t�i�o�n�,� �1�9�7�0�,� �V�o�l�.�2�,� �p�.�1�5�0�.� 
� � 

�(�1�5�)� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �p�h�i�l�o�s�o�p�h�y� �o�f� �s�c�i�e�n�c�e�,� �t�h�e�r�e� �i�s� �o�c�c�a�s�i�o�n�a�l� 

�r�e�f�e�r�e�n�c�e� �t�o� �t�h�e� �"�c�o�s�m�o�l�o�g�i�c�a�l� �p�r�i�n�c�i�p�l�e�"� �t�h�a�t� �w�e� �e�x�p�e�c�t� 

�p�(�d�a�t�a�)� �f�o�r� �t�h�e� �o�b�s�e�r�v�e�d� �d�a�t�a� �t�o� �e�n�d� �u�p� �r�e�a�s�o�n�a�b�l�y� �l�a�r�g�e�,� 

�o�n�c�e� �a� �f�u�l�l� �s�p�e�c�t�r�u�m� �o�f� �t�h�e�o�r�i�e�s� �h�a�s� �b�e�e�n� �s�t�u�d�i�e�s�,� �I�n� �o�t�h�e�r� 

�w�o�r�d�s�,� �o�n�e� �e�x�p�e�c�t�s� �t�h�a�t� �t�h�e� �o�b�s�e�r�v�e�d� �d�a�t�a� �w�i�l�l� �n�o�t� �b�e� �a�n� �u�n�u�s�u�a�l� 

�l�o�c�a�l� �c�o�i�n�c�i�d�e�n�c�e�,� �a�c�c�o�r�d�i�n�g� �t�o� �a�  ��t�r�u�e �� �t�h�e�o�r�y�;� �o�n�e� �e�x�p�e�c�t�s� 

�t�h�a�t� �d�a�t�a�,� �a�s� �o�b�s�e�r�v�e�d� �f�r�o�m� �e�a�r�t�h�,� �i�n� �p�a�r�t�i�c�u�l�a�r�,� �a�r�e� �l�i�k�e�l�y� 

�t�o� �b�e� �t�y�p�i�c�a�l� �o�f� �d�a�t�a� �o�b�s�e�r�v�e�d� �e�l�s�e�w�h�e�r�e�,� �S�u�c�h� �a�n� �a�d�d�i�t�i�o�n�a�l� 

�a�s�s�u�m�p�t�i�o�n� �w�o�u�l�d� �n�o�t� �b�e� �n�e�c�e�s�s�a�r�y�,� �o�r� �e�v�e�n� �l�o�g�i�c�a�l�,� �i�f� �w�e� �f�e�l�t� 

�t�h�a�t� �w�e� �h�a�d� �p�(�m�o�d�e�l�)� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� �f�u�l�l� �r�a�n�g�e� �o�f� �p�o�s�s�i�b�l�e� 

�m�o�d�e�l�s�,� �a�l�o�n�g� �w�i�t�h� �p�(�d�a�t�a� �m�o�d�e�l�)�,� �H�o�w�e�v�e�r�,� �W�h�e�n� �w�e� �a�s�k� �a�b�o�u�t� 

�t�h�e� �p�r�o�b�a�b�i�l�i�t�y� �t�h�a�t� �n�e�w� �m�o�d�e�l�s�,� �a�s� �y�e�t� �u�n�f�o�r�m�u�l�a�t�e�d�,� �m�a�y� �t�u�r�n� 

�o�u�t� �t�o� �b�e� �v�a�l�i�d�,� �t�h�e�  ��c�o�s�m�o�l�o�g�i�c�a�l� �p�r�i�n�c�i�p�l�e�"� �d�o�e�s� �h�a�v�e� 

�s�o�m�e�t�h�i�n�g� �t�o� �t�e�l�l� �u�s�,� 

�(�1�6�)� �I�m�m�a�n�u�a�l� �K�a�n�t�,� �A� �C�r�i�t�i�q�u�e� �o�f� �P�u�r�e� �R�e�a�s�o�n� 

�(�1�7�)� �C�a�r�m�a�p� �a�n�d� �J�e�f�f�r�e�y�s�,� �o�p�.� �c�i�t�,� �(�n�o�t�e� �1�4�)�,� 

�(�1�8�)� �S�e�e� �t�h�e� �r�e�f�e�r�e�n�c�e�s� �o�f� �n�o�t�e� �1�4�,� �A�l�s�o� �s�e�e� �W�a�s�a�n�,� �o�p�,�c�i�t�.�,� 
�(�n�o�t�e� �9�)� �p�.�1�5�0�-�1�5�2�;� �A�n�d�e�r�s�o�n�,� �R�.�L�,� �a�n�d� �B�a�n�c�r�o�f�t�,� �T�.�A�.�,� 
�S�t�a�t�i�s�t�i�c�a�l� �T�h�e�o�r�y� �i�n� �R�e�s�e�a�r�c�h�,� �M�c�G�r�a�w�-�H�i�l�l�,� �N�e�w� �Y�o�r�k�,� 
�1�9�5�2�,� �p�.�i�0�1�;� �H�a�y�s�,� �W�i�l�l�i�a�m� �L�.�,� �S�t�a�t�i�s�t�i�c�s� �f�o�r� �t�h�e� �S�o�c�i�a�l� 
�S�c�i�e�n�c�e�s�,� �H�o�l�t� �R�i�n�e�h�a�r�t� �a�n�d� �W�i�n�s�t�o�n�,� �S�e�c�o�n�d� �E�d�i�t�i�o�n�,� �1�9�7�3�,� 
�p�.� �6�4�1�-�8�4�2� �a�n�d� �8�1�6�-�8�2�1�,� 

�(�1�9�)� �H�a�y�s�,� �o�p�.� �c�i�t�.� �(�n�o�t�e� �1�8�)�,� �l�a�t�e�r� �c�h�a�p�t�e�r�s�;� �L�i�n�d�l�e�y�,� �D�.�V�.�,� 
�"�P�r�o�f�e�s�s�o�r� �H�o�g�b�e�n�'�s� �C�r�i�s�i�s� �-� �a� �S�u�r�v�e�y� �o�f� �t�h�e� �F�o�u�n�d�a�t�i�o�n�s� �o�f� 
�S�t�a�t�i�s�t�i�c�s�"�,� �A�p�p�l�i�e�d� �S�t�a�t�i�s�t�i�c�s�,� �V�o�l�.�7�,� �N�o�.�3�,� �1�9�5�8�,�p�,�1�8�6�-�1�9�8�;� 
�R�a�i�f�f�a�,� �H�.� �a�n�d� �S�c�h�l�a�i�f�e�r�,� �R�.�,� �A�p�p�l�i�e�d� �S�t�a�t�i�s�t�i�c�a�l� �D�e�c�i�s�i�o�n� 
�T�h�e�o�r�y�,� �c�h�a�p�t�e�r� �t�h�i�r�t�e�e�n�;� �H�o�g�g� �a�n�d� �C�r�a�i�g�,� �I�n�t�r�o�d�u�c�t�i�o�n� �t�o� 
�M�a�t�h�e�m�a�t�i�c�a�l� �S�t�a�t�i�s�t�i�c�s�,� �M�c�M�i�l�l�a�n�,� �L�o�n�d�o�n�,� �T�h�i�r�d� �E�d�i�t�i�o�n�,



�P�a�g�e� �I�1�=�-�9�5� 

�p�.�2�0�8�-�2�0�9�;� �W�a�s�a�n�,� �o�p�,� �c�i�t�,� �(�n�o�t�e� �9�)�,� �p�.�1�8�4�,� �d�e�f�i�n�i�t�i�o�n� �5�,� 
�a�n�d� �s�u�b�s�e�q�u�e�n�t� �d�i�s�c�u�s�s�i�o�n�s�,� �(�A�l�s�o� �B�o�x�,� �G�.�E�,� �a�n�d� �T�i�a�o�,� �G�e�o� 

�b�o�o�k� �c�o�m�i�n�g� �o�u�t�.�)� �T�h�e� �t�w�o� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�s� �g�e�n�e�r�a�l�l�y� 

�a�v�a�i�l�a�b�l�e� �i�n� �C�a�m�b�r�i�d�g�e� �f�o�r� �B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�i�o�n� �a�r�e� �d�e�s�c�r�i�b�e�d� 

�i�n� �B�r�o�d�e�,� �J�o�h�n�,� �o�p�.� �c�i�t�.� �(�n�o�t�e� �1�1�)� �a�n�d� �i�n� �S�c�h�l�a�i�f�e�r�,� �R�.�,� 

�U�s�e�r�'�s� �G�u�i�d�e� �t�o� �t�h�e� �A�Q�D� �P�r�o�g�r�a�m�s�,� �F�a�r�t� �I�I�I�,� �p�.� �1�8�,� 

�a�v�a�i�l�a�b�l�e� �c�/�o� �t�h�e� �H�a�r�v�a�r�d� �B�u�s�i�n�e�s�s� �S�c�h�o�o�l�,� 

�(�2�0�)� �I�n� �t�h�i�s� �a�r�e�a�,� �t�o�o�,� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n� �b�y� �C�a�r�n�a�p� �a�n�d� 

�J�e�f�f�r�e�y�s� �i�s� �u�n�d�e�r� �q�u�e�s�t�i�o�n�,� �S�h�i�m�o�n�y�,� �A�b�n�e�r�,� �"�S�e�l�e�n�t�i�f�i�c� 

�I�n�f�e�r�e�n�c�e�"�,� �i�n� �N�a�t�u�r�e� �a�n�d� �F�o�u�n�d�a�t�i�o�n� �o�f� �S�c�i�e�n�t�i�f�i�c� �T�h�e�o�r�i�e�s�,� 

�C�o�l�o�d�n�y�,� �e�d�.�,� �U�.� �o�f� �P�i�t�t�s�b�u�r�g�h� �P�r�e�s�s�,� �e�s�p�e�c�i�a�l�l�y� �p�,�1�0�0�}�3� 

�S�o�l�o�m�o�n�o�f�f�,�  ��M�a�t�h�e�m�a�t�i�c�a�l� �F�o�u�n�d�a�t�i�o�n�s� �o�f� �I�n�d�u�c�t�i�o�n�"�,� 

�m�a�n�u�s�c�r�i�p�t� �a�v�a�i�l�a�b�l�e� �i�n� �1�9�6�4� �a�t� �t�h�e� �M�I�T� �A�r�t�i�f�i�c�i�a�l� �I�n�t�e�l�l�i�g�e�n�c�e� 

�L�a�b�o�r�a�t�o�r�y�,� �f�r�o�m� �P�r�o�f�,� �M�i�n�s�k�y�;� �B�a�r�k�e�r�,� �S�t�e�p�h�e�n� �F�.�,� �"�T�h�e� �R�o�l�e� 

�o�f� �S�i�m�p�l�i�c�i�t�y� �i�n� �E�x�p�l�a�n�a�t�i�o�n�"�,� �i�n� �C�u�r�r�e�n�t� �I�s�s�u�e�s� �i�n� �t�h�e� 

�P�h�i�l�o�s�o�p�h�y� �o�f� �S�c�i�e�n�c�e�,� �F�e�i�g�l� �a�n�d� �M�a�x�w�e�l�l�,� �e�d�s�.�,� �H�o�l�t� �R�i�n�e�h�a�r�t� 

�a�n�d� �W�i�n�s�t�o�n�,� �1�9�6�1�,� 

�(�2�1�)� �A�l�p�e�r�t�,� �M�a�r�e� �a�n�d� �R�a�i�f�f�a�,� �H�o�w�a�r�d�,� �"�A� �P�r�o�g�r�e�s�s� �R�e�p�o�r�t� �o�n� �t�h�e� 

�T�r�a�i�n�i�n�g� �o�f� �P�r�o�b�a�b�i�l�i�t�y� �A�s�s�e�s�s�o�r�s�,�"� �a�v�a�i�l�a�b�l�e� �i�n� �1�9�7�1� �a�s� �a�n� 

�u�n�p�u�b�l�i�s�h�e�d� �m�a�n�u�s�c�r�i�p�t� �f�r�o�m� �t�h�e� �o�f�f�i�c�e� �o�f� �P�r�o�f�.� �R�a�i�f�f�a� �i�n� �t�h�e� 

�L�i�t�t�a�u�e�r� �B�u�i�l�d�i�n�g�,� �H�a�r�v�a�r�d� �U�,� 

�(�2�2�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�.� �c�i�t�.� �(�n�o�t�e� �4�)�,� �p�.� �2�7�4�,� �N�o�t�e� �t�h�a�t� �t�h�e� 
�"�B�a�y�e�s�i�a�n� �e�s�t�i�m�a�t�e�s�"� �s�u�g�g�e�s�t�e�d� �o�n� �p�,�2�5�2� �o�f� �t�h�i�s� �r�e�f�e�r�e�n�c�e�,� 

�a�n�d� �a�l�s�o� �t�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �s�u�g�g�e�s�t�e�d� �o�n� �p�,�2�7�7�,� �i�n�v�o�l�v�e� 

�d�i�s�r�e�g�a�r�d�i�n�g� �t�h�i�s� �t�e�r�m�,� �w�i�t�h� �o�r� �w�i�t�h�o�u�t� �s�m�a�l�l� �a�d�j�u�s�t�m�e�n�t�s� 

�e�l�s�e�w�h�e�r�e�,� 

�(�2�3�)� �M�o�s�t�e�l�l�e�r�,� �C�,� �F�r�e�d�e�r�i�c�k� �a�n�d� �R�o�u�r�k�e�,� �R�o�b�e�r�t� �E�.�,� �S�t�u�r�d�y� �S�t�a�t�i�s�t�i�c�s�:� 

�N�o�n�p�a�r�a�m�e�t�r�i�c� �a�n�d� �O�r�d�e�r� �S�t�a�t�i�s�t�i�c�s�,� �A�d�d�i�s�o�n�-�W�e�s�l�e�y�,� �R�e�a�d�i�n�g�,� 

�M�a�s�s�,�,� �1�9�7�3�;� �T�u�k�e�y�,� �J�o�h�n� �W�,�,�  ��A� �S�u�r�v�e�y� �o�f� �S�a�m�p�l�i�n�g� �F�r�o�m� 

�C�o�n�t�a�m�i�n�a�t�e�d� �D�i�s�t�r�i�b�u�t�i�o�n�s�"�,� �i�n� �C�o�n�t�r�i�b�u�t�i�o�n�s� �t�o� �P�r�o�b�a�b�i�l�i�t�y� 
�a�n�d� �S�t�a�t�i�s�t�i�c�s�:� �E�s�s�a�y�s� �i�n� �H�o�n�o�r� �o�f� �H�a�r�o�l�d� �H�o�t�e�l�l�i�n�g�,� 

�O�l�k�i�n�,� �I�n�g�r�a�m� �a�n�d� �G�,� �S�u�d�h�i�s�h�,� �W�a�s�s�i�l�y� �H�o�e�f�f�d�i�n�g�,� �W�i�l�l�i�a�m� �G�,� 

�M�a�d�o�w�,� �H�e�n�r�y� �B�,� �M�a�n�n�,� �e�d�s�.�,� �S�t�a�n�f�o�r�d� �U�,� �P�r�e�s�s�,� �S�t�a�n�f�o�r�d�,� 

�C�a�l�i�f�,�,� �1�9�6�0�,� �p�,� �4�4�8�-�4�8�5�,� 

�(�2�4�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�.� �c�i�t�.� �(�n�o�t�e� �4�)�,�p�,�1�2�1�-�1�2�4�,� �O�u�r� �f�o�r�m�u�l�a� �h�e�r�e� 
�i�s� �a� �s�p�e�c�i�a�l� �c�a�s�e�,� 

�(�2�5�)� �C�o�c�h�r�a�n�e�,� �D�,� �a�n�d� �O�r�c�u�t�t�,� �G�.�H�.�,�  ��A�p�p�l�i�c�a�t�i�o�n� �o�f� �L�e�a�s�t� �S�q�u�a�r�e�s� 

�R�e�g�r�e�s�s�i�o�n� �t�o� �R�e�l�a�t�i�o�n�s�h�i�p�s� �C�o�n�t�a�i�n�i�n�g� �A�u�t�o�c�o�r�r�e�l�a�t�e�d� �E�r�r�o�r� 

�T�e�r�m�s�"�,� �J�o�u�r�n�a�l� �o�f� �t�h�e� �A�m�e�r�i�c�a�n� �S�t�a�t�i�s�t�i�c�a�l� �A�s�s�o�c�i�a�t�i�o�n�,� 

�M�a�r�c�h� �1�9�4�9�,� �p�.�3�4�,



�P�a�g�e� �I�I�-�9�9� 

�(�2�6�)� �F�o�r�r�e�s�t�e�r�,� �J�a�y� �W�,�,� �I�n�d�u�s�t�r�i�a�l� �D�y�n�a�m�i�c�s�,� �M�I�T� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�,� 
�M�a�s�s�,�,� �1�9�6�1�,� 

�(�2�7�)� �F�o�r�r�e�s�t�e�r�,� �J�a�y� �W�.�,� �W�o�r�l�d� �D�y�n�a�m�i�c�s�,� �W�r�i�g�h�t�-�A�l�l�e�n� �P�r�e�s�s�,� �C�a�m�b�r�i�d�g�e�,� 

�M�a�s�s�,�,� �1�9�7�1�;� �t�h�e� �s�u�c�c�e�s�s�o�r� �t�o� �t�h�i�s� �b�o�o�k� �w�a�s� �T�h�e� �L�i�m�i�t�s� �t�o� 

�G�r�o�w�t�h�,� �b�y� �M�e�a�d�o�w�s�,� �D�.�H�.� �a�n�d� �D�,�L�,� �R�a�n�d�e�r�s�,� �J�,�,� �a�n�d� �B�e�h�r�i�n�s�,� �W�,�,� 

�S�i�g�n�e�t� �B�o�o�k�s�,� �N�e�w� �Y�o�r�k�,� �1�9�7�2�,� �T�h�i�r�d� �P�r�i�n�t�i�n�g�;� �t�h�e� �l�a�c�k� �o�f� 

�e�m�p�i�r�i�c�a�l� �v�a�l�i�d�a�t�i�o�n�,� �a�n�d� �o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t�s� �o�f� �t�h�i�s� 
�w�o�r�k� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �M�o�d�e�l�s� �o�f� �D�o�o�m�:� �A� �C�r�i�t�i�q�u�e� �o�f� �T�h�e� 
�L�i�m�i�t�s� �t�o� �G�r�o�w�t�h�,� �b�y� �C�o�l�e�,� �H�,�S�,�D�.�,� �F�r�e�e�m�a�n�,� �C�h�r�i�s�t�o�p�h�e�r�,� 
�P�a�v�i�t�t�,� �K�.�L�,�R�.�,� �a�n�d� �J�a�h�o�d�a�,� �M�a�r�i�e�,� �U�n�i�v�e�r�s�e� �B�o�o�k�s�,� �N�e�w� �Y�o�r�k�,� 
�1�9�7�3�,� �A� �f�e�w� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h�e�s� �a�r�e� �s�k�e�t�c�h�e�d� �i�n� �C�h�a�p�t�e�r� �(�V�)�.� 

�(�2�8�)� �H�o�g�e� �a�n�d� �C�r�a�i�g�,� �o�p�,� �c�i�t�,� �(�n�o�t�e� �1�9�)�,� �p�.� �2�5�0�-�2�5�3�,� 

�(�2�9�)� �T�h�e� �"�i�d�e�a�l� �t�y�p�e�s�"� �i�d�e�a� �o�r�i�g�i�n�a�t�e�d� �w�i�t�h� �M�a�x� �W�e�b�e�r�;� �a� �r�e�v�i�e�w� �o�f� 
�t�h�e� �e�a�r�l�y� �i�d�e�a� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �M�a�x� �W�e�b�e�r�'�s� �I�d�e�a�l� �T�y�p�e� �T�h�e�o�r�y�,� 
�b�y� �R�o�g�e�r�s�,� �R�o�l�f� �E�,�,� �P�h�i�l�o�s�o�p�h�i�c�a�l� �L�i�b�r�a�r�y� �I�n�c�,�,� �N�e�w� �Y�o�r�k�,� 
�1�9�6�9�,� 

�(�3�0�)� �F�e�i�e�r�a�b�e�n�d�,� �I�v�o� �K�,� �a�n�d� �R�o�s�a�l�i�n�d� �L�.�,� �a�n�d� �G�u�r�r�,� �T�.�,� �e�d�s�.�,� 
�A�n�g�e�r�,� �V�i�o�l�e�n�c�e� �a�n�d� �P�o�l�i�t�i�c�s�,� �P�r�e�n�t�i�c�e�-�H�a�l�l�,� �E�n�g�l�e�w�o�o�d�,� 
�N�e�J�e�y� �1�9�7�2�,� �p�.�1�1�4�=�1�1�8�,� 

�(�3�1�)� �J�a�c�o�b�s�o�n� �a�n�d� �M�a�y�n�e�,� �D�i�f�f�e�r�e�n�t�i�a�l� �D�y�n�a�m�i�c� �P�r�o�g�r�a�m�m�i�n�g�,� 
�A�m�e�r�i�c�a�n� �E�l�s�e�v�i�e�r�,� �N�Y�,� �1�9�7�0�,� �e�s�p�e�c�i�a�l�l�y� �c�h�a�p�t�e�r� �s�i�x�,� 

�(�3�2�)� �S�a�m�u�e�l�s�o�n�,� �o�p�,� �c�i�t�.� �(�n�o�t�e� �3�)�,� �p�.� �3�4�5�,� �b�e�g�i�n�s� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� 
�t�h�i�s� �t�o�p�i�c�;� �h�i�s� �o�w�n� �a�t�t�i�t�u�d�e� �i�s� �m�o�r�e� �p�a�r�t�i�a�l� �t�o� �t�h�e� �t�r�a�d�i�t�i�o�n�a�l� 
�K�e�y�n�e�s�i�a�n� �a�p�p�r�o�a�c�h�,� �b�u�t� �h�i�s� �d�i�s�c�u�s�s�i�o�n� �c�l�e�a�r�l�y� �i�n�d�i�c�a�t�e�s� �t�h�a�t� 
�a�u�t�o�m�a�t�i�c� �a�d�j�u�s�t�m�e�n�t� �f�a�c�t�o�r�s� �h�a�v�e� �b�e�e�n� �o�f� �g�r�e�a�t� �i�n�t�e�r�e�s�t� �t�o� 
�s�o�m�e� �e�c�o�n�o�m�i�s�t�s�,� 

�(�3�3�)� �J�a�c�o�b�s�o�n� �a�n�d� �M�a�y�n�e�,� �o�p�,� �c�i�t�.� �(�n�o�t�e� �3�1�)�,� 

�(�3�4�)� �B�r�y�s�o�n�,� �A�r�t�h�u�r� �E�,� �J�r�.� �a�n�d� �H�o�,� �Y�u�-�C�h�i�,� �A�p�p�l�i�e�d� �O�p�t�i�m�a�l� �C�o�n�t�r�o�l�,� 
�G�i�n�n� �a�n�d� �C�o�m�p�a�n�y�,� �W�a�l�t�h�a�m�,� �M�a�s�s�.�,� �1�9�6�9�,� �p�.�3�6�1�.



�P�a�g�e� �I�I�I�-�1� 

�(�I�I�I�)� �T�H�E� �M�U�L�T�I�V�A�R�T�A�T�E� �A�R�M�A�(�1�,�1�)� �M�O�D�E�L�,� 
�T�T�S� �S�I�G�N�I�F�I�C�A�N�C�E� �A�N�D� �I�T�S� �E�S�T�I�M�A�T�T�O�N� 

�(�1�)� �I�N�T�R�O�D�U�C�T�I�O�N� 

�I�n� �r�e�c�e�n�t� �y�e�a�r�s�,� �t�h�e� �"�A�R�M�A�"� �m�o�d�e�l� �f�o�r� �S�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�s�s�e�s� 
�h�a�s� �b�e�c�o�m�e� �v�e�r�y� �p�o�p�u�l�a�r� �b�o�t�h� �i�n� �i�n�d�u�s�t�r�y� �a�n�d� �i�n� �c�e�r�t�a�i�n� �p�a�r�t�s� �o�f� �t�h�e� 
�s�o�c�i�a�l� �s�c�i�e�n�c�e� �c�o�m�m�u�n�i�t�y�,� �T�h�i�s� �p�o�p�u�l�a�r�i�t�y� �i�s� �d�u�e� �p�a�r�t�l�y� �t�o� �t�h�e� 
�l�a�n�d�m�a�r�k� �b�o�o�k� �b�y� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �T�i�m�e�-�S�e�r�i�l�e�s� �A�n�a�l�y�s�i�s�(�1�)�,� �w�h�i�c�h� 
�p�l�a�c�e�s� �e�m�p�h�a�s�i�s� �o�n� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �A�R�M�A� �m�o�d�e�l�s� �t�o� �p�r�e�d�i�c�t�i�n�g� 
�f�u�t�u�r�e� �v�a�l�u�e�s� �o�f� �t�i�m�e�-�s�e�r�i�e�s� �v�a�r�i�a�b�l�e�s�,� �U�s�i�n�g� �t�h�e�i�r� �a�p�p�r�o�a�c�h�,� 
�o�n�e� �f�i�t�s� �a� �s�e�p�a�r�a�t�e� �m�o�d�e�l� �t�e� �e�a�c�h� �v�a�r�i�a�b�l�e� �o�f� �i�n�t�e�r�e�s�t�,� �a� �m�o�d�e�l� 
�o�f� �t�h�e� �v�a�r�i�a�b�l�e� �a�s� �a� �m�i�x�e�d�  ��A�u�t�o�R�e�g�r�e�s�s�i�v�e� �M�o�v�i�n�g�-�A�v�e�r�a�g�e �� �p�r�o�c�e�s�s� 
�o�f� �s�o�m�e� �v�e�r�y� �c�o�m�p�l�e�x� �o�r�d�e�r�;� �o�n�e� �u�s�e�s� �t�h�e�s�e� �m�o�d�e�l�s�,� �v�a�r�i�a�b�l�e� �b�y� �v�a�r�l�a�b�l�e�,� 
�t�o� �m�a�k�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �f�u�t�u�r�e�,� 

�O�u�r� �e�m�p�h�a�s�i�s� �h�e�r�e� �i�s� �q�u�i�t�e� �d�i�f�f�e�r�e�n�t�,� �O�u�r� �c�o�n�c�e�r�n�,� �f�r�o�m� �t�h�e� 
�b�e�g�i�n�n�i�n�g�,� �w�a�s� �w�i�t�h� �s�t�u�d�y�i�n�g� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� �d�i�f�f�e�r�e�n�t� 
�v�a�r�i�a�b�l�e�s� �=� �n�a�t�i�o�n�a�l� �a�s�s�i�m�i�l�a�t�i�o�n� �a�n�d� �c�o�m�m�u�n�i�c�a�t�i�o�n�s�,� �a�s� �d�e�s�e�r�i�b�e�d� 
�i�n� �C�h�a�p�t�e�r� �(�V�I�)� �=� �r�a�t�h�e�r� �t�h�a�n� �w�i�t�h� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�i�m�e�-�s�e�r�i�e�s� 
�i�n� �i�s�o�l�a�t�i�o�n� �f�r�o�m� �e�a�c�h� �o�t�h�e�r�;� �u�n�i�v�a�r�i�a�t�e� �s�t�u�d�i�e�s� �w�e�r�e� �c�a�r�r�i�e�d� �o�u�t� 
�o�n�l�y� �t�o� �h�e�l�p� �u�s� �e�v�a�l�u�a�t�e� �m�e�t�h�o�d�s� �f�o�r� �d�e�a�l�i�n�g� �w�i�t�h� �t�h�e� �m�o�r�e� �g�e�n�e�r�a�l� 
�c�a�s�e�,� �W�i�t�h� �" ��e�a�u�s�a�l� �a�n�a�l�y�s�i�s�"� �o�f� �t�h�i�s� �s�o�r�t�,� �w�h�e�r�e� �m�a�n�y� �v�a�r�i�a�b�l�e�s� 
�m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �t�o�g�e�t�h�e�r�,� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n� �s�t�i�l�l� �i�s� �t�h�e� �m�o�s�t� 
�p�o�p�u�l�a�r� �t�e�c�h�n�i�q�u�e� �b�y� �f�a�r�,�(�2�)�,� �N�e�v�e�r�t�h�e�l�e�s�s�,� �o�n�e� �o�f� �t�h�e� �t�h�e�o�r�e�m�s� �o�f



�T�a�p�e� �d�i�s�w�m�e� 

�B�o�x� �a�n�d� �J�e�n�k�i�n�s� �-� �t�h�a�t� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �e�r�r�o�r�s� �i�n� �d�a�t�a�~�c�o�l�l�e�e�t�i�o�n� 

�c�a�n� �t�u�r�n� �a� �s�i�m�p�l�e� �r�e�g�r�e�s�s�i�o�n� �p�r�o�c�e�s�s� �i�n�t�o� �a�n� �A�R�M�A� �p�r�o�c�e�s�s� �~� �c�a�n� �b�e� 

�g�e�n�e�r�a�l�i�z�e�d� �v�e�r�y� �e�a�s�i�l�y� �t�o� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �c�a�s�e�,� �a�s� �W�e� �w�i�l�l� �s�h�o�w� 

�b�e�l�o�w�,� �T�h�u�s� �o�n�e� �m�i�g�h�t� �t�h�i�n�k� �o�f� �m�u�l�t�i�v�a�r�i�a�t�e� �A�R�M�A� �a�n�a�l�y�s�i�s� �a�s� 

�g�e�n�e�r�a�t�i�n�g� �t�h�e� �s�a�m�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�s� �a� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s�,� �b�u�t� 

�"�c�o�r�r�e�c�t�e�d�"� �f�o�r� �t�h�e� �e�f�f�e�c�t�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s�,� �I�n� �C�h�a�p�t�e�r�s� �(�I�V�)� 

�t�h�r�o�u�g�h� �(�V�I�)�,� �w�e� �w�i�l�l� �d�i�s�c�u�s�s� �t�h�e� �e�m�p�i�r�i�c�a�l� �w�o�r�k� �w�h�i�c�h� �h�a�s� �c�o�n�v�i�n�c�e�d� 

�u�s� �t�h�a�t� �s�u�c�h� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �n�o�t� �o�n�l�y� �c�o�m�m�o�n�,� �b�u�t� �m�a�y� �a�l�s�o� 

�h�a�v�e� �a� �d�r�a�s�t�i�c� �e�f�f�e�c�t� �i�n� �r�e�d�u�c�i�n�g� �t�h�e� �q�u�a�l�i�t�y� �o�f� �p�r�e�d�i�c�t�i�o�n�s� �o�f� 

�a� �m�o�d�e�l� �f�i�t� �b�y� �o�r�d�i�n�a�r�y� �r�e�g�r�e�s�s�i�o�n�,� 

�I�n� �p�r�a�c�t�i�c�e�,� �t�h�e�r�e� �a�r�e� �t�w�o� �d�i�f�f�i�c�u�l�t�i�e�s� �w�i�t�h� �u�s�i�n�g� �t�h�e� 

�g�e�n�e�r�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e� �A�R�M�A� �m�o�d�e�l� �t�o� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �C�A�S�E�,� 

�F�i�r�s�t�,� �a�n�d� �m�o�s�t� �i�m�p�o�r�t�a�n�t�,� �i�s� �t�h�e� �s�h�e�e�r� �c�o�m�p�u�t�a�t�i�o�n�a�l� �d�i�f�f�i�c�u�l�t�y� 

�o�f� �e�s�t�i�m�a�t�i�n�g� �a� �f�u�l�l�,� �m�i�l�t�i�v�a�r�i�a�t�e� �A�R�M�A� �m�o�d�e�l� �(�a� �"�v�e�c�t�o�r� �A�R�M�A�"� �m�o�d�e�l�)�,� 

�H�a�n�n�a�n�(�3�)�,� �i�n� �1�9�7�0�,� �d�e�s�c�r�i�b�e�d� �t�h�e� �c�u�r�r�e�n�t� �t�e�c�h�n�i�q�u�e�s� �i�n� �t�h�i�s� �a�r�e�a� 

�a�s� �f�o�l�l�o�w�s�:�"�T�h�o�u�g�h� �t�h�e�r�e� �a�r�e�,� �n�o� �d�o�u�b�t�,� �c�i�r�c�u�m�s�t�a�n�c�e�s� �i�n� �w�h�i�c�h� 

�a� �v�e�c�t�o�r� �m�i�x�e�d� �m�o�v�i�n�g�~�a�v�e�r�a�g�e� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �m�o�d�e�l� �w�i�l�l� �g�i�v�e� �a� 

�m�u�c�h� �b�e�t�t�e�r� �f�i�t� �w�i�t�h� �a� �g�i�v�e�n� �n�u�m�b�e�r� �o�f� �c�o�n�s�t�a�n�t�s� �t�h�a�n� �e�i�t�h�e�r� �a� 

�m�o�v�i�n�g�-�a�v�e�r�a�g�e� �o�r� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �m�o�d�e�l� �(�1�.�e�,� �o�r�d�i�n�a�r�y� �r�e�g�r�e�s�s�i�o�n� �-� �P�J�W�)�,� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�m�p�l�i�c�a�t�i�o�n�s� �a�r�e� �s�o� �g�r�e�a�t� �t�h�a�t� �i�t� �c�a�n� �b�e� �d�o�u�b�t�e�d� 

�w�h�e�t�h�e�r� �t�h�e� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d� �m�o�d�e�l� �w�i�l�l� �b�e� �u�s�e�d�,� �a�n�d� �w�e� �d�o� �n�e�t� �f�e�e�l� 

�t�h�a�t� �t�h�e� �t�e�c�h�n�i�q�u�e�s� �a�t� �t�h�e� �p�r�e�s�e�n�t� �S�t�a�g�e� �a�r�e� �s�u�f�f�i�c�i�e�n�t�l�y� �n�e�a�r� �t�o� 

�b�e�i�n�g� �p�r�a�c�t�i�c�a�l�l�y� �u�s�e�f�u�l� �t�o� �b�e� �i�n�e�l�u�d�e�d� �i�n� �t�h�i�s� �b�o�o�k�.�"� �I�n� �1�9�7�3�,



�F�a�g�e� �T�T�T�-�3� 

�P�r�o�f�,� �G�e�o�r�g�e� �E�,� �B�o�x�,� �o�f� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �m�e�n�t�i�o�n�e�d� �t�o� �u�s� �t�h�a�t� 

�t�h�e� �h�e�a�v�y� �o�r�i�e�n�t�a�t�i�o�n� �o�f� �h�i�s� �o�w�n� �w�o�r�k� �t�e� �t�h�e� �u�n�i�v�a�r�i�a�t�e� �c�a�s�e� �w�a�s� �d�u�e� 

�i�n� �l�a�r�g�e� �p�a�r�t� �t�o� �s�u�c�h� �d�i�f�f�i�c�u�l�t�i�e�s�,� �I�n� �s�e�c�t�i�o�n� �(�1�4�1�)� �o�f� �t�h�i�s� �c�h�a�r�t�e�r�,� 

�w�e� �w�i�l�l� �d�e�s�e�r�i�b�e� �h�o�w� �w�e� �h�a�v�e� �b�e�e�n� �a�b�l�e� �t�o� �a�p�p�l�y� �t�h�e� �d�y�n�a�m�i�c� �f�e�e�d�h�a�c�k� 

�a�l�g�o�r�i�t�h�m�,� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �(�I�I�)�,� �t�e� �o�v�e�r�c�o�m�e� �t�h�i�s� �d�i�f�f�i�c�u�l�t�y�;� 

�i�n� �s�e�c�t�i�o�n� �(�i�v�)�,� �w�e� �w�i�l�l� �d�e�s�e�r�i�b�e� �i�n� �d�e�t�a�i�l� �t�h�e� �c�o�m�p�u�t�e�r� �r�o�u�t�i�n�e�,� 

�n�o�w� �a�v�a�i�l�a�b�l�e� �t�o� �s�o�c�i�a�l� �s�c�i�e�n�t�i�s�t�s� �f�r�o�m� �H�a�w�a�i�i� �t�o� �L�o�n�d�o�n�,� �w�h�i�c�h� 

�w�e� �h�a�v�e� �w�r�i�t�t�e�n� �t�o� �u�s�e� �t�h�i�s� �m�e�t�h�e�d� �i�n� �e�s�t�i�m�a�t�i�n�g� �m�u�l�t�i�v�a�r�i�a�t�e� 

�A�R�M�A� �p�r�o�c�e�s�s�e�s�,� 

�S�e�c�o�n�d�,� �a�n�d� �m�o�r�e� �p�e�r�s�i�s�t�e�n�t�,� �1�s� �t�h�e� �d�i�f�f�i�c�u�l�t�y� �o�f�  ��t�o�o� �m�a�n�y� 

�d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m�"� �w�i�t�h� �A�R�M�A� �m�o�d�e�l�s�,� �I�f�,� �i�n� �a�d�d�i�t�i�o�n� �t�o� �a�c�c�o�u�n�t�i�n�g� 

�f�o�r� �m�a�n�y� �v�a�r�i�a�b�l�e�s� �a�t� �o�n�c�e�,� �w�e� �a�l�s�o� �a�d�d�e�d� �"�h�i�g�h�e�r�-�o�r�d�e�r�"� �t�e�r�m�s�,� 

�a�s� �d�i�s�c�u�s�s�e�d� �b�y� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �t�h�e� �n�u�m�b�e�r� �o�f� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e�s�e� 

�m�o�d�e�l�s� �c�o�u�l�d� �b�e�c�o�m�e� �h�o�p�e�l�e�s�s�l�y� �l�a�r�g�e�;� �s�u�c�h� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�l�s� 

�c�o�u�l�d� �b�e� �e�s�t�i�m�a�t�e�d� �b�y� �a� �v�a�r�i�a�n�t� �o�f� �o�u�r� �a�l�g�o�r�i�t�h�m� �b�e�l�o�w�,� �b�u�t� �t�h�e� 

�s�u�b�s�t�a�n�t�i�v�e� �v�a�l�u�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�s� �w�o�u�l�d� �b�e� �q�u�e�s�t�i�o�n�a�b�l�e�,� �I�n� �p�r�a�c�t�i�c�e�,� 

�h�o�w�e�v�e�r�,� �o�u�r� �i�n�t�e�r�e�s�t� �i�n� �t�h�e� �A�R�M�A� �m�o�d�e�l� �d�o�e�s� �n�o�t� �l�i�e� �i�n� �i�t�s� �c�a�p�a�c�i�t�y� 

�f�o�r� �b�e�i�n�g� �m�a�d�e� �e�v�e�r� �a�n�d� �e�v�e�r� �m�o�r�e� �c�o�m�p�l�i�c�a�t�e�d�;� �o�u�r� �i�n�t�e�r�e�s�t� �i�s� �i�n� 

�t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �a�c�c�o�u�n�t�i�n�g� �r�a�t�i�o�n�a�l�l�y� �f�o�r� �t�h�e� �p�r�o�b�l�e�m� �o�f� 

�"�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�, �� �t�h�e� �p�r�o�b�l�e�m� �o�f� �e�r�r�o�r�s� �i�n� �m�e�a�s�u�r�i�n�g� �a�n�d� �i�n�d�e�x�i�n�g� 

�t�h�e� �u�n�d�e�r�l�y�i�n�g� �v�a�r�i�a�b�l�e�s� �w�h�i�c�h� �o�n�e� �i�s� �t�r�y�i�n�g� �t�o� �s�t�u�d�y�,� �T�h�u�s� �w�e� �w�i�l�l� 

�r�e�s�t�r�i�c�t� �o�u�r�s�e�l�v�e�s� �h�e�r�e� �t�o� �c�o�n�s�i�d�e�r�i�n�g� �"�w�h�i�t�e� �n�o�i�s�e�"� �(�r�a�n�d�o�m� �n�o�i�s�e�,� 

�u�n�c�o�r�r�e�l�a�t�e�d� �w�i�t�h� �i�t�s�e�l�f� �a�c�r�o�s�s� �t�i�m�e� �b�u�t� �p�o�s�s�i�b�l�y� �c�o�r�r�e�l�a�t�e�d� �f�r�o�m



�P�a�g�e� �I�I�I�-�+� 

�v�a�r�i�a�b�l�e� �t�o� �v�a�r�i�a�b�l�e� �a�t� �t�h�e� �s�a�m�e� �t�i�m�e�)� �i�n� �t�h�e� �p�r�o�c�e�s�s� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t�;� �a�l�l� �o�f� �t�h�e� �A�R�M�A� �m�o�d�e�l�s� �w�e� �w�i�l�l� �d�i�s�c�u�s�s� �a�r�e� �o�f� �t�h�e� 

�v�a�r�i�e�t�y� �w�h�i�c�h� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� �w�o�u�l�d� �c�a�l�l� �"�A�R�M�A�(�1�,�1�)�"� �m�o�d�e�l�s�,� 

�W�h�i�l�e� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �p�r�o�b�l�e�m� �m�a�k�e�s� �i�t� �i�m�p�r�a�c�t�i�c�a�l� 

�i�n� �m�o�s�t� �c�a�s�e�s� �t�o� �c�o�n�s�i�d�e�r� �m�o�r�e� �c�o�m�p�l�e�x�,� �m�o�r�e� �r�e�a�l�i�s�t�i�c� �m�o�d�e�l�s� �o�f� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �i�t� �h�a�s� �b�e�e�n� �o�u�r� �h�o�p�e� �t�h�a�t� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� 

�a�c�c�o�u�n�t�i�n�g� �f�o�r� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�n�d� �n�o�t� �a�c�c�o�u�n�t�i�n�g� �f�o�r� �i�t� �a�t� �a�l�l� 

�w�o�u�l�d� �b�e� �e�n�o�u�g�h� �t�o� �o�v�e�r�c�o�m�e� �m�o�s�t� �o�f� �t�h�e� �p�r�o�b�l�e�m�s� �o�f� �r�e�a�l�-�w�o�r�l�d� 

�p�r�e�d�i�c�t�i�o�n�,� �H�o�w�e�v�e�r�,� �a�s� �w�e� �p�o�i�n�t�e�d� �o�u�t� �i�n� �C�h�a�p�t�e�r� �(�I�)�,� �t�h�i�s� �h�o�p�e� 

�h�a�s� �o�n�l�y� �b�e�e�n� �p�a�r�t�l�y� �r�e�a�l�i�z�e�d�;� �g�i�v�e�n� �t�h�e� �i�m�p�r�a�c�t�i�c�a�l�i�t�y� �o�f� �a�d�d�i�n�g� 

�t�o�o� �m�a�n�y� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �t�o� �t�h�e�s�e� �m�o�d�e�l�s�,� �o�u�r� �c�u�r�r�e�n�t� �o�p�i�n�i�o�n� 

�i�s� �t�h�a�t� �t�h�e� �"�r�o�b�u�s�t� �m�e�t�h�o�d�"� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n�s� �(�v�i�i�)� �a�n�d� �(�x�i�)� 

�o�f� �C�h�a�p�t�e�r� �(�I�I�)� �w�i�l�l� �b�e� �c�r�u�c�i�a�l� �t�o� �a�n�y� �f�u�r�t�h�e�r� �p�r�o�g�r�e�s�s� �w�i�t�h� �t�h�e� 

�r�e�a�l�-�w�o�r�l�d� �p�r�o�b�l�e�m�s�,� 

�L�e�t� �u�s� �n�o�w� �d�e�f�i�n�e� �m�o�r�e� �p�r�e�c�i�s�e�l�y� �w�h�a�t� �w�e� �m�e�a�n� �b�y� �a�n� �"�A�R�M�A�(�i�,�1�)�"� 

�m�o�d�e�l�,� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�(�4�)� �d�e�f�i�n�e� �a�n� �A�R�M�A�(�1�,�1�)� �p�r�o�c�e�s�s� �"�2�"� �a�s� 

�a� �s�t�a�t�i�o�n�a�r�y� �p�r�o�c�e�s�s� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �s�c�a�l�a�r� �e�q�u�a�t�i�o�n�:� 

�-� �3� �z�,� �#�2�,� �4� �+�a�,� �O�1�2�,� �4�9� �(�3�.�1�)� 

�w�h�e�r�e� �"�a�y�"� �i�s� �a� �r�a�n�d�o�m� �n�o�r�m�a�l� �n�o�i�s�e� �p�r�o�c�e�s�s� �o�f� �c�o�v�a�r�i�a�n�c�e� �o�F�  �� 

�a�n�d� �w�h�e�r�e� �"�t�"� �i�s� �t�h�e� �t�i�m�e� �p�e�r�i�o�d�,� �(�W�e� �r�e�c�a�l�l� �f�r�o�m� �C�h�a�p�t�e�r� �(�I�T�)� 

�t�h�a�t� �"�r�a�n�d�o�m�"� �m�e�a�n�s� �t�h�a�t� �t�h�e� �p�r�o�c�e�s�s� �h�a�s� �n�o� �c�o�r�r�e�l�a�t�i�o�n� �w�i�t�h� 

�i�t�s�e�l�f� �a�c�r�o�s�s� �t�i�m�e�,� �o�r� �w�i�t�h� �o�t�h�e�r� �p�r�o�c�e�s�s�e�s� �i�n� �t�h�e� �s�y�s�t�e�m� �a�t� 

�e�a�r�l�i�e�r� �t�i�m�e�s�,� �}�)� �A�l�s�o�,� �n�o�t�e� �t�h�a�t� �w�e� �a�r�e� �t�r�e�a�t�i�n�g� �"�t�"� �a�s� �a� �s�u�b�s�e�r�i�p�t



�F�a�g�e� �I�I�T�=�5� 

�h�e�r�e� �s�o�l�e�l�y� �b�e�c�a�u�s�e� �t�h�i�s� �i�s� �t�h�e� �w�a�y� �i�t� �a�p�p�e�a�r�s� �i�n� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� 

�B�y� �c�o�n�t�r�a�s�t�,� �t�h�e� �c�l�a�s�s�i�c� �a�u�t�o�r�e�g�r�e�s�s�i�v�e� �m�o�d�e�l� �m�a�y� �b�e� �w�r�i�t�t�e�n�,� 

�i�n� �t�h�e� �u�n�i�v�a�r�i�a�t�e� �c�a�s�e�;� 

�X�=� �P�y� �+� �a�y�e� �(�3�.�2�)� 

�T�h�e� �t�e�r�m� �"�a�,�"� �i�n� �t�h�i�s� �e�q�u�a�t�i�o�n� �r�e�f�e�r�s� �t�o�  ��p�r�o�c�e�s�s� �n�o�i�s�e�,�"� 

�t�o� �a� �r�a�n�d�o�m� �i�m�p�u�l�s�e� �w�h�i�e�h� �w�i�l�l� �a�f�f�e�c�t� �t�h�e� �t�r�u�e� �v�a�l�u�e� �o�f� �x� 

�a�t� �t�i�m�e� �t�y� �a�n�d� �t�h�e�r�e�b�y� �a�f�f�e�c�t� �l�a�t�e�r� �v�a�l�u�e�s� �o�f� �x� �a�s� �w�e�l�l�,� �I�n� �p�r�a�c�t�i�c�e�,� 

�h�o�w�e�v�e�r�,� �t�h�e� �m�e�a�s�u�r�e�d� �d�a�t�a�,� �w�h�i�c�h� �w�e� �m�a�y� �c�a�l�l� �"�e�a�s� �m�a�y� �d�i�f�f�e�r� �f�r�o�m� 

�t�h�e� �t�r�u�e� �v�a�l�u�e�s� �o�f� �t�h�e� �v�a�r�i�a�b�l�e� �w�e� �a�r�e� �t�r�y�i�n�g� �t�o� �s�t�u�d�y�,� �w�h�i�c�h� 

�w�e� �m�a�y� �c�a�l�l� �"�K�X�,�"� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �t�r�u�e� �v�a�l�u�e� �a�n�d� �t�h�e� 

�m�e�a�s�u�r�e�d� �v�a�l�u�e�,� �Z�i�~�X� �i�»� �M�a�y� �b�e� �c�a�l�l�e�d�,�  ��m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�, �� 

�I�f� �w�e� �p�o�s�t�u�l�a�t�e� �t�h�a�t� �t�h�i�s� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �l�i�k�e� �t�h�e� �r�a�n�d�o�m� �i�m�p�u�l�s�e�s� 

�w�h�i�c�h� �g�o�v�e�r�n� �X�y� �i�t�s�e�l�f�,� �i�s� �a� �r�a�n�d�o�m� �p�r�o�c�e�s�s�,� �t�h�e�n� �w�e� �a�r�r�i�v�e� �a�t� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �c�l�a�s�s�i�c� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �(�3�,�2�)�:� 

�x� �=� �O�X� �+� �B�y� 

�(�3�.�3�)� 
�a�y� �=� �x� �T�e�h�,� 

�w�h�e�r�e� �b� �a�n�i�d�.� �c�,� �b�o�t�h� �a�r�e� �n�o�r�m�a�l� �r�a�n�d�o�m� �n�o�r�m�a�l� �n�o�i�s�e� �p�r�o�c�e�s�s�e�s� �w�i�t�h� 

�z�e�r�o� �m�e�a�n�s� �a�n�d� �w�i�t�h� �n�o� �c�o�r�r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �e�a�c�h� �c�t�h�e�r�,� 

�B�o�x� �a�n�d� �J�e�n�k�i�n�s�(�5�)� �h�a�v�e� �p�o�i�n�t�e�d� �o�u�t� �t�h�a�t� �a�n�y� �s�t�a�t�i�o�n�a�r�y� �p�r�o�c�e�s�s�,� 

�Z�,�»� �s�u�c�h� �a�s� �t�h�e� �z�,� �o�f� �(�3�.�3�)� �o�r� �(�3�,�1�)�,� �m�a�y� �b�e� �c�o�m�p�l�e�t�e�l�y� �c�h�a�r�a�c�t�e�r�i�z�e�d� 

�b�y� �k�n�o�w�l�e�d�g�e� �o�f� �i�t�s� �c�o�r�r�e�l�a�t�i�o�n� �f�u�n�e�t�i�o�n� �(�o�r�,� �m�o�r�e� �p�r�e�c�i�s�e�l�y�,� �i�t�s� 

�a�u�t�o�c�o�v�a�r�i�a�n�c�e�}�,� �Z�p�»� �a�c�r�o�s�s� �t�i�m�e�:� 

�7� �&� �Z�e�n� �=� �E�(� �2�,�2�5� �p�n�)�s



�P�a�g�e� �I�I�I�~�6� 

�T�h�i�s� �e�q�u�a�t�i�o�n� �s�t�a�t�e�s� �t�h�a�t� �"�Z�,�"� �i�s� �d�e�f�i�n�e�d� �t�o� �e�q�u�a�l� �E�(�2�,�2�,� �o�s� 

�"�E�(�Z� �2�,� �o�n�)�»� �i�n� �t�u�r�n�,� �i�s� �t�h�e� �n�o�t�a�t�i�o�n� �w�e� �w�i�l�l� �u�s�e� �t�o� �i�n�d�i�c�a�t�e� 

�t�h�e� �"�e�x�p�e�c�t�e�d� �v�a�l�u�e�"� �o�r� �"�m�e�a�n� �v�a�l�u�g�"� �a�c�r�o�s�s� �a�l�l� �t�i�m�e�s� �t�,� �o�f� �t�h�e� 

�p�r�o�d�u�c�t�,� �2�@� �7�:� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�s�s� �u�n�d�e�r� �s�t�u�d�y�,� �t�t�e� 
�B�o�x� �a�n�d� �J�e�n�k�i�n�s� �a�r�g�u�e�(�6�}�,� �i�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �d�i�s�c�u�s�s�i�n�g� �g�e�n�e�r�a�l� 

�p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �i�n�c�l�u�d�e� �(�3�,�3�)� �a�s� �a� �s�p�e�c�i�a�l� �c�a�s�e�,� �t�h�a�t� �t�h�e� 

�a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �"�2�,�"� �i�n� �(�3�.�3�)� �h�a�s� �t�h�e� �s�a�m�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�s� �t�h�a�t� �o�f� �"�Z�,�"� �i�n� �(�3�.�1�)�;� �t�h�e�r�e�f�o�r�e�,� �t�h�e�y� �c�o�n�c�l�u�d�e� 

�t�h�a�t� �t�h�e� �f�o�r�m�e�r� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�s�s�,� �a�s� �a� �g�e�n�e�r�a�t�o�r� �o�f� �"�E�y�"� �i�s� 

�e�q�u�i�v�a�l�e�n�t� �t�o� �a� �p�r�o�c�e�s�s� �o�f� �t�h�e� �s�e�c�o�n�d� �k�i�n�d�,� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �a�  ��Z�,�"� 

�g�e�n�e�r�a�t�e�d� �b�y� �a� �p�r�o�c�e�s�s� �s�u�c�h� �a�s� �(�3�,�3�)� �w�i�l�l� �a�p�p�e�a�r� �t�o� �o�b�e�y� �a� 

�p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �e�q�u�a�t�i�o�n� �s�u�c�h� �a�s� �(�3�,�1�)�.� 

�M�o�r�e� �p�r�e�c�i�s�e�l�y�,� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� �a�s�k� �u�s� �t�o� �c�o�n�s�i�d�e�r� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �p�r�e�c�e�s�s�,� �i�n� �c�o�n�n�e�c�t�i�o�n� �w�i�t�h� �(�3�,�3�)�:� 

�E�S� �é�  ��-� �m�=� �{� �a� �f� �W�e�e� �A�y� �P�a�y� �=� �O�y� �t�e�)� �-� �P�l�y� �+� �o�y�)� 

�=� �(�P�x�,� �4� �+�b�,� �t�o�.�)� �=� �p�x�,� �>� �d�o�,� �y� 

�(�3�.�4�)� �4� 

�=� �b�p� �t�e�,� �>� �p�e�r�s� 

�F�r�o�m� �t�h�e� �r�a�n�d�o�m�n�e�s�s� �o�f� �b� �a�n�d� �C�i�s� �i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �t�h�e� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� 

�o�f� �t�h�i�s� �p�r�o�c�e�s�s� �w�i�l�l� �b�e� �z�e�r�o� �f�o�r� �t�i�m�e� �i�n�t�e�r�v�a�l�s�,� �T�,� �l�a�r�g�e�r� �t�h�a�n� �o�n�e�,� 

�F�r�o�m� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n�,� �a�n�d� �f�r�o�m� �t�h�e� �G�a�u�s�s�i�a�n� �c�h�a�r�a�c�t�e�r� �o�f� �t�h�e� 

�p�r�o�c�e�s�s�,� �t�h�e�y� �c�o�n�c�l�u�d�e� �i�m�m�e�d�i�a�t�e�l�y� �t�h�a�t� �W�y� �i�s� �i�t�s�e�l�f� �a� �s�i�m�p�l�e



�P�a�g�e� �I�I�I�-�?� 

�m�o�v�i�n�g� �a�v�e�r�a�g�e� �p�r�o�c�e�s�s� �o�f� �o�r�d�e�r� �o�n�e�,� �r�e�p�r�e�s�e�n�t�a�b�l�e� �a�s�:� 

�M�e� �=� �B�g� �7� �S�a�y� �y�s� 

�f�o�r� �s�o�m�e� �®�,� �a�n�d� �s�o�m�e� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �a�y�s� �i�f� �w�e� �r�e�c�a�l�l� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� 

�W�,� �i�n� �(�3�.�4�)�,� �a�n�d� �s�u�b�s�t�i�t�u�t�e�,� �w�e� �f�i�n�d� �t�h�a�t� �o�u�r� �z�,� �f�r�o�m� �(�3�,�3�)� �o�b�e�y�s� 

�a�n� �e�q�u�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�a�b�l�e� �a�s� �(�3�,�1�)�,� �T�h�o�s�e� �r�e�a�d�e�r�s� �w�h�o� �h�a�v�e� �d�i�f�f�i�c�u�l�t�y� 

�w�i�t�h� �t�h�i�s� �e�q�u�i�v�a�l�e�n�c�e� �s�h�o�u�l�d� �r�e�f�e�r� �b�a�c�k� �t�e� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� 

�I�n� �t�h�e� �s�o�c�i�a�l� �s�c�l�e�n�c�e�s�,� �h�o�w�e�v�e�r�,� �m�o�s�t� �d�y�n�a�m�i�c� �p�r�o�c�e�s�s�e�s� �o�f� 

�i�n�t�e�r�e�s�t� �i�n�v�o�l�v�e� �m�o�r�e� �t�h�a�n� �o�n�e� �v�a�r�i�a�b�l�e�,� �F�o�r�t�u�n�a�t�e�l�y�,� �i�t� �i�s� �e�a�s�y� 

�t�o� �g�e�n�e�r�a�l�i�z�e� �t�h�e� �d�e�f�i�n�i�t�i�o�n�s� �a�n�d� �r�e�s�u�l�t�s� �a�b�o�v�e� �t�o� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� 

�c�a�s�e�,� �b�y� �t�r�e�a�t�i�n�g� �s�e�t�s� �o�f� �v�a�r�i�a�b�l�e�s� �a�s� �v�e�c�t�o�r�s�,� �T�h�u�s� �w�e� �e�a�n� �d�e�f�i�n�e� 

�a� �m�u�l�t�i�v�a�r�i�a�t�e� �A�R�M�A�(�1�,�1�)� �p�r�o�c�e�s�s� �a�s� �a� �p�r�o�c�e�s�s� �w�h�i�c�h� �o�b�e�y�s�:� 

�a�]� �7� �=� �a� �+� �O�F�,� �+� �P�R�?� �(�©� �a�n�d� �P� �m�a�t�r�i�c�e�s�)� �(�3�,�5�)� �t�o�=�1�?� 

�w�h�e�r�e� �"�a�"� �i�s� �a� �v�e�c�t�o�r� �r�a�n�d�o�m� �p�r�o�c�e�s�s�,� �o�b�e�y�i�n�g� �a� �m�u�l�t�i�v�a�r�i�a�t�e� 

�n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�(�7�)�:� 

�a ��)� �=� �4� �.� 

�e�x�p�( ��3�a�,�A� �a�}�,� �}� 
�V�e�m� �d�e�t� �A� �.� 

�w�h�e�r�e� �A� �i�s� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �o�f� �t�h�i�s� �p�r�o�c�e�s�s�,� �W�h�e�r�e� �t�h�e� 

� � 

�o�f�f�-�d�i�a�g�o�n�a�l� �t�e�r�m�s� �o�f� �A� �a�l�l�o�w� �u�s� �t�e� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� 

�c�r�o�s�s�-�c�o�r�r�e�l�a�t�i�o�n�s� �i�n� �t�h�e� �n�o�i�s�e� �p�r�o�c�e�s�s�,� �a�n�d� �w�h�e�r�e� �n� �i�s� �t�h�e� 

�d�i�m�e�n�s�i�o�n�a�l�i�t�y� �o�f� �t�h�e� �v�e�c�t�o�r�s� �@� �a�n�d� �@�,� �W�e� �c�a�n� �a�l�s�o� �d�e�f�i�n�e� �a� �n�o�i�s�y
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�t�i�m�e�-�s�e�r�i�e�s� �r�e�g�r�e�s�s�i�o�n� �p�r�o�c�e�s�s� �a�s� �o�n�e� �o�b�e�y�i�n�g�:� 

�%�,� �O�X�,� �4� �+� �b�,� 

�(�3�.�7�)� 
�*�  ��_�>� �2� �=� �%�,� �+� �T�y�,� 

 ��_�?� 

�w�h�e�r�e� �"�b�,�"� �a�n�d� �"�e�r�"� �a�r�e� �r�a�n�d�o�m� �n�o�r�m�a�l� �p�r�e�c�e�s�s�e�s� �o�f� �d�i�m�e�n�s�i�o�n�a�l�i�t�y� �n�,� 

�a�s� �W�a�s� �"�a�"� �a�b�o�v�e�,� �w�i�t�h� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�c�e�s� �w�h�i�c�h� �w�e� �w�i�l�l� �c�a�l�l� �B� �a�n�d� �¢�C�,� 
�w� 

�I�f� �w�e� �d�e�f�i�n�e� �"�W�.�"� �a�s� �#�-�O�2 �� �,�,� �t�h�e�n� �t�h�e� �r�e�s�t� �o�f� �(�3�.�4�)� �g�o�e�s� �t�h�r�o�u�g�h� �»� 
�t� �t� �t�e�l� 

�e�x�a�c�t�l�y� �a�s� �b�e�f�o�r�e�,� �y�i�e�l�d�i�n�g� �a� �p�r�o�c�e�s�s� �w�i�t�h� �z�e�r�o� �a�u�t�o�c�o�r�r�e�l�a�t�i�o�n� 

�f�o�r� �T�>�1�,� �r�e�p�r�e�s�e�n�t�a�b�l�e�,� �a�s� �b�e�f�o�r�e�,� �a�s� �a� �s�i�m�p�l�e� �m�o�v�i�n�g� �a�v�e�r�a�g�e� 

�p�r�o�c�e�s�s�,� �i�,�e�,� �a�s� �W�a�y�s� �t�h�u�s� �B�o�x� �a�n�d� �J�e�n�k�i�n�s �� �a�r�g�u�m�e�n�t� �f�o�r� 

�e�q�u�i�v�a�l�e�n�c�e� �g�o�e�s� �t�h�r�o�u�g�h� �i�n� �i�t�s� �e�n�t�i�r�e�t�y�,� �w�i�t�h� �e�q�u�a�l� �v�a�l�i�d�i�t�y�,� �i�n� �t�h�e� 

�m�u�l�t�i�v�a�r�i�a�t�e� �c�a�s�e�,� 

�O�u�r� �m�a�i�n� �c�o�n�c�e�r�n�,� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �w�i�l�l� �b�e� �w�i�t�h� �t�h�e� �e�s�t�i�m�a�t�i�o�n� 

�o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �(�3�.�5�)� �a�n�d� �(�3�,�6�)�,� �f�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� �d�a�t�a�,� �{�z�i�.� 

�H�o�w�e�v�e�r�,� �s�i�n�c�e� �o�u�r� �i�n�t�e�r�e�s�t� �i�n� �(�3�.�5�)� �a�n�d� �(�3�.�6�)� �c�o�m�e�s� �f�r�o�m� �o�u�r� 

�i�n�t�e�r�e�s�t� �i�n� �(�3�.�7�)�,� �i�t� �i�s� �o�f� �i�n�t�e�r�e�s�t� �t�o� �s�e�e� �h�o�w� �w�e� �c�o�u�l�d� �g�o� �b�a�c�k�,� 

�a�f�t�e�r� �f�i�t�t�i�n�g� �a� �m�o�d�e�l� �o�f� �t�h�e� �f�o�r�m� �(�3�,�5�)�,� �t�o� �d�e�r�i�v�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� 

�o�f� �a�n� �e�q�u�i�v�a�l�e�n�t� �m�o�d�e�l� �o�f� �t�h�e� �f�o�r�m� �(�3�.�7�)�,� �I�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�,� 

�w�e� �W�i�l�l� �e�l�a�b�o�r�a�t�e� �o�n� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �d�e�t�a�i�l�s� �o�f� �t�h�i�s� �p�r�o�c�e�s�s�,� 

�F�o�r� �t�h�e� �s�o�c�i�a�l� �s�c�i�e�n�t�i�s�t�,� �h�o�w�e�v�e�r�,� �t�h�e� �m�o�s�t� �i�n�t�e�r�e�s�t�i�n�g� �c�o�n�c�l�u�s�i�o�n� 

�f�r�o�m� �t�h�i�s� �a�r�g�u�m�e�n�t� �w�i�l�l� �b�e� �t�h�e� �e�q�u�i�v�a�l�e�n�c�e� �b�e�t�w�e�e�n� �"�6�"� �i�n� �(�3�,�5�)� 

�a�n�d� �"�6�"� �i�n� �(�3�.�7�)�.� �T�h�u�s�,� �t�h�e� �©�,� �e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n� �i�j� 
�p�r�o�g�r�a�m� �i�t�s�e�l�f� �m�a�y� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s�  ��c�o�r�r�e�c�t�e�d�"� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�,� 

�J�u�s�t� �a�s� �t�h�e� �u�s�u�a�l� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�,� �b�a� �i�s� �c�a�l�l�e�d� �a� 

�"�b�o� �c�o�e�f�f�i�c�i�e�n�t�"� �o�r� �"�b�e�t�a� �c�o�e�f�f�i�c�i�e�n�t ��,� �o�u�r� �"�c�o�r�r�e�c�t�e�d� �r�e�g�r�e�s�s�i�o�n



�P�a�g�e� �I�I�I�-�9� 

�e�c�e�f�f�i�c�i�e�n�t�, �� �©�,� �m�a�y� �b�e� �c�a�l�l�e�d� �a� �"�t�h�e�t�a� �c�o�e�f�f�i�c�i�e�n�t�"�;� �i�n� �a� 
�J� 

�s�i�m�i�l�a�r� �w�a�y�,� �o�u�r� �P�,�.� �m�a�y� �b�e� �c�a�l�l�e�d� �a� �"�r�h�o� �c�o�e�f�f�i�c�i�e�n�t�,�"� �i�j� 

�(�1�4�1�)� �T�H�E� �R�E�C�O�N�S�T�R�U�C�T�I�O�N� �O�F� �A� �W�H�I�T�E� �N�O�I�S�E� �M�O�D�E�L� 

�F�R�O�M� �A� �V�E�C�T�O�R� �A�R�M�A� �M�O�D�E�L� 

�A�f�t�e�r� �f�i�t�t�i�n�g� �a� �v�e�c�t�o�r� �A�R�M�A�(�i�1�,�1�)� �m�o�d�e�l�,� �a� �m�o�d�e�l� �o�f� �t�h�e� �f�o�r�m� 

�(�3�.�5�)� �a�n�d� �(�3�,�6�)�,� �h�o�w� �d�o� �w�e� �d�e�r�i�v�e� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �e�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� 

�m�o�d�e�l� �o�f� �t�h�e� �f�o�r�m� �(�3�,�7�)�,� �a�s�s�u�m�i�n�g� �t�h�a�t� �a�n� �e�q�u�i�v�a�l�e�n�t� �m�o�d�e�l� �d�o�e�s� 

�e�x�i�s�t�?� �R�e�c�a�l�l�i�n�g� �t�h�a�t� �G�a�u�s�s�i�a�n� �s�t�a�t�i�o�n�a�r�y� �p�r�o�c�e�s�s�e�s� �a�r�e� �c�o�m�p�l�e�t�e�l�y� 

�c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �t�h�e�i�r� �a�u�t�o�c�e�v�a�r�i�a�n�c�e� �f�u�n�e�t�i�o�n�s�(�8�)�,� �w�e� �m�a�y� �p�h�r�a�s�e� 

�t�h�i�s� �q�u�e�s�t�i�o�n� �a�s� �f�o�l�l�o�w�s�,� �F�o�r� �a� �g�i�v�e�n� �v�a�l�u�e� �o�f� �9�,� �P� �a�n�d� �A�,� �i�n� �(�3�,�5�)� 

�a�n�d� �(�3�,�6�)�,� �w�e� �w�i�s�h� �t�o� �f�i�n�d� �v�a�l�u�e�s� �f�o�r� �@�,� �B� �a�n�d� �C� �i�n� �(�3�.�7�)�,� �s�u�c�h� �t�h�a�t� 

�t�h�e� �a�u�t�o�c�o�v�a�r�l�a�n�c�e� �m�a�t�r�i�c�e�s� �4� �w�i�l�l� �b�e� �t�h�e� �s�a�m�e� �f�o�r� �t�h�e� �t�w�o� �p�r�o�c�e�s�s�e�s�,� 

�f�o�r� �a�l�l� �t�i�m�e� �i�n�c�r�e�m�e�n�t�s� �n�,� �L�e�t� �u�s� �u�s�e� �t�h�e� �n�o�t�a�t�i�o�n� �"�@�"� �t�o� �r�e�p�r�e�s�e�n�t� 

�t�h�e� �"�6�"� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�5�)�,� �a�n�d� �"�%�"� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �"�@�"� �i�n� �(�3�,�7�)�3� 

�t�h�e�s�e� �t�w�o� �m�a�t�r�i�c�e�s� �w�i�l�l� �t�u�r�n� �o�u�t� �t�o� �b�e� �e�q�u�i�v�a�l�e�n�t� �t�o� �e�a�c�h� �o�t�h�e�r�,� 

�b�u�t� �f�o�r� �n�o�w� �w�e� �m�i�s�t� �e�s�t�a�b�l�i�s�h� �t�h�e� �e�q�u�a�l�i�t�y�,� 

�T�h�e� �a�u�t�o�c�e�v�a�r�i�a�n�c�e� �m�a�t�r�i�x�,� �a�9� �i�s� �d�e�f�i�n�e�d� �a�s� �b�e�i�n�g� �m�a�d�e� �u�p� �o�f� 

�c�o�m�p�o�n�e�n�t�s�,� �2� �.�.�,� �d�e�f�i�n�e�d� �a�s� �f�o�l�l�o�w�s�:� �N�e�l�s� 

�A�  ¬� �m�e� �y�y� 

�a�n�h� �B�e�e� �®�t�,� �3�)�?� 

�w�h�e�r�e� �Z�.� �4� �r�e�f�e�r�s� �t�o� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �i�-�t�h� �c�o�m�p�e�r�e�n�t� �o�f� �t�h�e� �v�e�c�t�o�r� �Z�,� 
�s� 

�t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �v�e�c�t�o�r� �P�a�t� �t�i�m�e� �t�;� �f�r�o�m� �a�n�o�t�h�e�r� �p�o�i�n�t� �o�f� �v�i�e�w�,� 

�z� �m�a�y� �b�e� �r�e�g�a�r�d�e�d� �a�s� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �i�n�d�i�v�i�d�u�a�l� �v�a�r�i�a�b�l�e� �z�  ��t�a�i� 
�4
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�a�t� �t�i�m�e� �t�,� �N�o�t�e� �t�h�a�t� �w�e� �h�a�v�e� �u�s�e�d� �t�h�e� �s�a�m�e� �n�o�t�a�t�i�o�n� �h�e�r�e� �a�s� �i�n� 

�s�e�c�t�i�o�n� �(�1�)� �t�o� �d�e�f�i�n�e� �t�h�e� �a�u�t�o�c�o�v�a�r�t�a�n�c�e�,� �F�r�o�m� �t�h�i�s� �d�e�f�i�n�i�t�i�o�n�,� 

�w�e� �m�a�y� �i�m�m�e�d�i�a�t�e�l�y� �d�e�d�u�c�e� �t�h�a�t�:� 

�A� �y�y� �S�=� 
�Z�i�g� �e�a�t�e�n�,� �9�7� 

�=� �B�e�y� �e�g�)� �Z�l� �a�t� 
�a�t�t� 

�Z� �=�Z�"� �f�o�r� �a�l�l�o�,� �n� �-�n� 

�T�h�u�s� �i�f� �(�8�)� �0� �z�e�)�,� �f�o�r� �o�u�r� �t�w�o� �p�r�o�c�e�s�s�e�s� �"�a�"� �a�n�d� �"�b�"�,� �f�o�r� �n�2�O�,� 

�t�h�e�n� �t�h�e� �e�q�u�a�l�i�t�y� �w�i�l�l� �h�o�l�d� �f�o�r� �n�&� �0�,� �a�n�d� �v�i�c�e�-�v�e�r�s�a�;� �t�h�u�s� �w�e� �n�e�e�d� 

�o�n�l�y� �c�o�n�s�i�d�e�r� �n�2�0� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �e�q�u�i�v�a�l�e�n�c�e�,� 

�F�r�o�m� �t�h�e� �r�a�n�d�o�m�n�e�s�s� �o�f� �"�a�s� �"�b�,�"� �a�n�d� �"�2�,�"� �f�r�o�m� �t�h�e� �c�a�u�s�a�l� 

�s�t�r�u�c�t�u�r�e� �o�f� �o�u�r� �e�q�u�a�t�i�o�n�s�,� �a�n�d� �f�r�o�m� �o�u�r� �a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �t�h�e� �n�o�r�m�a�l� 

�d�i�s�t�r�i�b�u�t�i�o�n�s� �g�o�v�e�r�n�i�n�g� �t�h�e�s�e� �p�r�o�c�e�s�s�e�s�,� �w�e� �h�a�v�e�:� 

�B�a�,� �s�i�a�n�,� �a�)� �=� �S�0�A�s�5� �=� �B�o�h�s� �(�3�.�8�)� 

�H�C�O�,� �P�b� �a�n�,� �5�)� �>� �8�0�8�s� �5� �=� �B�o�b�i� �(�3�.�9�)� 

�B�e�e� �e�t�n�?� �=� �S�n�o�a�z� �=� �S�n�o� �(�3�,�1�0�)� 

�B�a�y� �s�e�a�n�,� �3�7� �=� �©� �f�o�r� �n ¬�o� �(�3�,�1�1�)� 

�B�O�D� �Z�h�a�n�,� �4� �0� �f�o�r� �n�o� �(�3�,�1�2�)� 

�(�C�y� �Z�h�a�n�,� �9� �=� �0� �f�o�r� �n ¬�0� �(�3�,�1�3�)� 

�E�D�,� �s�X�b�a�n�,� �3� �=� �C� �f�o�r� �n ¬�0�o� �(�3�,�1�4�)
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�x� �\� �x� �i�s� �E�l�e�y� �s�*�t�a�n�,� �9�7� �0� �(�3�.�1�5�)� 

�E�(�b� �0� �(�3�,�1�6�)� �t�,�4�°�t�a�n�,� �3�  �� 

�N�o�t�e� �t�h�a�t� �"�a�5�"�.� �t�h�e� �K�r�o�n�e�c�k�e�r� �d�e�l�t�a�,� �i�s� �d�e�f�i�n�e�d� �t�o� �e�q�u�a�l� �1� �i�f� 

�i�=�j�,� �a�n�d� �z�e�r�o� �o�t�h�e�r�w�i�s�e�,� 

�L�e�t� �u�s� �b�e�g�i�n� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �t�h�e� �a�u�t�e�c�o�v�a�r�i�a�n�c�e� �n�a�t�r�i�c�e�s�,� �a�4� 

�f�o�r� �a�n� �A�R�M�A�(�i�,�1�)� �p�r�o�c�e�s�s� �a�s� �i�n� �(�3�.�5�)�.� �T�o� �m�a�k�e� �o�u�r� �c�a�l�e�u�l�a�t�i�o�n�s� 

�m�o�r�e� �e�x�p�l�i�c�i�t�,� �l�e�t� �u�s� �t�r�a�n�s�f�o�r�m� �(�3�.�5�)� �i�n�t�o�:� 

�t�t� �"�D�a�y� �o�t� �7� �D�e�a�s�,� �g�e� �(�2�?�)� 
�v� 

�L�e�t� �u�s� �m�u�l�t�i�p�l�y� �(�3�.�1�7�)� �o�n� �t�h�e� �r�i�g�h�t� �b�y� �a�y� �u�e� �a�n�d� �t�a�k�e� �t�h�e� �e�x�p�e�c�t�a�t�i�o�n� �*� 

�a� 

�e�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �e�q�u�a�t�i�o�n� �o�n� �b�e�t�h� �s�i�d�e�s�;� 

�q�i� �a� �a� �=� �E�(�z�,� �.�a� �-� �6�.� �,�E�(�z� �.� �(�2�4� �a�t�t�a�?� �=� �B�l�e�y� �g�a�y�)� �2� �5� �l�e�e�t� �5�4�,�5�?� 

�P�s�P� �e�t�,� �P�e�e� 
�v� 

�w�h�i�c�h�,� �b�y� �(�3�,�8�)� �a�n�d� �(�3�,�1�1�)�,� �r�e�d�u�c�e�s� �t�o�:� 

�4� �t�i�t�t�,�k�?� �~� �A�t�k� �*� �A�k�g� �(�3�.�1�8�)� �E�(�2� 

�M�u�l�t�i�p�l�y�i�n�g� �(�3�,�1�7�)� �b�y� �a�y�y� �g�e� �a�n�d� �t�a�k�i�n�g� �e�x�p�e�c�t�a�t�i�o�n�s�,� �w�e� �g�e�t�:� 
�9� 

�B�l�a�s� �F�e�t�e�?� �=� �B�Z� �4�4� �i�)� �-� �2�9�,� �a�,� �e�t�y� 

�-� �2� �i�P� �a�t�,� �P�e�t�e �� 
�u� 

�w�h�i�c�h�,� �b�y� �(�3�.�8�)� �a�n�d� �(�3�.�1�8�)�,� �r�e�d�u�c�e�s� �t�o�;� 

�E�e�,� �s�e�t�?� �=� �(�9� �+� �P�)�A� �(�3�,�1�9�)



�y�v�a�g�e� �L�i�i�e�l�e� 

�N�o�w� �l�e�t� �u�s� �m�u�l�t�i�p�l�y� �(�3�,�1�7�)� �o�n� �t�h�e� �r�i�g�h�t� �b�y� �B�s� �n�k�?� �f�o�r� �n� �g�r�e�a�t�e�r� 
�*� �9� 

�t�h�a�n� �o�n�e�:� 

�B�O�s� �s�e�e�n�)� �@� �B�l�e�y� �s�t�e�i�n� �d�O� �2� �9�8�.�1�,� �P�e�n�t�)� 

�J� 

�w�h�i�c�h� �b�y� �(�3�,�8�)�,� �a�n�d� �b�y� �c�h�a�n�g�i�n�g� �t�h�e� �a�r�b�i�t�r�a�r�y� �o�r�i�g�i�n� �o�f� �o�u�r� 

�e�x�p�e�c�t�a�t�i�o�n� �n�o�t�a�t�i�o�n�,� �r�e�d�u�e�e�s� �t�e�:� 

�E�(� �=� �@�E�(�z� �#�4� �t�e�n�,� �«�?� �t�,� �j�r� �t�e�n�t�,� �i�c�)�?� 

�w�h�i�c�h�,� �b�y� �i�n�d�u�c�t�i�o�n� �s�t�a�r�t�i�n�g� �f�r�o�m� �(�3�,�1�9�)�,� �g�i�v�e�s� �u�s�:� 

�n�e�i� 
�B�2�4� �s�t�a�n�k� �=�@�  ��(�6�+� �P�)�A� �n�>�o� �(�3�,�2�0�)� 

�N�o�w� �l�e�t� �u�s� �m�u�l�t�i�p�l�y� �(�3�.�1�7�)� �o�n� �t�h�e� �r�i�g�h�t� �b�y� �2�,�4� �,�o� �f�o�r� �n� �g�r�e�a�t�e�r� 
�L�y� �n�h� 

�t�h�a�n� �o�n�e�;� 

�i� �s�x� �B�Y� �y�e� �>� 

�B�a�y� �s�h�o�n�e�?� �C�2� �s�e�e�n�!� �7� �P�E�C�L� �5�2�h� �n�r�)� 

�-� �P�E�C�s� �4� �j�@�t�e�n�y� �k�e�?� 

�w�h�i�c�h�,� �b�y� �(�3�.�8�)� �a�n�d� �b�y� �c�h�a�n�g�e� �o�f� �o�r�i�g�i�n� �i�n� �e�x�p�e�c�t�a�t�i�o�n�,� �r�e�d�u�c�e�s� �t�o�:� 

�Z� �=� �O�y� �n�>� �i� 

�(�3�,�2�1�)� 
�z� �=� �g�i�t�,� �n�>�1� 

�n� �i� �-� 

�M�u�l�t�i�p�l�y�i�n�g� �(�3�,�1�7�)� �b�y� �2�.�4�.�4�9� �W�e� �g�e�t�:� 
�6� 

 �� �a�=� �B�i�o� �5� �o�m� �{� �\� �B�l�a�s� �M�e�e�t�?� �=� �B�l�e� �s�t�e�a�d�)� �7� �8� �B�l�e�y� �s�t�y� �a�)� 

�7� �i�F� �B�l�a�s� �s�t�a�t



�F�a�g�e� �I�I�I�~�1�3� 

�W�h�i�c�h�,� �b�y� �(�3�.�1�1�)� �a�n�d� �(�3�,�1�8�)�,� �r�e�d�u�c�e�s� �t�o�:� 

�Z�,� �=� �6�2�)� �+� �P�A� �(�3�,�2�2�)� 

�M�u�l�t�i�p�l�y�i�n�g� �(�3�,�1�7�)� �b�y� �Z�s� �3�9� �W�e� �g�e�t�:� 
�5� 

�E�(� �)� �=� �E�(� �9�4�1�7�4�,� �4� �7�4�4�4�7�,� �5�)� �~� �©� �B�l�e�a�,� �5�4�,�3� 

�~�P� �B�l�a�,� �4� �,� �s�t�,� �k�?� �9� 

�w�h�i�c�h�,� �b�y� �(�3�,�1�8�)�,� �(�3�.�1�9�)� �a�n�d� �o�u�r� �d�e�f�i�n�i�t�i�o�n�s�,� �r�e�d�u�c�e�s� �t�o�:� 

�A�=� �Z�)� �-� �@�(�Z�;� �)� �-�P� �(�{�e�+� �P�)�a�) ��,� 

�w�h�i�c�h� �b�y� �s�u�b�s�t�i�t�u�t�i�o�n� �f�r�o�m� �(�3�,�2�2�)� �r�e�d�u�c�e�s� �t�o�:� 

�A�e� �Z�-� �6�2�,�0�7� �-� �g�a�p�!� �~� �p�a�g�!�  �� �p�a�p� �(�3�.�2�3�)� 

�E�q�u�a�t�i�o�n�s� �(�3�,�2�1�)� �a�n�d� �(�3�,�2�2�)� �a�r�e� �c�l�e�a�r�l�y� �e�n�o�u�g�h� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �Z�,� 

�f�o�r� �n� �g�r�e�a�t�e�r� �t�h�a�n� �z�e�r�o�,� �g�i�v�e�n� �A�,� �P�,� �©� �a�n�d� �Z�o�e� 

�F�r�o�m� �t�h�e� �s�t�a�t�i�o�n�a�r�i�t�y� �o�f� �t�h�e� �p�r�o�c�e�s�s� �(�3�,�5�)�,� �w�e� �k�n�o�w� �t�h�a�t� �t�h�e� 

�t�r�u�e� �v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �o�f� �f�e� �d�o�e�s� �e�x�i�s�t�,� �a�n�d� �m�u�s�t� �s�a�t�i�s�f�y� �(�3�,�2�3�)�,� 

�J�u�s�t� �a�s� �i�t� �i�s� �c�o�n�s�i�s�t�e�n�t� �w�i�t�h� �a�l�l� �t�h�e� �e�q�u�a�t�i�o�n�s� �f�r�o�m� �w�h�i�c�h� �(�3�,�2�3�)� 

�h�a�s� �o�r�i�g�i�n�a�l�l�y� �b�e�e�n� �d�e�r�i�v�e�d�,� �F�r�o�m� �t�h�e� �s�t�a�t�i�o�n�a�r�i�t�y� �o�f� �(�3�.�5�)� �a�n�d� 

�(�3�.�7�)�,� �w�e� �m�a�y� �a�l�s�o� �d�e�d�u�c�e� �t�h�a�t� �b�o�t�h� �(� �a�n�d� �©� �h�a�v�e� �t�h�e� �p�r�o�p�e�r�t�y� 

�t�h�a�t� �t�h�e�r�e� �e�x�i�s�t� �n�o� �n�o�n�z�e�r�o� �m�a�t�r�i�c�e�s� �M� �s�u�c�h� �t�h�a�t� �M� �=� �e�v�e�?� �o�r� �M�=� �g�u�e ��,� 

�(�9�)�.� �I�t� �i�s� �w�e�r�t�h� �n�o�t�i�n�g�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �t�h�i�s� �p�r�o�p�e�r�t�y�,� �w�h�i�c�h� �w�e� �w�i�l�l� 

�m�a�k�e� �u�s�e� �o�f� �h�e�r�e�,� �i�n�v�o�l�v�e�s� �a� �m�u�c�h� �w�e�a�k�e�r� �a�s�s�u�m�p�t�i�o�n� �t�h�a�n� �t�h�a�t� �o�f� 

�s�t�a�t�i�o�n�a�r�i�t�y�.�(�1�0�)�,� �A�t� �a�n�y� �r�a�t�e�,� �f�r�o�m� �t�h�i�s� �p�r�o�p�e�r�t�y�,� �w�e� �m�a�y� �d�e�d�u�c�e� 

�t�h�a�t� �t�h�e� �s�o�l�u�t�i�o�n�,� �Z�o�s� �t�o� �(�3�,�2�3�)�,� �i�s� �u�n�i�q�u�e�;� �i�f� �t�h�e�r�e� �h�a�d� �b�e�e�n� �t�w�o



�P�a�g�e� �I�I�I�-�1�4� 

�d�i�s�t�i�n�c�t� �s�o�l�u�t�i�o�n�s�,� �Z�o� �a�n�d� �4�s� 

�m�a�t�r�i�x� �v�i�o�l�a�t�i�n�g� �o�u�r� �a�s�s�u�m�p�t�i�o�n� �f�o�r� �©�,� �A�t� �a�n�y� �r�a�t�e�,� �g�i�v�e�n� �o�u�r� 

�»� �t�h�e�n� �M� �=� �£�9�7�2�4� �w�o�u�l�d� �b�e� �a� �n�o�n�z�e�r�e� 

�r�e�s�t�r�i�c�t�i�o�n� �o�n� �@�,� �e�q�u�a�t�i�o�n�s� �(�3�,�2�1�)�,� �(�3�.�2�2�)� �a�n�d� �(�3�.�2�3�)� �a�r�e� 

�s�u�f�f�i�c�i�e�n�t� �t�o� �d�e�f�i�n�e� �t�h�e� �m�a�t�r�i�c�e�s� �4�,� �a�s� �f�u�n�c�t�i�o�n�s� �o�f� �6�,� �F�P� �a�n�d� �A�,� 

�N�o�w� �l�e�t� �u�s� �c�a�l�c�u�l�a�t�e� �t�h�e� �a�u�t�o�c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�c�e�s� �a�s� �f�u�n�c�t�i�o�n�s� 

�o�f� �B�,� �C� �a�n�d� �J�,� �L�e�t� �u�s� �r�e�w�r�i�t�e� �(�3�,�7�)�:� 

�P�t�y� �*�t�y�a� �7� �2�4�s� �s�t�a�t�,� �5� �(�3�6�2�4�)� 
�a� 

�8� �&� �o�o� �C�e�a �� �F�e�y� �7� �*�e�y�a� �(�3�.�2�5�)� 

�L�e�t� �u�s� �m�u�l�t�i�p�l�y� �(�3�,�2�4�)� �b�y� �b� �a�n�d� �t�a�k�e� �e�x�p�e�c�t�a�t�i�o�n�s�:� 

�B�O�P� �P�e�)� �=� �B�t� �P�e�g�)� �B�B�O� �P�e�s� 

�w�h�i�c�h�,� �b�y� �(�3�.�1�0�)� �a�n�d� �(�3�,�1�5�)�,� �r�e�d�u�c�e�s� �t�o�:� 

�a�  �� �=� �7� �2� �9�6�)� �B�O�X�,� �a�e� �a�d� �B�y� �7� �B�y� �(�3�.�2�6�)� 

�L�e�t� �u�s� �m�u�l�t�i�p�l�y� �(�3�,�2�4�)� �b�y� �O�n� �k�K�?� �f�o�r� �n� �g�r�e�a�t�e�r� �t�h�a�n� �z�e�r�o�:� 
�?� 

�=� �=� �%� �~� �w� �\� 

�B�C�E� �e� �P�e�n�?� �=� �B�O�E� �P�e�n� �a�)� �7� �B�U� �5�°�t�e�n�,� �k�e�? �� 

�w�h�i�c�h�,� �b�y� �(�3�.�9�)�,� �b�y� �c�h�a�n�g�e�s� �o�f� �t�i�m�e� �o�r�i�g�i�n� �a�n�d� �b�y� �i�n�d�u�c�t�i�o�n�,� �r�e�d�u�c�e�s� 

�t�o�r� 

�5� �=� �n�o�g�  ��s�e� �B�(�X�4� �P�e�o�n�,� �K� �g� �B�(�x�,� �a�e� �$�3�,� �(�3�.�2�7�)� 

�w�h�e�r�e� �t�h�e� �l�a�s�t� �s�t�e�p� �c�o�m�e�s� �f�r�o�m� �s�u�b�s�t�i�t�u�t�i�n�g� �(�3�,�2�5�)�,� 

�N�o�w� �l�e�t� �u�s� �m�u�l�t�i�p�l�y� �(�3�,�2�4�)� �b�y� �X�n� �k�k�?� �f�o�r� �n� �g�r�e�a�t�e�r� �t�h�a�n� �s�e�r�o�:� 
�o�t� �g�e� �n� 

�E�C�D� �a�X�e�o�n�y�k�)� �=� �B�O�,� �X�e�n�)� �7� �F�B�O� �S�e�o�n� �e�e



�F�a�g�e� �I�T�I�-�1�5� 

�w�h�i�c�h�,� �b�y� �(�3�,�1�4�)� �a�n�d� �b�y� �i�n�d�u�c�t�i�o�n�,� �r�e�d�u�c�e�s� �t�o�:� 

�E�(�x�,� �.�X� �)� �=� �P�'�R�(�x�,� �.�x�,� �,�)� �=� �o�x� �(�3�,�2�8�)� 
�t�a�i� �t�e�n�,� �K� �.� �t�,�i� �t�,�k� �0� �.� 

�M�u�l�t�i�p�l�y�i�n�g� �(�3�,�2�4�)� �b�y� �x� �2� �W�e� �g�e�t�:� 
�t�y� 

�B�(�D�y� �a�X�e� �i�c�?� �=� �B�O� �M�e�)� �7� �B�O�G� �H�E� �a�e� 

�w�h�i�c�h� �b�y� �(�3�,�2�6�)� �a�n�d� �(�3�,�2�8�)� �r�e�d�u�c�e�s� �t�o�:� 

�;� �T� �T� �5� �X�,� �=� �@� �(�P�X�)� �+� �B�=� �P�X� �M�P� �+�B� �(�3�,�2�9�)� �©� �0� �0� 

�N�o�w� �l�e�t� �u�s� �s�h�i�f�t� �t�o� �c�o�n�s�i�d�e�r�i�n�g� �(�3�,�2�5�)�,� �m�i�l�t�i�p�l�y�i�n�g� �i�t� �b�y� 

�X�o�n�e� �f�o�r� �n� �g�r�e�a�t�e�r� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �z�e�r�o�:� 

�a�t� �=� �W�F� �:� �4� �~�-� �i� �7� �\� 

�B�l�y� �s�e�n�,� �k�?� �B�Z� �X�o�n�e�?� �B�C�X�,� �®�t�e�n�,�k�)�?� 

�w�h�i�c�h�,� �b�y� �(�3�.�1�5�)� �a�n�d� �(�3�,�2�8�)�,� �r�e�d�u�c�e�s� �t�o�:� 

�\� �=� �n� �3�0�°� �B�2�4� �a�*�t�o�n�,�k�)� �~� �%�,� �=� �F�X� �(�3�.�3�0�)� 

�M�u�l�t�i�p�l�y�i�n�g� �(�3�.�2�5�)� �b�y� �C�,� �1�»� �W�e� �g�e�t�s� 
�$� 

�H� �=� �B�z�,� �5�c� �i�)� �7� �B�e�e� �s�e�e� �y�e� 
 �� 

 ��H�t� �t�k�?� 

�w�h�i�c�h�,� �b�y� �(�3�,�1�0�)� �a�n�d� �(�3�,�1�5�)�,� �l�e�a�d�s� �t�o�:� 

�=� �2� �(�3�.�3�1�)� �B�l�e�y� �s�e�a�)� �=� �B�a�g� �*� �B�e�g� 

�M�u�l�t�i�p�l�y�i�n�g� �(�3�.�2�5�)� �b�y� �Z�,� �9� �W�e� �g�e�t�:� �u�g�!� 

�m�y� �=� �r� �Y�o� �A� 
�B�l�e�,� �5�2�4� �4�)� �B�l�a�s� �5�2�4�g�?� �C�e� �C�e�,� 

�w�h�i�c�h� �b�y� �(�3�,�3�1�)� �a�n�d� �(�3�,�3�0�)� �g�i�v�e�s� �u�s�:� 

�2�,� �=� �0� �+�k� �(�3�,�3�2�)� �0� �0
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�M�u�l�t�i�p�l�y�i�n�g� �(�3�.�2�5�)� �b�y� �2� �»� �f�o�r� �n� �g�r�e�a�t�e�r� �t�h�a�n� �z�e�r�o�,� �w�e� �g�e�t�:� 
�t�o�n�,� �k� 

�E�(� �=� �E�(� �)� �~� �z� �C�L� �a�t�t�e�n�,� �k�/� �Z�e� �a�t�e�r�,� �k�?� �7� �B�O� �B�e�n�y�a� 

�w�h�i�c�h� �b�y� �(�3�,�1�3�)� �a�n�d� �(�3�,�3�0�)� �r�e�d�u�c�e�s� �t�o�:� 

�2�,� �=� �P�X�,� �n�'�p�O� �(�3�.�3�3�)� 

�N�o�w�:� �c�u�r� �p�r�o�b�l�e�m� �i�s� �t�o� �f�i�n�d� �@�,� �B� �a�n�d� �C� �g�i�v�e�n� �0�,� �A� �a�n�d� �P�,� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �t�h�e� �Z�,�.� �a�r�e� �n�o�n�s�i�n�g�u�l�a�r�,� �e�q�u�a�t�i�o�n�s� �(�3�,�3�3�)� �a�n�d� �(�3�.�2�1�)� 

�c�l�e�a�r�l�y� �t�e�l�l� �u�s�:� 

�f�=� �(�3�.�3�4�)� 

�T�o� �f�i�n�d�B�,� �l�e�t� �u�s� �b�e�g�i�n� �b�y� �l�e�f�t�-�m�u�l�t�i�p�l�y�i�n�g� �e�q�u�a�t�i�o�n� �(�3�,�2�2�)� 

�v�y� �o�n�g�,� 
�=�i�,� �~�1� 

�8� �4� �Z�o� �+� �@� �P�A�,� 

�F�r�o�m� �(�3�.�3�3�)� �a�n�d� �(�3�.�3�4�)�,� �t�h�i�s� �r�e�d�u�c�e�s� �t�o�:� 

�.� �=�1� 
�K�o� �=� �a� �+� �9� �P�A� 

�L�e�t� �u�s� �l�e�f�t�-�m�u�l�t�i�p�l�y� �t�h�i�s� �b�y� �6�,� �r�i�g�h�t�-�m�l�t�i�p�l�y� �i�t� �b�y� �¢�@�!�,� 

�a�n�d� �s�u�b�t�r�a�c�t� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �e�q�u�a�t�i�o�n�:� 

�x�.� �-� �6� �=�z� �-� �6�2�.�6�!� �+� �o�p�,� �~� �p�a�o� �0� �0� �0� �0� 

�S�u�b�s�t�i�t�u�t�i�n�g� �i�n� �f�r�o�m� �(�3�,�2�3�)� �a�n�d� �(�3�.�2�9�)�,� �w�e� �g�e�t�:� 

�1� �,� �T� �T� �T� �-� �a�t� 
�B�=� �A� �+� �G�A�P �� �+� �P�A�O �� �+� �P�A�P �� �+� �9�  ��P�A� �=� �P�A�G� 

�=� �A� �+� �Q�A�P�)� �+� �P�A�P �� �+� �e�n�t�r�a� �(�3�,�3�5�)� 

�T�o� �f�i�n�d� �C�,� �l�e�t� �u�s� �l�e�f�t�-�m�i�l�t�i�p�l�y� �(�3�,�3�2�)� �b�y� �6�,� �r�i�g�h�t�-�m�u�l�t�i�p�l�y
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�t�h�e� �r�e�s�u�l�t� �b�y� �e�,� �a�n�d� �s�u�b�t�r�a�c�t� �t�h�e� �r�e�s�u�l�t� �f�r�o�m� �(�3�,�3�2�)� �p�r�o�p�e�r�:� 

�r�y� �w�e�r� �e�n�c�.� �e�a�r�c�t� �_� �o�y� �e�l� �Z�p� �=� �O�Z�)�8� �=� �C�=� �E�C�O� �+� �X�o� �~� �C�X�C�,� 

�w�h�i�c�h� �b�y� �(�3�,�2�9�)� �r�e�d�u�c�e�s� �t�e�:� 

�.� �T� �H�o�n�.� �o�r�o�l�k� �Z�y� �7� �8�2�8� �=� �C� �-� �C�e� �+�3�,� 

�w�h�i�c�h� �b�y� �(�3�,�3�5�)� �a�n�d� �(�3�,�2�3�)� �g�i�v�e�s� �u�s�:� 

�A�+� �Q�A�P �� �+� �p�a�g�!� �+� �p�a�p�!� �=� �Z�o� �7� �6�z�,�6�°� 

�T� �r� �=� �0� �-� �e�c�o�!� �+� �(�a� �+� �e�a�p �� �+� �p�a�p�!� �+� �o�7�4�p�a�)�,� 

�w�h�i�c�h� �r�e�d�u�c�e�s� �t�o�:� 

�p�a�g �� �=� �c� �-� �e�c�e�!� �+� �o�t�r�a�,� 

�w�h�i�c�h� �c�a�n� �b�e� �s�e�l�v�e�d� �b�y�:� 

�c�=� �-� �o�t�r�a�,� �(�3�,�3�6�)� 
�A�s� �w�i�t�h� �e�q�u�a�t�i�o�n� �(�3�,�2�3�)�,� �o�u�r� �a�s�s�u�m�p�t�i�o�n�s� �a�b�o�u�t� �9� �l�e�a�d� �t�o� �u�n�i�q�u�e�n�e�s�s� 

�i�n� �t�h�i�s� �s�e�l�u�t�i�o�n�,� �i�n� �t�h�e� �s�a�m�e� �w�a�y�,� 

�I�n� �s�u�m�m�a�r�y�,� �e�q�u�a�t�i�o�n�s� �(�3�.�3�6�)�,� �(�3�.�3�5�)� �a�n�d� �(�3�,�3�4�)� �g�i�v�e� �u�s� �t�h�e� 

�v�a�l�u�e�s� �o�f� �J�,� �5� �a�n�d� �C� �n�e�c�e�s�s�a�r�y� �t�o� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �a� �m�o�d�e�l� �o�f� 

�t�h�e� �f�o�r�m� �(�3�.�7�)�,� �e�q�u�i�v�a�l�e�n�t� �t�o� �a� �p�r�o�c�e�s�s� �k�n�o�w�n� �t�o� �f�i�t� �(�3�,�5�)� �a�n�d� �(�3�,�4�)� 

�f�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �6�,� �P� �a�n�d� �A�,� �T�h�e�s�e� �v�a�l�u�e�s�,� �h�o�w�e�v�e�r�,� 

�m�a�y� �y�e�t� �b�e� �i�n�s�u�f�f�i�c�i�e�n�t�;� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e�r�e� �m�a�y� �b�e� �n�o� �v�a�l�u�e�s� �o�f� �C�,� 

�B� �a�n�d� �§� �a�b�l�e� �t�o� �y�i�e�l�d� �a�n� �e�q�u�i�v�a�l�e�n�c�e�,� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�'� �a�r�g�u�m�e�n�t�,� 

�c�i�t�e�d� �e�a�r�l�i�e�r�,� �s�t�a�t�e�s� �t�h�a�t� �p�r�o�c�e�s�s�e�s� �o�f� �t�h�e� �f�o�r�m� �(�3�,�7�)� �w�i�l�l� �a�l�w�a�y�s� 

�h�a�v�e� �e�q�u�i�v�a�l�e�n�t�s� �o�f� �t�h�e� �f�o�r�m� �(�3�,�5�)�;� �t�h�e�y� �d�i�d� �n�e�t� �s�t�a�t�e� �t�h�e� �c�o�n�v�e�r�s�e�,
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�I�f� �6�,� �P� �a�n�d� �A�,� �i�n� �e�q�u�a�t�i�o�n� �(�3�,�3�6�)�,� �s�h�o�u�l�d� �r�e�q�u�i�r�e� �t�h�a�t� �"�c�"� 

�n�o�t� �b�e� �a� �p�o�s�i�t�i�v�e� �s�y�m�m�e�t�r�i�c� �m�a�t�r�i�x� �~� �w�h�a�t� �a� �v�a�r�i�a�n�c�e� �m�a�t�r�i�x� �i�s� 

�s�u�p�p�o�s�e�d� �t�o� �b�e� �-� �t�h�e�n� �w�e� �m�a�y� �c�o�n�c�l�u�d�e� �t�h�a�t� �o�u�r� �e�s�t�i�m�a�t�e�s� �o�f� 

�6�%�,� �P� �a�n�d� �A� �c�o�n�t�r�a�d�i�c�t� �t�h�e� �h�y�p�o�t�h�e�s�i�s� �t�h�a�t� �t�h�e� �p�r�o�c�e�s�s� �a�t� �h�a�n�d� 

�f�i�t�s� �a� �m�o�d�e�l� �o�f� �t�h�e� �f�o�r�m� �(�3�.�7�)�,� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �a�c�t�u�a�l� 

�s�o�c�i�a�l� �s�c�i�e�n�c�e� �m�o�d�e�l�l�i�n�g�,� �e�q�u�a�t�i�o�n� �(�3�,�3�4�)� �t�e�l�l�s� �u�s� �t�h�a�t� �"�6�"� 

�c�o�m�i�n�g� �o�u�t� �o�f� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n� �c�a�n� �n�o�t� �o�n�l�y� �b�e� �u�s�e�d� �i�n� �f�o�r�e�c�a�s�t�i�n�g�,� 

�b�u�t� �c�a�n� �a�l�s�o� �b�e� �t�r�e�a�t�e�d� �a�s� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �u�n�d�e�r�l�y�i�n�g� �s�e�c�i�a�l� 

�d�y�n�a�m�i�c�s�,� �%�;� �t�h�e�r�e�f�o�r�e�,� �w�e� �h�a�v�e� �d�e�c�i�d�e�d�,� �i�n� �o�u�r� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�g�r�a�m�s�,� 

�t�o� �c�o�n�c�e�n�t�r�a�t�e� �o�n� �t�h�e� �t�a�s�k� �o�f� �e�s�t�i�m�a�t�i�n�g� �t�h�i�s� �©� �m�a�t�r�i�x�,� �a�n�d� �t�h�e� 

�o�t�h�e�r� �A�R�M�A� �c�o�e�f�f�i�c�i�e�n�t�s�,� �r�a�t�h�e�r� �t�h�a�n� �a�d�d�i�n�g� �r�o�u�t�i�n�e�s� �t�o� �o�p�e�r�a�t�i�o�n�a�l�i�z�e� 

�(�3�.�3�5�)� �a�n�d� �(�3�,�3�6�)�,� �T�h�e� �t�e�r�m�s�  ��b�e�t�a� �c�o�e�f�f�i�c�i�e�n�t�"� �a�n�d� �"�b� �c�o�e�f�f�i�c�i�e�n�t�"� 

�a�r�e� �a�l�r�e�a�d�y� �w�i�d�e�l�y� �u�s�e�d�,� �i�n� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �m�a�t�r�i�x� �e�l�e�m�e�n�t�s� �o�f� 

�o�r�d�i�n�a�r�y� �r�e�g�r�e�s�s�i�o�n�;� �t�h�e�r�e�f�o�r�e�,� �c�u�r� �c�o�m�p�u�t�e�r� �r�o�u�t�i�n�e�s� �c�a�l�l� �t�h�e� �8�5� 

�"�t�h�e�t�a� �c�o�e�f�f�i�c�i�e�n�t�s�"�,� �t�o� �e�m�p�h�a�s�i�z�e� �t�h�e� �p�a�r�a�l�l�e�l� �w�i�t�h� �r�e�g�r�e�s�s�i�o�n�,� 

�T�h�e�  ��P�a�s �� �a�r�e� �c�a�l�l�e�d� �"�r�h�o� �c�o�e�f�f�i�c�i�e�n�t�s�, �� �a�n�d� �t�h�e�  ��A�g� �3�"� �a�r�e� �s�i�m�p�l�y� 
�4� 

�C�a�l�l�e�d� �"�e�r�r�o�r� �c�o�v�a�r�i�a�n�c�e�,�"
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�(�4�4�1�)� �T�H�E� �E�S�T�I�M�A�T�I�O�N� �O�F� �M�U�L�T�I�V�A�R�I�A�T�E� 
�A�R�M�A� �P�R�O�C�E�S�S�E�S� 

�N�o�w� �l�e�t� �u�s� �m�o�v�e� �o�n� �t�o� �t�h�e� �c�e�n�t�r�a�l� �q�u�e�s�t�i�o�n� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�s� 

�t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �m�u�l�t�i�v�a�r�i�a�t�e� �A�R�M�A�(�1�,�1�)� �p�r�o�c�e�s�s�e�s�,� �A�s� �w�e� �p�o�i�n�t�e�d� �o�u�t� 

�i�n� �s�e�c�t�i�o�n� �(�i�)�,� �i�t� �s�e�e�m�s� �r�a�t�h�e�r� �c�l�e�a�r� �t�h�a�t� �t�e�c�h�n�i�q�u�e�s� �f�o�r� 

�m�u�l�t�i�v�a�r�i�a�t�e� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n� �h�a�v�e� �n�o�t�,� �i�n� �t�h�e� �p�a�s�t�(�i�1�)�,� �b�e�e�n� 

�r�e�d�u�c�e�d� �t�o� �a� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�s�t� �a�p�p�r�o�a�c�h�i�n�g� �t�h�a�t� �o�f� �c�l�a�s�s�i�c�a�l� 

�r�e�g�r�e�s�s�i�o�n�,� �O�n�e� �m�i�g�h�t� �h�a�v�e� �i�m�a�g�i�n�e�d� �t�h�a�t� �s�o�m�e� �k�i�n�d� �o�f� �s�p�e�c�t�r�a�l� 

�t�e�c�h�n�i�q�u�e�s� �m�i�g�h�t� �e�x�i�s�t� �i�n� �p�a�r�t�s� �o�f� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �w�h�i�c�h� �H�a�n�n�a�n� �a�n�d� 

�B�o�x� �a�n�d� �J�e�n�k�i�n�s� �a�r�e� �u�n�a�w�a�r�e� �o�f�,� �H�o�w�e�v�e�r�,� �J�e�n�k�i�n�s� �i�s� �c�o�-�a�u�t�h�o�r� 

�o�f� �o�n�e� �o�f� �t�h�e� �c�l�a�s�s�i�c� �t�e�x�t�b�o�o�k�s� �o�n� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �s�p�e�c�t�r�a�l� 

�m�e�t�h�o�d�s� �t�o� �s�t�a�t�i�s�t�i�c�s�,� �a�n�d� �h�a�s� �b�e�e�n� �f�u�l�l�y� �a�w�a�r�e� �o�f� �s�u�c�h� �r�e�c�e�n�t� 

�d�e�v�e�l�o�p�m�e�n�t�s� �a�s� �t�h�e� �f�a�s�t� �F�o�u�r�i�e�r� �t�r�a�n�s�f�o�r�m�(�i�2�)�;� �H�a�n�n�a�n�' ��s� �b�o�o�k�(�1�3�)� 

�a�l�s�o� �i�n�d�i�c�a�t�e�s� �a� �f�u�l�l� �a�w�a�r�e�n�e�s�s� �o�f� �t�h�e� �p�o�s�s�i�b�i�l�i�t�i�e�s� �f�o�r� �s�p�e�c�t�r�a�l� 

�a�n�a�l�y�s�i�s�,� 

�B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �i�n� �t�h�e�i�r� �T�i�m�e�-�S�e�r�i�e�s� �A�n�a�l�y�s�i�s�,� �d�o� �p�r�e�s�e�n�t�(�1�4�)� 

�a� �t�e�c�h�n�i�q�u�e� �f�o�r� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �A�R�M�A� �p�r�e�c�e�s�s�e�s�,� �T�h�i�s� �t�e�c�h�n�i�q�u�e�,� 

�w�h�i�l�e� �d�e�s�c�r�i�b�e�d� �i�n� �u�n�i�v�a�r�i�a�t�e� �t�e�r�m�s�,� �i�s� �p�h�r�a�s�e�d� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� 

�i�t� �e�x�t�e�n�d�s� �v�e�r�y� �e�a�s�i�l�y� �t�o� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �c�a�s�e�;� �w�e� �w�i�l�l� �f�i�n�d�,� 

�h�o�w�e�v�e�r�,� �t�h�a�t� �t�h�e� �e�x�t�e�n�s�i�o�n� �I�n�v�o�l�v�e�s� �c�o�s�t�l�y� �c�o�m�p�u�t�a�t�i�o�n�s�,� �T�h�e�y� �b�e�g�i�n� 

�w�i�t�h� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �t�e�c�h�n�i�q�u�e�,� �a�s� �d�e�s�e�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �(�I�I�)�;� 

�i�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e�y� �s�e�t� �t�h�e�m�s�e�l�v�e�s� �t�h�e� �t�a�s�k� �o�f� �m�a�x�i�m�i�z�i�n�g�:� 

�L�=� �l�o�g� �p�(�o�b�s�e�r�v�a�t�i�o�n�s� �|� �m�o�d�e�l�)�,



�P�a�g�e� �I�I�I�-�2�0� 

�T�h�e�y� �n�o�t�e�,� �o�n� �p�.�2�1�0�,� �t�h�a�t� �t�h�e� �"�a�,�"� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�1�)� �c�a�n� �b�e� 

�c�a�l�c�u�l�a�t�e�d� �a�s� �f�u�n�c�t�i�o�n�s� �o�f� �6�,�,� �¢� �a�n�d� �a�y�s� �b�y� �u�s�e� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� 

�i�t�s�e�l�f�,� �a�n�d� �t�h�a�t� �t�h�e� �{�2�.�4� �c�o�n�t�a�i�n� �a�l�l� �t�h�e� �i�n�f�o�r�m�a�t�i�o�n� �w�e� �h�a�v�e� 

�a�v�a�i�l�a�b�l�e� �a�b�o�u�t� �e�t�:� �g�i�v�e�n� �8�h� �g�¢� �a�n�d� �a�y�s� �t�h�u�s� �t�h�e�y� �p�u�t�:� 

�L�=� �l�o�g� �P�l�a�y� �+�-�a�p� �|� �B�s� �a�t�s� �o�)�,� 

�w�h�e�r�e� �"�T�"� �i�s� �t�h�e� �l�a�s�t� �t�i�m�e�-�p�e�r�i�o�d� �f�o�r� �w�h�i�c�h� �d�a�t�a� �a�r�e� �a�v�a�i�l�a�b�l�e�,� 

�G�i�v�e�n� �t�h�a�t� �a�,� �i�s� �a� �n�o�r�m�a�l�l�y� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�,� �t�h�e�y� �g�e�t�:� 
�t� �T� 

�1�o�g� �\�[� �p�l�a�,� �|� �8� �r�a�i� �6�)� 
�t�?�1� 

�u� �L�(�G�,� �»�,�a�t�,�0�%�)� 

�2� 
�a� 

�s�c�e� �T�]� �r�s� �e�x�p�(�-�$� �)� �)� �(�3�,�3�7�)� 
�t�=� �2�m� �a� �6�:� �-� �a�,� 

�q� 

�1� �2� �k�~� �T�l�e�g�@� �-�  ��-�>� �a� 
�a� �2�6�°� �+� 

�a� 

�q� 

�(�k� �i�s� �a� �c�o�n�s�t�a�n�t�)� 

�I�n� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �c�a�s�e�,� �w�e� �n�e�e�d� �o�n�l�y� �u�s�e� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� 

�n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n�,� �(�3�.�6�)�,� �f�o�r� �B�s� �t�o� �g�e�t� �a�n� �e�q�u�i�v�a�l�e�n�t� �e�x�p�r�e�s�s�i�o�n�:� 

�-�_�~� �+� �T�  �� �r�i�s� �L�(�O�,�P�,�A�y�a�t�)� �=�k� �~� �5� �l�o�g� �d�e�t� �a� �-� �a�A�  �� �(�3�,�3�8�)� 

�T�h�e�y� �n�o�t�e�,� �i�n� �(�3�.�3�7�)�,� �t�h�a�t� �t�h�e� �t�e�r�m� �"�F�a�e�"� �i�s� �a� �f�u�n�c�t�i�o�n� �o�n�l�y� �o�f� 

�o�f� �8�,�5� �é� �a�n�d� �a�t�s� �n�o�t� �o�f� �o�O�,� �a�n�d� �t�h�a�t� �w�e� �c�a�n� �g�o� �o�n� �t�o� �m�i�n�i�m�i�z�e� 

�t�h�i�s� �t�e�r�m� �w�i�t�h�o�u�t� �c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �O�o�,� �A�l�s�o�,� �t�h�e�y� �h�a�v�e� �a� �r�a�t�h�e�r� 

�e�l�a�b�o�r�a�t�e� �d�i�s�c�u�s�s�i�o�n�,� �o�n� �p�,�2�1�1� �a�n�d� �5�0�2�,� �a�b�o�u�t� �f�i�n�d�i�n�g� �"�g�o�o�d�"� �v�a�l�u�e�s� 

�f�o�r� �a�t�s� �o�r� �f�o�r� �e�s�t�i�m�a�t�e�s� �o�f� �p�r�i�o�r� �d�a�t�a� �u�s�e�d� �t�o� �p�r�e�d�i�c�t� �a�y�s� �o�u�r� �o�w�n



�P�a�g�e� �I�I�I�=�2�1� 

�i�n�t�e�r�p�r�e�t�a�t�i�o�n� �i�s� �t�h�a�t� �t�h�e� �"�b�e�s�t�"� �e�m�p�i�r�i�c�a�l� �v�a�l�u�e� �f�o�r� �a�y� �i�s� �s�i�m�p�l�y� 

�t�h�e� �v�a�l�u�e� �o�f� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d�(�1�5�)� �f�o�r� �t�h�e� �d�a�t�a� �g�i�v�e�n�,� �a�n�d� �t�h�a�t� 
�t�h�e� �b�e�s�t� �p�r�o�c�e�d�u�r�e� �i�s� �s�i�m�p�l�y� �t�o� �a�p�p�e�n�d� �a�y� �t�o� �t�h�e� �l�i�s�t� �o�f� �p�a�r�a�m�e�t�e�r�s� 
�t�o� �b�e� �e�s�t�i�m�a�t�e�d�,� �I�n� �a�n�y� �C�a�s�e�,� �a�s� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� �p�o�i�n�t� �o�u�t�,� �t�h�e� �c�h�o�i�c�e� 
�o�f� �p�r�o�c�e�d�u�r�e� �h�e�r�e� �s�h�o�u�l�d� �m�a�k�e� �l�i�t�t�l�e� �d�i�f�f�e�r�e�n�c�e�,� �f�o�r� �l�o�n�g� �o�r� �m�o�d�e�r�a�t�e� 
�t�i�m�e�-�s�e�r�i�e�s�,� 

�A�t� �t�h�i�s� �p�o�i�n�t�,� �w�i�t�h� �t�w�o� �p�a�r�a�m�e�t�e�r�s� �t�o� �e�s�t�i�m�a�t�e� �-� �8�,� �a�n�d� �¢� �~� 
�B�o�x� �a�n�d� �J�e�n�k�i�n�s� �s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� �P�a�r�a�m�e�t�e�r�s� �b�e� �l�u�m�p�e�d� �i�n�t�o� �a� 

�c�o�e�f�f�i�c�i�e�n�t� �v�e�c�t�o�r�,� �?� �t�o� �b�e� �a�n�a�l�y�z�e�d� �b�y� �t�h�e� �g�e�n�e�r�a�l� �m�e�t�h�o�d� �o�f� 

�"�n�o�n�l�i�n�e�a�r� �e�s�t�i�m�a�t�i�o�n�"�,� �d�i�s�c�u�s�s�e�d� �v�e�r�b�a�l�l�y� �o�n� �p�,�2�3�1� �a�n�d� �d�e�f�i�n�e�d� 

�s�p�e�c�i�f�i�c�a�l�l�y� �o�n� �p�,� �5�0�+� �a�s� �t�h�e� �M�a�r�q�u�a�r�d�t� �a�l�g�o�r�i�t�h�m�,� �T�h�e� �f�i�r�s�t� �s�t�e�p� 
�o�f� �t�h�i�s� �a�l�g�o�r�i�t�h�m� �i�s� �t�o� �c�o�n�s�t�r�u�c�t� �s�o�m�e� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�,� �B�,�,� �o�f� �t�h�e� 
�c�o�e�f�f�i�c�i�e�n�t� �v�e�c�t�o�r�,� �2�,� �T�h�e� �s�e�c�o�n�d� �s�t�e�p� �i�s� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �a�y� �a�n�d� �L� 
�f�o�r� �t�h�i�s� �v�a�l�u�e�,� �B�y�,� �b�y� �u�s�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�,� �(�3�,�1�)�,� �W�i�t�h� �T� 
�p�e�r�i�o�d�s� �o�f� �t�i�m�e� �t�,� �t�h�i�s� �i�m�p�l�i�e�s� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �T� �c�a�l�c�u�l�a�t�i�o�n�s�;� 
�i�f� �w�e� �u�s�e� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�,� �(�3�.�5�)�,� �W�i�t�h� �n� �v�a�r�i�a�b�l�e�s� 
�a�n�d� �C�n� �t�e�r�m�s� �t�o� �b�e� �c�a�l�e�u�l�a�t�e�d� �a�n�d� �a�d�d�e�d� �p�e�r� �v�a�r�i�a�b�l�e�,� �t�h�i�s� �i�m�p�l�i�e�s� 
�c�n�®� �c�a�l�c�u�l�a�t�i�o�n�s� �p�e�r� �t�i�m�e� �p�e�r�i�o�d�,� �c�n� �c�a�l�c�u�l�a�t�i�o�n�s� �i�n� �a�l�l�,� 

�(�"�C�"� �w�i�l�l� �b�e� �u�s�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� �d�i�s�e�u�s�s�i�o�n� �a�s� �a�n� �a�r�b�i�t�r�a�r�y� 
�p�r�o�p�o�r�t�i�o�n�a�l�i�t�y� �c�o�n�s�t�a�n�t�,�)� �T�h�e� �t�h�i�r�d� �s�t�e�p� �i�s� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� 
�d�e�r�i�v�a�t�i�v�e�s�:� 

�O�o� 
�O�B�,� �»� �f�o�r� �a�l�l� �k� �a�n�d� �t�,� 

�m
�y



�P�a�g�e� �I�I�I�-�2�2� 

�b�y� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �(�3�,�1�)� �t�o� �g�e�t� �a�n� �i�t�e�r�a�t�i�v�e� �e�q�u�a�t�i�o�n�:� 

�a� �e�s� �o� �e�t�e�k� �+� �a� �3�%� �=� �8� �(�3�,�3�9�)� 
�0�5�,� �1� �0�5�,� �t�-�4� �0�°�,� �t�e�l� �3�2�,� �w�w

� 

�(�f�r�o�m� �a� �f�o�r�m�a�l� �p�o�i�n�t� �o�f� �v�i�e�w�,� �t�h�e�i�r� �c�i�f�f�e�r�e�n�t�i�a�t�i�o�n� �i�s� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�,� 

�b�e�c�a�u�s�e� �t�h�e� �o�e�  �� �"�B�4�4� �9� �8�;� �a�n�d� �g� �a�r�e� �a�l�l� �c�o�n�s�i�d�e�r�e�d� �h�e�r�e� �t�e� �b�e� 

�f�u�n�c�t�i�o�n�s� �o�f� �2�,� �a�l�l� �t�h�e� �d�i�f�f�e�r�e�n�t�i�a�t�i�o�n�s� �a�r�e� �c�a�r�r�i�e�d� �o�u�t� �w�i�t�h� �r�e�s�p�e�c�t� 

�t�o� �t�h�i�s� �v�e�c�t�o�r�,� �B�,� �T�h�e� �s�e�t� �o�f� �o�b�s�e�r�v�e�d� �d�a�t�a�,� �{�z�4�:� �i�s� �a� �c�o�n�s�t�a�n�t� 

�p�a�r�a�m�e�t�e�r� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� �e�n�t�i�r�e� �a�n�a�l�y�s�i�s�,� �}� 

�I�n� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �c�a�s�e�,� �w�e� �m�u�s�t� �r�e�c�a�l�l� �t�h�a�t� �a�n�y� �c�o�e�f�f�i�c�i�e�n�t� �B�e� 

�m�a�y� �a�f�f�e�c�t� �a�n�y� �c�o�m�p�o�n�e�n�t�,� �B�e�?� �o�f� �t�h�e� �e�r�r�o�r� �v�e�c�t�o�r�,� �i�n�d�i�r�e�c�t�l�y�,� 

�a�n�d� �w�e� �w�i�l�l� �s�e�e� �t�h�a�t� �t�h�e� �i�t�e�r�a�t�i�v�e� �e�q�u�a�t�i�o�n� �b�e�l�o�w� �f�o�r� �c�a�l�c�u�l�a�t�i�n�g� 

�t�h�e�s�e� �d�e�r�i�v�a�t�i�v�e�s� �d�o�e�s� �n�o�t� �a�l�l�o�w� �u�s� �t�o� �l�i�m�i�t� �o�u�r� �a�t�t�e�n�t�i�o�n� �t�o�,� �s�a�y�,� 

�2�-�(�a�t�A� �e� �a�y�  ��i�9� �4�3� �t�h�u�s� �t�h�e� �g�e�n�e�r�a�l�i�z�a�t�i�o�n� �o�f� �B�o�x� �a�n�d� �J�e�n�k�i�n�s �� �m�e�t�h�o�d� 
�k� 

�r�e�q�u�i�r�e�s� �u�s� �t�o� �c�o�m�p�u�t�e�:� 

�0�4�,�4� �>�,� �»� �f�o�r� �a�l�l� �k�,� �i� �a�n�d� �t�,� 
�k� 

�b�y� �u�s�i�n�g� �t�h�e� �i�t�e�r�a�t�i�v�e� �r�u�l�e� �w�h�i�c�h� �c�o�m�e�s� �f�r�o�n� �d�i�f�f�e�r�e�n�t�i�a�t�i�n�g� �(�3�,�5�)� 

�i�n� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �w�e� �d�i�f�f�e�r�e�n�t�i�a�t�e�d� �(�3�,�1�)� �a�b�o�v�e�:� 

�0�%� �:� �O�f�:� �:� �0�2� �~�1� 

�m�e� �e�s� �O�e� 
�J� �3� 

�O�o�i� �a� 
�t�e�,� �3� �(�3�.�4�0�)
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�F�o�r� �e�a�c�h� �a�c�t�u�a�l� �B�y� �i�n� �©� �o�r� �F� �o�r� �e�l�s�e�w�h�e�r�e�,� �t�h�i�s� �e�q�u�a�t�i�o�n� �w�i�l�l� �s�t�i�l�l� 

�r�e�q�u�i�r�e� �c�n �� �c�a�l�c�u�l�a�t�i�o�n�s� �f�o�r� �a�n�y� �p�e�r�i�o�d� �o�f� �t�i�m�e� �t�,� �t�o� �h�a�n�d�l�e� �a�l�l� �t�h�e� 

�p�o�s�s�i�b�l�e� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �i� �a�n�d� �j�,� �T�h�u�s� �w�i�t�h� �c�n�®� �c�o�e�f�f�i�c�i�e�n�t�s� �B�L�,� �a�n�d� �k�?� 

�c�n�®� �c�a�l�c�u�l�a�t�i�o�n�s� �p�e�r� �t�i�m�e� �p�e�r�i�e�d� �p�e�r� �c�o�e�f�f�i�c�i�e�n�t�,� �a�n�d� �T� �t�i�m�e� �p�e�r�i�o�d�s�,� 

�t�h�i�s� �l�e�a�d�s� �t�o� �a� �p�r�a�n�d� �t�o�t�a�l� �o�f� �o�n�y� �c�a�l�c�u�l�a�t�i�o�n�s�,� �A�n�d� �t�h�i�s� �i�s� �o�n�l�y� 

�t�h�e� �b�e�g�i�n�n�i�n�g�,� 

�T�h�e� �n�e�x�t� �s�t�e�p�,� �i�n� �t�h�e� �g�e�n�e�r�a�l� �n�o�n�l�i�n�e�a�r� �e�s�t�i�m�a�t�i�o�n� �r�o�u�t�i�n�e�,� 

�a�s� �d�i�s�c�u�s�s�e�d� �b�y� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� �o�n� �p�.�,�2�3�2�,� �i�s� �t�o� �g�o� �b�a�c�k� �t�o� �o�u�r� 

�l�i�k�e�l�i�h�o�o�d� �f�u�n�c�t�i�o�n�,� �(�3�,�3�7�)� �o�r� �(�3�.�3�8�)�,� �a�n�d� �s�u�b�s�t�i�t�u�t�e� �i�n� �a� �f�i�r�s�t�-�o�r�d�e�r� 
�=�>� �,� �:� �T�a�y�l�o�r� �s�e�r�i�e�s� �f�o�r� �a�,� �o�r� �@�,� �i�n� �t�e�r�m�s� �o�f� �B�,� �I�n� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �C�a�s�e�,� �y� �t� �t� 

�t�h�i�s� �g�i�v�e�s� �u�s� �t�h�e� �m�a�j�o�r� �t�e�r�m�:� 

�>�.� �2�6�%� �i �� �(�3�9�°� �a�y� �1�G�.�,�;� 
�o�j� 

�O�a�,� �+�.� �(�0�)� 

 �� �9� �(�B� �=� �)� �%� 
�2� �B�a� �m�m� �)� 

�l�e�a�d�i�n�g� �t�o� �a� �g�e�n�e�r�a�l�i�z�e�d� �f�o�r�m� �o�f� �t�h�e� �m�a�t�r�i�x� �w�h�i�c�h� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� 

�u�n�f�o�r�t�u�n�a�t�e�l�y� �c�a�l�l� �"�A�"�;� 

�a�,� �O�2�4� �4� �g�t� �S�e� �i� 
�V�o�y� �O�y�,� �1�5� �B�E� 
�t�4�,�%� 

�F�o�r� �t�h�e� �c�n�!� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �k� �a�n�d� �m�,� �t�h�e� �c�a�l�e�u�l�a�t�i�o�n� �o�f� �t�h�i�s� �m�a�t�r�i�x� 

�r�e�q�u�i�r�e�s� �t�h�e� �s�u�m�m�a�t�i�o�n� �o�f� �n�T� �t�e�r�m�s� �p�e�r� �c�o�m�b�i�n�a�t�i�o�n�,� �a�n�d� �c�n�r� 

�c�a�l�c�u�l�a�t�i�o�n�s� �i�n� �a�l�l�,� �B�y� �s�u�m�m�i�n�g� �t�h�e� �p�r�o�d�u�c�t�s� �o�f� �t�h�e� �t�w�o� �t�e�r�m�s� �o�n� �t�h�e
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�r�i�g�h�t�,� �o�v�e�r� �j�,� �f�o�r� �a�l�l� �i�,� �t� �a�n�d� �m�,� �w�e� �m�a�y� �r�e�d�u�c�e� �t�h�e� �c�o�s�t� �d�o�w�n� �t�o� 

�C�n�,� �B�u�t� �a�t� �t�h�i�s� �p�o�i�n�t�,� �t�h�e� �s�i�m�p�l�i�f�i�c�a�t�i�o�n�s� �s�t�o�p�;� �a�n� �"�M�"� �o�f� �t�h�e�s�e� 

�d�i�m�e�n�s�i�o�n�s�,� �w�i�t�h� �t�h�e�s�e� �p�r�o�p�e�r�t�i�e�s�,� �i�s� �c�l�e�a�r�l�y� �c�e�n�t�r�a�l� �t�o� �t�h�e� 

�a�l�g�o�r�i�t�h�m� �p�r�e�s�e�n�t�e�d� �i�n� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �W�e� �c�o�u�l�d� �g�o� �o�n� �t�o� �d�i�s�c�u�s�s� 

�f�u�r�t�h�e�r� �d�e�t�a�i�l�s� �o�f� �t�h�e� �M�a�r�q�u�a�r�d�t� �a�l�g�o�r�i�t�h�m� �i�n� �t�h�e� �m�u�l�t�i�v�a�r�i�a�t�e� �c�a�s�e�,� 

�b�u�t� �t�h�e� �n�u�m�b�e�r� �o�f� �c�a�l�c�u�l�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �~� �C�n�t� �~� �l�s� �a�l�r�e�a�d�y� �l�a�r�g�e� 

�e�n�o�u�g�h� �t�o� �c�o�n�t�r�a�s�t� �s�t�r�o�n�g�l�y� �w�i�t�h� �t�h�e� �n�e�w� �a�l�g�o�r�i�t�h�m� �w�e� �w�i�l�l� �p�r�e�s�e�n�t� 

�b�e�l�o�w�,� 

�N�o�w�:� �h�o�w� �d�o� �w�e� �a�r�r�i�v�e� �a�t� �a� �l�e�s�s� �e�x�p�e�n�s�i�v�e� �a�l�g�o�r�i�t�h�m� �t�o� 

�a�c�c�o�m�p�l�i�s�h� �t�h�e� �s�a�m�e� �o�b�j�e�c�t�i�v�e�s�?� 

�T�o� �b�e�g�i�n� �w�i�t�h�,� �w�e� �w�i�l�l� �b�u�i�l�d� �o�u�r� �n�e�w� �a�l�g�o�r�i�t�h�m� �o�n� �a� �w�e�l�l� 

�e�s�t�a�b�l�i�s�h�e�d� �f�o�u�n�d�a�t�i�o�n�,� �t�h�e� �c�l�a�s�s�i�c� �m�e�t�h�o�d� �o�f� �s�t�e�e�p�e�s�t� �a�s�c�e�n�t�;� 

�w�e� �w�i�l�l� �m�a�x�i�m�i�z�e� �L�(� �@�,� �P�y�,� �y�A�)� �b�y� �w�r�i�t�i�n�g�:� 

�1� �n� �L� �p�i�n� �)� �.� �3�h� �d�a�w� �6�,� �S�e� �,� �(�3�,�4�1�)� 

�w�h�e�r�e� �w� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �s�e�a�l�e� �f�a�c�t�o�r� �t�o� �b�e� �a�d�j�u�s�t�e�d� �d�u�r�i�n�g� 

�m�a�x�i�m�i�z�a�t�i�o�n�,� �a�n�d� �w�h�e�r�e� �B�k� �i�s� �a�n� �a�r�b�i�t�r�a�r�y� �p�o�s�i�t�i�v�e� �"�m�e�t�r�i�c� �f�a�c�t�o�r�"� 

�t�o� �b�e� �a�p�p�l�i�e�d� �t�o� �B�i�e� �W�e� �w�i�l�l� �i�n�c�l�u�d�e� �6�,� �P� �a�n�d� �a�s� �c�o�m�p�o�n�e�n�t�s� �o�f� 

�h�o�w�e�v�e�r�,� �w�e� �w�i�l�l� �n�o�t� �i�n�c�l�u�d�e� �A�,� �S�t�a�r�t�i�n�g� �f�r�o�m� �a� �g�i�v�e�n� �K�O�)� �4�6�9�)� �a�n�d� �O�T� �T�T�T� �S�M�:� �L�N�T�  ��S�t�e� 

�=�p� �W�w�,� �W�e� �w�i�l�l� �f�i�r�s�t� �c�o�m�p�u�t�e� �g�e�.� �T�h�e�n� �w�e� �w�i�l�l� �c�o�m�p�u�t�e� �B�Y�,� �F�r�o�m�  ��B�e�B�"� 
�k�K� 

�a�l�o�n�e�,� �e�q�u�a�t�i�o�n� �(�3�.�5�)� �a�l�l�o�w�s� �u�s� �t�o� �c�o�m�p�u�t�e� �a�l�l� �t�h�e� �(�e�h�.� �f�r�o�m� �t�i�m�e�s� 

�t�=�1� �t�o� �t�=�T�,� �I�t� �i�s� �a� �w�e�l�l�-�k�n�o�w�n� �f�a�c�t�,� �f�o�r� �a� �g�i�v�e�n� �s�e�t� �o�f� �d�a�t�a�,� �=�.� 

�t�h�a�t� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�e� �"�A�"� �o�f� �t�h�e� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�x� 

�g�e�n�e�r�a�t�i�n�g� �t�h�i�s� �d�a�t�a� �a�s� �a� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �o�f� �z�e�r�o� �m�e�a�n�,� �w�i�l�l� �s�i�m�p�l�y� �b�e
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�t�h�e� �o�b�s�e�r�v�e�d� �c�o�v�a�r�i�a�n�c�e� �o�f� �t�h�e� �(�r�t�.� 

�a�t�s� �t� �Q�h� �a�e�t�5� 
�t� 

�T�h�u�s� �f�o�r� �a� �g�i�v�e�n� �B�'�,� �w�e� �c�a�n� �m�a�x�i�m�i�z�e� �t�h�e� �l�i�k�e�l�i�h�o�o�d� �f�u�n�c�t�i�o�n� �(�3�,�3�8�)� 

�b�y� �f�i�n�d�i�n�g� �t�h�e� �(�2�:�3�,� �a�n�d� �p�i�c�k�i�n�g� �A �� �a�c�c�o�r�d�i�n�g�l�y�,� �F�o�r� �t�h�i�s� �c�o�m�b�i�n�a�t�i�o�n�,� 

�w�e� �w�i�l�l� �i�m�m�e�d�i�a�t�e�l�y� �b�e� �a�b�l�e� �t�o� �e�s�t�i�m�a�t�e� �L�(�A�'�,�3�"�)�,� �b�y� �e�q�u�a�t�i�o�n� �(�3�,�3�8�)�.� 

�I�f� �L�(�A�'�,�B�'�)� �i�s� �l�e�s�s� �t�h�a�n� �L�(�A�6�)� �C�O�)� �w�e� �m�a�y� �r�e�d�u�c�e� �w� �i�n� �h�a�l�f� �a�n�d� 

�t�r�y� �a�g�a�i�n�,� �E�v�e�n�t�u�a�l�l�y�,� �f�o�r� �w� �s�m�a�l�l� �e�n�o�u�g�h�,� �w�e� �m�a�y� �b�e� �s�u�r�e� �t�h�a�t� 

�L�a�t�,� �B�t�)� �P�L�(�a�?�)�,� �5�)� �>�a�(�a�l�2�)� �B�O�)� �a�e� �S�E� �(�4�6�0�)� �$�(�0�)�)� �#� �0�,� 
�b�y� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �d�e�r�i�v�a�t�i�v�e�,� �W�e� �n�a�y� �t�h�e�n� �s�e�t� �B�e� �t�o� �b�e� �t�h�e� �n�e�w� 

�B�O�)� �a�n�d� �A�t� �t�o� �b�e� �t�h�e� �n�e�w� �4�6�)�,� �A�S� �a� �p�r�a�c�t�i�c�a�l� �m�a�t�t�e�r�,� �i�f� 

�L�(�A ��,� �3�B� �y�>�>�x�(�a�l�O�)� �R�)�)�,� �w�e� �m�a�y� �i�n�c�r�e�a�s�e� �t�h�e� �v�a�l�u�e� �o�f� �w�,� �t�o� �s�p�e�e�d� 

�c�o�n�v�e�r�g�e�n�c�e�,� �A�l�s�o�,� �w�h�i�l�e� �i�t� �w�o�u�l�d� �c�o�m�p�l�i�c�a�t�e� �t�h�e� �l�o�g�i�e� �a�b�o�v�e� �t�o� 

�c�h�a�n�g�e� �E�y� �w�h�i�l�e� �c�h�a�n�g�i�n�g� �w�,� �i�t� �w�o�u�l�d� �n�o�t� �h�u�r�t� �t�o� �c�h�o�o�s�e� �a� �n�e�w� �v�a�l�u�e� 

�B�y� �w�h�i�l�e� �e�s�t�i�m�a�t�i�n�g� �a�e� 

�A�t� �a�n�y� �r�a�t�e�,� �t�h�i�s� �p�r�o�c�e�d�u�r�e� �c�l�e�a�r�l�y� �a�l�l�o�w�s� �a� �s�t�e�a�d�y� �i�m�p�r�o�v�e�m�e�n�t� 

�i�n� �o�u�r� �c�h�o�i�c�e� �o�f� �A� �a�n�d� �F�,� �u�p� �u�n�t�i�l� �a� �l�o�c�a�l� �m�a�x�i�m�i�m� �i�s� �a�t�t�a�i�n�e�d� �-� 

�i�,�e�,� �u�n�t�i�l� �=� �®� �0�,� �T�h�e� �s�t�e�e�p�e�s�t� �a�s�c�e�n�t� �m�e�t�h�o�d�,� �l�i�k�e� �o�t�h�e�r� �v�a�r�i�a�t�i�o�n�a�l� 

�a�l�g�o�r�i�t�h�m�s�,� �i�n�c�l�u�d�i�n�g� �t�h�e� �M�a�r�q�u�a�r�d�t� �a�l�g�o�r�i�t�h�m�,� �d�o�e�s� �n�o�t� �h�a�v�e� �t�h�e� 

�c�a�p�a�c�i�t�y� �t�o� �i�n�s�u�r�e� �t�h�a�t� �l�o�c�a�l� �m�a�x�i�m�a� �a�r�e� �a�l�s�o� �g�l�o�b�a�l� �m�a�x�i�m�a�,� 

�I�n� �p�r�i�n�c�i�p�l�e�,� �t�h�i�s� �m�e�a�n�s� �t�h�a�t� �s�u�p�p�l�e�m�e�n�t�a�r�y� �r�o�u�t�i�n�e�s� �o�f� �v�a�r�y�i�n�g� 

�c�o�m�p�l�e�x�i�t�y� �m�a�y� �b�e� �a�d�d�e�d� �t�o� �t�h�e� �b�a�s�i�c� �a�l�g�o�r�i�t�h�m�,� �I�n� �p�r�a�c�t�i�c�e�,� �w�e� �w�i�l�l� 

�f�o�l�l�o�w� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� �b�y� �p�l�a�c�i�n�g� �e�m�p�h�a�s�i�s� �o�n� �r�e�a�s�o�n�a�b�l�e� �i�n�i�t�i�a�l� 

�e�s�t�i�m�a�t�e�s� �o�f� �B�h�s� �w�e� �w�i�l�l� �d�i�s�c�u�s�s� �t�h�i�s�,� �a�n�d� �t�h�e� �p�r�a�c�t�i�c�a�l� �p�r�o�b�l�e�m
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�o�f� �s�p�e�e�d�i�n�g� �u�p� �c�o�n�v�e�r�g�e�n�c�e�,� �i�n� �s�e�c�t�i�o�n� �(�i�v�)�,� 
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�>� �D�5� �=� �a�e�m�e�c�r�c�m�e�r�m�d�e�e�r�e�  ��t�e�r�t�e�t�,�s� �~� �&� �9�6�  ��m�i�!� 
�t�t�h�+�i� �¢� �~� 

�p�r�o�v�i�n�g� �(�3�,�4�9�)�,� �a�s� �r�e�q�u�i�r�e�d� �i�n� �i�n�d�u�c�t�i�o�n�,� �f�o�r� �t�h�e� �c�a�s�e� �m�;� 

�w�i�t�h� �t�h�e� �i�n�d�u�c�t�i�o�n� �c�o�m�p�l�e�t�e�,� �(�3�,�4�9�)� �i�s� �p�r�o�v�e�n�,� �a�n�d� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� 

�(�3�.�4�8�)� �f�o�l�l�o�w�s� �i�m�m�e�d�i�a�t�e�l�y�,� 

�I�n� �a� �s�i�m�i�l�a�r� �w�a�y�,� �w�e� �c�l�a�i�m� �t�h�a�t�:� 

�F�D� �e�e� �(�3�,�5�0�)� 
�t�*�2� 

�t�h�e� �p�r�o�o�f� �o�f� �t�h�i�s� �c�l�a�i�m� �i�s� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �a�s� �t�h�a�t� �o�f� �(�3�.�4�8�)�,� �a�b�o�v�e�,� 

�i�f� �w�e� �r�e�p�l�a�c�e� �a�l�l� �i�n�s�t�a�n�c�e�s� �o�f� �"�C�s� �b�y� �"�F�r�e�?� �o�f� �"�2�"� �b�y� �"�a�"�,� �a�n�d� �o�f� 

�r�e�f�e�r�e�n�c�e�s� �t�o� �(�3�,�4�4�)� �b�y� �r�e�f�e�r�e�n�c�e�s� �t�o� �(�3�,�4�5�)�,� 

�O�u�r� �f�i�n�a�l� �c�l�a�i�m� �i�s� �t�h�a�t�:� 

�O�L� 
�c�n� �0�0�9�2�)
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�T�h�i�s� �c�o�m�e�s� �o�u�t� �a�s� �a� �s�p�e�c�i�a�l� �c�a�s�e� �o�f�:� 

�=� 
�m�a�T� �~�l�e� 

�o�a� �:� �(�-� �i�e� �a�.�)� �=� �x� �Y� �g�a�t�e� �a�y� �3� 
�a� �t�t�m� 

�a�.� 
�+�  �� �C�o�a�n� 

 �� �m�i� �Q�a�  �� 
�i�,�x� �t� �9� 

�f�o�r� �m�=�l�,� �T�h�i�s� �f�o�l�l�o�w�s� �f�r�o�m� �i�n�d�u�c�t�i�o�n�,� �t�o�o�,� �b�y� �t�h�e� �e�x�a�c�t� �s�a�m�e� �p�r�o�o�f� 

� � 

�u�s�e�d� �f�o�r� �(�3�,�4�9�)�,� �b�u�t� �w�i�t�h� �"�B�a�s�.� �r�e�p�l�a�c�e�s� �b�y� �"�a�q� �r�?� �w�i�t�h� �r�e�f�e�r�e�n�c�e�s� 
�+�9� 

�t�e� �(�3�,�4�4�)� �r�e�p�l�a�c�e�d� �b�y� �r�e�f�e�r�e�n�c�e�s� �t�o� �(�3�,�4�6�)�,� �a�n�d� �w�i�t�h� �r�e�f�e�r�e�n�c�e�s� �t�o� 

�v�e� �o�f� 
�Z�e� �a�4� �r�e�p�l�a�c�e�d� �b�y� �z�e�r�o�e�s�,�,�,�.� �1�,�@�,� �W�i�t�h� �t�h�e�s�e� �t�e�r�m�s� �l�e�f�t� �o�u�t�,� 

�I�n� �s�h�o�r�t�,� �e�q�u�a�t�i�o�n�s� �(�3�.�4�9�)�,� �(�3�,�5�0�)� �a�n�d� �(�3�,�5�1�)� �w�i�l�l� �g�i�v�e� �u�s� 

�a�l�l� �t�h�e� �d�e�r�i�v�a�t�i�v�e�s� �w�e� �n�e�e�d�,� �t�o� �o�p�e�r�a�t�i�o�n�a�l�i�z�e� �(�3�,�4�1�)�,� �o�n�c�e� �w�e� �h�a�v�e� 

�c�o�m�p�u�t�e�d� �t�h�e�  ��w�,� �,�"� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�4�7�)�,� �E�q�u�a�t�i�o�n�s� �(�3�,�4�9�)�,� �(�3�.�5�0�)� �a�n�d� �b�s� �i� 

�(�3�,�4�7�)� �e�a�c�h� �r�e�q�u�i�r�e� �u�s� �t�o� �c�a�r�r�y� �o�u�t� �c�n�®� �c�o�m�p�u�t�a�t�i�o�n�s�,� �f�o�r� �e�v�e�r�y� 

�p�e�r�i�o�d� �o�f� �t�i�m�e� �t�,� �a�n�d� �(�3�,�5�1�)� �r�e�q�u�i�r�e�s� �u�s� �t�e� �c�a�r�r�y� �o�u�t� �f�e�w�e�r�,� 

�T�h�u�s� �t�h�e� �t�o�t�a�l� �n�u�m�b�e�r� �o�f� �c�o�m�p�u�t�a�t�i�o�n�s� �r�e�q�u�i�r�e�d�,� �t�o� �g�e�t� �a�l�l� �o�f� �t�h�e� 

�d�e�r�i�v�a�t�i�v�e�s�,� �i�s� �o�n�t� �p�e�r� �i�t�e�r�a�t�i�o�n�,� �T�h�i�s� �i�s� �s�u�b�s�t�a�n�t�i�a�l�l�y� �l�e�s�s� �t�h�a�n� 

�t�h�e� �o�n� �p�e�r� �i�t�e�r�a�t�i�o�n� �o�f� �t�h�e� �B�o�x� �a�n�d� �J�e�n�k�i�n�s� �m�e�t�h�o�d�;� �f�o�r� �a�n� �"�n�"� 

�(�n�u�m�b�e�r� �o�f� �v�a�r�i�a�b�l�e�s�)� �o�f� �a�b�o�u�t� �t�e�n�,� �i�t� �i�m�p�l�i�e�s� �a� �t�h�o�u�s�a�n�d�~�f�o�l�d� 

�r�e�d�u�c�t�i�o�n� �o�f� �c�o�s�t�,� �A�l�s�c�,� �w�e� �m�a�y� �r�e�c�a�l�l� �t�h�a�t� �i�t� �r�e�q�u�i�r�e�s� �c�n�t� 

�i�t�e�r�a�t�i�o�n�s� �e�v�e�n� �t�o� �s�e�l�v�e� �f�o�r� �t�h�e� �B�i�,� �g�i�v�e�n� �{�z�t�,� �4�6�0�)� �a�n�a� �2�0�°�)�,� 

�t�n�u�s� �t�h�e� �c�o�s�t� �o�f� �o�u�r� �m�e�t�h�o�d� �h�e�r�e� �i�s� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� 

�2� �m�i�n�i�m�u�m�,� �E�v�e�n� �c�l�a�s�s�i�c�a�l� �r�e�g�r�e�s�s�i�o�n� �c�o�s�t�s� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �(�n�T� 

�o�p�e�r�a�t�i�o�n�s� �p�e�r� �a�n�a�l�y�s�i�s�(�1�6�)�;� �t�h�u�s� �t�h�e� �t�e�c�h�n�i�q�u�e� �a�b�o�v�e� �b�r�i�n�g�s
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�A�R�M�A�(�1�,�1�)� �a�n�a�l�y�s�i�s� �d�o�w�n� �i�n�t�o� �t�h�e� �r�a�n�g�e� �o�f� �c�o�s�t�s� �a�c�c�e�p�t�a�b�l�e� �t�o� �t�h�e�s�e� 

�w�h�o� �n�o�w� �c�a�n� �a�f�f�o�r�d� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n�,� 

�(�i�v�)� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �C�O�M�P�U�T�E�R� �R�O�U�T�I�N�E� 

�T�O� �E�S�T�I�M�A�T�E� �A�R�M�A� �P�R�O�C�E�S�S�E�S� 

�O�u�r� �p�r�i�m�a�r�y� �g�o�a�l�,� �i�n� �a�p�p�l�y�i�n�g� �t�h�e� �d�y�n�a�m�i�c� �f�e�e�d�b�a�c�k� �m�e�t�h�o�d� 

�t�o� �t�h�e� �p�r�o�b�l�e�m� �o�f� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�,� �w�a�s� �t�o� �c�o�n�s�t�r�u�c�t� �a�n� �o�p�e�r�a�t�i�n�g� 

�c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �f�o�r� �u�s�e� �w�i�t�h� �s�o�c�i�a�l� �s�e�i�e�n�c�e� �d�a�t�a�,� �T�h�i�s� �p�r�o�g�r�a�m� �w�a�s� 

�w�r�i�t�t�e�n� �a�s� �a� �n�e�w� �c�o�m�m�a�n�d�,� �"�A�R�M�A�"�,� �i�n� �t�h�e� �"�T�S�P�"� �(�T�i�m�e�-�S�e�r�i�e�s� �P�r�o�c�e�s�s�o�r�)� 

�p�a�c�k�a�g�e� �f�o�r� �e�c�o�n�o�m�i�s�t�s�,� �w�h�i�c�h� �i�n� �t�u�r�n� �i�s� �a� �m�a�j�o�r� �s�u�b�s�y�s�t�e�m� �o�f� �t�h�e� 

�M�I�T� �C�a�m�b�r�i�d�g�e� �P�r�o�j�e�c�t� �C�o�n�s�i�s�t�e�n�t� �S�y�s�t�e�m� �f�o�r� �s�o�c�i�a�l� �s�c�i�e�n�t�i�s�t�s�;� 

�t�h�r�o�u�g�h� �T�S�P�,� �t�h�e� �p�r�o�g�r�a�m� �h�a�s� �b�e�e�n� �a�v�a�i�l�a�b�l�e� �f�o�r� �s�e�v�e�r�a�l� �m�o�n�t�h�s� 

�t�o� �a�n�y�o�n�e� �w�i�t�h� �a�c�c�e�s�s� �t�o� �t�h�e� �M�I�T� �M�u�l�t�i�e�s� �m�a�c�h�i�n�e� �(�t�i�l�t� �b�y� �H�o�n�e�y�w�e�l�l�)�,� 

�w�h�i�c�h�,� �a�s� �p�a�r�t� �o�f� �t�h�e� �A�R�P�A� �c�o�m�p�u�t�e�r� �n�e�t�w�o�r�k�,� �c�a�n� �b�e� �u�s�e�d� �d�i�r�e�c�t�l�y� 

�f�r�o�m� �a�l�l� �t�y�p�e�s� �o�f� �c�o�m�p�u�t�e�r� �c�o�n�s�o�l�e�s� �i�n� �a� �v�a�r�i�e�t�y� �o�f� �c�i�t�i�e�s� �f�r�o�n� 

�H�o�n�o�l�u�l�u�,� �t�o� �W�a�s�h�i�n�g�t�o�n� �D�.�C�,�,� �t�e� �L�o�n�d�o�n�,� �E�n�g�l�a�n�d�,� �D�o�n�a�l�d� �S�y�l�v�a�n�,� 

�w�o�r�k�i�n�g� �w�i�t�h� �F�r�o�f�,� �B�o�b�r�o�w� �a�t� �t�h�e� �U�n�i�v�e�r�s�i�t�y� �o�f� �M�i�n�n�e�s�o�t�a�,� �h�a�s� �m�a�d�e� 

�e�x�t�e�n�s�i�v�e� �u�s�e� �o�f� �t�h�i�s� �r�o�u�t�i�n�e� �t�o� �e�v�a�l�u�a�t�e� �t�h�e� �i�m�p�a�c�t� �o�f� �A�m�e�r�i�c�a�n� �a�i�d� 

�p�r�o�g�r�a�m�s� �o�v�e�r�s�e�a�s�,� �T�h�e� �u�s�a�g�e� �o�f� �t�h�i�s� �p�r�o�g�r�a�m� �i�s� �d�o�c�u�m�e�n�t�e�d� �i�n� �t�h�e� 

�c�u�r�r�e�n�t� �T�S�P� �m�a�n�u�a�l�(�i�7�)�;� �o�u�r� �c�o�n�e�e�r�n� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �w�i�t�h� 

�t�h�e� �m�a�t�h�e�m�a�t�i�c�s� �b�e�h�i�n�d� �t�h�e� �p�r�o�g�r�a�m�,� 

�I�n� �o�r�d�e�r� �t�o� �c�o�n�v�e�r�t� �t�h�e� �a�l�g�o�r�i�t�h�m� �o�f� �s�e�c�t�i�o�n� �(�i�4�1�4�)� �i�n�t�o� �a� 

�w�o�r�k�i�n�g� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �u�s� �t�o� �g�o� �b�a�c�k� �a�n�d� �d�e�a�l
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�w�i�t�h� �a� �n�u�m�b�e�r� �o�f� �m�o�r�e� �p�r�a�c�t�i�c�a�l� �i�s�s�u�e�s�,� 

�T�o� �b�e�g�i�n� �w�i�t�h�,� �h�o�w� �d�o� �w�e� �c�h�o�o�s�e� �t�h�e� �v�a�l�u�e�s� �f�o�r� �"�w�"� �a�n�d� �"�E�,�"� 

�i�n� �(�3�,�4�1�)� �t�o� �g�i�v�e� �u�s� �e�n�o�u�g�h� �p�r�o�g�r�e�s�s� �p�e�r� �i�t�e�r�a�t�i�o�n� �t�o� �m�a�k�e� �t�h�e� 

�r�e�d�u�c�t�i�o�n�s� �i�n� �c�o�s�t� �w�e� �h�a�v�e� �c�i�t�e�d� �m�e�a�n�i�n�g�f�u�l�?� �W�a�s�a�n�(�i�8�)� �h�a�s� �p�o�i�n�t�e�d� �t�o� 

�t�h�i�s� �d�i�f�f�i�c�u�l�t�y� �a�s� �t�h�e� �c�e�n�t�r�a�l� �p�r�e�b�l�e�m� �i�n� �u�s�i�n�g� �s�t�e�e�p�e�s�t� �a�s�c�e�n�t� �i�n� 

�o�r�d�i�n�a�r�y� �p�r�o�b�l�e�m�s� �o�f� �s�t�a�t�i�s�t�i�c�a�l� �e�s�t�i�m�a�t�i�o�n�,� �W�e� �d�i�d� �e�n�c�o�u�n�t�e�r� 

�t�h�i�s� �d�i�f�f�i�c�u�l�t�y� �i�n� �s�e�m�e� �o�f� �o�u�r� �e�a�r�l�i�e�r� �t�e�s�t�s�,� �b�u�t� �q�u�i�c�k�l�y� �f�o�u�n�d� 

�a� �s�i�m�p�l�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �a�n�d� �a� �s�o�l�u�t�i�o�n�,� 

�I�n� �e�s�s�e�n�c�e�,� �t�h�e� �p�r�o�b�l�e�m� �i�s� �o�n�e� �o�f� �s�e�a�l�i�n�g�,� �S�u�p�p�o�s�e� �t�h�a�t� �w�e� �h�a�v�e� 

�t�w�o� �v�a�r�i�a�b�l�e�s� �-� �s�a�y�,� �w�o�r�l�d� �p�o�p�u�l�a�t�i�o�n� �a�n�d� �a�v�e�r�a�g�e� �b�i�r�t�h�s� �p�e�r� �f�e�m�a�l�e� �~� 

�t�o� �b�e� �c�a�l�l�e�d� �"�Z�a�"� �a�n�d� �"�g�s� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �t�o� �b�e� �u�s�e�d� �i�n� �p�r�e�d�i�c�t�i�n�g� 

�e�a�c�h� �o�t�h�e�r ��s� �f�u�t�u�r�e� �v�a�l�u�e�s�,� �L�e�t� �u�s� �s�u�p�p�o�s�e� �t�h�a�t� �a�b�o�u�t� �1�0�%� �o�f� �t�h�e� 

�v�a�l�u�e� �o�f� �e�a�c�h� �v�a�r�i�a�b�l�e� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �v�a�l�u�e� �o�f� �t�h�e� �o�t�h�e�r� 

�v�a�r�i�a�b�l�e� �i�n� �t�h�e� �p�r�e�c�e�d�i�n�g� �y�e�a�r�,� �T�h�e�n� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �v�a�l�u�e� 

�f�o�r� �G�,�o�%� �f�o�r� �o�u�r� �d�a�t�a�,� �w�i�l�l� �b�e� �a� �n�u�m�b�e�r� �i�n� �t�h�e� �b�i�l�l�i�o�n�s�;� �G�1�5�»� 

�w�h�e�n� �m�u�l�t�i�p�l�i�e�d� �b�y� �a� �"�Z�n�"� �w�h�i�c�h� �i�s� �m�u�c�h� �l�e�s�s� �t�h�a�n� �o�n�e�,� �m�u�s�t� �l�e�a�d� �t�o� 

�a� �p�r�o�d�u�c�t�,� �©�1�2�5�9� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �b�i�l�l�i�o�n�s�,� �®�3�4�»� �b�y� �s�i�m�i�l�a�r� �l�o�g�i�c�,� 

�m�u�s�t� �b�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �b�i�l�l�i�o�n�t�h�s�,� �A� �c�h�a�n�g�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �u�n�i�t�y� 

�i�n� �e�8�1�5� �w�i�l�l� �h�a�v�e� �v�e�r�y� �l�i�t�t�l�e� �e�f�f�e�c�t� �o�n� �L�,� �b�e�c�a�u�s�e� �i�t� �r�e�p�r�e�s�e�n�t�s� �s�u�c�h� 

�a� �s�m�a�i�l� �f�r�a�c�t�i�o�n� �o�f� �t�h�e� �c�u�r�r�e�n�t� �v�a�l�u�e� �o�f� �8�1�5� �e�r� �o�f� �B�i�e� �T�h�u�s� �s�e� 

�w�i�l�l� �t�e� �e�x�t�r�e�m�e�l�y� �s�m�a�l�l�,� �e�v�e�n� �i�f� �8�4�0� �h�a�s� �b�e�e�n� �m�i�s�e�s�t�i�m�a�t�e�d� �b�y�,� �s�a�y�,� 

�1�0�%�,� �O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �a� �v�e�r�y� �s�m�a�l�l� �c�h�a�n�g�e� �i�n� �8�4�9� �m�u�c�h� �l�e�s�s� �t�h�a�n� 

�u�n�i�t�y�,� �c�o�u�l�d� �s�t�i�l�l� �d�o�u�b�l�e� �t�h�e� �v�a�l�u�e� �o�f� �S�5�4�9� �a�n�d� �t�h�u�s� �l�e�a�d� �t�o� �a� �v�e�r�y



�P�a�g�e� �I�T�I�-�3�4� 

�l�a�r�g�e� �e�f�f�e�c�t� �o�n� �L�;� �t�h�u�s� �9�h� �w�i�l�l� �b�e� �a� �v�e�r�y� �l�a�r�g�e� �n�u�m�b�e�r�,� �i�f� �6�.� 
�2�9�.�4� �2�1� 

�h�a�s� �b�e�e�n� �m�i�s�e�s�t�i�m�a�t�e�d� �b�y�,� �s�a�y�,� �1�0�%� �o�r� �s�o�,� �L�o�o�k�i�n�g� �a�t� �(�3�,�4�1�)�,� �w�e� �c�a�n� 

�s�e�e� �w�h�a�t� �t�h�e� �r�e�s�u�l�t� �w�o�u�l�d� �b�e� �w�i�t�h�o�u�t� �t�h�e� �"�E�y� �t�e�r�m�s�:� �B�1�0� �w�h�i�c�h� 

�r�e�q�u�i�r�e�s� �a� �h�u�g�e� �c�h�a�n�g�e� �i�n� �a�b�s�o�l�u�t�e� �t�e�r�m�s�,� �w�o�u�l�d� �b�e� �c�h�a�n�g�e�d� �v�e�r�y� 

�L�i�t�t�l�e�,� �w�h�i�l�e� �G�o�4�9� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �a� �s�m�a�l�l� �c�h�a�n�g�e�,� �w�o�u�l�d� �b�e� �c�h�a�n�g�e�d� �b�y� 

�a� �m�u�c�h� �l�a�r�g�e�r� �a�m�o�u�n�t�,� �B�a�l�a�n�c�e�d� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �t�h�e� �t�w�o� �c�o�e�f�f�i�c�i�e�n�t�s� 

�w�o�u�l�d� �b�e� �i�m�p�o�s�s�i�b�l�e�,� �O�n�e� �m�i�g�h�t� �i�m�a�g�i�n�e� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �i�m�b�a�l�a�n�c�e�d� 

�g�r�e�w�t�h� �-� �t�h�a�t�  ��w�"� �m�i�g�h�t� �b�e� �m�a�d�e� �v�e�r�y� �s�m�a�l�l� �a�t� �f�i�r�s�t�,� �t�h�a�t� �9�@�.�,� �w�o�u�l�d� 
�2�1� 

�c�o�n�v�e�r�g�e� �t�o� �i�t�s� �o�w�n� �o�p�t�i�m�u�m�,� �w�h�e�r�e� �i�t� �w�o�u�l�d� �g�e�n�e�r�a�t�e� �a� �z�e�r�o� �d�e�r�i�v�a�t�i�v�e�,� 

�a�n�d� �t�h�a�t� �"�w�"� �c�o�u�l�d� �t�h�e�n� �g�r�o�w� �e�n�o�u�g�h� �t�o� �a�l�l�o�w� �@�,�,� �t�o� �m�o�v�e� �t�o� �i�t�s� 
�1�2� 

�o�p�t�i�m�u�m�,� �H�o�w�e�v�e�r�,� �i�n� �g�e�n�e�r�a�l�,� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �a� �s�t�a�t�i�s�t�i�c�a�l� �m�o�d�e�l� 

�a�r�e� �n�o�t� �s�o� �c�o�m�p�l�e�t�e�l�y� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �e�a�c�h� �e�t�h�e�r�,� �I�f� �t�h�e� �o�p�t�i�m�u�m� �o�f� �8�5�4� 

�d�e�p�e�n�d�s� �a�t� �a�l�l� �e�n� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �S�4�5�9� �t�h�e�n� �o�u�r� �f�i�r�s�t� �s�m�a�l�l� �c�h�a�n�g�e�s� 

�i�n� �6�,�,�,� �W�i�l�l� �l�e�a�d� �t�o� �e�n�o�r�m�o�u�s� �d�e�r�i�v�a�t�i�v�e�s� �f�r�o�m� �©� 
�1�2� �2�1� 

�t�h�e� �s�y�s�t�e�m� �a�g�a�i�n� �b�e�f�o�r�e� �t�h�e�r�e� �i�s� �a� �c�h�a�n�c�e� �f�o�r�  ��w�"� �t�e� �b�u�i�l�d� �u�p� �e�n�o�u�g�h� 

�a�g�a�i�n�,� �d�e�s�t�a�b�i�l�i�z�i�n�g� 

�t�o� �a�l�l�o�w� �a� �l�a�r�g�e� �i�n�c�r�e�a�s�e� �i�n� �8�1�5�6� �T�h�u�s�,� �a�t� �l�e�a�s�t� �w�h�e�n� �t�h�e� �s�c�a�l�i�n�g� 

�p�r�o�b�l�e�m� �i�s� �s�e�v�e�r�e�,� �t�h�e� �h�o�p�e� �o�f� �i�m�b�a�l�a�n�c�e�d� �g�r�o�w�t�h� �i�s� �n�e�t� �a�n� �a�n�s�w�e�r� �t�o� 

�t�h�e� �d�a�n�g�e�r� �o�f� �s�l�o�w� �c�o�n�v�e�r�g�e�n�c�e�,� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �p�r�o�b�l�e�m� �w�a�s� �r�a�t�h�e�r� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �f�o�r� 

�A�R�M�A� �e�s�t�i�m�a�t�i�o�n�;� �w�e� �s�i�m�p�l�y� �s�c�a�l�e�d� �t�h�e� �v�a�r�i�a�b�l�e�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� 

�a�c�c�o�r�d�i�n�g� �t�o� �a� �c�o�m�m�o�n� �s�e�a�l�e�,� �M�o�r�e� �p�r�e�c�i�s�e�l�y�,� �w�e� �a�c�h�i�e�v�e�d� �t�h�e� �s�a�m�e� 

�e�f�f�e�c�t� �b�y� �s�e�t�t�i�n�g�:� 

�2� �2� 
�G�.�.� �o�w�,� �B�k� �f�o�r� �e�s� �=� �i� �8�,� �f�o�r� �P�s� �=� �A�,�  �



�F�a�g�e� �I�I�I�-�3�5� 

�w�h�e�r�e� �"�g�"� �r�e�f�e�r�s� �t�o� �t�h�e� �s�t�a�n�d�a�r�d� �d�e�v�i�a�t�i�o�n�,� �O�n� �a� �m�o�r�e� �s�o�p�h�i�s�t�i�c�a�t�e�d� 

�l�e�v�e�l�,� �w�h�a�t� �w�e� �a�r�e� �d�o�i�n�g� �h�e�r�e� �i�s� �t�r�y�i�n�g� �t�o� �m�a�x�i�m�i�z�e� �t�h�e� �e�x�p�e�c�t�e�d� 

�p�r�o�g�r�e�s�s� �p�e�r� �i�t�e�r�a�t�i�o�n�,� �i�n� �l�i�g�h�t� �o�f� �o�u�r� �p�r�i�c�r� �p�r�o�b�a�b�i�l�i�s�t�i�c� 

�k�n�o�w�l�e�d�g�e� �a�b�o�u�t� �L�,� �W�e� �d�o� �n�o�t� �e�x�p�e�c�t� �t�h�e� �u�n�i�t�s� �o�f� �m�e�a�s�u�r�e�m�e�n�t� 

�o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �t�o� �t�e�l�l� �u�s� �a�n�y�t�h�i�n�g� �a�b�o�u�t� �t�h�e�i�r� �r�e�l�a�t�i�v�e� �i�n�f�l�u�e�n�c�e� 

�o�n� �e�a�c�h� �o�t�h�e�r�;� �t�h�e�r�e�f�o�r�e�,� �w�e� �d�e�m�a�n�d� �a� �c�h�o�i�c�e� �o�f� �"�E�y� �w�h�i�c�h� �i�n�s�u�r�e�s� 

�t�h�a�t� �a� �c�h�a�n�g�e� �o�f� �u�n�i�t�s� �w�i�l�l� �h�a�v�e� �n�o� �e�f�f�e�c�t� �o�n� �o�u�r� �a�l�g�o�r�i�t�h�n�,� 

�M�o�r�e� �g�e�n�e�r�a�l�l�y�,� �t�h�e�s�e� �v�a�r�i�a�n�c�e�s� �g�i�v�e� �u�s� �a�n� �i�d�e�a� �o�f� �t�h�e� �e�x�p�e�c�t�e�d� 

�o�r�d�e�r� �o�f� �s�i�z�e� �o�f� �a� �c�o�e�f�f�i�c�i�e�n�t�,� �a�n�d� �w�e� �s�e�t� �"�S�y� �t�o� �k�e�e�p� �t�h�e� �c�h�a�n�g�e�s� 

�i�n� �l�i�n�e� �w�i�t�h� �t�h�e� �e�x�p�e�c�t�e�d� �r�a�t�i�o�s� �b�e�t�w�e�e�n� �s�i�z�e�s� �a�n�d� �d�e�r�i�v�a�t�i�v�e�s�,� 

�T�o� �h�a�n�d�l�e� �t�h�e� �c�a�s�e� �o�f� �B�L� �=� �a� �»� �t�h�e�r�e�f�o�r�e�,� �w�e� �w�r�i�t�e� �a� �r�o�u�g�h� �k�K� �1�,�x�r� 

�b�u�t� �r�e�a�s�o�n�a�b�l�e� �e�x�p�r�e�s�s�i�o�n�:� 

�&�.� �=� �m�a�x�(� �T�(�1�-�P� �A�e�s� �A�e�)� 

�B�y� �c�h�a�n�g�i�n�g� �B�y� �b�y� �a� �c�e�r�t�a�i�n� �a�m�o�u�n�t�,� �w�e� �a�r�e� �c�h�a�n�g�i�n�g� �a� �i�n� 
�s� �t�e�r� 

�u�n�i�t�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �1�g� �t�h�u�s� �o�u�r� �f�o�r�m�u�l�a� �f�o�r� �S�y� �i�s� �l�i�k�e� �o�u�r� �f�o�r�m�u�l�a� 

�f�o�r� �t�h�e� �S�i� �w�i�t�h� �S�a�g�?� �e�x�c�e�p�t� �t�h�a�t� �"� �s� �i�s� �r�e�p�l�a�c�e�d� �b�y� �"�1�"�,� �I�f� �P�e�c� 

�e�q�u�a�l�s� �o�n�e�,� �t�h�e�n� �t�h�i�s� �e�f�f�e�c�t� �w�i�l�l� �t�a�k�e� �p�l�a�c�e� �o�n� �a�l�l� �t�h�e� �a�y� �n�t� 
�?� 

�a�n�d� �t�h�e� �a�n�a�l�o�g�y� �i�s� �e�x�a�c�t�,� �O�t�h�e�r�w�i�s�e�,� �i�f� �P�e�r� �i�s� �s�m�a�l�l�e�r�,� �t�h�e� �d�e�r�i�v�a�t�i�v�e� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a� �o�f� �L� �w�i�l�l� �b�e� �m�u�c�h� �s�m�a�l�l�e�r�,� �e�v�e�n� �w�h�e�n� �t�h�e� �o�p�t�i�m�a�l� �1�,�x� 

�s�i�z�e� �o�f� �a�4�»� �i�s� �s�t�i�l�l� �j�u�s�t� �a�s� �l�a�r�g�e�;� �t�h�u�s� �w�e� �p�r�o�p�o�s�e� �a� �l�a�r�g�e� �B�n� 
�s� 

�i�n� �t�h�a�t� �c�a�s�e�.� �N�o�t�e�,� �a�s� �"�a�l�e� �i�s� �r�e�c�a�l�c�u�l�a�t�e�d� �i�n� �e�v�e�r�y� �m�a�j�o�r� 

�i�t�e�r�a�t�i�o�n�,� �t�h�e� �f�o�r�m�u�l�a�s� �a�b�o�v�e� �e�n�c�o�u�r�a�g�e� �u�s� �t�o� �r�e�c�a�l�c�u�l�a�t�e� �t�h�e� �"�B�y� 

�a�t� �t�h�e� �s�a�m�e� �t�i�m�e�,� �I�n� �C�h�a�p�t�e�r�s� �(�I�V�)� �a�n�d� �(�V�I�)� �w�e� �h�a�v�e� �i�n�c�l�u�d�e�d� 

�a� �b�r�i�e�f� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �s�u�c�c�e�s�s� �o�f� �t�h�i�s� �g�e�n�e�r�a�l� �p�r�e�c�e�d�u�r�e� �w�i�t�h
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�t�h�e� �e�s�t�i�m�a�t�i�o�n�s� �w�e� �h�a�v�e� �c�a�r�r�i�e�d� �o�u�t�;� �i�n� �t�h�e� �A�p�p�e�n�d�i�x� �t�o� �C�h�a�p�t�e�r� �(�I�I�)� 

�w�e� �h�a�v�e� �s�u�g�g�e�s�t�e�d� �w�a�y�s� �o�f� �g�e�n�e�r�a�l�i�z�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �u�s�e� �w�i�t�h� 

�g�e�n�e�r�a�l�,� �n�o�n�l�i�n�e�a�r� �m�o�d�e�l�s�,� 

�T�h�e� �c�h�o�i�c�e� �o�f� �"�w�"� �r�e�q�u�i�r�e�s� �a� �s�i�m�i�l�a�r� �e�x�e�r�c�i�s�e� �i�n� �p�r�i�o�r� 

�e�s�t�i�m�a�t�i�o�n�,� �A�t� �e�a�c�h� �s�t�e�p�,� �o�u�r� �p�r�o�g�r�a�m� �l�o�o�k�s� �a�t� �t�h�r�e�e� �e�s�s�e�n�t�i�a�l� 

�p�i�e�c�e�s� �o�f� �d�a�t�a� �-� �L�(�A�)� �B�0�2�)� �)� �L�(�a�'�,� �B�'�)� �a�n�d� �2� �a� �R�e� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �L� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �q�u�a�d�r�a�t�i�c�,� �w�n�a�  ��h�a�t�.� �t�h�e� �c�u�r�r�e�n�t� �c�h�o�i�c�e� 

�o�f� �w�i�s� �"�r�i�g�h�t�"� �(�4�,�e�,� �t�h�a�t� �L�(�A ��,� �B�®�)� �i�s� �t�h�e� �m�a�x�i�m�u�m� �o�f� �t�h�e� �q�u�a�d�r�a�t�i�c� 

�d�i�s�t�r�i�b�u�t�i�o�n�)�,� �t�h�e� �p�r�o�g�r�a�m� �"�e�x�p�e�c�t�s�"� �t�h�a�t� �L�(�A�'�,� �5�°�)� �w�i�l�l� �b�e� �b�e�t�t�e�r� 

�t�h�a�n� �1�(�a�6�9�)� �3�X�0�)� �b�y� �e�x�a�c�t�l�y� �h�a�l�f� �w�h�a�t� �t�h�e� �g�r�a�d�i�e�n�t� �w�o�u�l�d� �a�p�p�e�a�r� �t�o� 

�i�n�d�i�c�a�t�e�,� �I�f� �t�h�i�s� �e�x�p�e�c�t�a�t�i�o�n� �i�s� �c�o�r�r�e�c�t�,� �t�h�e�n� �t�h�e� �p�r�o�g�r�a�m� �c�o�n�c�l�u�d�e�s� 

�t�h�a�t� �B �� �i�s� �n�o�t� �o�n�l�y� �a�c�c�e�p�t�a�b�l�e�,� �b�u�t� �a�l�s�o� �t�h�a�t� �t�h�e�r�e� �p�r�o�b�a�b�l�y� �i�s� 

�l�i�t�t�l�e� �p�o�i�n�t� �i�n� �e�x�p�l�o�r�i�n�g� �f�u�r�t�h�e�r� �i�n� �t�h�e� �s�a�m�e� �d�i�r�e�c�t�i�o�n�;� �i�t� �s�e�t�s� 

�a�o� �B�r�,� �A� �(�0�)� �e�*� �t�o� �A�'�,� �a�n�d� �b�e�g�i�n�s� �a� �n�e�w� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�,� �I�f� �L�(�A�'�,�B� �y�r� �}� 

�i�s� �w�o�r�s�e�,� �t�h�e�n�,� �b�y� �t�h�e� �q�u�a�d�r�a�t�i�c� �a�s�s�u�m�p�t�i�o�n�,� �w�e� �h�a�v�e� �o�v�e�r�s�h�o�t� �b�y� 

�a�t� �l�e�a�s�t� �a� �f�a�c�t�o�r� �o�f� �t�w�o�;� �w� �s�h�o�u�l�d� �b�e� �c�u�t� �i�n� �h�a�l�f�,� �a�n�d� �a� �n�e�w� �B�Y� �t�r�i�e�d� 

�a�c�c�o�r�d�i�n�g�l�y�.� �I�n� �o�r�d�e�r� �t�o� �b�e� �a� �b�i�t� �m�o�r�e� �c�o�n�s�e�r�v�a�t�i�v�e� �h�a�v�e� �s�p�e�c�i�f�i�e�d� 

�i�n� �o�u�r� �p�r�o�g�r�a�m� �t�h�a�t� �w� �w�i�l�l� �b�e� �r�e�d�u�c�e�d� �b�y� �4�0�%�,� �4�f� �t�h�e� �a�c�t�u�a�l� �g�a�i�n� 

�i�s� �l�e�s�s� �t�h�a�n� �2�5�%� �o�f� �w�h�a�t� �i�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �e�r�a�d�i�e�n�t�,� �I�f� �L�(�A ��,� �B�®�)� �i�s� 

�b�e�t�t�e�r� �t�h�a�n� �7�5�%� �o�f� �w�h�a�t� �i�s� �i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �g�r�a�d�i�e�n�t�,� �o�u�r� �q�u�a�d�r�a�t�i�c� 

�a�s�s�u�m�p�t�i�o�n� �t�e�l�l�s� �u�s� �t�o� �d�e�u�b�l�e� �w�,� �I�n� �a�n� �e�a�r�l�i�e�r� �v�e�r�s�i�o�n�,� �W�e� �W�e�r�e� �m�o�r�e� 

�c�o�n�s�e�r�v�a�t�i�v�e� �h�e�r�e�,� �a�n�d� �r�e�q�u�i�r�e�d� �1�0�0�%�;� �h�o�w�e�v�e�r�,� �c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �s�l�o�w� 

�i�n� �s�o�m�e� �c�a�s�e�s�,� �a�n�d� �w�e� �r�e�d�u�c�e�d� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �t�o� �8�7�%�,� �w�h�i�c�h� �h�a�s� �p�r�o�v�e�n� 
�a�m�l� 

�a�d�e�q�u�a�t�e�,� �I�n� �t�h�e� �i�n�t�e�r�m�e�d�i�a�t�e� �r�a�n�g�e�,� �w�h�e�n� �B�*� �i�s� �d�e�e�m�e�d� �a�c�c�e�p�t�a�b�l�e� �f�o�r
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�t�h�e� �s�t�a�r�t� �o�f� �a� �n�e�w� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�,� �w� �i�s� �s�t�i�l�l� �c�h�a�n�g�e�d� �s�o�m�e�w�h�a�t�,� 

�f�o�r� �t�h�e� �s�a�k�e� �o�f� �t�h�e� �n�e�x�t� �i�t�e�r�a�t�i�o�n�;� �w� �i�s� �m�u�l�t�i�p�l�i�e�d� �b�y� �t�w�i�c�e� �t�h�e� 

�a�c�t�u�a�l� �g�a�i�n�,� �L�(�A�'�,�2�'�)� �-� �L�(�a�°�)� �7�8�0�° ��)�,� �a�a�y�v�i�d�e�d� �b�y� �t�h�e� �g�a�i�n� �p�r�e�d�i�c�t�e�d� 

�b�y� �t�h�e� �g�r�a�d�i�e�n�t�,� �A�t� �t�h�e� �o�t�h�e�r� �e�x�t�r�e�m�e�,� �i�f� �w� �a�p�p�e�a�r�s� �t�o� �b�e� �f�a�r� �o�f�f�,� 

�t�h�e� �p�r�o�g�r�a�m� �w�i�l�l� �m�u�l�t�i�p�l�y� �w� �b�y� �4� �o�r� �b�y� �.�3� �i�n� �e�a�c�h� �m�i�n�o�r� �i�t�e�r�a�t�i�o�n�;� 

�m�o�r�e� �p�r�e�c�i�s�e�l�y�,� �i�f� �w� �a�p�p�e�a�r�s� �t�o� �b�e� �t�c�e�o� �s�m�a�l�l� �t�o� �l�e�t� �u�s� �s�e�t� �B�O�O�B�,� 

�e�v�e�n� �a�f�t�e�r� �w� �h�a�s� �j�u�s�t� �b�e�e�n� �d�o�u�b�l�e�d� �w�i�t�h�i�n� �t�h�e� �s�a�m�e� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�,� 

�e�r� �i�f� �w� �a�p�p�e�a�r�s� �t�o� �b�e� �t�o�o� �l�a�r�g�e� �a�f�t�e�r� �h�a�v�i�n�g� �j�u�s�t� �b�e�e�n� �c�u�t� �t�o� �6�0�%�,� 

�t�h�e�n� �a� �l�a�r�g�e�r� �c�h�a�n�g�e� �w�i�l�l� �b�e� �t�r�i�e�d� �i�n� �t�h�e� �n�e�x�t� �m�i�n�o�r� �i�t�e�r�a�t�i�o�n�,� 

�F�l�a�g�s� �a�r�e� �s�e�t� �i�n� �t�h�e� �p�r�o�g�r�a�m�,� �t�o� �f�o�r�c�e� �i�t� �t�o� �s�t�o�p� �c�h�a�n�g�i�n�g� �w�,� 

�a�s� �s�o�o�n� �a�s� �i�t� �s�t�a�r�t�s� �c�h�a�n�g�i�n�g� �w� �i�n� �o�p�p�o�s�i�t�e� �d�i�r�e�c�t�i�o�n�s� �w�i�t�h�i�n� �t�h�e� 

�s�a�m�e� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�;� �i�n� �s�u�c�h� �c�a�s�e�s�,� �o�u�r� �p�r�o�c�e�d�u�r�e�s� �a�b�o�v�e� �i�n�s�u�r�e� �t�h�a�t� 

�e�i�t�h�e�r� �t�h�e� �l�a�s�t� �#�3 �� �o�r� �t�h�e� �o�n�e� �b�e�f�o�r�e� �i�t� �g�a�v�e� �a�n� �L�(�A ��,� �2�!�)� �m�u�c�h� �b�e�t�t�e�r� 

�t�h�a�n� �i�(�a�b�O�)� �B�0�0�)� �a�n�d� �o�u�r� �p�r�o�g�r�a�m� �w�i�l�l� �s�e�t� �B�O�O�?� �t�o� �t�h�i�s� �n�e�w� �E�B �� �f�o�r� 

�t�h�e� �n�e�x�t� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�,� �F�o�r� �r�e�a�s�o�n�s� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� �m�e�n�t�i�o�n�e�d� 

�i�n� �t�h�e� �p�r�e�v�i�o�u�s� �p�a�r�a�g�r�a�p�h�,� �W� �i�s� �i�n�i�t�i�a�l�i�z�e�d� �a�t� �1�/�T�,� 

�A�t� �e�a�c�h� �s�t�e�p�,� �t�h�e� �p�r�o�g�r�a�m� �p�r�i�n�t�s� �o�u�t� �L�,� �a�s� �d�e�f�i�n�e�d� �i�n� �e�q�u�a�t�i�o�n� 

�(�3�,�3�8�)�,� �a�n�d� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �c�h�a�n�g�e� �o�f� �w�,� �A�f�t�e�r� �f�i�v�e� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�s�,� 

�o�r� �a�f�t�e�r� �L� �a�p�p�e�a�r�s� �t�o� �h�a�v�e� �s�t�a�b�i�l�i�z�e�d� �t�o� �w�i�t�h�i�n� �,�0�1�,� �w�h�i�c�h�e�v�e�r� 

�c�o�m�e�s� �f�i�r�s�t�,� �t�h�e� �p�r�o�g�r�a�m� �s�t�o�p�s�,� �a�n�d� �a�s�k�s� �t�h�e� �u�s�e�r� �i�f� �h�e� �w�i�s�h�e�s� �t�o� 

�c�o�n�t�i�n�u�e�;� �i�f� �n�o�t�,� �i�t� �p�r�i�n�t�s� �o�u�t� �t�h�e� �a�n�a�l�y�s�i�s� �s�o� �f�a�r�,� �a�n�d� �t�r�a�n�s�f�e�r�s� 

�t�o� �a�n�o�t�h�e�r� �p�r�o�g�r�a�m� �t�o� �c�a�r�r�y� �o�u�t� �s�i�m�u�l�a�t�i�o�n� �s�t�u�d�i�e�s� �o�f� �h�i�s� �m�o�d�e�l�,� 

�I�n� �t�h�e� �c�u�r�r�e�n�t� �v�e�r�s�i�o�n� �d�e�s�c�r�i�b�e�d� �a�b�o�v�e�,� �f�i�v�e� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�s� �h�a�v�e� 

�u�s�u�a�l�l�y� �b�e�e�n� �e�n�o�u�g�h� �f�o�r� �a� �c�l�o�s�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �f�o�r� �a�n�a�l�y�s�e�s� �o�f� �a�c�t�u�a�l
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�s�o�c�i�a�l� �s�c�i�e�n�c�e� �d�a�t�a�;� �f�o�r� �s�a�f�e�t�y�,� �h�o�w�e�v�e�r�,� �w�e� �h�a�v�e� �g�e�n�e�r�a�l�l�y� �u�s�e�d� 

�t�e�n� �i�n� �o�u�r� �o�w�n� �a�n�a�l�y�s�e�s�,� �(�O�n�c�e� �L� �i�s� �a�b�o�u�t� �0�,�1� �a�w�a�y� �f�r�o�m� �i�t�s� 

�n�a�x�i�m�u�n�,� �t�h�e�n� �t�h�e� �c�u�r�r�e�n�t� �s�e�t� �o�f� �c�o�e�f�f�i�c�i�e�n�t� �e�s�t�i�m�a�t�e�s� �h�a�s� �a�l�m�o�s�t� 

�a�s� �h�i�g�h� �a� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �e�x�a�c�t� �t�r�u�t�h� �-� �9�0�%� �a�s� �h�i�g�h� �-� �a�s� �t�h�e� 

�m�a�x�i�m�u�m� �L�i�k�e�l�i�h�o�o�d� �s�e�t� �i�t�s�e�l�f�;� �t�h�u�s� �0�,�1� �i�s� �a� �c�o�n�s�e�r�v�a�t�i�v�e� �u�p�p�e�r� �l�i�m�i�t� 

�t�o� �h�o�w� �m�i�c�h� �a�c�c�u�r�a�c�y� �i�t� �m�a�k�e�s� �s�e�n�s�e� �t�o� �a�s�k� �f�o�r�,�)� �U�n�f�o�r�t�u�n�a�t�e�l�y�,� 

�t�h�e� �c�h�a�n�g�e�s� �a�b�o�v�e� �w�e�r�e� �m�a�d�e� �p�i�e�c�e�m�e�a�l� �o�v�e�r� �a� �n�u�m�b�e�r� �o�f� �r�u�n�s� �o�n �� 

�d�i�f�f�e�r�e�n�t� �d�a�t�a�,� �w�i�t�h� �t�h�e� �f�i�n�a�l� �i�m�p�r�o�v�e�m�e�n�t�s� �e�x�i�s�t�i�n�g� �o�n�l�y� �i�n� �t�h�e� 

�b�a�s�i�c� �s�u�b�r�o�u�t�i�n�e� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �M�I�T� �v�e�r�s�i�o�n�,� �T�h�i�s� �r�o�u�t�i�n�e� �h�a�s� 

�a� �m�o�r�e� �e�f�f�e�c�t�i�v�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �g�e�n�e�r�a�t�i�n�g� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�s� �t�h�a�n� 

�w�e� �u�s�e�d� �w�i�t�h� �o�u�r� �e�a�r�l�i�e�s�t� �t�e�s�t� �d�a�t�a�;� �t�h�u�s� �t�h�e� �d�i�r�e�e�t� �c�o�m�p�a�r�i�s�o�n�,� 

�b�e�f�o�r�e� �a�n�d� �a�f�t�e�r�,� �w�o�u�l�d� �o�v�e�r�s�t�a�t�e� �s�o�m�e�w�h�a�t� �t�h�e� �r�e�l�a�t�i�v�e� �m�e�r�i�t�s� 

�o�f� �t�h�e� �c�u�r�r�e�n�t� �s�y�s�t�e�m�,� �I�n� �t�h�e� �A�p�p�e�n�d�i�x� �t�o� �t�h�i�s� �C�h�a�p�t�e�r�,� �w�e� �h�a�v�e� 

�p�r�o�v�i�d�e�d� �a� �n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �r�e�s�u�l�t�s� �b�e�f�o�r�e� �a�n�d� �a�f�t�e�r� 

�t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �f�o�r� �c�o�n�v�e�r�g�e�n�c�e� �w�e�r�e� �i�n�t�r�o�d�u�c�e�d�,� 

�T�h�e� �f�u�n�d�a�m�e�n�t�a�l� �p�u�r�p�o�s�e� �i�n� �u�s�i�n�g� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�,� �a�s� �w�e� �h�a�v�e� 

�d�e�s�e�r�i�b�e�d� �i�t�,� �i�s� �t�o� �i�m�p�r�o�v�e� �u�p�o�n� �c�l�a�s�s�i�c�a�l� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n�,� �T�h�u�s� 

�w�e� �h�a�v�e� �d�e�c�i�d�e�d� �t�o� �u�s�e� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n� �i�t�s�e�l�f�,� �t�o� �p�r�o�v�i�d�e� �t�h�e� 

�i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�s�,� �3�°�)�,� �N�o�t� �o�n�l�y� �a�r�e� �t�h�e�s�e� �l�i�k�e�l�y� �t�o� �b�e� �r�e�a�s�o�n�a�b�l�e� 

�e�s�t�i�m�a�t�e�s�,� �i�n� �t�e�r�m�s� �o�f� �t�h�e�i�r� �g�e�n�e�r�a�l� �o�r�d�e�r� �o�f� �s�i�z�e� �a�n�d� �i�n� �t�e�r�m�s� �o�f� 

�t�h�e� �s�i�z�e� �o�f� �t�h�e� �b�i�g�g�e�s�t� �t�e�r�m�s�;� �t�h�e�y� �a�l�s�o� �p�r�o�v�i�d�e� �u�s� �w�i�t�h� �a�n� �a�s�s�u�r�a�n�c�e� 

�t�h�a�t� �o�u�r� �A�R�M�A� �m�o�d�e�l� �w�i�l�l� �e�i�t�h�e�r� �r�e�p�r�e�s�e�n�t� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �u�p�e�n� 

�m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n�,� �o�r�,� �i�n� �s�o�m�e� �c�a�s�e�s�,� �w�i�l�l� �c�o�n�f�i�r�m� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n�,
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�G�u�r� �s�u�b�r�o�u�t�i�n�e� �h�a�s� �b�e�e�n� �w�r�i�t�t�e�n� �t�o� �a�l�l�o�w� �o�t�h�e�r� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�s�,� 

�b�u�t� �t�h�e� �m�a�i�n� �p�r�o�g�r�a�m� �n�o�w� �a�v�a�i�l�a�b�l�e� �a�t� �T�S�P� �d�o�e�s� �n�e�t� �m�a�k�e� �u�s�e� �o�f� 

�t�h�i�s� �o�p�t�i�o�n�,� �O�r�i�g�i�n�a�l�l�y�,� �w�e� �u�s�e�d� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s� �t�h�a�t� 

�c�o�m�e� �f�r�o�m� �a� �s�t�a�n�d�a�r�d� �m�o�d�e�l� �i�n�e�l�u�d�i�n�g� �r�e�g�r�e�s�s�i�o�n� �c�o�n�s�t�a�n�t�s�;� 

�o�u�r� �r�e�s�u�l�t�s� �o�n� �N�o�r�w�a�y�,� �i�n� �s�e�c�t�i�o�n� �(�v�)� �o�f� �C�h�a�p�t�e�r� �(�V�I�)�,� �w�e�r�e� �b�a�s�e�d� �o�n� 

�t�h�a�t� �s�y�s�t�e�m�,� �W�i�t�h� �t�h�e� �c�o�n�s�t�a�n�t�s�,� �o�n�e� �i�n�t�r�e�d�u�c�e�s� �a� �g�r�e�a�t�e�r� �d�e�g�r�e�e� �o�f� 

�f�r�e�e�d�o�m� �i�n�t�o� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�s�,� �t�o� �o�f�f�e�r� �a� �m�o�r�e� �i�n�t�e�r�e�s�t�i�n�g� 

�(�t�h�o�u�g�h� �p�e�r�h�a�p�s� �a�r�t�i�f�i�c�i�a�l�)� �c�o�m�p�a�r�i�s�o�n� �a�g�a�i�n�s�t� �t�h�e� �A�R�M�A� �m�o�d�e�l�s�,� 

�w�h�i�c�h� �d�o� �n�o�t� �i�n�c�l�u�d�e� �t�h�a�t� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m�,� �H�o�w�e�v�e�r�,� �i�n� �o�r�d�e�r� �t�o� 

�i�n�s�u�r�e� �c�o�n�v�e�r�g�e�n�c�e� �u�n�d�e�r� �a�l�l� �c�i�r�c�u�m�s�t�a�n�c�e�s�,� �w�e� �h�a�v�e� �e�l�i�m�i�n�a�t�e�d� �t�h�e� 

�r�e�g�r�e�s�s�i�o�n� �c�o�n�s�t�a�n�t�s� �i�n� �t�h�e� �M�I�T� �v�e�r�s�i�o�n�;� �u�s�e�r�s� �o�f� �t�h�a�t� �s�y�s�t�e�m� �s�t�i�l�l� 

�h�a�v�e� �t�h�e� �f�r�e�e�d�o�m�,� �i�n� �a�n�y� �c�a�s�e�,� �t�e� �o�b�t�a�i�n� �r�e�g�r�e�s�s�i�o�n� �c�o�n�s�t�a�n�t�s� �b�a�s�e�d� 

�o�n� �c�o�n�s�t�a�n�t� �t�e�r�m�s� �b�y� �u�s�i�n�g� �o�t�h�e�r� �m�o�d�u�l�e�s� �i�n� �t�h�e� �s�a�m�e� �s�y�s�t�e�m� �o�r� �e�v�e�n� 

�b�y� �a�n�o�t�h�e�r� �r�u�n� �o�f� �t�h�e� �A�R�M�A� �c�o�m�m�a�n�d�,� �B�o�t�h� �t�h�e� �M�I�T� �v�e�r�s�i�o�n�,� �a�n�d� �o�u�r� 

�p�r�i�v�a�t�e� �v�e�r�s�i�o�n� �u�s�e�d� �o�n� �t�h�e� �N�o�r�w�a�y� �d�a�t�a�,� �p�r�i�n�t� �o�u�t� �a�l�l� �t�h�e� �A�R�M�A� 

�e�s�t�i�m�a�t�e�s� �a�n�d� �r�e�g�r�e�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �s�t�a�n�d�a�r�d� 

�d�e�v�i�a�t�i�o�n�s� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �(�t�e� �a�s�s�i�s�t� �i�n� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�)� �a�n�d� 

�t�h�e� �l�i�k�e�l�i�h�e�e�d� �v�a�l�u�e�s� �f�o�r� �b�o�t�h� �m�o�d�e�l�s�,� �T�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� 

�v�a�r�i�o�u�s� �c�o�e�f�f�i�c�i�e�n�t�s� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �b�y� �l�o�o�k�i�n�g� �a�t� �t�h�e� �l�i�k�e�l�i�h�o�o�d� 

�o�f� �t�h�e� �m�o�d�e�l�s� �w�h�i�c�h� �r�e�s�u�l�t� �w�h�e�n� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �r�e�m�o�v�e�d� �f�r�o�m� 

�t�h�e� �m�o�d�e�l�,� 

�s�e�v�e�r�a�l� �o�t�h�e�r� �o�p�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �a�d�d�e�d�,� �t�o� �e�x�t�e�n�d� �t�h�i�s� �a�l�g�o�r�i�t�h�n� 

�s�o�m�e�w�h�a�t�,� �F�i�r�s�t� �o�f� �a�l�l�,� �t�h�e�r�e� �i�s� �n�o�w� �p�r�o�v�i�s�i�o�n� �f�o�r� �"�e�x�o�g�e�n�o�u�s
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�t�e�t� 

�c�o�u�l�d� �h�a�v�e� �b�e�e�n� �r�e�p�l�a�c�e�d� �s�y�s�t�e�m�a�t�i�c�a�l�l�y� �b�y� �"�O�y�.� �4�"� �w�h�e�r�e� �6� �i�s� 

�v�a�r�i�a�b�l�e�s�, �� �I�n� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �a�b�o�v�e�,� �t�h�e� �e�x�p�r�e�s�s�i�o�n� �"�@�z� 

�n�o�w� �@� �r�e�c�t�a�n�g�u�l�a�r� �m�a�t�r�i�x�,� �a�n�d� �w�h�e�r�e� �Y�o�u�d� �i�n�e�l�u�d�e�s� �b�o�t�h� �Z�e� �4� 

�a�n�d� �a� �f�e�w� �o�t�h�e�r� �c�o�m�p�o�n�e�n�t�s�;� �n�o�n�e� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �a�b�o�v�e� �w�o�u�l�d� �h�a�v�e� 

�h�a�d� �t�o� �b�e� �c�h�a�n�g�e�d� �i�n� �f�o�r�m�,� �O�u�r� �p�r�o�g�r�a�m�,� �i�n� �i�t�s� �c�u�r�r�e�n�t� �f�o�r�n�,� 

�a�l�l�o�w�s� �b�o�t�h� �e�n�d�e�g�e�n�o�u�s� �a�n�d� �e�x�o�g�e�n�o�u�s� �v�a�r�i�a�b�l�e�s�,� 

�S�e�c�o�n�d�,� �t�h�e�r�e� �i�s� �p�r�o�v�i�s�i�o�n� �t�o� �a�l�l�o�w� �t�h�e� �u�s�e�r� �t�o� �d�i�c�t�a�t�e� 

�a�p�r�i�o�r�i� �t�h�a�t� �c�e�r�t�a�i�n� �c�o�m�p�o�n�e�n�t�s� �o�f� �6� �w�i�l�l� �b�e� �c�o�n�s�t�r�a�i�n�e�d� �t�o� �e�q�u�a�l� 

�z�e�r�o�,� �T�h�i�s� �i�s� �d�o�n�e� �s�i�m�p�l�y� �e�n�o�u�g�h�,� �b�y� �s�e�t�t�i�n�g� �t�h�e�i�r� �i�n�i�t�i�a�l� �v�a�l�u�e�s� 

�t�o� �z�e�r�o�,� �a�n�d� �c�o�n�s�t�r�a�i�n�i�n�g� �(�3�,�4�1�)� �t�o� �a�p�p�l�y� �o�n�l�y� �t�o� �t�h�e� �o�t�h�e�r� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �©�,� �T�h�u�s� �L� �i�s� �m�a�x�i�m�i�z�e�d� �a�s� �a� �f�u�n�e�t�i�o�n� �o�f� �t�h�e� �o�t�h�e�r� 

�c�o�m�p�o�n�e�n�t�s�,� �s�u�b�j�e�c�t� �t�o� �t�h�i�s� �c�o�n�s�t�r�a�i�n�t�,� �T�h�e� �b�a�s�i�c� �s�u�b�r�o�u�t�i�n�e� �a�l�l�o�w�s� 

�t�h�i�s� �f�o�r� �a�n�y� �c�o�e�f�f�i�c�i�e�n�t�,� �b�u�t�,� �i�n� �t�h�e� �M�I�T� �v�e�r�s�i�o�n�,� �w�e� �h�a�v�e� �l�i�m�i�t�e�d� 

�t�h�i�s� �t�o� �t�h�o�s�e� �5� �f�o�r� �w�h�i�c�h� �V�y� �i�s� �a�n� �e�x�o�g�e�n�o�u�s� �v�a�r�i�a�b�l�e�,� 

�T�h�i�r�d�,� �t�h�e�r�e� �i�s� �p�r�o�v�i�s�i�o�n� �t�o� �g�i�v�e� �t�h�e� �u�s�e�r� �s�o�m�e� �a�b�i�l�i�t�y�,� 

�a�t� �l�e�a�s�t�,� �t�o� �h�a�n�d�l�e� �n�o�n�s�t�a�t�i�o�n�a�r�y� �p�r�e�c�e�s�s�e�s�,� �H�o�x� �a�n�d� �J�e�n�k�i�n�s�(�1�i�9�)� 

�d�i�s�c�u�s�s� �a�t� �g�r�e�a�t� �l�e�n�g�t�h� �t�h�e� �p�r�o�m�i�n�e�n�c�e� �o�f� �n�o�n�s�t�a�t�i�o�n�a�r�y� �p�r�o�c�e�s�s�e�s� 

�i�n� �p�r�a�c�t�i�c�a�l� �s�t�a�t�i�s�t�i�c�s�;� �t�h�e�y� �p�o�i�n�t� �o�u�t� �t�h�e� �v�a�l�u�e� �o�f� �i�n�t�r�o�d�u�c�i�n�g� 

�s�o�m�e� �k�i�n�d� �o�f� �c�a�r�e�f�u�l� �p�r�o�c�e�d�u�r�e� �f�o�r� �d�e�a�l�i�n�g� �w�i�t�h� �n�o�n�s�t�a�t�i�o�n�a�r�y� 

�p�r�o�c�e�s�s�e�s�,� �e�v�e�n� �i�f� �t�h�e� �p�r�o�c�e�d�u�r�e� �m�u�s�t� �h�a�v�e� �a� �l�e�s�s� �r�i�g�o�r�o�u�s� 

�f�o�u�n�d�a�t�i�o�n� �t�h�a�n� �t�h�e� �u�s�u�a�l� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�s�s�e�s�,� �i�n� �o�r�d�e�r� �t�o� �g�i�v�e� 

�t�h�e� �s�o�c�i�a�l� �s�c�i�e�n�t�i�s�t� �c�o�n�f�r�o�n�t�e�d� �w�i�t�h� �s�u�c�h� �p�r�o�c�e�s�s�e�s� �a�n� �a�l�t�e�r�n�a�t�i�v�e� 

�o�t�h�e�r� �t�h�a�n� �e�i�t�h�e�r� �g�i�v�i�n�g� �u�p� �o�r� �u�s�i�n�g� �a�n� �i�n�a�p�p�r�o�p�r�i�a�t�e� �t�o�o�l�,� �H�o�w�e�v�e�r�,� 

�t�h�e� �p�r�o�c�e�d�u�r�e�s� �t�h�e�y� �i�n�t�r�o�d�u�c�e�(�2�0�)� �i�n�v�o�l�v�e� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �t�e�n�d� �t�o� �g�r�o�w
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�t� 

�a�s� �+�t�"�,� �f�o�r� �s�o�m�e� �c�o�n�s�t�a�n�t� �k�,� �B�y� �c�o�n�t�r�a�s�t�,� �t�h�e� �c�o�m�m�o�n�e�s�t� �p�r�o�c�e�s�s�e�s� �o�f� 

�g�r�o�w�t�h� �i�n� �t�h�e� �s�o�c�i�a�l� �s�e�i�e�n�c�e�s� �w�o�u�l�d� �a�p�p�e�a�r� �t�o� �b�e� �t�h�o�s�e� �o�f� �e�x�p�o�n�e�n�t�i�a�l� 

�g�r�o�w�t�h�,� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �m�a�y� �c�o�m�e� �o�u�t� �o�f� �a� �d�y�n�a�m�i�c� �r�e�l�a�t�i�o�n� �l�i�k�e� �t�h�a�t� 

�o�f� �e�q�u�a�t�i�o�n� �(�3�,�5�)�,� �b�u�t� �w�i�t�h� �a� �c�h�o�i�c�e� �o�f� �"�6�"� �i�a�r�g�e� �e�n�o�u�g�h� �t�o� �a�l�l�o�w� 

�g�r�o�w�t�h�,� �T�h�e� �c�o�n�c�e�p�t� �o�f� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�C�h�a�p�t�e�r� �(�I�I�)�,� �d�e�e�s� �n�o�t� �r�e�q�u�i�r�e� �a� �"�e�"� �t�h�a�t� �g�e�n�e�r�a�t�e�s� �a� �s�t�a�t�i�o�n�a�r�y� 

�p�r�o�c�e�s�s�;� �t�h�u�s� �a�t� �f�i�r�s�t� �g�l�a�n�c�e�,� �t�h�e� �s�p�e�c�i�a�l� �p�r�o�c�e�d�u�r�e�s� �s�u�g�g�e�s�t�e�d� �b�y� 

�S�e�x� �a�n�d� �J�e�n�k�i�n�s� �m�i�g�h�t� �a�p�p�e�a�r� �i�r�r�e�l�e�v�a�n�t�,� �H�o�w�e�v�e�r�,� �o�u�r� �e�s�t�i�m�a�t�i�o�n� 

�p�r�o�c�e�d�u�r�e� �h�a�s� �d�e�p�e�n�d�e�d� �o�n� �e�q�u�a�t�i�o�n� �(�3�.�6�)�,� �n�o�t� �j�u�s�t� �o�n� �(�3�.�5�)� �a�n�d� �t�h�e� 

�l�i�k�e�l�i�h�o�o�d� �c�o�n�c�e�p�t�,� �H�g�u�a�t�i�o�n� �(�3�,�6�)� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �a�v�e�r�a�g�e� �s�i�z�e� �o�f� 

�t�h�e� �r�a�n�d�o�m� �c�o�m�p�o�n�e�n�t� �o�f� �o�u�r� �p�r�o�c�e�s�s� �r�e�m�a�i�n�s� �t�h�e� �s�a�m�e� �a�c�r�o�s�s� �t�i�m�e�,� 

�I�f� �w�e� �w�e�r�e� �a�n�a�l�y�z�i�n�g� �a� �t�w�o�~�h�u�n�d�r�e�d�~�y�e�a�r� �s�e�r�i�e�s� �o�f� �d�a�t�a� �o�n� �t�h�e� �U�S� �G�N�P�,� 

�f�o�r� �e�x�a�m�p�l�e�,� �t�h�i�s� �w�o�u�l�d� �i�m�p�l�y� �t�h�a�t� �a� �$�1�0� �b�i�l�l�i�o�n� �e�r�r�o�r� �i�n� �o�u�r� 

�p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �1�7�9�0� �f�r�o�m� �1�7�8�9� �s�h�o�u�l�d� �b�e� �t�r�e�a�t�e�d� �a�s� �a� �s�m�a�l�l�e�r� �m�a�t�t�e�r� 

�t�h�a�n� �a�n� �$�1�1� �b�i�l�l�i�o�n� �e�r�r�o�r� �i�n� �o�u�r� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �1�9�7�3� �f�r�o�m� �1�9�7�2�;� 

�a� �$�1�0� �b�i�l�l�i�o�n� �e�r�r�o�r� �w�o�u�l�d� �a�l�w�a�y�s� �b�e� �r�e�g�a�r�d�e�d� �a�s� �l�e�s�s� �s�l�e�n�i�f�i�c�a�n�t� 

�t�h�a�n� �a�n� �$�1�1� �b�i�l�l�i�o�n� �e�r�r�o�r�,� �r�e�g�a�r�d�l�e�s�s� �o�f� �t�h�e� �y�e�a�r� �i�n� �w�h�i�c�h� �t�h�e� �e�r�r�o�r� 

�o�c�c�u�r�r�e�d�,� �I�n� �p�r�a�c�t�i�c�e�,� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s� �a�n�d� �r�a�n�d�o�m� �f�l�u�c�t�u�a�t�i�o�n�s� 

�b�o�t�h� �a�r�e� �l�i�k�e�l�i�e�r� �t�o� �b�e� �a� �f�i�x�e�d� �p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� �v�a�r�t�a�b�l�e� �i�t�s�e�l�f� �-� 

�O�o� �N�P� �~� �t�h�a�n� �t�o� �b�e� �a� �f�i�x�e�d� �i�n�d�e�p�e�n�d�e�n�t� �p�r�o�c�e�s�s�,� �T�o� �h�a�n�d�l�e� �t�h�i�s� �k�i�n�d� 

�o�f� �s�i�t�u�a�t�i�o�n�,� �w�e� �h�a�v�e� �i�n�t�r�o�d�u�c�e�d� �a�n� �o�p�t�i�o�n�,� �"�A�R�M�A�W�T�"�,� �t�o� �d�e�a�l� �w�i�t�h� 

�a� �m�o�d�e�l� �o�f� �e�r�r�o�r� �s�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �(�3�,�6�)�:� 

�_� �1� �N�S� �t�e�k� �a�r�t� �t�a�d� �)� 
�8� �p�l�a�,�)� �=� �e�x�p�(� �-� �3� �:� 

�f�e�n�"� �a�e�r�a� �O�4�3� �7�9� �7�,�5� 
�t�»�4



�P�a�g�e� �I�I�I�-�4�2� 

�w�h�i�c�h� �i�s� �s�i�m�p�l�y� �t�h�e� �n�o�r�m�a�l� �d�i�s�t�r�i�b�u�t�i�o�n� �f�o�r� �t�h�e� �n�-�d�i�m�e�n�s�i�o�n�a�l� 

�v�e�c�t�o�r� �e�s� �»� �a�n�d� �w�h�i�c�h� �r�e�q�u�i�r�e�s� �u�s� �t�o� �e�c�a�l�e�u�l�a�t�e� �A�a�s� �a�s� �t�h�e� 

�c�o�v�a�r�i�a�n�c�e� �o�f� �t�h�i�s� �v�e�c�t�o�r�,� �I�n� �p�r�a�c�t�i�c�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �s�i�m�u�l�a�t�i�o�n� 

�s�t�u�d�i�e�s� �o�f� �C�h�a�p�t�e�r� �(�I�V�)� �s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� �o�r�d�i�n�a�r�y� �A�R�M�A� �c�o�m�m�a�n�d� 

�g�e�n�e�r�a�l�l�y� �p�e�r�f�o�r�m�s� �a�t� �l�e�a�s�t� �a�s� �w�e�l�l� �a�s� �A�R�M�A�W�T�,� �e�v�e�n� �f�o�r� �m�o�s�t� �o�f� 

�t�h�e� �n�o�n�s�t�a�t�i�o�n�a�r�y� �p�r�o�c�e�s�s�e�s� �s�t�u�d�i�e�d�,� 

�F�i�n�a�l�l�y�,� �p�r�o�v�i�s�i�o�n� �h�a�s� �b�e�e�n� �m�a�d�e� �f�o�r� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �-� 

�m�e�n�t�i�o�n�e�d� �i�n� �C�h�a�p�t�e�r� �(�I�I�)� �=� �t�h�a�t� �t�h�e� �a�v�a�i�l�a�b�l�e� �d�a�t�a� �w�o�u�l�d� �c�o�n�s�i�s�t�,� 

�n�o�t� �o�f� �o�n�e� �s�t�r�i�n�g� �o�f� �o�b�s�e�r�v�a�t�i�o�n�s� �a�c�r�o�s�s� �t�i�m�e� �f�o�r� �o�u�r� �v�a�r�i�a�b�l�e�s�,� 

�b�u�t� �o�f� �a� �w�h�o�l�e� �s�e�t� �o�f� �s�u�c�h� �s�t�r�i�n�g�s�;� �a� �g�e�n�e�r�a�l� �m�o�d�e�l� �o�f� �t�h�e� �p�r�o�c�e�s�s� 

�o�f� �p�o�p�u�l�a�t�i�o�n� �g�r�o�w�t�h�,� �f�o�r� �e�x�a�m�p�l�e�,� �m�i�g�h�t� �e�n�c�o�u�r�a�g�e� �u�s� �t�o� �d�e�v�e�l�o�p� 

�a� �m�o�d�e�l� �f�o�r� �a�p�p�l�i�c�a�t�i�o�n� �t�o� �d�a�t�a�-�s�e�r�i�e�s� �i�n�v�o�l�v�i�n�g� �t�h�e� �s�a�m�e� �v�a�r�i�a�b�l�e�s� 

�a�c�r�o�s�s� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �c�o�u�n�t�r�i�e�s�,� �I�n� �o�r�d�e�r� �t�o� �h�a�n�d�l�e� �t�h�i�s� �p�o�s�s�i�b�i�l�i�t�y�,� 

�w�e� �c�a�n� �u�s�e� �(�3�,�4�1�)� �a�s� �b�e�f�o�r�e�,� �b�u�t� �m�u�s�t� �n�o�t�e�:�(�1�)� �a�a� �a� �a�c�r�o�s�s� 

�a�l�l� �t�h�e� �d�a�t�a� �s�t�r�i�n�g�s�,� �w�i�l�l� �s�i�m�p�l�y� �e�q�u�a�l� �t�h�e�i�r� �s�u�n� �a�c�r�e�s�s� �a�l�l� �t�h�e� 

�a�e� �d�a�t�a�-�s�t�r�i�n�g�s�;� �(�i�i�)� �e�a�c�h� �d�a�t�a�-�s�t�r�i�n�g�,� �5�S�,� �W�i�l�l� �r�e�q�u�i�r�e� �i�t�s� 

�W�S�)� �.� �Q�L� �o�w�n� �a�y� �f�o�r� �i�n�i�t�i�a�l�i�z�a�t�i�o�n�;� �(�i�1�4�1�)� �w�i�l�l�,� �o�f� �c�o�u�r�s�e�,� �e�q�u�a�l� �t�h�e� �(�s�)� 
�Q�a�s�r� 

�v�a�l�u�e� �o�f� �g�i�t� �c�a�l�o�u�l�a�t�e�d� �i�n� �s�t�r�i�n�g� �B�E� �(�N�o�t�e� �t�h�a�t� �t�h�i�s� �e�x�a�m�p�l�e� 
�1�,�r� 

�m�i�g�h�t� �b�e� �a� �g�o�o�d� �c�a�n�d�i�d�a�t�e� �f�o�r� �t�h�e� �u�s�e� �o�f� �"�A�R�M�A�W�T�"�,� �t�o� �p�r�e�v�e�n�t� �t�h�e� 

�a�n�a�l�y�s�i�s� �f�r�o�m� �b�e�i�n�g� �d�o�m�i�n�a�t�e�d� �b�y� �n�a�t�i�o�n�s� �o�f� �l�a�r�g�e� �p�o�p�u�l�a�t�i�o�n�,�,�.�.� 

�u�n�l�e�s�s� �s�u�c�h� �w�e�i�g�h�t�i�n�g� �i�s� �a�c�t�u�a�l�l�y� �d�e�s�i�r�e�d�,� �)



�F�a�g�e� �I�I�I�-�4�3� 

�A�P�P�E�N�D�I�X�:� �N�U�M�E�R�I�C�A�L� �E�X�A�M�P�L�E� �O�F� �T�H�E� �B�E�H�A�V�I�O�R� 

�O�F� �D�I�F�F�E�R�E�N�T� �C�O�N�V�E�R�G�E�N�C�E� �P�R�O�C�E�D�U�R�E�S� 

�A�l�l� �o�f� �t�h�e� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�s� �r�e�p�o�r�t�e�d� �i�n� �C�h�a�p�t�e�r�s� �(�I�V�)� �a�n�d� �(�V�I�)� 

�w�e�r�e� �b�a�s�e�d� �u�p�o�n� �t�h�e� �f�i�n�a�l� �f�o�r�m� �o�f� �o�u�r� �a�l�g�o�r�i�t�h�m�,� �m�a�k�i�n�g� �u�s�e� �o�f� �t�h�e� 

�s�p�e�c�i�a�l� �c�o�n�v�e�r�g�e�n�c�e� �p�r�o�c�e�d�u�r�e�s� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �(�i�v�)�,� �H�o�w�e�v�e�r�,� 

�b�e�f�o�r�e� �w�e� �i�n�s�t�a�l�l�e�d� �t�h�e�s�e� �p�r�e�c�e�d�u�r�e�s�,� �w�e� �c�a�r�r�i�e�d� �o�u�t� �a� �n�u�m�b�e�r� �o�f� 

�t�e�s�t�s� �o�n� �t�h�e� �p�r�e�l�i�m�i�n�a�r�y� �v�e�r�s�i�o�n� �o�f� �t�h�e� �A�R�M�A� �r�e�u�t�i�n�e�,� �o�n� �s�i�m�p�l�e� 

�m�a�d�e�-�u�p� �d�a�t�a� �s�e�t�s�,� �i�n� �o�r�d�e�r� �t�o� �c�h�e�c�k� �o�u�t� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �r�o�u�t�i�n�e�,� 

�O�n�e� �c�f� �t�h�e�s�e� �s�i�m�p�l�e� �t�e�s�t� �s�e�r�i�e�s� �w�a�s� �u�s�e�d� �b�e�f�o�r�e� �w�e� �i�n�t�r�o�d�u�c�e�d� �t�h�e� 

�p�o�s�s�i�b�i�l�i�t�y� �e�f� �d�i�f�f�e�r�e�n�t� �"�B�i�e�"� �f�o�r� �d�i�f�f�e�r�e�n�t� �"�B�e�s� �a�s� �i�n� �e�q�u�a�t�i�o�n� 

�(�3�,�4�1�)�;� �t�h�u�s� �w�e� �c�a�n� �s�e�e� �t�h�e� �e�f�f�e�c�t� �o�f� �a�d�d�i�n�g� �o�u�r� �n�e�w� �c�o�n�v�e�r�g�e�n�c�e� 

�p�r�o�c�e�d�u�r�e�s� �b�y� �c�o�m�p�a�r�i�n�g� �t�h�e� �o�l�d� �t�e�s�t� �r�e�s�u�l�t�s� �a�g�a�i�n�s�t� �a� �n�e�w� �a�n�a�l�y�s�i�s� 

�o�f� �t�h�e� �s�a�m�e� �s�e�r�l�e�s�,� �T�h�e� �d�a�t�a� �s�e�r�i�e�s� �i�n� �q�u�e�s�t�i�o�n� �i�s� �a� �s�i�m�p�l�e� 

�u�n�i�v�a�r�i�a�t�e� �s�e�r�i�e�s� �o�f� �l�e�n�g�t�h� �s�e�v�e�n� �-� �1�,�0�,� �1�,�2�,� �1�.�2�,� �1�.�3�,� �1�.�5�,� �1�.�4�,� �1�,�0� �=� 

�f�i�t� �t�e� �t�h�e� �m�o�d�e�l� �Z�i�a� �*� �2�,� �+� �a�,� �+� �P�a�s�i�g�e� �T�h�i�s� �s�e�r�i�e�s� �d�o�e�s� �n�o�t� �f�i�t� 

�w�e�l�l� �t�o� �a� �s�i�m�p�l�e� �a�r�i�t�h�m�e�t�i�c� �p�r�o�g�r�e�s�s�i�o�n�;� �t�h�u�s� �t�h�e�  ��d�i�s�t�a�n�c�e �� �f�r�o�m� 

�t�h�e� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �t�o� �t�h�e� �A�R�M�A� �m�o�d�e�l� �t�u�r�n�s� �o�u�t� �t�o� �b�e� �f�a�i�r�l�y� �g�r�e�a�t�;� 

�t�h�e� �s�e�r�i�e�s� �i�s� �a� �r�e�l�a�t�i�v�e�l�y� �s�e�v�e�r�e� �t�e�s�t� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �p�o�s�s�i�b�i�l�i�t�i�e�s�,� 

�(�T�h�e� �c�o�s�t� �p�e�r� �i�t�e�r�a�t�i�o�n� �i�s� �l�o�w�,� �b�e�c�a�u�s�e� �t�h�e� �s�e�r�i�e�s� �i�s� �s�h�o�r�t�,� �b�u�t� �t�h�e� 

�p�r�o�g�r�e�s�s� �p�e�r� �i�t�e�r�a�t�i�o�n� �i�n� �l�o�g� �p�r�o�b�a�b�i�l�i�t�y�,� �a�s� �a� �p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� �g�a�p� 

�i�n� �l�o�g� �p�r�e�b�a�b�i�l�i�t�y�,� �i�s� �e�x�t�r�e�m�e�l�y� �s�l�o�w�,�)� �O�u�r� �i�n�i�t�i�a�l� �t�e�s�t� �o�u�t�p�u�t



�P�a�g�e� �I�T�I�-�4�4� 

�W�a�s� �a� �s�t�r�i�n�g� �o�f� �n�u�m�b�e�r�s�,� �w�h�i�c�h� �w�e� �m�a�y� �a�r�r�a�n�g�e� �i�n� �a� �t�a�b�l�e�:� 

�M�a� �j�o�r� �T�h�e�t�a� �a�a�y�a�t� �L�o�g�P� �C�h�a�n�g�e� 
�I�t�e�r�a�t�i�o�n� �i� �y� �a�t� �o�f� 

�N�u�m�b�e�r� �O�o�)� �2�(�0�)�*� �4�6�0�)� �B�a�"� �w�W� 

�1� �6� �8�2�0�4�  �� �~�,�2�0�1�7� �0� 
�a�t�a�s� �a�n�a�e�s� �n�e�a�t� �1�,�6�1�3�8� �=�}� 

�a�n�e� �e�e�e� �a�n�n�y� �2�6�0�2� �m�i� 

�2� �1�,� �0�0�4�9� �1�,�6�1�3�8� �4�1�,�5�6�2�4� �0� 
�t�e�a�s� �a�a�y� �r�a�e� �1�,�6�5�7�1� �o�t� 

�s�a�e� �a�n�e� �f�e�e�s� �~�0�3�2�5� �=�f� 

�3� �F�7�4�6� �1�4�,�6�5�7�1� �1�.�6�7�7�3� �0� 
�4� �2�9�8�4�3� �1�,�6�7�7�3� �1�,� �6�8�4�9� �0� 
�5� �H�Y� �1�,� �6�8�4�9� �1�,�7�0�0�4� �0� 

�a�o�e� �t�r�a�e� �o�n�e� �4� �.� �7�1�6�2� �1� 

�s�a�e� �g�r�a�t� �a�n�y� �1�,�8�1�7�6� �2� 

�a�t� �a�u�t� �t�e�a�r� �2�,� �3�3�7�4� �2� 

�a�i� �t�e� �a�n� �t�9� �a�n�n�e� �8�,� �8�1�5�6� �2� 

�a�p�e� �s�9�8�8� �a�e�n�7� �3�.�6�4�8�5� �a�n�f� 

�T�a�b�l�e� �I�l�I�-�1�:� �E�x�a�m�p�l�e� �o�f� �C�o�n�v�e�r�g�e�n�c�e� �R�e�s�u�l�t�s� �W�i�t�h� �H�a�r�l�y� 
�V�e�r�s�i�o�n� �o�f� �t�h�e� �A�R�M�A� �E�s�t�i�m�a�t�i�o�n� �R�o�u�t�i�n�e� 

 ��C�h�a�n�g�e� �o�f� �w�"� �m�e�a�n�s� �t�h�e� �v�a�l�u�e� �o�f�  ��n�t�e�s�t�"�,� �a� �n�u�m�b�e�r� �i�n�d�e�x�i�n�g� 

�t�h�e� �s�o�u�r�c�e� �o�f� �t�h�e� �c�u�r�r�e�n�t� �B�'�,� �I�f� �t�h�e� �w� �u�s�e�d� �i�n� �g�e�n�e�r�a�t�i�n�g� �=�)� �w�a�s� 

�t�a�k�e�n� �d�i�r�e�c�t�l�y� �f�r�o�m� �t�h�e� �l�a�s�t� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�,� �"�0�"� �i�s� �u�s�e�d�;� �i�f�w� 

�w�a�s� �e�u�t� �b�y� �4�0�%� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �m�i�n�o�r� �i�t�e�r�a�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �s�a�m�e� 

�m�a�j�o�r� �i�t�e�r�a�t�i�o�n�,� �a� �" ��-�1�"� �i�s� �u�s�e�d�;� �a�n�d� �s�o� �o�n�,� �a�s� �o�n�e� �m�i�g�h�t� �e�x�p�e�c�t� �f�r�o�n� 

�o�u�r� �d�e�s�c�r�i�p�t�i�o�n� �i�n� �s�e�c�t�i�o�n� �(�i�v�)�.� �N�o�t�e� �t�h�a�t� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �i�m�p�l�i�e�d� 

�b�y� �t�h�i�s� �t�a�b�l�e� �i�n�c�l�u�d�e� �f�i�v�e� �c�o�m�p�u�t�a�t�i�o�n�s� �o�f� �t�h�e� �g�r�a�d�i�e�n�t� �o�f� 

�l�i�k�e�l�i�h�o�o�d�,� �a�n�d� �f�o�u�r�t�e�e�n� �c�o�m�p�u�t�a�t�i�o�n�s� �o�f� �l�i�k�e�l�i�h�o�o�d� �(�a�v�e�r�a�g�e� �e�r�r�o�r�s�)� 

�f�o�r� �s�a�m�p�l�e� �c�o�e�f�f�i�c�i�e�n�t� �v�e�c�t�o�r�s� �B ��,� 

�T�h�e�r�e� �f�o�l�l�o�w�s� �t�h�e� �s�c�r�i�p�t� �o�f� �a� �T�S�P� �s�e�s�s�i�o�n� �b�a�s�e�d� �o�n� �t�h�e� �s�a�m�e� 

�d�a�t�a�~�s�e�r�i�e�s�,� �T�h�e� �o�r�d�i�n�a�r�y� �u�s�e�r�,� �t�o� �g�e�t� �i�n�t�o� �T�S�P�,� �w�o�u�l�d� �h�a�v�e� �t�o



�F�a�g�e� �I�I�I�-�4�5� 

�s�i�g�n� �i�n� �o�n� �t�h�e� �M�I�T� �M�u�l�t�i�c�s�,� �t�h�e�n� �e�n�t�e�r� �t�h�e� �c�o�n�s�i�s�t�e�n�t� �s�y�s�t�e�m�,� 

�a�n�d� �t�h�e�n� �i�s�s�u�e� �t�h�e� �c�o�m�m�a�n�d� �"�t�s�p�:�x�"� �o�r�  ��t�s�p�r�:�x�"�;� �i�n� �o�u�r� �o�w�n� 

�d�i�r�e�c�t�o�r�y�,� �w�e� �o�n�l�y� �n�e�e�d�e�d� �t�o� �i�s�s�u�e� �t�h�e� �c�o�m�m�a�n�d� �"�t�s�p�r�"� �d�i�r�e�c�t�l�y�:� 

�t�s�p�r� �(�u�s�)� 

�T� �2�3�:�2�5� �4�,�9�1�6� �§�$� �.�3�3� �(�t�s�p�)� 
�d�a�t�a�g�$� �(�u�s�)� 

�T� �2�3�:�2�5� �9�6�5� �$�,�0�7� �(�t�s�p�)� 
�s�m�p�l� �1� �7�§� �l�o�a�d� �o�l�d�t�s�t�)� �1�1�,�2� �1�.�2� �1�.�3� �1�.�5� �1�,�4� �1�,�0�8� �e�n�d�$� �(�u�s�)� 

�s�m�p�l� �v�e�e�t�o�r� �(�t�s�p�)� 
�1� �7� �(�t�s�p�)� 

�T� �2�3�:�2�6� �,�5�8�1� �$�0�,�0�5� �(�t�s�p�)� 

�a�r�m�a� �o�l�d�t�s�t�$� �e�n�d�$� �(�u�s�)� 

�i�t�,�n�o�,� �1�,� �f�r�o�m� �l�o�g�p�=� �1�,�6�1�6� �(� �t�s�p� �h�e�r�e� �o�n� �d�o�w�n�)� 
�O�;�n�e�w�l�o�g�p�=� �1�,�7�0�9� 

�~�i�s�n�e�w�l�o�g�p�=� �2�,�2�5�1� 
�i�t�,�n�o�.� �2�,� �f�r�o�m� �l�o�g�p�=� �2�,�2�8�1� 
�O�;�n�e�w�l�o�g�p�=� �1�2�,�6�6�0� 

�~�L�y�n�e�w�l�o�g�p�=� �1�,�9�0�0� 
�-�2�n�e�w�l�o�g�p�=� �2�,�8�6�4� 
�i�p�n�e�w�l�o�g�p�=� �3�,�4�6�8� 
�L�i�n�e�w�l�o�g�p�=� �~�2�,�1�1�9� 
�1� �y�n�e�w�l�o�g�p�=� �3�,�4�6�8� 

�i�t�,�n�o�,� �3�,� �f�r�o�m� �l�o�g�p�=� �3�,�4�6�8� 
�O�;�n�e�w�l�o�g�p�=� �~�H�?� �,� �6�3�8� 

�~�i�s�n�e�w�l�o�g�p�=� �~�3�0�,�1�3�2� 
�~�2�;�n�e�w�l�o�g�p�=� �3�,�3�9�6� 
�-�2�j�n�e�W�l�o�g�p�=� �4�,�0�3�2� 

�l�j�n�e�w�l�o�g�p�=� �4�,�7�0�6� 
�1�L�y�n�e�w�l�o�g�p�=� �o�O�)�,� �O�L� 
�L�s�n�e�w�l�o�g�p�=� �4�,�7�0�6� 

�i�t�,�n�o�,� �4�,� �f�r�o�m� �l�o�g�p�=� �4�,�7�0�6� 
�O�;�n�e�w�l�o�g�o�=� �2�2�,�5�2�7� 

�T�a�b�l�e� �I�[�I�-�2�:� �S�a�m�p�l�e� �S�e�s�s�i�o�n� �W�i�t�h� �C�o�n�v�e�r�g�e�n�c�e� �R�e�s�u�l�t�s� �F�o�r� 
�F�i�n�a�l� �V�e�r�s�i�o�n� �o�f� �t�h�e� �A�R�M�A� �E�s�t�i�m�a�t�i�o�n� �R�o�u�t�i�n�e� �(�t�o�p� �s�e�c�t�i�o�n�)�,



�F�a�g�e� �I�T�I�~�+�6� 

�~�L�n�e�w�l�o�g�p�=�  ��1�1�,�3�7�4� �(�t�s�p�)� 
�~�2�:�;�n�e�w�l�o�g�p�=� �3�.�8�6�5� 
�~�2� �;�n�e�w�l�o�g�p�=� �4�,�8�9�5� 
�i�t�.�,�n�o�,� �5�,� �f�r�o�m� �l�o�g�p�=� �4�,�8�9�5� 

�O�;�n�e�w�l�o�g�p�=� �5�.�1�1�4� 
�i�s�n�e�w�l�o�g�p�=� �5�2�4�9� 

�e�o�n�t�i�n�u�e�?� �(�t�s�p�)� 
�y�e�s� �(�u�s�)� 
�i�t�.�n�o�,� �1�,� �f�r�o�m� �l�o�g�p�=� �5�,�2�h�9� �(�t�s�p�)� 

�O�;�n�e�w�l�o�g�p�=� �1�1�,�6�1�5� 
�~�1�;�n�e�w�l�o�g�p�=� �3�,�0�4�3� 
�2� �n�e�w� �l�o�g�p�=� �4�.�9�2�8� 
�~�2� �n�e�w� �L�o�g�p�=� �5�,�3�8�1� 
�i�t�,�n�o�,� �2�,� �f�r�o�m� �l�o�g�p�=� �5�,�3�8�1� 

�O�;�n�e�w�l�o�g�p�=� �5� �M�A�S� 
�i�t�,�n�o�,� �3�,� �f�r�o�m� �l�o�g�p�=� �5�S� 

�O�;�n�e�w�l�o�g�p�=� �5�,� �2� 
�i�t�,�n�o�,� �4�,� �f�r�o�m� �l�o�g�p�=� �5�,� �5�4�2� 

�O�s�;�n�e�w�l�o�g�p�=� �5�.�2�0�4� 
�~�i�s�n�e�w�l�o�g�p�=� �5�,�5�3�7� 
�~�2� �s�n�e�w�l�o�g�p�=� �2� �5�8�6� 
�i�t�.�n�o�,� �5�,� �f�r�o�m� �l�o�g�p�=� �5�,� �5�8�6� 
�O�;�n�e�w�l�o�g�p�=� �5�,�6�3�6� 
�i�s�n�e�w�l�o�g�p�=� �5�,� �6�8�4� 
�Z�2�;�n�e�w�l�o�g�p�=� �5�,� �O�4�6� 

�c�o�n�t�i�n�u�e�?� �(�t�s�p�)� 
�y�e�s� �(�u�s�)� 
�i�t�,�n�o�,� �1�,� �f�r�o�m� �l�o�g�p�=� �5�,� �H�E� �(�t�s�p�)� 

�C�3�;� �n�e�w�l�o�g�p�=� �~�2�0�,� �3�1�9� 
�~�L�i�n�e�w�l�o�g�p�=� �-�1�2�,�0�5�8� 
�~�2� �;�n�e�w� �l�o�g�p�=� �1�,�4�2�7� 
�~�2� �;�n�e�w�l�o�g�p�=� �5�,�0�2�5� 
�~�2� �;�n�e�w�l�o�g�p�=� �5�,�9�6�8� 
�i�t�,�n�o�,� �2�,� �f�r�o�m� �l�o�g�p�=� �5�.�9�6�8� 
�O�;�n�e�w�l�o�g�p�=� �6�,�0�0�5� 

�i�t�,�n�o�,� �3�,� �f�r�o�m� �l�o�g�p�=� �6�,�0�0�5� 
�O�s�n�e�w�l�o�g�p�=� �6�,�0�2�1� 
�L�y�n�e�w�l�o�g�p�=� �6�,�0�3�7� 
�2�;�n�e�w�l�o�g�p�=� �6�,�1�2�7� 
�2� �p�n�e�w�l�o�g�p�=� �6�,�0�2�0� 
�2�y�n�e�w�l�o�g�p�=� �6�,�1�2�7� 

�T�a�b�l�e� �T�i�I�-�2�:� �S�a�m�p�l�e� �S�e�s�s�i�o�n� �W�i�t�h� �C�o�n�v�e�r�g�e�n�c�e� �R�e�s�u�l�t�s� �F�o�r� 
�F�i�n�a�l� �V�e�r�s�i�o�n� �o�f� �t�h�e� �A�R�M�A� �E�s�t�i�m�a�t�i�o�n� �R�o�u�t�i�n�e� �(�m�i�d�d�l�e� �s�e�c�t�i�o�n�)



�P�a�g�e� �I�T�I�-�4�7� 

�i�t�,�n�o�,� �4�,� �f�r�o�m� �l�o�g�p�=� �6�,�1�2�7� �(�t�s�p�)� 
�O�;�n�e�w�l�o�g�p�=� �9�4�7� 

�~�l�s�n�e�w�l�o�g�p�=� �4�,�0�5�4� 
�~�2� �s�n�e�w�l�o�g�p�=� �6�,� �O�4�6� 
�~�2� �s�n�e�w�l�o�g�p�=� �6�,�1�4�7� 
�i�t�.�n�o�,� �5�,� �f�r�o�m� �l�o�g�p�=� �6�,�1�4�7� 

�O�;�n�e�w�l�o�g�p�=� �6�,�1�6�2� 
�c�o�n�t�i�n�u�e�?� �(�t�s�p�)� 
�y�e�s� �(�u�s�)� 
�i�t�,�n�o�,� �1�,� �f�r�o�m� �l�o�g�p�=� �6�,�1�6�2� �(�t�s�p�)� 

�O�;�n�e�w�l�o�g�p�=� �6�,�1�8�4� 
�i�t�,�n�o�,� �2�,� �f�r�o�m� �l�o�g�p�=� �6�,�1�8�4� 

�O�;�n�e�w�l�o�g�p�=� �6�,�1�9�7� 
�~�i�:�n�e�w�l�o�g�p�=� �5�,�2�0�3� 
�i�t�,�n�o�,� �3�,� �f�r�o�m� �l�o�g�p�=� �6�,�2�0�3� 

�O�s�n�e�w�l�o�g�p�=� �6�,�2�0�2� 
�~�l�s�n�e�w�l�o�g�p�=� �6�,�2�1�9� 
�i�t�,�n�o�,� �4�,� �f�r�o�m� �l�o�g�p�=� �6�,�2�1�9� 

�O�;�n�e�w�l�o�g�p�=� �6�,�2�3�5� 
�i�t�.�n�o�,� �5�,� �f�r�o�m� �l�o�g�p�=� �6�,�2�3�5� 

�O�s�n�e�w�l�o�g�p�=� �6�,�2�4�9� 
�c�o�n�t�i�n�u�e�?� �(�t�e�p�)� 
�n�o� �(�u�s�)� 

�l�o�g�p�=� �6�,�2�4�9� �1�,�6�1�5�)� �(�t�s�p�)� 

�p�r�e�d�i�c�t�i�n�g� �o�l�d�t�s�t� 

�i�n�d�e�p�,�v�a�r�,� �t�h�e�t�a� �r�h�o� �r�e�g�,� �c�o�e�f�f�,� �e�r�r�o�r� �r�n�s� 
�o�l�d�t�s�t� �2� �9�7�2�2� �7�0�8� �1�,�6�3�6�8�0�0� �0�,�9�8�2�0�3�e�-�0�2� �1�,�2�7�6�7�1�5� 

�r�e�g� �e�r�r�o�r� �=� �0�,�3�6�8�9�6�e�-�0�1� �(�t�s�p�)� 
�c�o�n�t�i�n�u�e�?� �(�t�s�p�)� 
�n�o� �(�u�s�)� 
�c�o�n�t�i�n�u�e� �W�i�t�h� �s�i�m�u�l�a�t�i�o�n�?� �(�t�s�p�)� 
�y�e�s� �(�u�s�)� 

�T�a�c�l�e� �I�I�I�-�2�:� �S�a�m�p�l�e� �S�e�s�s�i�o�n� �W�i�t�h� �C�o�n�v�e�r�g�e�n�c�e� �R�e�s�u�l�t�s� �F�o�r� 
�F�i�n�a�l� �V�e�r�s�i�o�n� �o�f� �t�h�e� �A�R�M�A� �E�s�t�i�m�a�t�i�o�n� �R�o�u�t�i�n�e� �(�b�o�t�t�o�m� �s�e�c�t�i�o�n�)� 

�A�f�t�e�r� �t�h�i�s�,� �w�e� �w�e�n�t� �o�n� �t�o� �c�h�e�c�k� �o�u�t� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �r�o�u�t�i�n�e�,� 

�a�n�d� �o�t�h�e�r� �r�o�u�t�i�n�e�s� �i�n� �T�S�P�,� �t�o� �m�a�k�e� �s�u�r�e� �t�h�a�t� �a�l�l� �w�a�s� �w�o�r�k�i�n�g� �c�o�r�r�e�c�t�l�y�.� 

�N�o�t�e� �t�h�a�t� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� �i�n�f�o�r�m�a�t�i�o�n� �w�o�u�l�d� �n�o�t� �h�a�v�e� �b�e�e�n� �p�r�i�n�t�e�d� �o�u�t



�P�a�g�e� �I�T�I�-�4�8� 

�i�n� �s�o� �m�u�c�h� �d�e�t�a�i�l� �i�f� �w�e� �h�a�d� �t�u�r�n�e�d� �o�n� �t�h�e� �"�o�u�t�p�u�t� �s�o�m�e�"� �f�l�a�g�,� 

�N�o�t�i�c�e� �t�h�a�t� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �e�r�r�o�r� �w�i�t�h� �t�h�e� �A�R�M�A� �m�o�d�e�l� �-� 

�.� �0�0�9�8�2�0�3� �=� �w�a�s� �q�u�i�t�e� �a� �b�i�t� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�e� �v�a�r�i�a�n�c�e� �o�f� �t�h�e� �e�r�r�o�r� 

�w�i�t�h� �r�e�g�r�e�s�s�i�o�n� �~� �,�0�3�6�8�9�6�,� �T�h�i�s� �i�s� �a� �g�o�o�d� �i�n�d�e�x� �o�f� �t�h�e� �d�i�s�t�a�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �t�w�o� �m�o�d�e�l�s�,� �I�t� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �t�h�a�t� �t�h�e� �e�c�o�n�o�m�i�c� �c�o�s�t� 

�o�f� �u�s�i�n�g� �A�R�M�A� �a�n�a�l�y�s�i�s� �-� �m�e�a�s�u�r�e�d� �i�n� �i�t�e�r�a�t�i�o�n�s� �~� �w�o�u�l�d� �a�p�p�e�a�r� �t�o� �b�e� 

�l�e�s�s� �w�h�e�n� �i�t� �t�u�r�n�s� �o�u�t� �t�o� �b�e� �u�n�n�e�c�e�s�s�a�r�y�,� �w�h�e�n� �t�h�e� �d�i�s�t�a�n�c�e� �i�s� �s�m�a�l�l�;� 

�t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� �c�a�n� �g�e�t� �l�a�r�g�e�,� �m�o�s�t�l�y� �i�n� �t�h�e� �c�a�s�e� �w�h�e�r�e� 

�t�h�e� �b�e�n�e�f�i�t� �f�r�o�m� �u�s�i�n�g� �A�R�M�A� �a�n�a�l�y�s�i�s� �i�s� �a�l�s�o� �l�a�r�g�e�,� �W�e� �h�a�v�e� 

�d�e�l�i�b�e�r�a�t�e�l�y� �u�s�e�d� �m�a�n�y� �i�t�e�r�a�t�i�o�n�s� �i�n� �t�h�i�s� �r�e�c�e�n�t� �r�u�n�,� �t�o� �c�o�n�f�i�r�m� 

�t�h�a�t� �c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �r�e�a�s�o�n�a�b�l�e� �a�f�t�e�r� �t�e�n� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�s� �o�r� �s�o�,� 

�i�n� �t�h�i�s� �d�i�f�f�i�c�u�l�t� �s�p�e�c�i�a�l� �c�a�s�e�,� �O�u�r� �e�a�r�l�i�e�r� �t�e�s�t� �r�u�n� �w�a�s� �c�o�n�t�i�n�u�e�d� �f�o�r� 

�o�n�l�y� �f�i�v�e� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�s�,� �a�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �I�I�I�-�1�;� �h�o�w�e�v�e�r�,� 

�i�n� �t�h�e�s�e� �f�i�v�e� �i�t�e�r�a�t�i�o�n�s�,� �i�t� �c�o�v�e�r�e�d� �r�o�u�g�h�l�y� �t�h�e� �s�a�m�e� �d�i�s�t�a�n�c�e�,� 

�i�n� �i�n�e�r�e�a�s�i�n�g� �l�o�g�p�,� �t�h�a�t� �o�u�r� �n�e�w� �s�y�s�t�e�m� �d�i�d� �i�n� �t�h�e� �f�i�r�s�t� �t�w�o�,� 

�M�o�r�e� �s�i�g�n�i�f�i�c�a�n�t�l�y�,� �t�h�e� �o�l�d� �r�o�u�t�i�n�e� �s�h�o�w�e�d� �m�a�j�o�r� �s�i�g�n�s� �o�f� �f�l�o�u�n�d�e�r�i�n�g�,� 

�a�n�d� �o�n�e� �h�a�s� �t�h�e� �i�m�p�r�e�s�s�i�o�n� �t�h�a�t� �i�t�s� �f�i�n�a�l� �b�r�e�a�k�t�h�r�o�u�g�h� �w�a�s� �p�a�r�t�l�y� 

�a� �m�a�t�t�e�r� �o�f� �l�u�c�k�,� �T�h�e� �n�e�w� �r�o�u�t�i�n�e� �m�o�v�e�d� �s�y�s�t�e�m�a�t�i�c�a�l�l�y� �t�o�w�a�r�d�s� 

�c�o�n�v�e�r�g�e�n�c�e�,� �N�o�t�e�,� �a�l�s�o�,� �t�h�a�t� �t�h�e� �p�r�o�b�l�e�m� �o�f� �s�c�a�l�i�n�g� �i�s� �n�o�t� 

�u�n�u�s�u�a�l�l�y� �g�r�e�a�t� �i�n� �t�h�i�s� �c�a�s�e�;� �t�h�e� �v�a�r�i�a�b�l�e�s� �P� �a�n�d� �a�y� �n�e�e�d� �s�e�a�l�i�n�g� 

�v�i�s�-�a�-�v�i�s� �©�,� �b�u�t� �w�i�t�h� �l�o�n�g� �m�i�l�t�i�v�a�r�i�a�t�e� �t�i�m�e�-�s�e�r�i�e�s� �o�n�e� �e�x�p�e�c�t�s� 

�a� �f�a�r� �g�r�e�a�t�e�r� �s�c�a�l�i�n�g� �p�r�o�b�l�e�m�,� �a�n�d� �a� �m�o�r�e� �d�r�a�m�a�t�i�c� �n�e�e�d� �f�o�r� �t�h�e� �n�e�w� 

�p�r�o�c�e�d�u�r�e�s� �s�u�g�g�e�s�t�e�d� �i�n� �s�e�c�t�i�o�n� �(�i�v�)�,� �a�n�d� �i�n� �t�h�e� �A�p�p�e�n�d�i�x� �t�o� �C�h�a�p�t�e�r� �(�I�I�)�,
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�F�O�O�T�N�O�T�E�S� �T�O� �C�H�A�P�T�E�R� �(�I�I�T�)� 

�(�1�)� �B�o�x�,� �G�e�o�r�g�e� �E�,�P�,� �a�n�d� �J�e�n�k�i�n�s�,� �G�.�M�,�,� �T�i�m�e� �S�e�r�i�e�s� �A�n�a�l�y�s�i�s�:� 

�(�2�)� �I�n� 

�F�o�r�e�c�a�s�t�i�n�g� �a�n�d� �C�o�n�t�r�o�l�,� �H�o�l�d�e�n�-�D�a�y�,� �S�a�n� �F�r�a�n�c�i�s�c�o�,� �C�a�l�i�f�.�.�.� 
�1�9�7�0�,� 

�p�r�i�n�c�i�p�l�e�,� �t�h�i�s� �s�t�a�t�e�m�e�n�t� �m�i�g�h�t� �c�a�l�l� �f�o�r� �a� �s�t�a�t�i�s�t�i�c�a�l� �s�u�r�v�e�y� 
�i�t�s�e�l�f�,� �a�l�t�h�o�u�g�h� �f�o�r� �t�h�o�s�e� �f�a�m�i�l�i�a�r� �w�i�t�h� �t�h�e� �u�s�u�a�l� �p�r�o�c�e�d�u�r�e�s� 
�i�n� �s�o�c�i�a�l� �s�c�i�e�n�c�e� �i�t� �i�s� �a�n� �u�n�d�e�r�s�t�a�t�e�m�e�n�t�,� �T�h�e� �M�I�T� �c�o�m�p�u�t�i�n�g� 
�c�e�n�t�e�r�,� �w�h�i�c�h� �n�o�w� �s�e�r�v�e�s� �b�o�t�h� �M�I�T� �a�n�d� �H�a�r�v�a�r�d�,� �h�a�s� �p�u�t� �o�u�t� 
�a� �b�r�i�e�f� �s�u�r�v�e�y� �o�f� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�d�u�r�e�s� �a�v�a�i�l�a�b�l�e� �t�o� �i�t�s� �u�s�e�r�s� 
�o�n� �t�h�e� �I�B�M� �3�7�0�,� �i�n� �i�t�s� �p�u�b�l�i�c�a�t�i�o�n� �A�P�-�7�7�,� �T�h�i�s� �s�u�r�v�e�y� �l�i�s�t�s� �s�i�x� 
�a�v�a�i�l�a�b�l�e� �s�t�a�t�i�s�t�i�c�a�l� �p�a�c�k�a�g�e�s� �-� �t�h�e� �S�t�a�t�i�s�t�i�c�a�l� �F�a�c�k�a�g�e� �f�o�r� 
�t�h�e� �S�o�c�i�a�l� �S�e�l�e�n�c�e�s�,� �D�a�t�a�-�T�e�x�t�,� �E�c�o�n�o�m�e�t�r�i�c� �S�o�f�t�w�a�r�e� �P�a�c�k�a�g�e�,� 
�t�h�e� �(�I�B�M�)� �S�c�i�e�n�t�i�f�i�c� �S�u�b�r�o�u�t�i�n�e� �P�a�c�k�a�g�e�,� �P�=�S�T�A�T� �(�P�r�i�n�e�e�t�o�n� 
�s�t�a�t�i�s�t�i�c�a�l� �p�a�c�k�a�g�e�)�,� �a�n�d� �t�h�e� �B�l�o�M�e�D�i�c�a�l� �p�a�c�k�a�g�e�,� �F�i�v�e� �o�f� �t�h�e� 
�s�i�x� �i�n�c�l�u�d�e� �"�m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n�"�;� �E�S�P�,� �t�h�e� �s�i�x�t�h�,� �w�o�u�l�d� �a�p�p�e�a�r� 
�t�o� �c�o�n�t�a�i�n� �t�h�e� �s�a�m�e� �p�r�o�v�i�s�i�o�n� �u�n�d�e�r� �t�h�e� �t�e�r�m�  ��s�i�m�p�l�e� �l�i�n�e�a�r� 
�r�e�g�r�e�s�s�i�o�n�, �� �B�a�y�e�s�i�a�n� �s�t�a�t�i�s�t�i�c�s� �a�r�e� �n�o�t� �i�n�e�l�u�d�e�d� �i�n� �a�n�y� �o�f� 
�t�h�e� �l�i�s�t�i�n�g�s�,� �N�o�n�l�i�n�e�a�r� �l�e�a�s�t� �s�q�u�a�r�e�s� �i�s� �p�r�e�s�e�n�t� �o�n�l�y� �i�n� �B�M�D�,� 
�(�W�e� �s�u�s�p�e�c�t�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �E�S�P� �-� �a� �c�o�u�s�i�n� �o�f� �T�S�P� �~� �m�i�g�h�t� 
�h�a�v�e� �t�h�i�s� �c�a�p�a�b�i�l�i�t�y� �b�y� �n�e�w�,� �)� �M�o�v�i�n�g� �a�v�e�r�a�g�e� �m�o�d�e�l�s� �a�r�e� �n�o�t� 
�m�e�n�t�i�o�n�e�d�,� �S�p�e�c�t�r�a�l� �a�n�a�l�y�s�i�s� �i�s� �n�o�t� �m�e�n�t�i�o�n�e�d� �a�s� �s�u�c�h�;� 
�t�h�e� �X� �S�u�p�p�l�e�m�e�n�t� �t�o� �t�h�e� �B�M�D� �m�a�n�u�a�l� �i�n�d�i�c�a�t�e�s� �i�t�s� �p�r�e�s�e�n�c�e� 
�i�n� �t�h�e� �m�o�r�e� �r�e�c�e�n�t� �v�e�r�s�i�o�n� �o�f� �t�h�a�t� �p�a�c�k�a�g�e�,� �b�u�t� �i�n� �n�o�n�e� �o�f� 
�t�h�e� �o�t�h�e�r�s�,� �T�h�i�s� �p�r�o�b�a�b�l�y� �g�i�v�e�s� �a�s� �a�c�e�u�r�a�t�e� �i�n�d�i�c�s�a�t�i�o�n� �o�f� 
�t�h�e� �d�o�m�i�n�a�n�c�e� �o�f� �r�e�g�r�e�s�s�i�o�n� �a�n�a�l�y�s�i�s� �i�n� �a�c�t�u�a�l� �w�o�r�k� �i�n� 
�t�h�e� �s�o�c�i�a�l� �s�c�i�e�n�c�e�s�,� 

�(�3�)� �H�a�n�n�a�n�,� �E�,�J�.�,� �M�u�l�t�i�p�l�e� �T�i�m�e�-�S�e�r�i�e�s�,� �W�i�l�e�y� �a�n�d� �S�o�n�s�,� �N�e�w� �Y�o�r�k�,� �p�,� �3�9�%� 

�(�4�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�,� �c�i�t�.�,� �p�,�7�6� 

�(�5�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�.�c�i�t�.�,� �p�.�3�0� �(�b�o�t�t�o�m� �o�f� �p�a�g�e�)� 

�(�6�)� �B�o�z� �«�a�n�d� �J�e�n�k�i�n�s�,� �o�p�,� �c�i�t�,�,� �p�.�1�2�1�-�1�2�4�,� �C�o�n�s�i�d�e�r� �t�h�e� �c�a�s�e� 
�d�a�o�"�  �� �d�=�Q�,� 

�(�7�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�,� �c�i�t�.�,� �e�q�u�a�t�i�o�n� �(�A�7�.�1�.�9�)�,� �p�.�2�6�0�,� 

�(�&�)� �S�e�e� �n�o�t�e� �5�,� 

�(�9�)� �O�n�e� �w�a�y�_�o�f� �e�x�p�r�e�s�s�i�n�g� �f�o�r�a� �o�f� �s�t�a�t�i�o�n�a�r�i�t�y� �i�s� �t�h�a�t� �t�h�e� �n�o�r�m� 
�o�f� �8�"�,� �a�n�d� �t�h�u�s� �o�f� �(�6�+�)�"�,� �w�i�l�l� �b�e�c�o�m�e� �a�r�b�i�t�r�a�r�i�l�y� �s�m�a�l�l� �f�o�r� �n� 
�s�u�f�f�i�c�i�e�n�t�l�y� �l�a�r�g�e�;� �i�n� �p�a�r�t�i�c�u�l�a�r�,� �l�e�t� �u�s� �c�h�o�g�s�e� �a�n�n� �f�o�r� 
�w�h�i�c�h� �t�h�e�s�e� �n�o�r�m�s� �a�r�e� �l�e�s�s� �t�h�a�n�,� �o�n�g�»� �I�f� �M�=�e�M�e�"�,� �t�h�e�n�,� �b�y� 
�s�u�b�s�t�i�t�u�t�i�o�n� �a�n�d� �i�n�d�u�c�t�i�o�n�,� �M�=�@�M�e�!�"�,� �I�f� �M� �i�s� �n�o�n�z�e�r�o�,� �t�h�e�n
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�t�h�e�r�e� �m�u�s�t� �e�x�i�s�t� �s�o�m�e� �v�e�c�t�o�r�,� �V�,� �o�f� �u�n�i�t� �l�e�n�g�t�h�,� �f�o�r� �w�h�i�c�h� 
�M�V� �i�s� �o�f� �n�o�n�z�e�r�o� �l�e�n�g�t�h�;� �l�e�t� �u�s� �p�i�c�k� �t�h�e� �u�n�i�t� �v�e�c�t�e�r� �7� �f�o�r� 
�w�h�i�c�h� �t�h�e� �l�e�n�g�t�h� �o�f� �M�¥� �i�s� �a� �m�a�x�i�m�u�m�,� �(�G�i�v�e�n� �t�h�a�t� �t�h�e� �m�a�t�r�i�x� �M� 
�i�s� �o�f� �f�i�n�i�t�e� �d�i�m�e�n�s�i�o�n�,� �a�t� �l�e�a�s�t� �o�n�e� �s�u�c�h� �v�e�c�t�o�r� �m�u�s�t� �e�x�i�s�t�,� �)� 
�T�h�e�n� �o�u�r� �a�s�s�u�m�p�t�i�o�n�s� �c�l�e�a�r�l�y� �t�e�l�l� �u�s� �t�h�a�t�,� �t�h�e� �l�e�n�g�t�h� �o�f� �M�V� 
�w�o�u�l�d� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �l�e�n�g�t�h� �o�f� �e�n�e� �t�y� �c�o�n�t�r�a�d�i�c�t�i�n�g� 
�o�u�r� �m�a�t�r�i�x� �e�q�u�a�l�i�t�y�,� 

�(�1�0�)� �C�o�n�s�i�d�e�r�,� �f�o�r� �e�x�a�m�p�l�e�,� �@� �=� �k�I�,� �w�h�e�r�e� �k� �i�s� �n�o�t� �+�1� �o�r� �-�1�,� �a�n�d� �w�h�e�r�e� 
�I� �i�s� �t�h�e� �i�d�e�n�t�i�t�y� �m�a�t�r�i�x�,� �I�f� �k� �i�s� �l�a�r�g�e�r� �t�h�a�n� �+�1�,� �t�h�i�s� �9� 
�w�o�u�l�d� �c�o�r�r�e�s�p�o�n�d� �t�e� �a� �h�i�g�h�l�y� �n�o�n�s�t�a�t�i�o�n�a�r�y� �p�r�o�c�e�s�s�,� �Y�e�t� 
�t�h�i�s� �©� �s�t�i�l�l� �m�e�e�t�s� �o�u�r� �r�e�q�u�i�r�e�m�e�n�t�s�,� �I�f� �M�e�e�e�!� �t�h�e�n�,� �b�y� 
�s�u�b�s�t�i�t�u�t�i�o�n�,� �M�=�k�K�°�M�;� �t�h�i�s� �c�a�n�n�o�t� �h�a�p�p�e�n� �f�e�r� �t�h�e� �"�k�"� �w�e� 
�h�a�v�e� �m�e�n�t�i�o�n�e�d�,� �f�o�r� �a� �n�o�n�z�e�r�c� �M�,� �I�n�d�e�e�d�,� �i�t� �w�o�u�l�d� �a�p�p�e�a�r� 
�t�h�a�t� �o�u�r� �a�s�s�u�m�p�t�i�o�n� �c�o�u�l�d� �o�n�l�y� �b�e� �v�i�o�l�a�t�e�d� �f�o�r� �t�h�a�t� 
�i�n�f�i�n�i�t�e�s�i�m�a�l�l�y� �s�m�a�l�l� �p�r�o�p�o�r�t�i�o�n� �o�f� �m�a�t�r�i�c�e�s� �@� �w�h�i�c�h� 
�h�a�v�e� �e�l�g�e�n�v�a�l�u�e�s� �e�x�a�c�t�l�y� �e�q�u�a�l� �t�o� �1� �i�n� �a�b�s�o�l�u�t�e� �v�a�l�u�e�,� 
�I�f� �t�h�i�s� �w�e�r�e� �p�r�e�v�e�n�,� �i�t� �i�s� �c�o�n�c�e�i�v�a�b�l�e� �t�h�a�t� �o�u�r� �r�e�a�s�o�n�i�n�g� �c�o�u�l�d� 
�b�e� �e�x�t�e�n�d�e�d� �e�v�e�n� �t�o� �t�h�a�t� �s�e�t� �o�f� �m�a�t�r�i�c�e�s� �b�y� �s�o�m�e� �s�o�r�t� �o�f� 
�l�i�m�i�t� �t�h�e�o�r�e�m�;� �h�o�w�e�v�e�r�,� �s�u�c�h� �p�o�s�s�i�b�i�l�i�t�i�e�s� �g�o� �b�e�y�o�n�d� �t�h�e� �s�c�e�p�e� 
�o�f� �o�u�r� �d�i�s�c�u�s�s�i�o�n� �h�e�r�e�,� 

�(�1�1�)� �T�t� �h�a�s� �b�e�e�n� �p�o�i�n�t�e�d� �o�u�t� �t�e� �u�s� �t�h�a�t� �R�,�L�,� �K�a�s�h�y�a�p�,� �i�n� �t�h�e� �a�r�e�a� �o�f� 
�e�n�g�i�n�e�e�r�i�n�g�,� �h�a�s� �s�u�g�g�e�s�t�e�d� �a� �p�r�o�c�e�d�u�r�e� �f�o�r� �t�h�e� �"�e�s�t�i�m�a�t�i�o�n�"� 
�o�f� �m�o�d�e�l�s� �o�f� �t�h�e� �f�o�r�m� �o�f� �e�q�u�a�t�i�o�n� �(�3�.�7�)�,� �i�n� �"�A� �N�e�w� �M�e�t�h�o�d� �o�f� 
�R�e�c�u�r�s�i�v�e� �E�s�t�i�m�a�t�i�o�n� �i�n� �D�i�s�c�r�e�t�e� �L�i�n�e�a�r� �S�y�s�t�e�m�s�"�,� �i�n� �I�E�E�E� 
�T�r�a�n�s�a�c�t�i�o�n�s�,� �A�C�-�1�5�,� �#�1�,� �v�,�1�&�2�5�,� �"�E�s�t�i�m�a�t�i�o�n�"� �i�n� �t�h�i�s� �a�r�t�i�c�l�e� 
�i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �w�h�a�t� �a� �s�t�a�t�i�s�t�i�c�i�a�n� �w�o�u�l�d� �c�a�l�l� �e�s�t�i�m�a�t�i�o�n�;� 
�t�h�e� �a�r�t�i�c�l�e� �c�o�n�c�e�r�n�s� �i�t�s�e�l�f� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �a� �m�o�d�e�l� �o�f� �t�h�e� 
�f�o�r�m� �(�3�,�7�)�,� �w�i�t�h� �c�o�e�f�f�i�c�i�e�n�t�s� �a�l�r�e�a�d�y� �d�e�t�e�r�m�i�n�e�d�,� �t�o� �p�r�e�d�i�c�t� 
�f�u�t�u�r�e� �v�a�l�u�e�s� �o�f� �"�2�"� �a�n�d� �t�h�e� �l�i�k�e�,� �N�e�v�e�r�t�h�e�l�e�s�s�,� �a�n�o�t�h�e�r� 
�a�r�t�i�c�l�e� �b�y� �K�a�s�h�y�a�p� �i�n� �t�h�e� �s�a�m�e� �j�o�u�r�n�a�l�,� �"�M�a�x�i�m�u�m� �L�i�k�e�l�i�h�o�o�d� 
�I�d�e�n�t�i�f�i�c�a�t�i�o�n� �o�f� �S�t�o�c�h�a�s�t�i�c� �L�i�n�e�a�r� �s�y�s�t�e�m�s�"�,� �d�o�e�s� �p�r�e�s�e�n�t� 
�a� �g�e�n�e�r�a�l� �m�e�t�h�o�d� �o�f� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �c�o�u�l�d� �b�e� �e�x�t�e�n�d�e�d� �t�o� �y�i�e�l�d� 
�a�n� �a�l�g�o�r�i�t�h�m� �s�i�m�i�l�a�r� �t�o� �o�u�r� �o�w�n� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �p�r�o�c�e�s�s�e�s� �o�f� 
�t�h�e� �f�o�r�m� �(�3�,�5�)� �a�b�o�v�e�,� �K�a�s�h�y�a�p�'�s� �g�e�n�e�r�a�l� �a�l�g�o�r�i�t�h�m� �i�s� 
�c�o�n�s�i�d�e�r�a�b�l�y� �w�e�a�k�e�r� �t�h�a�n� �o�u�r� �o�w�n� �o�r� �J�a�c�o�b�s�o�n�'�s�,� �d�i�s�c�u�s�s�e�d� �i�n� 
�C�h�a�p�t�e�r� �(�I�I�)�,� �i�n�s�o�f�a�r� �a�g� �i�t� �a�p�p�l�i�e�s� �o�n�l�y� �t�o� �l�i�n�e�a�r� �p�r�o�c�e�s�s�e�s�,� 
�O�n� �p�a�g�e� �2�6�,� �h�e� �d�i�s�c�u�s�s�e�s� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �u�s�i�n�g� �a� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 
�f�o�r� �h�i�s� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�s�s�e�s� �i�n�v�o�l�v�i�n�g� �a� �"�m�o�v�i�n�g� �a�v�e�r�a�g�e� �e�r�r�o�r�"�;� 
�h�o�w�e�v�e�r�,� �h�e� �u�s�e�s� �a� �f�o�r�m� �o�f� �m�o�v�i�n�g� �a�v�e�r�a�g�e� �w�i�t�h� �c�o�n�s�i�d�e�r�a�b�l�y� 
�m�o�r�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �t�h�a�n� �t�h�e� �f�o�r�m� �u�s�e�d� �i�n� �s�t�a�t�i�s�t�i�c�a�l� 
�t�h�e�e�r�y�,� �a�n�d� �c�o�m�e�s� �t�o� �t�h�e� �c�o�n�c�l�u�s�i�o�n� �t�h�a�t� �s�u�c�h� �a� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� 
�i�s� �i�m�p�o�s�s�i�b�l�e�,� �A� �s�t�u�d�y� �o�f� �t�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �h�i�s� �p�a�r�a�n�e�t�e�r�s� 
�a�n�d� �o�u�r�s� �m�i�g�h�t� �y�i�e�l�d� �a� �s�o�l�u�t�i�o�n� �p�r�o�c�e�d�u�r�e�,� �l�i�k�e� �o�u�r�s� 
�d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �(�1�1�)�;� �a�l�t�e�r�n�a�t�i�v�e�l�y�,� �t�h�e� �s�a�m�e� �g�e�n�e�r�a�l� 
�a�p�p�r�e�a�c�h� �m�i�g�h�t� �h�a�v�e� �b�e�e�n� �u�s�e�d� �f�r�o�m� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�n� �o�u�r� �o�w�n� 

� 



�P�a�g�e� �T�I�I�-�5�1� 

�r�e�p�r�e�s�e�n�t�a�t�i�o�n�,� �W�a�s�a�n� �(�s�e�e� �n�o�t�e� �1�8� �b�e�l�o�w�)� �h�a�s� �p�o�i�n�t�e�d� �o�u�t� 
�t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� �a�d�d�i�n�g� �a� �r�a�t�i�o�n�a�l� �p�r�o�c�e�d�u�r�e� �f�o�r� �h�a�n�d�l�i�n�g� 
�"�w�"� �a�n�d�  ��g� �"�,� �a�n� �i�s�s�u�e� �w�h�i�c�h� �K�a�s�h�y�a�p� �d�o�e�s� �n�o�t� �d�i�s�c�u�s�s�,� 
�b�e�f�o�r�e� �o�n�e� �c�a�n� �c�l�a�i�m� �t�o� �h�a�v�e� �a� �w�o�r�k�a�b�l�e� �a�l�g�o�r�i�t�h�m� �i�n� �t�h�e� 
�f�i�e�l�d� �o�f� �s�t�a�t�i�s�t�i�c�s�,� �K�a�s�h�y�a�p� �a�l�s�o� �m�e�n�t�i�o�n�s� �a� �n�o�t�i�o�n� �o�f� 
 ��c�o�n�s�t�r�a�i�n�e�d� �d�e�r�i�v�a�t�i�v�e�,�"� �w�h�i�c�h� �l�o�o�k�s� �l�i�k�e� �a� �p�r�e�c�u�r�s�o�r� �o�f� 
�t�h�e� �"�o�r�d�e�r�e�d� �d�e�r�i�v�a�t�i�v�e�"� �o�f� �C�h�a�p�t�e�r� �(�I�I�)�,� �b�u�t� �b�a�s�e�d� �u�p�o�n� 
�n�o�t�i�o�n�s� �o�f� �v�a�r�i�a�t�i�o�n�a�l� �c�a�l�c�u�l�u�s�;� �t�h�e� �c�o�n�c�e�p�t�,� �a�s� �h�e� �u�s�e�s� �i�t�,� 
�d�o�e�s� �n�o�t� �i�n�c�l�u�d�e� �h�i�s�  ��l�a�m�b�d�a�s �� �a�s� �a� �s�e�t� �o�f� �c�o�n�s�t�r�a�i�n�e�d� 
�d�e�r�i�v�a�t�i�v�e�s�,� �w�h�i�l�e� �t�h�e�y� �c�o�r�r�e�s�p�o�n�d� �v�e�r�y� �c�l�e�a�r�l�y� �t�o� �o�r�d�e�r�e�d� 
�d�e�r�i�v�a�t�i�v�e�s� �i�n� �o�u�r� �o�w�n� �s�y�s�t�e�m�,� 

�(�1�2�)� �J�e�n�k�i�n�s�,� �G�.�M�,� �a�n�d� �W�a�t�t�s�,� �D�.�G�.�,� �S�p�e�c�t�r�a�l� �A�n�a�l�y�s�i�s�,� �H�o�l�d�e�n�-�D�a�y�,� 
�S�a�n� �F�r�a�n�c�i�s�c�o�,� �C�a�l�i�f�,�,� �1�9�6�8�,� �p�,�3�1�3� �i�n�e�l�u�d�e�s� �r�e�f�e�r�e�n�c�e� �t�o� 
�t�h�e� �C�o�o�l�e�y�~�T�u�k�e�y� �f�a�s�t� �F�o�u�r�i�e�r� �a�l�g�o�r�i�t�h�m�,� �d�e�v�e�l�o�p�e�d� �i�n� �1�9�6�5�,� 

�(�1�3�)� �H�a�n�n�a�n�,� �o�p�,� �c�i�t�,�,� �p�.�3�2�-�1�0�6�,� �p�,�1�2�7�=�1�3�6�,� �a�n�d� �t�h�e� �g�r�e�a�t�e�r� �p�a�r�t� �o�f� 
�P�e�2�t� �5�a� �O�5�,� 

�(�1�4�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�,� �c�i�t�,� 

�(�1�5�)� �S�t�r�i�c�t�l�y� �s�p�e�a�k�i�n�g�,� �o�u�r� �e�s�t�i�m�a�t�e� �o�f� �p�l�a�,� �)� �s�h�o�u�l�d� �i�n�c�l�u�d�e� 
�r�e�f�e�r�e�n�c�e� �t�o� �t�h�e� �g�e�n�e�r�a�l� �p�r�o�b�a�b�i�l�i�t�y ��o�f� �t�h�e� �z�,� �w�h�i�c�h� 
�W�e� �w�o�u�l�d� �d�e�d�u�c�e�,� �e�t�c�,� �H�o�w�e�v�e�r�,� �a�s� �w�e� �p�o�i�n�t� �o�u�t� �l�a�t�e�r� 
�i�n� �t�h�e� �t�e�x�t�,� �o�u�r� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�s� �a�r�e� �n�o�t� �v�e�r�y� 
�s�e�n�s�i�t�i�v�e� �t�o� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �s�t�a�t�i�o�n�a�r�i�t�y�;� �t�o� �a�c�c�o�u�n�t� 
�f�o�r� �t�h�i�s� �e�x�t�r�a� �p�i�e�c�e� �o�f� �i�n�f�o�r�m�a�t�i�o�n�,� �z�.�,� �b�e�c�o�m�e�s� �r�a�t�h�e�r� 
�d�o�u�b�t�f�u�l� �w�h�e�n� �n�o�n�s�t�a�t�i�o�n�a�r�i�t�y� �i�s� �i�n�v�e�l�V�e�d�,� �a�n�d� �w�h�e�n� �Z�o� 
�r�e�p�r�e�s�e�n�t�s� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �a� �p�r�o�c�e�s�s� �p�r�e�v�i�o�u�s�l�y� 
�g�o�v�e�r�n�e�d� �b�y� �d�i�f�f�e�r�e�n�t� �d�y�n�a�m�i�c�s�,� �A�s� �i�n� �s�e�c�t�i�o�n� �(�v�i�)� �o�f� 
�C�h�a�p�t�e�r� �(�I�I�)�,� �w�e� �h�a�v�e� �d�e�c�i�d�e�d� �t�h�a�t� �"�p�e�r�f�e�c�t�i�o�n�"� �o�n� �t�h�i�s� 
�p�o�i�n�t� �w�o�u�l�d� �n�o�t� �b�e� �w�o�r�t�h� �t�h�e� �c�o�s�t�,� �e�s�p�e�c�i�a�l�l�y� �i�n� �l�i�g�h�t� �o�f� 
�B�o�x� �a�n�d� �J�e�n�k�i�n�s �� �s�i�m�i�l�a�r� �l�o�o�s�e� �a�p�p�r�o�a�c�h� �t�e� �t�h�e� �p�o�i�n�t�,� 

�(�1�6�)� �W�i�t�h� �n� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�s�,� �a�n�d� �n� �i�n�d�e�p�e�n�d�e�n�t�,� �o�n�e� �m�u�s�t� 
�c�o�m�p�u�t�e� �t�w�o� �n� �b�y� �n� �c�o�v�a�r�i�a�n�c�e� �m�a�t�r�i�c�e�s�,� �w�i�t�h� �e�a�c�h� �t�e�r�m� 
�r�e�q�u�i�r�i�n�g� �T� �m�u�l�t�i�p�l�i�c�a�t�i�o�n�s� �a�n�d� �s�u�m�m�a�t�i�o�n�s�,� �i�n� �c�o�n�v�e�n�t�i�o�n�a�l� 
�r�e�g�r�e�s�s�i�o�n�,� �w�h�e�n� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �o�f� �s�u�c�h� �a� �m�o�d�e�l� �i�s� �c�a�r�r�i�e�d� 
�o�u�t� �b�y� �t�h�e� �s�e�p�a�r�a�t�e� �e�s�t�i�m�a�t�i�o�n� �e�f� �n� �s�i�m�p�l�e� �r�e�p�r�e�s�s�i�o�n� 
�e�q�u�a�t�i�o�n�s�,� �d�i�r�e�c�t�l�y� �f�r�o�m� �r�a�w� �d�a�t�a�,� �o�n�e� �c�o�m�m�i�t�e�s� �a�n� �n�t�i� �b�y� �n�t�l� 
�m�a�t�r�i�x� �n� �d�i�f�f�e�r�e�n�t� �t�i�m�e�s�,� �i�m�p�l�y�i�n�g� �a�n� �e�v�e�n� �g�r�e�a�t�e�r� �c�o�s�t�,� 

�(�1�7�)� �T�h�e� �b�e�s�t�,� �m�o�s�t� �r�e�c�e�n�t� �d�e�s�c�r�i�p�t�i�o�n� �i�s� �a�v�a�i�l�a�b�l�e� �i�n� 
�B�r�o�d�e�,� �J�o�h�n�,� �W�e�x�b�o�s�,� �F�a�u�l� �a�n�d� �D�u�n�n�,� �E�l�i�z�a�b�e�t�h�,� 
�T�S�P� �i�n� �t�h�e� �D�a�t�a�t�r�a�n� �L�a�n�g�u�a�g�e�,� �a�v�a�i�l�a�b�l�e� �i�n� �d�r�a�f�t� �f�o�r�m� 
�f�r�o�m� �t�h�e� �C�a�m�b�r�i�d�g�e� �P�r�o�j�e�c�t�,� �5�t�h� �F�l�o�o�r�,� �T�e�c�h�n�o�l�o�g�y� �n�q�u�a�r�e� �,� 
�C�a�m�b�r�i�d�g�e�,� �M�a�s�s�,�;� �d�i�s�c�u�s�s�i�o�n�s� �a�r�e� �u�n�d�e�r�w�a�y� �r�e�g�a�r�d�i�n�g� �t�h�e� 
�p�u�b�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �m�a�n�u�a�l� �t�h�r�o�u�g�h� �t�h�e� �M�I�T� �P�r�e�s�s�,� 
�T�h�e� �c�o�m�m�a�n�d� �l�a�n�g�u�a�g�e� �h�a�s� �b�e�e�n� �c�h�a�n�g�e�d�,� �t�o� �i�n�c�r�e�a�s�e� �f�l�e�x�i�b�i�l�i�t�y�,
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�(�1�8�)� �W�a�s�a�n�,� �M�.�T�.�,� �P�a�r�a�m�e�t�r�i�c� �E�s�t�i�m�a�t�i�o�n�,� �M�e�G�r�a�w�-�H�i�l�l�,� �N�e�w� �Y�o�r�k�,� 
�1�9�7�0�,� �p�,�i� �5�1�-�1�5�2�,� 

�(�1�9�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�,� �c�i�t�.�,� �e�s�p�e�c�i�a�l�l�y� �p�,� �8�5�-�9�4�,� 

�(�2�0�)� �B�o�x� �a�n�d� �J�e�n�k�i�n�s�,� �o�p�,� �c�i�t�,�,� �p�.�8�7� �(�b�o�t�t�o�m�)� �a�n�d� �p�.�1�1�3� �(�t�o�p�)�,
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�C�I�V�)� �S�I�M�U�L�A�T�I�O�N� �S�T�U�D�I�E�S� �O�F� �T�E�C�H�N�I�Q�U�E�S� �O�F� 

�T�I�M�E�-�S�E�R�I�E�S� �A�N�A�L�Y�S�I�S� 

�C�7�)� �I�N�T�R�O�D�U�C�T�I�O�N� 

�M�o�s�t� �o�f� �t�h�e� �d�i�s�c�u�s�s�t�o�n� �t�n� �t�h�i�s� �t�h�e�s�i�s� �a�b�o�u�t� �t�h�e� 

�d�i�s�a�d�v�a�n�t�a�g�e�s� �o�f� �m�u�l�t�i�p�l�e� �r�e�g�r�e�s�s�i�o�n� �-� �t�h�e� �c�l�a�s�s�t�c�a�l� 

�m�a�i�n�s�t�a�y� �o�f� �t�i�m�e�-�s�e�r�i�e�s� �a�n�a�l�y�s�i�s� �-� �h�a�s� �e�m�e�r�g�e�d� �f�r�o�m� �t�h�e� 

�s�t�u�d�y� �o�f� �c�o�n�c�r�e�t�e� �d�a�t�a� �i�n� �p�o�l�i�t�i�c�a�l� �s�c�i�e�n�c�e�.� �O�n�e� �m�i�g�h�t� 

�a�s�k�,� �h�o�w�e�v�e�r�,� �w�h�e�t�h�e�r� �o�u�r� �d�i�s�c�u�s�s�i�o�n� �a�p�p�l�i�e�s� �t�o� �o�t�h�e�r� 

�s�o�r�t�s� �o�f� �t�i�m�e�-�s�e�r�i�e�s�,� �i�n� �e�c�o�n�o�m�i�c�s� �o�r� �e�c�o�l�o�g�y� �o�r� 

�e�l�s�e�w�h�e�r�e�.� �O�u�r� �v�e�r�b�a�l� �d�i�s�c�u�s�s�i�o�n�s�,� �i�n� �s�e�c�t�i�o�n� �(�v�i�i�)� �o�f� 

�C�h�a�p�t�e�r� �(�I�t�t�)� �a�n�d� �i�n� �C�h�a�p�t�e�r� �(�V�)�,� �s�u�g�g�e�s�t� �t�h�a�t� �t�h�e� 

�s�u�p�e�r�i�o�r�i�t�y� �o�f� �t�h�e� �"�A�R�M�A�"� �a�p�p�r�o�a�c�h� �a�n�d� �o�f� �t�h�e� �"�r�o�b�u�s�t�"�!� 

�a�p�p�r�o�a�c�h� �a�r�e� �d�u�e� �t�o� �s�p�e�c�i�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �d�a�t�a� 

�w�e� �h�a�v�e� �s�t�u�d�i�e�d�;� �i�n� �p�a�r�t�i�c�u�l�a�r�,� �t�h�i�s� �s�u�p�e�r�f�o�r�i�t�y� �m�a�y� �b�e� 

�d�u�e� �t�o� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �c�o�m�p�l�e�x� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�.� �W�h�i�l�e� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �m�a�y� �b�e� �a�l�m�o�s�t� �u�n�i�v�e�r�s�a�l� �t�n� �t�h�e� �s�o�c�i�a�l� 
�s�c�i�e�n�c�e�s�,� �i�t� �w�o�u�l�d� �s�t�i�l�l� �b�e� �v�e�r�y� �i�n�t�e�r�e�s�t�i�n�g� �t�o� �s�e�t� 

�s�o�m�e� �k�i�n�d� �o�f� �t�a�n�g�i�b�l�e� �i�d�e�a� �a�b�o�u�t� �h�o�w� �m�u�c�h� �m�e�a�s�u�r�e�m�e�n�t� 

� � 

�n�o�i�s�e�,� �o�f� �w�h�a�t� �k�i�n�d�,� �a�n�d� �w�h�e�r�e�,� �l�e�a�d�s� �t�o� �h�o�w� �b�i�g� �o�f� �a� 

�f�a�i�l�u�r�e� �o�f� �o�r�d�i�n�a�r�y� �r�e�g�r�e�s�s�i�o�n�.� �I�n�d�e�e�d�,� �{�i�n� �s�e�c�t�i�o�n� 

�(�v�i�l�)� �o�f� �C�h�a�p�t�e�r� �C�l�i�)�,� �t�n� �d�i�s�c�u�s�s�i�n�g� �t�h�e� �t�r�a�d�e�-�o�f�f� 

�b�e�t�w�e�e�n� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �a�p�p�r�o�a�c�h�,� �a�s� �r�e�p�r�e�s�e�n�t�e�d� 

�b�y� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�,� �a�n�d� �t�h�e� �"�r�o�b�u�s�t� �a�p�p�r�o�a�c�h�"�,� �w�e
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�e�m�p�h�a�s�i�z�e�d� �t�h�a�t� �s�o�m�e� �w�e�i�g�h�t� �s�h�o�u�l�d� �b�e� �g�i�v�e�n� �t�o� �t�h�e� 

�F�i�n�d�i�n�g�s� �o�f� �e�a�c�h� �a�p�p�r�o�a�c�h�,� �a�n�d� �t�h�a�t� �t�h�e�r�e� �i�s� �n�o� 

�u�n�i�v�e�r�s�a�l� �p�r�e�s�c�r�i�p�t�i�o�n� �f�o�r� �w�h�a�t� �t�h�e�s�e� �w�e�i�g�h�t�s� �s�h�o�u�l�d� �b�e� 

�i�n� �a�l�l� �c�a�s�e�s�;� �e�v�e�n� �i�f� �a� �u�n�i�v�e�r�s�a�l� �p�r�e�s�c�r�i�p�t�i�o�n� �i�s� 

�i�m�p�o�s�s�i�b�l�e�,� �h�o�w�e�v�e�r�,� �a� �n�u�m�b�e�r� �o�f� �c�l�e�a�r� �c�o�n�c�r�e�t�e� 

�n�u�m�e�r�i�c�a�l� �e�x�a�m�p�l�e�s� �m�a�y� �h�e�l�p� �u�s� �g�r�e�a�t�l�y� �i�n� �b�u�i�l�d�i�n�g� �u�p� 

�a�n� �i�n�t�u�f�t�i�v�e� �m�a�p� �o�f� �t�h�e� �t�r�a�d�e�o�f�f�s�.� 

�S�i�m�u�l�a�t�i�o�n� �s�t�u�d�i�e�s� �c�a�n� �p�r�o�v�i�d�e� �u�s� �w�i�t�h� �t�h�e�s�e� 

�e�x�a�m�p�l�e�s�.� �I�n�d�e�e�d�,� �w�i�t�h� �s�i�m�u�l�a�t�i�o�n� �s�t�u�d�i�e�s� �i�t� �t�s� 

�p�o�s�s�i�b�l�e� �t�o� �g�e�n�e�r�a�t�e� �h�u�n�d�r�e�d�s� �o�f� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�,� 

�a�l�l� �s�t�a�n�d�a�r�d�i�z�e�d�,� �a�l�l� �b�a�s�e�d� �o�n� �k�n�o�w�n� �t�y�p�e�s� �o�f� 

�s�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�s�s�;� �t�i�m�e�-�s�e�r�i�e�s� �i�n� �t�h�e� �r�e�a�l� �w�o�r�l�d� 

�r�a�r�e�l�y� �o�f�f�e�r� �s�u�c�h� �t�i�d�i�n�e�s�s�,� �a�n�d� �r�a�r�e�l�y� �a�l�l�o�w� �u�s� �t�o� �f�e�e�l� 

�s�o� �s�e�c�u�r�e� �I�n� �o�u�r� �i�n�t�e�r�p�r�e�t�a�t�i�o�n�s�,� �E�v�e�n� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� 

�o�f� �u�n�i�q�u�e�,� �e�r�r�a�t�i�c� �e�v�e�n�t�s� �c�a�n� �b�e� �a�c�c�o�u�n�t�e�d� �f�o�r�,� �i�f� �w�e� 

�i�n�s�e�r�t� �t�e�r�m�s� �f�o�r� �e�r�r�a�t�i�c� �t�y�p�e�s� �o�f� �r�a�n�d�o�m� �d�i�s�t�u�r�b�a�n�c�e� 

�i�n�t�o� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�c�e�s�s�,� �a�s� �w�e� �w�i�l�l� �d�e�s�c�r�i�b�e� �b�e�l�o�w�.� 

�I�n� �p�r�i�n�c�i�p�l�e�,� �o�n�e� �c�o�u�l�d� �e�v�e�n� �s�i�m�u�l�a�t�e� �u�n�i�q�u�e�,� 

�a�l�l�-�e�n�c�o�m�p�a�s�s�i�n�g� �s�h�i�f�t�s�,� �i�n� �w�h�i�c�h� �o�n�e� �i�s� �a�s�k�e�d� �t�o� 

�p�r�e�d�i�c�t� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a� �t�i�m�e�-�s�e�r�i�e�s� �w�h�i�c�h� �w�i�l�l�,� �i�n� 

�t�h�e� �f�u�t�u�r�e�,� �o�b�e�y� �a� �d�i�f�f�e�r�e�n�t� �s�y�s�t�e�m� �o�f� �d�y�n�a�m�i�c� �l�a�w�s� 

�f�r�o�m� �t�h�o�s�e� �i�t� �h�a�s� �o�b�e�y�e�d� �i�n� �t�h�e� �p�a�s�t�;� �h�o�w�e�v�e�r�,� �i�t� �f�s� 

�n�o�t� �r�e�a�s�o�n�a�b�l�e� �t�o� �e�x�p�e�c�t� �a�n�y� �s�t�a�t�i�s�t�i�c�a�l� �r�o�u�t�i�n�e� �t�o
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�p�a�s�s� �t�h�i�s� �l�a�s�t� �t�e�s�t�,� �I�n� �i�t�s� �m�o�s�t� �g�e�n�e�r�a�l� �f�o�r�m�.� 

�N�i�f�f�i�c�u�l�t�i�e�s� �o�f� �t�h�i�s� �l�a�s�t� �s�o�r�t�,� �i�n� �t�h�e� �r�e�a�l� �w�o�r�l�d�,� �c�a�n� 

�o�n�l�y� �b�e� �m�i�n�i�m�i�z�e�d� �h�y� �i�n�t�e�l�l�i�g�e�n�t� �h�u�m�a�n� �u�s�e� �o�f� 

�s�t�a�t�i�s�t�i�c�s�,� �a�s� �w�e� �w�i�l�l� �d�i�s�c�u�s�s� �i�n� �C�h�a�n�t�e�r� �(�V�)�.� 

�Q�u�r� �g�o�a�l� �f�i�n� �t�h�i�s� �c�h�a�p�t�e�r�,� �t�h�e�n�,� �I�s� �t�o� �b�e�g�i�n� �t�h�e� 

�p�r�o�c�e�s�s� �o�f� �m�a�p�p�i�n�g� �o�u�t� �t�h�e� �d�o�m�a�i�n�s� �i�n� �w�h�i�c�h� �d�i�f�f�e�r�e�n�t� 

�t�e�c�h�n�i�q�u�e�s� �o�f� �t�i�m�e�-�s�e�r�i�e�s� �a�n�a�l�y�s�i�s� �a�r�e� �a�p�p�r�o�p�r�i�a�t�e�,� �a�s� 

�i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �s�i�m�u�l�a�t�e�d� �d�a�t�a�.� �T�h�e� 

�t�e�r�r�i�t�o�r�y� �t�o� �b�e� �m�a�p�p�e�d� �o�u�t�,� �i�n� �p�r�i�n�c�i�n�o�l�e�,� �t�s� �v�e�r�y� �v�a�s�t�;� 

�i�t� �i�n�c�l�u�d�e�s� �a�l�l� �t�h�e� �s�t�a�t�i�s�t�i�c�a�l� �p�r�o�c�e�s�s�e�s� �a�n�d� �m�o�d�e�l�s�,� 

�m�u�l�t�i�v�a�r�i�a�t�e� �a�n�d� �n�o�n�l�i�n�e�a�r� �a�n�d� �h�i�s�h�l�y� �c�o�m�p�l�e�x�,� �w�h�i�c�h� 

�c�o�u�l�d� �e�v�e�r� �h�e� �r�e�l�e�v�a�n�t� �t�o� �t�h�e� �s�o�c�i�a�l� �o�r� �n�a�t�u�r�a�l� 

�s�c�i�e�n�c�e�s�.� �T�h�u�s� �w�e� �h�a�v�e� �n�o� �c�h�o�i�c�e�,� �h�e�r�e�,� �b�u�t� �t�o� �t�r�y� �a�n�d� 

�p�i�c�k� �o�u�t� �a� �s�u�b�r�e�g�i�o�n� �o�f� �t�h�i�s� �t�e�r�r�i�t�o�r�y�,� �s�m�a�l�l� �e�n�o�u�g�h� �t�o� 

�b�e� �m�a�n�a�g�e�a�b�l�e� �b�u�t� �l�a�r�g�e� �e�n�o�u�s�h� �t�o� �f�l�l�u�s�t�r�a�t�e� �t�h�e� 

�q�u�a�l�i�t�a�t�i�v�e� �f�a�c�t�o�r�s� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �i�n� �o�u�r� �d�i�s�c�u�s�s�i�o�n�,� 

�O�u�r� �g�o�a�l�,� �m�o�r�e� �p�r�e�c�i�s�e�l�y� �i�t�s� �t�o� �c�o�m�p�a�r�e� �t�h�e� �a�b�i�l�i�t�y� 

�o�f� �d�i�f�f�e�r�e�n�t� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�o� �f�i�t� �t�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �a� �s�i�m�p�l�e� �m�o�d�e�l�,� �i�n� �s�u�c�h� �a� �w�a�y� �t�h�a�t� �f�i�t� 

�p�r�e�d�i�c�t�s� �e�f�f�e�c�t�i�v�e�l�y� �t�h�e� �h�e�h�a�v�i�o�r� �o�f� �a�n� �"�u�n�k�n�o�w�n�"�!� 

�p�r�o�c�e�s�s� �w�h�i�c�h� �m�a�y� �a�c�t�u�a�l�l�y� �h�e� �m�o�r�e� �c�o�m�p�l�e�x� �t�h�a�n� �w�h�a�t� 

�t�h�e� �m�o�d�e�l� �[�i�t�s�e�l�f� �c�a�n� �e�x�p�r�e�s�s� �c�o�m�p�l�e�t�e�l�y�.� �t�n� �s�o�c�i�a�l� 

�s�c�i�e�n�c�e�,� �i�n� �g�e�n�e�r�a�l�,� �w�e� �p�r�e�s�u�m�e� �t�h�a�t� �a� �t�r�u�e�,� �c�o�m�p�l�e�t�e
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�d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �a�c�t�u�a�l� �p�r�o�c�e�s�s�e�s� �g�o�i�n�g� �o�n� �w�o�u�l�d� 

�c�o�n�t�a�i�n� �f�a�r� �t�o�o� �m�a�n�y� �p�a�r�a�m�e�t�e�r�s� �t�o� �h�e� �e�s�t�i�m�a�t�e�d� �f�r�o�m� 

�t�h�e� �a�v�a�i�l�a�b�l�e� �d�a�t�a�.� �W�e� �w�i�l�l� �f�o�c�u�s� �o�n� �t�h�e� �p�r�o�b�l�e�m� �o�f� 

�e�s�t�i�m�a�t�i�n�g� �t�h�e� �s�i�m�p�l�e�s�t� �m�o�d�e�l� �w�e� �c�a�n� �t�h�i�n�k� �o�f�,� �o�f� 

�r�e�l�e�v�a�n�c�e� �t�o� �s�o�c�i�a�l� �s�c�i�e�n�c�e�:� 

�Z�(�t�+�1�)� �=� �c�e�2�(�t�)� �(�4�.�1�)� 

�S�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�,� �"�Z�"�,� �o�f� �l�e�n�g�t�h� �2�0�0�,� �h�a�v�e� �b�e�e�n� 

�g�e�n�e�r�a�t�e�d� �b�y� �s�i�m�u�l�a�t�i�n�g� �t�h�e� �r�e�s�u�l�t�s� �o�f� �m�o�r�e� �c�o�m�p�l�e�x� 

�p�r�o�c�e�s�s�e�s�;� �t�h�e�n�,� �f�o�r� �e�a�c�h� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�f�e�s�,� �Z�,� �w�e� 

�h�a�v�e� �c�o�m�p�a�r�e�d� �t�h�e� �a�b�i�l�i�t�y� �o�f� �e�a�c�h� �o�f� �o�u�r� �h�a�s�t�c� 

�e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�o� �c�o�m�e� �u�p� �w�i�t�h� �a� �g�o�o�d� �v�a�l�u�e� �f�o�r� 

�"�o�e�"�,� �t�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �o�r�d�i�n�a�r�y� �l�i�n�e�a�r� 

�m�u�l�t�i�v�a�r�i�a�t�e� �e�s�t�i�m�a�t�i�o�n� �p�r�o�b�l�e�m�s� �a�r�e� �s�i�m�p�l�y� �t�h�e� 

�e�x�t�e�n�s�i�o�n� �o�f� �t�h�i�s� �e�x�a�m�p�l�e� �t�o� �t�h�e� �c�a�s�e� �w�h�e�r�e� �Z� �i�s� �a� 

�v�e�c�t�o�r� �a�n�d� �c�i�s� �a� �m�a�t�r�i�x�.� 

�I�n� �s�e�c�t�i�o�n� �(�f�i�f�i�)�,� �w�e� �w�i�l�l� �s�e�e� �t�h�a�t� �t�h�e� �s�t�u�d�i�e�s� 

�w�h�i�c�h� �w�e� �h�a�v�e� �c�a�r�r�i�e�d� �o�u�t� �g�e�n�e�r�a�l�l�y� �s�u�p�p�o�r�t� �t�h�e� 

�c�o�n�c�l�u�s�i�o�n�s� �o�u�t�l�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �(�1�)�;� �h�o�w�e�v�e�r�,� �b�e�f�o�r�e� �w�e� 

�c�a�n� �d�e�s�c�r�i�b�e� �t�h�e�s�e� �r�e�s�u�l�t�s�,� �i�t� �f�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�f�i�n�e� 

�i�n� �d�e�t�a�i�l� �p�r�e�c�i�s�e�l�y� �w�h�a�t� �s�t�u�d�i�e�s� �w�e�r�e� �c�a�r�r�i�e�d� �o�u�t�.
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�C�i�f�)� �M�E�F�I�N�I�T�I�O�N� �O�F� �S�T�U�D�I�E�S� �C�A�R�R�I�E�D� �O�U�T� 

�T�h�e� �m�a�i�n� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �t�e�s�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� 

�T�a�b�l�e� �!�V�-�1�,� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�;� �s�e�c�o�n�d�a�r�y� 

�r�e�s�u�l�t�s� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �[�t�n� �T�a�b�l�e� �I�V�-�2�,� �a�n�d� �t�h�e� �r�a�w� 

�c�o�m�p�u�t�e�r� �o�u�t�p�u�t� �I�s� �t�a�b�u�l�a�t�e�d� �a�t� �l�e�n�s�t�h� �i�n� �T�a�b�l�e�s� �{�V�-�3� 

�a�n�d� �I�V�-�4�.� �I�n� �o�r�d�e�r� �t�o� �e�x�p�l�a�i�n� �p�r�e�c�i�s�e�l�y� �w�h�a�t� �t�h�e�s�e� 

�t�a�b�l�e�s� �m�e�a�n�,� �w�e� �m�u�s�t� �d�e�f�i�n�e�:�(�i�)� �w�h�a�t� �t�h�e� �t�w�e�l�v�e� �m�o�r�e� 

�c�o�m�p�l�e�x� �p�r�o�c�e�s�s�e�s� �a�r�e�,� �t�h�a�t� �w�e� �u�s�e� �I�n� �s�i�m�u�l�a�t�i�n�g� �s�a�m�p�l�e� 

�t�i�m�e�-�s�e�r�i�e�s�;� �(�i�i�)� �w�h�a�t� �t�h�e� �s�t�x� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�a�r�e�,� �t�h�a�t� �w�e� �u�s�e� �t�o� �e�s�t�i�m�a�t�e� �"�c�"� �f�r�o�m� �t�h�e� �f�i�r�s�t� �1�0�0� 

�o�b�s�e�r�v�a�t�i�o�n�s� �o�f� �e�a�c�h� �s�a�m�p�l�e� �t�i�m�e� �s�e�r�i�e�s�:�(�f�i�t�)� �w�h�a�t� �t�h�e� 

�c�r�i�t�e�r�i�a� �a�r�e� �t�h�a�t� �w�e� �u�s�e� �t�o� �e�v�a�l�u�a�t�e� �t�h�e�s�e� �e�s�t�i�m�a�t�e�s�,� 

�T�h�e� �c�o�m�p�l�e�x� �p�r�o�c�e�s�s�e�s� �u�s�e�d� �i�n� �s�i�m�u�l�a�t�i�o�n� �w�e�r�e� �a�l�l� 

�c�h�o�s�e�n� �t�o� �b�e� �"�c�o�m�p�a�t�t�h�l�e�"!"� �w�i�t�h� �(�4�.�1�)�,� �t�n� �t�h�e� �s�e�n�s�e� �t�h�a�t� 

�(�4�.�1�)� �c�o�u�l�d� �d�o� �a�n� �a�d�e�q�u�a�t�e� �J�o�h� �o�f� �p�r�e�d�i�c�t�i�o�n� �i�f� �t�h�e� 

�"�c�'�'� �w�e�r�e� �c�h�o�s�e�n� �a�p�p�r�o�p�r�i�a�t�e�l�y�.� �T�h�i�s� �i�m�p�l�t�e�s� �a� �c�o�n�s�t�a�n�t� 

�c�o�n�s�t�a�n�t� �a�v�e�r�a�g�e� �r�a�t�e� �o�f� �g�r�o�w�t�h� �f�o�r� �t�h�e� �v�a�r�i�a�b�l�e� �"�Z�z�"�.� 

�T�h�u�s� �w�e� �d�e�c�i�d�e�d� �t�o� �f�o�c�u�s� �o�u�r� �a�t�t�e�n�t�i�o�n� �o�n� �t�w�e�l�v�e� 

�p�r�o�c�e�s�s�e�s� �t�h�a�t� �g�e�n�e�r�a�t�e� �a� �s�i�n�g�l�e� �o�b�s�e�r�v�e�d� �t�i�m�e�-�s�e�r�i�e�s�,� 

�Z�,� �o�n� �t�h�e� �b�a�s�i�s� �o�f� �h�o�m�o�s�e�n�e�o�u�s� �l�i�n�e�a�r� �e�q�u�a�t�i�o�n�s�,� 

�I�n� �o�u�r� �v�e�r�b�a�l� �d�i�s�c�u�s�s�i�o�n�,� �w�e� �h�a�v�e� �p�l�a�c�e�d� �g�r�e�a�t� 

�e�m�p�h�a�s�i�s� �o�n� �t�h�e� �p�o�s�s�t�h�i�l�i�t�y� �o�f� �"�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�"� �o�r� 

�"�t�r�a�n�s�i�e�n�t� �n�o�i�s�e�"�,� �a�s� �d�i�s�t�i�n�c�t� �f�r�o�m� �"�p�r�o�c�e�s�s� �n�o�i�s�e�"� �o�r
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�"�o�b�j�e�c�t�i�v�e� �r�a�n�d�o�m�n�e�s�s�"�,� �T�h�i�s� �h�a�s� �l�e�d� �u�s� �t�o� �f�o�c�u�s� �o�n� 

�p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �g�e�n�e�r�a�t�e� �a�n� �"�o�h�s�e�r�v�e�d�"� �(�o�r� 

�"�s�u�p�e�r�f�i�c�t�a�l�"�)� �v�a�r�i�a�b�l�e�,� �Z�,� �a�s� �t�h�e� �r�e�s�u�l�t� �o�f� �t�w�o� 

�s�u�b�p�r�o�c�e�s�s�e�s�:�(�i�)� �a�n� �"�i�n�n�e�r�"�,� �o�r� �"�o�h�j�e�c�t�i�v�e�"�,� �p�r�o�c�e�s�s�,� 

�w�h�i�c�h� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �e�v�o�l�u�t�i�o�n� �o�f� �t�h�e� �"�t�r�u�e�"� �o�r� 

 ��v�a�r�i�a�b�l�e�,� �"�X�"�,� �o�v�e�r� �t�i�m�e�:�(�T�i�)� �a�n� �"�o�u�t�e�r�"�,�  ��u�n�d�e�r�l�y�i�n�g�'� 

�o�r� �"�m�e�a�s�u�r�e�m�e�n�t�"�,� �p�r�o�c�e�s�s�,� �i�n� �w�h�i�c�h� �Z�,� �t�h�e� �"�m�e�a�s�u�r�e�d� 

�v�a�l�u�e�"� �o�f� �X� �(�o�r� �a�n� �"�i�n�d�e�x� �o�f� �X�"�)�,� �i�s� �d�e�t�e�r�m�i�n�e�d�,� �b�y� 

�s�u�p�e�r�i�m�p�o�s�i�n�g� �s�o�m�e� �n�o�i�s�e� �f�a�c�t�o�r� �o�v�e�r� �t�h�e� �t�r�u�e� �v�a�l�u�e� 

�o�f� �X�.� �Z�,� �a�n�d� �o�n�l�y� �Z�,� �w�a�s� �l�a�t�e�r� �m�a�d�e� �a�v�a�i�l�a�b�l�e� �t�o� �t�h�e� 

�e�s�t�i�m�a�t�i�o�n� �r�o�u�t�i�n�e�s�.� �(�S�t�r�i�c�t�l�y� �s�p�e�a�k�i�n�g�,� �t�h�i�s� �s�i�t�u�a�t�i�o�n� 

�i�s� �m�e�r�e�l�y� �a� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �t�h�e� �m�o�r�e� �g�e�n�e�r�a�l� �s�i�t�u�a�t�i�o�n�,� 

�w�h�e�r�e� �o�n�e� �c�a�n� �o�b�s�e�r�v�e� �d�i�r�e�c�t�l�y� �o�n�l�y� �a� �s�u�b�s�e�t� �o�f� �t�h�e� 

�v�a�r�i�a�b�l�e�s� �o�f� �d�y�n�a�m�i�c� �s�i�g�n�i�f�i�c�a�n�c�e�.�)� �T�h�e� �f�i�r�s�t� �s�i�x� �o�f� 

�t�h�e�s�e� �p�r�o�c�e�s�s�e�s� �w�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m�:� 

�X�C�t�+�1�)� �=� �( ¬�1�.�9�3�)�X�(�t�)�(�1�4�+�P�(�t�)�)� 

�(�4�.�2�)� 

�Z�(�t�)� �=� �X�(�t�) ¬�1� �+� �M�C�t�)�)� 

�"�P�(�t�)�"� �a�n�d� �"�M�(�t�)�"� �w�e�r�e� �b�o�t�h� �"�n�o�f�t�s�e� �p�r�o�c�e�s�s�e�s�"� �o�f� 

�v�a�r�i�o�u�s� �s�o�r�t�s�;� �"�P�(�t�)�"� �r�e�p�r�e�s�e�n�t�s� �"�o�b�j�e�c�t�i�v�e�"� �o�r� 

�"�p�r�o�c�e�s�s� �n�o�i�s�e�"�,� �w�h�i�l�e� �"�M�(�t�)�"� �r�e�p�r�e�s�e�n�t�s� �"�t�r�a�n�s�i�e�n�t�"� �o�r� 

�2�G� �"�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�'�'�,� �N�o�t�e� �t�h�a�t� �w�e� �c�h�o�s�e� �a� �3�%� �n�a�t�u�r�a�l
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�g�r�o�w�t�h� �r�a�t�e�,� �p�e�r� �t�i�m�e� �p�e�r�i�o�d�,� �f�o�r� �X� �a�n�d� �Z�;� �t�h�i�s� �w�o�u�l�d� 

�s�e�e�m� �r�a�t�h�e�r� �t�y�p�i�c�a�l� �f�o�r� �e�c�o�n�o�m�i�c� �a�n�d� �s�o�c�i�a�l� �s�c�i�e�n�c�e� 

�d�a�t�a�.� 

�T�h�e� �e�q�u�a�t�i�o�n�s� �g�e�n�e�r�a�t�i�n�g� �P�(�t�)� �a�n�d� �M�(�t�)� �w�e�r�e� 

�d�i�f�f�e�r�e�n�t� �f�o�r� �e�a�c�h� �o�f� �t�h�e�s�e� �s�i�x� �p�r�o�c�e�s�s�e�s�.� �I�n� �e�s�s�e�n�c�e�,� 

�t�h�e�y� �w�e�r�e� �c�h�o�s�e�n� �f�r�o�m� �t�h�r�e�e� �d�i�f�f�e�r�e�n�t� �n�o�f�s�e� �p�r�o�c�e�s�s�e�s�,� 

�A�,� �B� �a�n�d� �c�.� �"�A� �w�a�s� �a� �n�o�r�m�a�l� �r�a�n�d�o�m� �p�r�o�c�e�s�s� �o�f� �m�e�a�n� 

�z�e�r�o� �a�n�d� �o�f� �v�a�r�i�a�n�c�e� �o�n�e�:� 

�1� �~�4�(�A�(�t�)�)� 
�V�z� 

�T�h�u�s� �"�A�"� �t�s� �a� �s�i�m�p�l�e� �c�l�a�s�s�i�c�a�l� �n�o�f�s�e� �p�r�o�c�e�s�s�,� �h�a�s�e�d� �o�n� 

�p�C�A�C�t�)�)� �=� �(�4�.�3�)� 

�a� �b�e�l�l�-�s�h�a�p�e�d� �c�u�r�v�e�.� �T�o� �g�e�n�e�r�a�t�e� �"�8�"�,� �w�e� �w�o�u�l�d� �f�i�r�s�t� 

�g�e�n�e�r�a�t�e� �a� �r�a�n�d�o�m� �n�u�m�b�e�r�,� �"�A�"�,� �a�s� �a�b�o�v�e�.� �T�h�e�n�,� �w�i�t�h� 

�p�r�o�b�a�b�i�l�i�t�y� �.�9�5�,� �w�e� �w�o�u�l�d� �s�e�t� �B�=�A�;� �h�o�w�e�v�e�r�,� �[�f�n� �5�%� �o�f� 

�t�h�e� �c�a�s�e�s�,� �c�h�o�s�e�n� �a�t� �r�a�n�d�o�m�,� �w�e� �w�o�u�l�d� �s�e�t� �P�B� �=� �1�9�0�A�.� �T�h�i�s� 

�i�m�p�t�i�e�s� �a� �p�r�o�b�a�b�i�l�i�t�y� �d�i�s�t�r�i�b�u�t�i�o�n�:� 

�i� 
�w�t� �a�)� �L�f� �B�H�)� 

�p�(�B�(�t�)�)� �=� �A�S� �c�a�l� �,� �2�5�,� �G�8�)� �(�h�o�w�)� �a�r� �\�o�T�a�r� 
�"�B�p�"� �i�s� �g�e�n�e�r�a�t�e�d� �b�y� �a� �"�d�i�s�t�r�i�b�u�t�i�o�n� �w�i�t�h� �o�u�t�l�i�e�r�s�.�"� 

�T�o� �g�e�n�e�r�a�t�e� �"�C�(�t�)�"�,� �a� �m�o�r�e� �c�o�m�p�l�e�x� �n�o�i�s�e� �p�r�o�c�e�s�s�,� �w�e� 

�w�o�u�l�d� �f�i�r�s�t� �g�e�n�e�r�a�t�e� �R�(�t�)�;� �t�h�e�n� �w�e� �w�o�u�l�d� �g�e�n�e�r�a�t�e� �@�(�t�)�,� 

�a�n�o�t�h�e�r� �r�a�n�d�o�m� �v�a�r�i�a�b�l�e�,� �b�y� �p�i�c�k�i�n�g� �@�A�(�t�)�=�1� �w�i�t�h



�P�a�g�e� �[�V�-�8� 

�p�r�o�b�a�h�i�l�f�t�y� �2�0�%�,� �o�r� �b�y� �s�e�t�t�i�n�s� �9�(�t�)� �t�o� �a� �n�u�m�b�e�r� �c�h�o�s�e�n� 

�a�t� �r�a�n�d�o�m� �f�r�o�m� �a� �u�n�i�f�o�r�m� �d�i�s�t�r�i�b�u�t�i�o�n� �b�e�t�w�e�e�n� �0�.�9� �a�n�d� 

�0�.�2� �i�n� �a�l�l� �o�t�h�e�r� �c�a�s�e�s�;� �w�e� �w�o�u�l�d� �t�h�e�n� �g�e�n�e�r�a�t�e� �C�(�t�)� �v�i�a� 

�t�h�e� �e�q�u�a�t�i�o�n�:� 

�C�(�t�)� �=� �C�1�-� �A�(�t�)� �)�C�C�t�-�1�)� �+� �H�O�C�t�)� �R�(�t�)� �(�4�.�5�)� 

�T�h�i�s� �p�r�o�c�e�d�u�r�e� �f�o�r� �g�e�n�e�r�a�t�i�n�g� �C�(�t�)� �i�s� �a�n� �a�t�t�e�m�p�t� �t�o� 

�e�x�p�r�e�s�s� �t�h�e� �f�t�d�e�a� �o�f� �n�o�t�s�e� �w�h�i�c�h� �"�m�a�y� �o�r� �m�a�y� �n�o�t� 

�'� �w�h�o�s�e� �c�o�r�r�e�l�a�t�i�o�n� �c�o�r�r�e�l�a�t�e� �w�i�t�h� �i�t�s�e�l�f� �a�c�r�o�s�s� �t�i�m�e�,�'� 

�i�t�s�e�l�f�,� �(�1�-�8�(�t�)�)�,� �c�a�n� �c�h�a�n�g�e� �r�a�n�d�o�m�l�y� �w�i�t�h� �t�i�m�e�.� 

�E�q�u�a�t�i�o�n� �(�4�.�5�)� �w�a�s� �f�u�r�t�h�e�r� �m�o�d�i�f�i�e�d� �b�y� �t�h�e� �u�s�e� �o�f� �a�n� 

�o�c�c�a�s�i�o�n�a�l� �c�u�t�o�f�f�,� �w�h�i�c�h� �w�e� �w�i�l�l� �d�e�s�c�r�i�b�e� �b�e�l�o�w�.� 

�T�h�e� �c�h�o�i�c�e�s� �u�s�e�d� �i�n� �p�r�o�c�e�s�s�e�s� �o�n�e� �t�h�r�o�u�g�h� �s�i�x�,� �f�o�r� 

�i�n�s�e�r�t�i�o�n� �[�n�t�o� �e�q�u�a�t�i�o�n�s� �(�4�.�2�)�,� �m�a�y� �b�e� �s�u�m�m�a�r�i�z�e�d�:� 

�"� �P�r�o�c�e�s�s� �1� �(�a�n�d� �7�)�:� �P�(�t�)� �.�O�5�A� �3� �M�(�t�)� �=� �0� 

�P�r�o�c�e�s�s� �2� �(�a�n�d� �8�)�:� �P�(�t�)� �=� �,�0�5�A� �3�;� �M�(�t�)� �=� �,�1�5�A� 

�P�r�o�c�e�s�s� �3� �(�a�n�d� �9�)�:� �P�(�t�)� �=� �.�9�5�8�;� �M�(�t�)� �=� �.�1�5�A� 

�(�4�.�6�)� 

�P�r�o�c�e�s�s� �&� �(�a�n�d� �1�0�)�:� �P�(�t�)� �=� �.�9�5�A� �;�:� �M�C�t�)� �=� �.�1�5�R� 

�P�r�o�c�e�s�s� �5� �(�a�n�d� �1�1�)�:� �P�(�t�)� �=� �.�9�5�A� �3� �M�(�t�)� �=� �.�9�5�¢� 

�P�r�o�c�e�s�s� �6� �(�a�n�d� �1�2�)�:� �P�(�t�)� �=� �,�9�5�B�:� �M�(�t�)� �=� �,�9�5�C� 

�F�i�v�e� �a�n�d� �f�i�f�t�e�e�n� �p�e�r�c�e�n�t� �e�r�r�o�r�s� �w�e�r�e� �c�h�o�s�e�n� �o�n� �g�r�o�u�n�d�s



�P�a�r�s�e� �1�|�V�-�9� 

�t�h�a�t� �t�h�e�y� �s�e�e�m� �"�t�y�p�i�c�a�l�"�;� �c�o�m�p�u�t�e�r� �t�i�m�e� �w�a�s� �n�o�t� 

�a�v�a�i�l�a�b�l�e� �t�o� �r�e�p�l�i�c�a�t�e� �t�h�i�s� �s�t�u�d�y� �f�o�r� �d�i�f�f�e�r�e�n�t� �v�a�l�u�e�s� 

�o�f� �t�h�e�s�e� �p�a�r�a�m�e�t�e�r�s�.� �!�t� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �t�h�e� 

�a�p�p�e�a�r�a�n�c�e� �o�f� �"�A�"� �t�w�i�c�e� �w�i�t�h� �P�r�o�c�e�s�s� �2�,� �a�b�o�v�e�,� �d�o�e�s� �n�o�t� 

�m�e�a�n� �t�h�a�t� �t�h�e� �s�a�m�e� �r�a�n�d�o�m� �n�u�m�b�e�r�,� �A�(�t�)�,� �w�a�s� �u�s�e�d� �i�n� 

�b�o�t�h� �p�r�o�c�e�s�s�e�s�;� �i�n� �g�e�n�e�r�a�l�,� �e�v�e�r�y� �t�i�m�e� �t�h�a�t� �w�e� �n�e�e�d�e�d� 

�a� �r�a�n�d�o�m� �n�u�m�b�e�r� �f�o�r� �a� �n�e�w� �a�p�p�l�i�c�a�t�i�o�n�,� �w�e� �i�n�v�o�k�e�d� �a� �n�e�w� 

�c�a�l�l� �t�o� �"�r�a�n�d�o�m�"�,� �t�h�e� �r�a�n�d�o�m� �n�u�m�b�e�r� �g�e�n�e�r�a�t�o�r� �o�f� �t�h�e� 

�P�r�o�j�e�c�t� �C�a�m�b�r�i�d�g�e� �T�S�P�-�C�S�P� �s�y�s�t�e�m�.� �I�n� �e�q�u�a�t�i�o�n� �(�4�.�2�)�,� 

�o�n�e� �s�h�o�u�l�d� �a�l�s�o� �n�o�t�e� �t�h�a�t� �a�n� �u�n�r�e�a�l�i�s�t�i�c� �c�h�a�n�g�e� �o�f� �s�i�g�n� 

�c�o�u�l�d� �o�c�c�u�r� �i�f� �P�(�t�)� �s�h�o�u�l�d� �e�v�e�r� �e�q�u�a�l� �-�1� �o�r� �l�e�s�s�;� �t�h�i�s� 

�w�o�u�l�d� �b�e� �a� �v�e�r�y� �r�a�r�e� �e�v�e�n�t�,� �w�i�t�h� �t�h�e� �s�y�s�t�e�m�s� �w�e� �h�a�v�e� 

�s�p�e�c�i�f�i�e�d�,� �b�u�t� �e�v�e�n� �o�n�e� �s�u�c�h� �i�n�c�i�d�e�n�t� �w�o�u�l�d� �p�e�r�s�i�s�t� 

�t�h�r�o�u�g�h�o�u�t� �a�n� �e�n�t�i�r�e� �s�i�m�u�l�a�t�e�d� �t�i�m�e�-�s�e�r�i�e�s�,� �m�a�k�i�n�g� �i�t� 

�t�o�t�a�l�l�y� �u�n�r�e�a�l�i�s�t�i�c� �a�s� �a� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� 

�s�o�c�i�a�l�-�s�c�i�e�n�c�e� �t�i�m�e�-�s�e�r�i�e�s�,� �S�i�m�i�l�a�r�l�y�,� �w�h�i�l�e� 

�m�e�a�s�u�r�e�m�e�n�t� �e�r�r�o�r�s� �a�r�e� �o�c�c�a�s�f�o�n�a�l�l�y� �q�u�i�t�e� �g�r�o�s�s� �f�o�r� 

�s�o�c�i�a�l� �s�c�i�e�n�c�e� �v�a�r�i�a�b�l�e�s�,� �i�t� �i�s� �u�n�r�e�a�l�i�s�t�i�c� �t�o� �I�m�a�g�i�n�e� 

�s�o�m�e�o�n�e� �g�e�t�t�i�n�g� �t�h�e� �s�i�g�n� �w�r�o�n�g� �f�o�r� �s�u�c�h� �v�a�r�i�a�b�l�e�s� �a�s� 

�G�N�P� �o�r� �p�o�p�u�l�a�t�i�o�n�.� �T�h�u�s� �f�o�r� �P�(�t�)� �a�n�d� �M�(�t�)� �b�o�t�h� �w�e� 

�i�n�s�t�i�t�u�t�e�d� �a� �c�u�t�o�f�f� �o�f� �-�.�7�5�;� �v�a�l�u�e�s� �l�e�s�s� �t�h�a�n� �t�h�i�s� �w�e�r�e� 

�s�e�t� �e�q�u�a�l� �t�o� �t�h�e� �c�u�t�o�f�f�.� �(�N�o� �s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �r�u�n� 

�w�i�t�h�o�u�t� �a� �c�u�t�o�f�f�;� �t�h�u�s� �i�t� �i�s� �p�o�s�s�i�b�l�e� �t�h�a�t� �t�h�e� �c�u�t�o�f�f



�P�a�r�e� �[�V�-�1�0� 

�w�a�s� �n�e�v�e�r� �a�c�t�u�a�l�l�y� �i�n�v�o�k�e�d�.�)� �A� �m�o�r�e� �e�l�e�g�a�n�t� �p�r�o�c�e�d�u�r�e�,� 

�m�a�t�h�e�m�a�t�i�c�a�l�l�y�,� �m�i�g�h�t� �h�a�v�e� �h�e�e�n� �t�o� �u�s�e� �F�f� �a�n�d� �M� �i�n�s�t�e�a�d� 

�o�f� �(�1�+�P�)� �a�n�d� �(�1�4�M�)� �f�n� �e�q�u�a�t�i�o�n� �(�4�.�2�)�.� �H�o�w�e�v�e�r�,� �m�a�j�o�r� 

�a�n�d� �e�n�d�u�r�i�n�g� �c�r�a�s�h�e�s� �d�o� �s�o�m�e�t�i�m�e�s� �o�c�c�u�r� �i�n� �t�h�o�s�e� �s�o�c�i�a�l� 

�s�c�i�e�n�c�e� �v�a�r�i�a�b�l�e�s� �s�u�b�j�e�c�t� �t�o� �e�r�r�a�t�i�c� �b�e�h�a�v�i�o�r�:� �f�o�r� 

�e�x�a�m�p�l�e�,� �p�h�e�n�o�m�e�n�a� �s�u�c�h� �a�s� �z�e�r�o� �o�r� �n�e�f�z�a�t�i�v�e� �p�o�p�u�l�a�t�i�o�n� 

�s�e�e�m� �t�o� �b�e� �a�v�o�i�d�e�d� �a�s� �a� �r�e�s�u�l�t� �o�f� �e�x�t�r�a�o�r�d�i�n�a�r�y� 

�p�r�o�c�e�s�s�e�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�o�s�e� �o�n�e�r�a�t�i�n�g� �o�n� �n�o�r�m�a�l� 

�p�o�p�u�l�a�t�i�o�n�s�.� �T�h�u�s�,� �o�n� �g�r�o�u�n�d�s� �o�f� �r�e�a�l�i�s�m�,� �w�e� �d�e�c�i�d�e�d� �t�o� 

�u�s�e� �c�u�t�o�f�f�s� �i�n�s�t�e�a�d� �o�f� �a� �m�o�r�e� �e�l�e�g�a�n�t� �a�p�p�r�o�a�c�h�.� �A�l�s�o�,� �a� 

�c�u�t�o�f�f� �o�f� �-�1�5�.� �w�a�s� �u�s�e�d� �f�o�r� �t�h�e� �v�a�l�u�e� �o�f� �8�(�t�)� �I�n�s�e�r�t�e�d� 

�i�n�t�o� �e�q�u�a�t�i�o�n� �(�4�.�5�)�,� �o�n� �g�r�o�u�n�d�s� �t�h�a�t� �t�h�i�s� �w�o�u�l�d� �p�r�e�v�e�n�t� 

�t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �i�n�v�o�k�i�n�g� �a� �c�u�t�o�f�f� �s�e�v�e�r�a�l� �t�i�m�e�s� �[�n�a� 

�r�o�w� �o�n� �M�(�t�)�.� 

�T�h�e� �c�h�o�i�c�e�s� �a�h�o�v�e�,� �i�n� �b�r�i�e�f�,� �g�i�v�e� �u�s� �a� �c�h�a�n�c�e� �t�o� 

�l�o�o�k� �a�t� �t�h�e� �f�o�u�r� �p�o�s�s�i�b�i�l�i�t�i�e�s� �o�f� �n�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� 

�o�f� �s�i�m�p�l�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �o�f� �m�e�d�i�u�m�-�c�o�m�p�l�e�x� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �a�n�d� �o�f� �c�o�m�p�l�e�x� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� 

�a�l�l� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �s�i�m�p�l�e� �p�r�o�c�e�s�s� �n�o�i�s�e�;� �t�h�e�y� �a�l�s�o� 

�l�e�t� �u�s� �l�o�o�k� �a�t� �s�i�m�p�l�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�n�d� �c�o�m�p�l�e�x� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �i�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �m�e�d�i�u�m�-�c�o�m�p�l�e�x� 

�p�r�o�c�e�s�s� �n�o�i�s�e�.� �P�r�o�c�e�s�s�e�s� �1� �a�n�d� �2� �c�l�o�s�e�l�y� �r�e�s�e�m�b�l�e� �t�h�e� 

�p�r�o�c�e�s�s�e�s� �f�o�r� �w�h�i�c�h� �s�i�m�p�l�e� �r�e�g�r�e�s�s�i�o�n� �a�n�d� �A�R�M�A� �m�o�d�e�l�s�,
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�r�e�s�p�e�c�t�i�v�e�l�y�,� �s�h�o�u�l�d� �b�e� �i�d�e�a�l�,� �i�n� �t�h�e�o�r�y�.� �T�h�e� �e�x�t�r�e�m�e� 

�c�a�s�e� �o�f� �z�e�r�o� �p�r�o�c�e�s�s� �n�o�f�s�e�,� �t�h�e� �c�a�s�e� �w�h�i�c�h� �s�h�o�u�l�d� �b�e� 

�m�o�s�t� �f�a�v�o�r�a�b�l�e� �t�o� �t�h�e� �"�r�o�b�u�s�t� �a�p�p�r�o�a�c�h�"�,� �w�a�s� �n�o�t� 

�i�n�c�l�u�d�e�d�,� �o�n� �g�r�o�u�n�d�s� �t�h�a�t� �w�e� �a�r�e� �f�[�n�t�e�r�e�s�t�e�d� �I�n� 

�e�v�a�l�u�a�t�i�n�g� �t�h�a�t� �a�p�p�r�o�a�c�h� �u�n�d�e�r� �m�o�r�e� �n�o�r�m�a�l�,� �m�i�x�e�d� 

�c�o�n�d�i�t�i�o�n�s�.� �t�n� �o�r�d�e�r� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� 

�m�o�r�e� �c�o�m�p�l�e�x� �p�r�o�c�e�s�s�e�s�,� �w�i�t�h�o�u�t� �v�i�o�l�a�t�i�n�g� �h�o�m�o�g�e�n�e�i�t�y�,� 

�w�e� �i�n�t�r�o�d�u�c�e�d� �P�r�o�c�e�s�s�e�s� �7� �t�h�r�o�u�g�h� �1�2� �b�a�s�e�d� �o�n� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n�s�,� �w�h�i�c�h� �y�i�e�l�d� �a� �g�r�o�w�t�h� �r�a�t�e� �o�f� �1�.�6�%� 

�(�f�r�o�m� �t�h�e� �l�i�n�e�a�r�i�z�e�d� �d�i�f�f�e�r�e�n�c�e� �e�q�u�a�t�i�o�n�)� �:� 

�X�C�t�+�#�1�)�=�(�.�3�8�X� �C�t�)� �+�.� �3�5�X�C�t�-�1�)�4�.�3�X�C�t�-�2�)�)� �C�1�+�P�(�t�)�)� 

�(�4�.�7�)� 

�Z�(�t�)� �=� �X�(�t�)�C�1� �+� �M�(�t�)�)� 

�T�h�e� �c�h�o�i�c�e�s� �o�f� �P�(�t�)� �a�n�d� �M�(�t�)� �h�e�r�e� �w�e�r�e� �i�d�e�n�t�i�c�a�l� �t�o� 

�t�h�o�s�e� �w�i�t�h� �P�r�o�c�e�s�s�e�s� �1� �t�h�r�o�u�g�h� �6�,� �a�s� �t�n�d�i�c�a�t�e�d� �i�n� 

�e�q�u�a�t�i�o�n�s� �(�4�.�6�)�,� �a�n�d� �t�h�e� �s�a�m�e� �c�u�t�o�f�f�s� �w�e�r�e� �u�s�e�d�.� 

�F�o�r� �e�a�c�h� �o�f� �t�h�e� �t�w�e�l�v�e� �p�r�o�c�e�s�s�e�s� �d�e�f�i�n�e�d� �a�b�o�v�e�,� 

�t�e�n� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�,� �"�7�1�"� �t�h�r�o�u�g�h� �"�Z�1�9�"�,� �w�e�r�e� 

�m�e�n�e�r�a�t�e�d�.� �T�h�e�n�,� �i�n� �o�r�d�e�r� �t�o� �e�s�t�i�m�a�t�e� �"�c�"� �i�n� �e�q�u�a�t�i�o�n� 

�(�4�.�1�)�,� �f�o�r� �e�a�c�h� �o�f� �t�h�o�s�e� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�,� �w�e� �u�s�e�d� 

�t�h�e� �t�h�r�e�e� �g�e�n�e�r�a�l� �t�e�c�h�n�i�q�u�e�s� �d�i�s�c�u�s�s�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�i�s� 

�t�h�e�s�i�s�:�(�i�)� �c�l�a�s�s�i�c�a�l� �r�e�g�r�e�s�s�i�o�n�;� �(�i�i�)� �t�h�e� �"�A�R�M�A�"



�P�a�g�e� �[�V�-�1�2� 

�a�p�p�r�o�a�c�h�;� �(�i�i�i�)� �t�h�e� �"�r�o�b�u�s�t� �a�p�p�r�o�a�c�h�"�,� �T�h�e� �m�o�s�t� 

�c�o�n�v�e�n�t�i�o�n�a�l� �w�a�y� �o�f� �e�s�t�i�m�a�t�i�n�g� �"�c�"�,� �f�o�r� �t�h�e� �m�o�d�e�l� 

�(�4�.�1�)�,� �i�s� �t�o� �u�s�e� �a� �s�t�a�n�d�a�r�d� �r�e�g�r�e�s�s�i�o�n� �p�r�o�g�r�a�m� �t�o� �d�o� �a� 

�m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �e�s�t�i�m�a�t�i�o�n� �o�f� �t�h�e� �r�e�l�a�t�e�d� �m�o�d�e�l�:� 

�Z�(�t�+�1�)� �=� �c�Z�(�t�)� �+� �k� �+� �a�(�t�)�,� �(�4�,�8�)� 

�w�h�e�r�e� �"�k�'�'� �i�s� �a� �c�o�n�s�t�a�n�t� �t�o� �b�e� �e�s�t�i�m�a�t�e�d�,� �a�n�d� �"�a�(�t�)�"� �i�s� 

�a� �n�o�r�m�a�l� �r�a�n�d�o�m� �n�o�i�s�e� �p�r�o�c�e�s�s�.� �I�n� �p�r�a�c�t�i�c�e�,� �t�h�i�s� 

�a�m�o�u�n�t�s� �t�o� �d�o�i�n�g� �a� �l�e�a�s�t�-�s�q�u�a�r�e�s� �e�s�t�i�m�a�t�i�o�n�,� �a�s� �i�n� 

�s�e�c�t�i�o�n� �(�i�i�)� �o�f� �C�h�a�p�e�r� �(�1�1�)�;� �o�n�e� �h�o�p�e�s� �t�h�a�t� �"�k�"�,� �w�h�i�c�h� 

�i�s� �e�x�p�e�c�t�e�d� �t�o� �b�e� �z�e�r�o�,� �w�i�l�l� �h�e� �e�s�t�i�m�a�t�e�d� �a�s� �s�o�m�e�t�h�i�n�g� 

�c�l�o�s�e� �t�o� �z�e�r�o�.� �T�h�i�s� �t�e�c�h�n�i�q�u�e�,� �r�e�g�r�e�s�s�i�o�n� �w�i�t�h� �a� 

�c�o�n�s�t�a�n�t� �t�e�r�m�,� �f�s� �a�b�b�r�e�v�i�a�t�e�d� �a�s� �"�r�e�g�t�k�"� �i�n� �o�u�r� �t�a�b�l�e�s�.� 

�A� �b�e�t�t�e�r� �w�a�y� �o�f� �u�s�i�n�g� �c�l�a�s�s�i�c�a�l� �r�e�g�r�e�s�s�i�o�n�,� �t�o� 

�e�s�t�i�m�a�t�e� �"�c�'�'� �i�n� �(�4�.�1�)�,� �i�s� �t�o� �u�s�e� �a� �s�i�m�p�l�e�r� �m�o�d�e�l�,� 

�w�i�t�h�o�u�t� �t�h�e� �m�e�a�n�i�n�g�l�e�s�s� �c�o�n�s�t�a�n�t� �t�e�r�m�:� 

�Z�(�t�+�l�)� �=� �c�Z�(�t�)� �+� �a�(�t�)� �(�4�.�9�)� 

�T�h�i�s� �k�i�n�d� �o�f� �r�e�g�r�e�s�s�i�o�n� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d� �a�u�t�o�m�a�t�i�c�a�l�l�y� 

�i�n� �t�h�e� �T�i�m�e�-�S�e�r�i�e�s�~�P�r�o�c�e�s�s�o�r� �s�y�s�t�e�m�,� �T�h�i�s� �t�e�c�h�n�i�q�u�e�,� 

�r�e�g�r�e�s�s�i�o�n� �w�i�t�h�o�u�t� �a� �c�o�n�s�t�a�n�t� �t�e�r�m�,� �i�s� �a�b�b�r�e�v�i�a�t�e�d� �a�s� 

�i�a�]� �i�t� �r�e�s�'�'� �i�n� �o�u�r� �t�a�b�l�e�s�.� 

�C�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e�s�e� �t�w�o� �s�i�m�p�l�e� �r�e�g�r�e�s�s�i�o�n
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�m�o�d�e�l�s� �a�r�e� �t�w�o� �s�i�m�p�l�e� �A�R�M�A� �m�o�d�e�l�s�.� �A�c�c�o�r�d�i�n�g� �t�o� �o�u�r� 

�r�e�s�u�l�t� �f�i�n� �t�h�e� �b�e�g�i�n�n�i�n�g� �o�f� �C�h�a�p�t�e�r� �(�I�l�l�)�,� �t�h�e� 

�c�o�r�r�e�s�p�o�n�d�e�n�c�e� �{�s� �m�o�r�e� �t�h�a�n� �j�u�s�t� �o�n�e� �o�f� �s�i�m�i�l�a�r�i�t�y�;� �t�h�e� 

�A�R�M�A� �m�o�d�e�l�s� �b�e�l�o�w� �a�r�e� �t�h�e� �g�e�n�e�r�a�l�i�z�a�t�i�o�n�s� �o�f� �(�4�.�8�)� �a�n�d� 

�(�4�.�9�)� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �"�w�h�i�t�e� �n�o�i�s�e�"� 

�i�n� �t�h�e� �p�r�o�c�e�s�s� �o�f� �d�a�t�a� �m�e�a�s�u�r�e�m�e�n�t�.� �M�o�d�e�l� �(�4�.�8�)� 

�c�o�r�r�e�s�p�o�n�d�s� �t�o�:� 

�Z�C� �t�+�1�)� �=� �c�Z�(�t�)�+�a�(�t�)�+�P�a�(�t�-�l�)�+�k�,� �(�4�,�1�0�)� 

�w�h�i�c�h� �c�a�n� �b�e� �e�s�t�i�m�a�t�e�d� �d�i�r�e�c�t�l�y� �f�n� �t�h�e� �P�r�o�j�e�c�t� 

�C�a�m�b�r�i�d�g�e� �T�i�m�e�-�S�e�r�l�e�s� �P�r�o�c�e�s�s�o�r�,� �b�y� �u�s�e� �o�f� �t�h�e� �c�o�m�m�a�n�d� 

�"�A�R�M�A�"�,� �d�e�s�c�r�i�b�e�d� �t�n� �t�h�e� �l�a�t�e�r� �p�a�r�t� �o�f� �C�h�a�p�t�e�r� �(�I�1�1�I�)�.� 

�T�h�i�s� �t�e�c�h�n�i�q�u�e� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �"�c�'�"�'� �w�e� �a�b�b�r�e�v�i�a�t�e� �a�s� 

�"�a�r�m�a�t�k�"� �i�n� �t�h�e� �t�a�b�l�e�s� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�M�o�d�e�l� �(�4�.�9�)� �c�o�r�r�e�s�p�o�n�d�s� �t�o�:� 

�Z�(�t�+�1�)� �=� �c�Z�(�t�)�+�a�l�t�)�+�P�a�(�t�-�1�)�,� �(�4�,�1�1�)� 

�w�h�i�c�h� �c�a�n� �a�l�s�o� �b�e� �e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �c�o�m�m�a�n�d� �"�A�R�M�A�"�;� �t�h�i�s� 

�t�e�c�h�n�i�q�u�e� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �'�'�c�"� �w�e� �w�i�l�l� �a�b�b�r�e�v�i�a�t�e� �a�s� 

�"�a�r�m�a�"� �i�n� �t�h�e� �t�a�b�l�e�s� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �a�l�g�o�r�i�t�h�m� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� 

�(�t�i�l�)� �a�l�l�o�w�e�d� �u�s� �t�o� �w�r�i�t�e� �a�n�o�t�h�e�r� �c�o�m�m�a�n�d�,� �A�&�8�M�A�N�W�T�,� �t�o� 

�e�s�t�i�m�a�t�e� �t�h�e� �m�o�d�e�l�:
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�Z�(�t�+�1�)� �=� �c�Z�(�t�)�C�l�t�a�(�t�)�)�+�P�a�(�t�-�1�)�z�(�t�-�1�)� �(�4�.�1�2�)� 

�T�h�i�s� �c�o�m�m�a�n�d�,� �m�e�n�t�i�o�n�e�d� �b�r�i�e�f�l�y� �i�n� �C�h�a�p�t�e�r� �(�I�l�l�)�,� �f�s� 

�e�s�s�e�n�t�i�a�l�l�y� �e�q�u�i�v�a�l�e�n�t� �t�o� �e�s�t�i�m�a�t�i�n�g� �(�4�.�1�1�)�,� �w�i�t�h� �t�h�e� 

�a�s�s�u�m�p�t�i�o�n� �t�h�a�t� �t�h�e� �n�o�i�s�e� �p�r�o�c�e�s�s�,� �"�a�(�t�)�"� �i�n� �(�4�.�1�1�)�,� �f�s� 

�d�e�t�e�r�m�i�n�e�d� �a�s� �a� �p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� �a�c�t�u�a�l� �v�a�r�i�a�b�l�e�,� �a�s� 

�i�n� �(�4�.�2�)�,� �r�a�t�h�e�r� �t�h�a�n� �a� �p�r�o�c�e�s�s� �o�f� �c�o�n�s�t�a�n�t� �m�e�a�n� �a�n�d� 

�v�a�r�i�a�n�c�e�,� �T�h�i�s� �t�e�c�h�n�i�q�u�e� �f�o�r� �e�s�t�i�m�a�t�i�n�g� �"�c � ��,� �w�e� 

�a�b�b�r�e�v�i�a�t�e� �a�s� �"�a�r�m�a�w�t�"� �i�n� �t�h�e� �t�a�b�l�e�s� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�i�s� 

�c�h�a�p�t�e�r�.� 

�F�i�n�a�l�l�y�,� �w�e� �h�a�d� �t�o� �f�i�n�d� �a� �"�r�o�b�u�s�t� �p�r�o�c�e�d�u�r�e�"� �f�o�r� 

�e�s�t�i�m�a�t�i�n�g� �c�,� �d�r�a�w�n� �f�r�o�m� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �s�e�c�t�i�o�n� 

�(�v�i�l�)� �o�f� �C�h�a�p�t�e�r� �(�1�!�!�)�.� �I�n� �t�h�e� �p�u�r�e� �c�a�s�e� �o�f� �z�e�r�o� �p�r�o�c�e�s�s� 

�n�o�i�s�e�,� �t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �r�e�q�u�i�r�e� �u�s� �t�o� �e�s�t�i�m�a�t�e� �t�h�e� 

�i�n�i�t�i�a�l� �"�u�n�d�e�r�l�y�i�n�g�"� �v�a�l�u�e�s� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �m�e�a�s�u�r�e�d�,� 

�a�n�d� �t�h�e� �c�o�e�f�f�i�c�t�e�n�t�s� �o�f� �t�h�e� �m�o�d�e�l�,� �b�y� �d�i�r�e�c�t�l�y� 

�m�i�n�i�m�i�z�i�n�g� �t�h�e� �a�v�e�r�a�g�e� �e�r�r�o�r�s� �o�f� �l�o�n�g�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n�s� 

�m�a�d�e� �w�i�t�h� �t�h�i�s� �m�o�d�e�l�.� �t�n� �o�t�h�e�r� �w�o�r�d�s�,� �f�o�r� �t�h�e� �e�s�t�i�m�a�t�e�d� 

�i�n�i�t�i�a�l� �v�a�l�u�e�s�,� �a�n�d� �a� �g�i�v�e�n� �s�e�t� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�,� �o�n�e� 

�m�a�k�e�s� �a� �f�u�l�l� �s�e�t� �o�f� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �t�h�e� �v�a�r�i�a�b�l�e�s� �o�f� 

�i�n�t�e�r�e�s�t�,� �w�i�t�h�o�u�t� �e�v�e�r� �m�a�k�i�n�g� �u�s�e� �o�f� �t�h�e� �m�e�a�s�u�r�e�d� 

�v�a�l�u�e�s� �o�f� �t�h�e� �v�a�r�i�a�b�l�e�s� �a�t� �i�n�t�e�r�m�e�d�i�a�t�e� �t�i�m�e�s�;� �o�n�e� 

�u�s�e�s� �t�h�e� �a�v�e�r�a�g�e� �e�r�r�o�r� �i�n� �t�h�e�s�e� �p�r�e�d�i�c�t�i�o�n�s�,� 

�p�r�e�d�i�c�t�i�o�n�s� �w�h�i�c�h� �a�r�e� �g�e�n�e�r�a�l�l�y� �l�o�n�g�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n�s�,
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�a�s� �o�n�e�'�s� �c�r�i�t�e�r�i�o�n� �o�f� �f�i�t�;� �o�n�e� �u�s�e�s� �t�h�e� �m�e�t�h�o�d� �o�f� 

�s�t�e�e�p�e�s�t� �d�e�s�c�e�n�t�,� �o�r� �a� �r�e�l�a�t�e�d� �p�r�o�c�e�d�u�r�e�,� �i�n� �o�r�d�e�r� �t�o� 

�p�i�c�k� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �i�n�i�t�i�a�l� �e�s�t�i�m�a�t�e�s� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� 

�t�o�t�a�l� �e�r�r�o�r� �i�n� �t�h�e�s�e� �p�r�e�d�i�c�t�i�o�n�s�.� �(�A� �"�r�e�l�a�x�e�d�"� �v�e�r�s�i�o�n� 

�o�f� �t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �w�o�u�l�d� �a�l�l�o�w� �a� �l�i�t�t�l�e� �b�i�t� �o�f� 

�a�l�l�o�w�a�n�c�e� �t�o� �b�e� �m�a�d�e� �f�o�r� �i�n�t�e�r�m�e�d�i�a�t�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e�s�,� 

�i�n� �p�r�e�d�i�c�t�i�n�g� �m�o�r�e� �d�i�s�t�a�n�t� �t�i�m�e� �p�e�r�i�o�d�s�.�)� 

�T�h�e� �f�u�l�l� �m�u�l�t�i�v�a�r�i�a�t�e�,� �n�o�n�l�i�n�e�a�r� �v�e�r�s�i�o�n� �o�f� �t�h�i�s� 

�p�r�o�c�e�d�u�r�e�,� �b�a�s�e�d� �o�n� �t�h�e� �d�y�n�a�m�i�c� �f�e�e�d�b�a�c�k� �a�l�g�o�r�i�t�h�m� �o�f� 

�C�h�a�p�t�e�r� �(�I�l�)�,� �w�a�s� �n�o�t� �a�v�a�i�l�a�b�l�e� �a�t� �t�h�e� �t�i�m�e� �t�h�e�s�e� 

�s�i�m�u�l�a�t�i�o�n�s� �w�e�r�e� �c�a�r�r�i�e�d� �o�u�t�.� �H�o�w�e�v�e�r�,� �f�o�r� �e�q�u�a�t�i�o�n� 

�(�4�.�1�)�,� �t�h�e�r�e� �I�s� �a� �m�e�a�s�u�r�e�m�e�n�t�-�n�o�i�s�e�-�o�n�l�y� �m�o�d�e�l� �w�h�i�c�h� �i�s� 

�m�u�c�h� �e�a�s�f�e�r� �t�o� �e�s�t�i�m�a�t�e� �t�h�a�n� �f�s� �u�s�u�a�l�l�y� �t�h�e� �c�a�s�e�:� 

�X�(�t�+�1�)� �=� �c�X�(�t�)� 

�(�4�,�1�3�)� 
�)� 

�2�(�t�)�=�x�(�4�)�y� �a�b�t� �W�S� �x�X�(�t�)�(�1� �+� �a�l�t�)�)� 

�I�f� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e�,� �a�(�t�)�,� �i�s� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �1�0�%� 

�o�r� �l�e�s�s�,� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �e�q�u�a�l�i�t�y� �h�e�r�e� �w�i�l�l� �b�e� �v�e�r�y� 

�.� �.� �a�(�t�)� 
�g�o�o�d�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �T�a�y�l�o�r� �e�x�p�a�n�s�i�o�n� �o�f� �e� �.� �I�n� 

�o�r�d�e�r� �t�o� �e�s�t�i�m�a�t�e� �X�(�N�)� �a�n�d� �c� �i�n� �t�h�i�s� �m�o�d�e�l�,� �o�n�e� �c�a�n� 

�t�r�a�n�s�f�o�r�m� �(�4�.�1�3�)� �a�l�g�e�b�r�a�i�c�a�l�l�y� �t�o� �d�e�d�u�c�e�:
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�2�(�t�)� �=� �x�C�o�c�t� �e�r�t� 

�(�4�.�1�4�)� 

�l�o�g� �Z�(�t�)� �=� �t� �l�o�z� �c� �+� �l�o�g� �X�(�9�)� �+� �a�l�t�)� 

�{�n� �o�r�d�e�r� �t�o� �p�i�c�k� �t�h�e� �c�o�n�s�t�a�n�t�s�,� �l�o�g� �c� �a�n�d� �l�o�g� �X�(�N�)�,� �t�o� 

�m�a�x�i�m�i�z�e� �t�h�e� �l�i�k�e�l�f�h�o�o�d� �o�f� �t�h�i�s� �m�o�d�e�l�,� �a�c�c�o�r�d�i�n�g� �t�o� 

�s�t�a�n�d�a�r�d� �m�a�x�i�m�u�m� �l�i�k�e�l�f�h�o�o�d� �t�h�e�o�r�y�,� �o�n�e� �n�e�e�d� �o�n�l�y� 

�p�e�r�f�o�r�m� �a� �s�i�m�p�l�e� �r�e�g�r�e�s�s�i�o�n� �o�f� �l�o�g� �Z�(�t�)� �a�g�a�i�n�s�t� �t�h�e� 

�i�n�d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e� �"�t�"� �a�n�d� �a� �c�o�n�s�t�a�n�t� �t�e�r�m�.� �A� �s�p�e�c�i�a�l� 

�r�o�u�t�i�n�e� �t�o� �p�e�r�f�o�r�m� �t�h�i�s� �o�p�e�r�a�t�i�o�n�,� �c�a�l�l�e�d� �"�G�R�R�"� �(�G�R�o�w�t�h� 

�R�a�t�e�)�,� �w�a�s� �a�d�d�e�d� �t�o� �t�h�e� �P�r�o�j�e�c�t� �C�a�m�b�r�i�d�g�e� �T�i�m�e�-�S�e�r�i�e�s� 

�P�r�o�c�e�s�s�o�r� �f�n� �J�a�n�u�a�r�y� �1�9�7�4�.� �N�o�t�e� �t�h�a�t� �t�h�i�s� �r�o�u�t�i�n�e� 

�e�s�t�i�m�a�t�e�s� �"�c�'�"�'� �a�n�d� �X�(�9�)� �i�n� �e�x�a�c�t�l�y� �t�h�e� �s�a�m�e� �w�a�y� �a�s� �t�h�e� 

�o�l�d� �r�o�u�t�i�n�e� �"�E�X�T�R�A�P�"� �d�i�d�,� �i�n� �t�h�e� �w�o�r�k� �r�e�p�o�r�t�e�d� �i�n� 

�C�h�a�p�t�e�r� �(�V�1�)�.� 

�F�i�n�a�l�l�y�,� �a�f�t�e�r� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �p�r�o�c�e�s�s�e�s� �a�n�d� �t�h�e� 

�e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �d�e�f�i�n�e�d�,� �w�e� �f�a�c�e� �t�h�e� �p�r�o�b�l�e�m� 

�o�f� �m�e�a�s�u�r�i�n�g� �h�o�w� �w�e�l�l� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�a�c�t�u�a�l�l�y� �p�e�r�f�o�r�m�.� �W�e� �h�a�v�e� �u�s�e�d� �t�w�o� �d�i�f�f�e�r�e�n�t� �c�r�i�t�e�r�i�a�.� 

�F�i�r�s�t�,� �t�h�e�r�e� �i�s� �t�h�e� �c�r�i�t�e�r�i�o�n� �o�f� �p�r�e�d�i�c�t�i�v�e� �p�o�w�e�r�,� 

�m�e�a�s�u�r�e�d� �e�x�p�l�i�c�i�t�l�y�.� �F�o�r� �e�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �o�f� 

�t�i�m�e�-�s�e�r�i�e�s� �(�o�u�t� �o�f� �1�2� �X� �1�9� �=� �1�2�0� �s�a�m�p�l�e� �t�t�m�e�-�s�e�r�i�e�s�)� 

�a�n�d� �o�f� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�,� �w�e� �u�s�e�d� �t�h�e� �v�a�l�u�e� �o�f�  ��c�"�,� 

�a�s� �e�s�t�i�m�a�t�e�d� �f�o�r� �t�h�e� �f�i�r�s�t� �1�9�9�0� �t�i�m�e�-�p�e�r�i�o�d�s�,� �t�o� �t�r�y� �t�o
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�p�r�e�d�i�c�t� �t�h�e� �v�a�l�u�e�s� �o�f� �t�h�e� �v�a�r�i�a�b�l�e� �Z� �o�v�e�r� �t�h�e� �r�e�m�a�l�n�i�n�g� 

�1�0�9� �p�e�r�i�o�d�s�.� �F�o�r� �e�a�c�h� �s�u�c�h� �s�e�t� �o�f� �p�r�e�d�i�c�t�i�o�n�s� �w�e� 

�c�a�l�c�u�l�a�t�e�d� �f�o�u�r� �m�e�a�s�u�r�e�s� �o�f� �e�r�r�o�r�:� �(�i�)� �r�e�m�.�s�.� �(�r�o�o�t� 

�m�e�a�n� �s�q�u�a�r�e�)� �a�v�e�r�a�g�e� �p�e�r�c�e�n�t�a�g�e� �e�r�r�o�r� �I�n� �p�r�e�d�i�c�t�i�n�g� 

�p�e�r�i�o�d�s� �1�9�1� �t�h�r�o�u�g�h� �1�1�0�;� �(�i�f�)� �r�o�m�.�s�.� �a�v�e�r�a�g�e� �p�e�r�c�e�n�t�a�g�e� 

�e�r�r�o�r� �i�n� �p�r�e�d�i�c�t�i�n�g� �p�e�r�f�o�d�s� �1�0�1� �t�h�r�o�u�g�h� �1�2�5�;� �(�C�i�t�i�)� 

�r�.�m�.�S�.� �a�v�e�r�a�g�e� �p�e�r�c�e�n�t�a�g�e� �e�r�r�o�r� �i�n� �p�r�e�d�i�c�t�i�n�g� �p�e�r�i�o�d�s� 

�1�0�1� �t�h�r�o�u�g�h� �1�5�0�;� �(�i�v�)� �r�.�m�.�s�.� �a�v�e�r�a�g�e� �p�e�r�c�e�n�t�a�g�e� �e�r�r�o�r� 

�i�n� �p�r�e�d�i�c�t�i�n�g� �p�e�r�f�o�d�s� �1�0�1� �t�h�r�o�u�g�h� �2�0�0�.� �(�A�l�s�o�,� �a� �s�e�t� �o�f� 

�p�r�e�d�i�c�t�i�o�n�s� �w�a�s� �m�a�d�e�,� �f�r�o�m� �p�e�r�i�o�d� �1�,� �t�o� �p�e�r�t�o�d�s� �1� 

�t�h�r�o�u�g�h� �1�0�0�.�)� �T�h�e� �e�x�a�c�t� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �t�e�s�t�s� �a�r�e� 

�s�h�o�w�n� �i�n� �T�a�b�l�e� �!�V�-�4�,� �f�o�r� �e�v�e�r�y� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�.� 

�L�e�t� �u�s� �d�e�f�i�n�e� �i�n� �a� �b�i�t� �m�o�r�e� �d�e�t�a�i�l� �h�o�w� �t�h�e�s�e� 

�p�r�e�d�i�c�t�i�o�n�s� �w�e�r�e� �a�r�r�i�v�e�d� �a�t�.� �F�o�r� �t�h�e� �r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l�s�,� 

�(�4�.�8�)� �a�n�d� �(�4�.�9�)�,� �w�e� �I�n�s�e�r�t�e�d� �t�h�e� �k�n�o�w�n� �v�a�l�u�e� �o�f� �z�(�1�0�9�)�,� 

�a�n�d� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �c� �a�n�d� �k�,� �a�n�d� �t�h�e� �m�o�s�t� �p�r�o�b�a�b�l�e� 

�v�a�l�u�e� �f�o�r� �a�(�1�9�0�)� �(�i�.�e�.� �z�e�r�o�)�,� �i�n� �o�r�d�e�r� �t�o� �p�r�e�d�i�c�t� 

�z�(�1�0�1�)�;� �t�h�i�s� �p�r�e�d�i�c�t�i�o�n� �f�o�r� �Z�(�1�9�1�)� �w�a�s� �r�e�i�n�s�e�r�t�e�d�,� 

�a�l�o�n�g� �w�i�t�h� �a�(�1�0�1�)�=�0�,� �t�o� �g�i�v�e� �u�s� �a� �p�r�e�d�i�c�t�i�o�n� �o�f� �2�7�(�1�9�2�)�,� 

�w�h�i�c�h� �I�n� �t�u�r�n� �w�a�s� �r�e�i�n�s�e�r�t�e�d�,� �e�t�c�.� �F�o�r� �e�q�u�a�t�i�o�n� �(�4�.�9�)�,� 

�t�h�i�s� �h�a�s� �t�h�e� �s�a�m�e� �e�f�f�e�c�t� �a�s� �i�n�s�e�r�t�i�n�g� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� 

�c�"� �i�n�t�o� �(�4�.�1�)�,� �a�n�d� �u�s�i�n�g� �(�4�.�1�)� �t�o� �m�a�k�e� �t�h�e� �f�o�r�e�c�a�s�t�s�.� 

�W�i�t�h� �t�h�e� �A�R�M�A� �m�o�d�e�l�s�,� �e�q�u�a�t�i�o�n�s� �(�4�.�1�0�)�,� �(�4�.�1�1�)� �a�n�d
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�(�4�.�1�2�)�,� �a�l�m�o�s�t� �t�h�e� �s�a�m�e� �p�r�o�c�e�d�u�r�e� �w�a�s� �u�s�e�d�.� �T�h�e� 

�m�e�a�s�u�r�e�d� �v�a�l�u�e� �o�f� �Z�(�1�9�0�)� �w�a�s� �i�n�s�e�r�t�e�d� �t�o� �g�i�v�e� �t�h�e� �f�i�r�s�t� 

�p�r�e�d�i�c�t�i�o�n�,� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �Z�(�1�9�1�)�;� �a�(�1�0�9�)� �t�h�r�o�u�g�h� 

�a�(�1�9�9�)� �w�e�r�e� �s�e�t� �t�o� �z�e�r�o�.� �H�o�w�e�v�e�r�,� �t�h�e� �A�R�M�A� �e�q�u�a�t�i�o�n�s� 

�a�l�s�o� �r�e�f�e�r� �t�o� �a�(�t�-�1�)�;� �t�h�u�s�,� �i�n� �t�h�e� �v�e�r�y� �f�i�r�s�t� �r�o�u�n�d�,� �i�n� 

�p�r�e�d�i�c�t�i�n�g� �Z�(�1�0�1�)�,� �t�h�e� �v�a�l�u�e� �o�f� �a�(�9�9�)� �h�a�s� �t�o� �b�e� 

�a�c�c�o�u�n�t�e�d� �f�o�r�;� �f�o�r� �a�(�9�9�)�,� �w�e� �u�s�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�l�u�e� 

�w�h�i�c�h� �w�a�s� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n� �p�r�o�c�e�d�u�r�e� 

�w�h�i�c�h� �h�a�d� �b�e�e�n� �u�s�e�d� �o�n� �p�e�r�i�o�d�s� �1� �t�h�r�o�u�g�h� �1�0�9�.� �W�i�t�h� 

�e�q�u�a�t�i�o�n� �(�4�.�1�1�)�,� �a�s� �w�i�t�h� �e�q�u�a�t�i�o�n� �(�4�.�9�)�,� �t�h�i�s� �h�a�s� �t�h�e� 

�s�a�m�e� �e�f�f�e�c�t� �a�s� �I�n�s�e�r�t�i�n�g� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �"�c�"� �i�n�t�o� 

�e�q�u�a�t�i�o�n� �(�4�.�1�)�,� �s�t�a�r�t�i�n�g� �f�r�o�m� �t�h�e� �p�r�e�d�i�c�t�e�d� �v�a�l�u�e� �o�f� 

�7�(�1�0�1�)�.�  ��P�e�r�c�e�n�t�a�g�e� �e�r�r�o�r�"� �w�a�s� �d�e�f�i�n�e�d�,� �i�n� �g�e�n�e�r�a�l�,� �a�s� 

�a� �p�e�r�c�e�n�t�a�g�e� �o�f� �t�h�e� �a�v�e�r�a�g�e� �o�f� �p�r�e�d�i�c�t�e�d� �a�n�d� �a�c�t�u�a�l� 

�v�a�l�u�e�s�,� �o�n� �g�r�o�u�n�d�s� �t�h�a�t� �t�h�i�s� �i�s� �a� �g�o�o�d� �i�n�t�e�l�l�i�g�i�b�l�e� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �e�x�p�o�n�e�n�t�i�a�l� �e�r�r�o�r� �i�n� �t�h�e� �n�o�r�m�a�l� �r�a�n�g�e�,� 

�a�n�d� �t�h�a�t� �i�t� �d�o�e�s� �n�o�t� �n�l�a�c�e� �o�v�e�r�e�m�p�h�a�s�i�s� �o�n� �o�u�t�l�i�e�r�s�,� 

�A�l�l� �o�f� �t�h�e�s�e� �d�e�c�i�s�i�o�n�s� �w�e�r�e� �m�a�d�e�,� �n�o�t� �a�t� �t�h�e� �t�i�m�e� �o�f� 

�s�i�m�u�l�a�t�i�o�n�,� �b�u�t� �a�t� �t�h�e� �t�i�m�e� �w�h�e�n� �t�h�e� �T�S�P� �c�o�m�m�a�n�d� �"�A�R�M�A�"� 

�w�a�s� �w�r�i�t�t�e�n�;� �a�t� �t�h�e� �t�i�m�e� �o�f� �s�i�m�u�l�a�t�i�o�n�,� �w�e� �s�p�e�c�i�f�i�e�d� 

�t�h�e� �i�n�i�t�i�a�l� �t�i�m�e� �a�n�d� �t�h�e� �n�u�m�b�e�r� �o�f� �p�e�r�i�o�d�s� �t�o� �p�r�e�d�i�c�t�,� 

�a�n�d� �t�h�e� �A�R�M�A� �C�A�R�M�A�W�T�)� �c�o�m�m�a�n�d� �c�a�r�r�i�e�d� �t�h�r�o�u�g�h� �t�h�e� 

�d�e�c�i�s�i�o�n�s� �d�e�s�c�r�i�b�e�d� �I�n� �t�h�l�s� �p�a�r�a�g�r�a�p�h� �b�y� �i�t�s�e�l�f�.� �(�W�h�e�n
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�t�h�e� �f�u�l�l� �n�o�n�l�i�n�e�a�r� �a�l�g�o�r�i�t�h�m� �o�f� �C�h�a�p�t�e�r� �(�I�!�)� �I�s� 

�o�p�e�r�a�t�i�o�n�a�l�i�z�e�d�,� �h�o�w�e�v�e�r�,� �w�e� �w�i�l�l� �b�e� �a�b�l�e� �t�o� �l�e�t� �t�h�e� 

�u�s�e�r� �c�h�o�o�s�e� �h�i�s� �o�w�n� �i�n�d�e�x� �o�f� �p�r�e�d�i�c�t�i�o�n� �e�r�r�o�r�,� 

�a�c�c�o�r�d�i�n�g� �t�o� �w�h�a�t� �h�e� �c�o�n�s�i�d�e�r�s� �i�m�p�o�r�t�a�n�t� �t�o� 

�p�o�l�i�c�y�-�m�a�k�e�r�s� �i�n� �h�i�s� �o�w�n� �p�a�r�t�i�c�u�l�a�r� �d�o�m�a�i�n� �o�f� �i�n�t�e�r�e�s�t�.� 

�W�i�t�h� �A�R�M�A�,� �a� �l�i�n�e�a�r� �s�y�s�t�e�m�,� �i�t� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �m�a�k�e� �a� 

�g�e�n�e�r�a�l� �c�h�o�i�c�e� �f�o�r� �a�l�l� �u�s�e�r�s�,� �b�a�s�e�d� �o�n� �m�a�t�h�e�m�a�t�i�c�a�l� 

�r�a�t�h�e�r� �t�h�a�n� �s�u�b�s�t�a�n�t�i�v�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s�.�)� �W�i�t�h� �t�h�e� 

�u�n�i�v�a�r�i�a�t�e� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h�,� �t�h�e�r�e� �a�r�e� �t�w�o� �r�e�a�s�o�n�a�b�l�e� 

�b�a�s�e�s� �f�o�r� �p�r�e�d�i�c�t�i�o�n�.� �O�n�e� �i�s� �t�o� �u�s�e� �(�4�.�1�4�)� �d�i�r�e�c�t�l�y�,� 

�a�s�s�u�m�i�n�g� �t�h�a�t� �a�(�1�9�1�)� �t�h�r�o�u�g�h� �a�(�2�9�9�)� �e�q�u�a�l� �z�e�r�o�;� �w�e� 

�a�b�b�r�e�v�i�a�t�e� �t�h�i�s� �m�e�t�h�o�d� �a�s� �" ��e�x�t�1�"�.� �(�T�h�i�s� �c�o�r�r�e�s�p�o�n�d�s� �t�o� 

�o�u�r� �o�l�d� �"�E�X�T�R�A�P�"� �p�r�o�c�e�d�u�r�e�,� �d�e�s�c�r�i�b�e�d� �i�n� �C�h�a�p�t�e�r� �(�1�)�;� 

�a�l�s�o�,� �i�t� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �u�s�i�n�g� �(�4�.�1�)�,� �s�t�a�r�t�i�n�g� �f�r�o�m� �t�h�e� 

�e�s�t�i�m�a�t�e�d� �v�a�l�u�e� �o�f� �X�(�9�)� �a�s� �t�h�e� �i�n�i�t�i�a�l� �v�a�l�u�e� �o�f� �Z�(�9�)�.�)� 

�T�h�e� �o�t�h�e�r� �i�s� �t�o� �u�s�e� �t�h�e� �e�s�t�i�m�a�t�e�d� �v�a�l�u�e� �o�f� �c� �i�n� �(�4�,�1�)�,� 

�i�n�s�e�r�t�i�n�g� �t�h�e� �m�e�a�s�u�r�e�d� �v�a�l�u�e� �o�f� �Z�(�1�9�0�)� �i�n�t�o� �t�h�i�s� 

�e�q�u�a�t�i�o�n�;� �w�e� �a�b�b�r�e�v�i�a�t�e� �t�h�i�s� �a�s� �"�e�x�t�2�"�,� �T�h�e� �r�i�m�s�.� 

�a�v�e�r�a�g�e� �e�r�r�o�r�s� �a�r�e� �c�o�m�p�u�t�e�d� �a�s� �w�i�t�h� �t�h�e� �"�A�R�M�A�"� �m�o�d�e�l�,� 

�a�u�t�o�m�a�t�i�c�a�l�l�y�,� �b�y� �t�h�e� �c�o�m�m�a�n�d� �G�R�R�,� 

�T�a�b�l�e� �{�V�-�h� �i�s� �a� �b�i�t� �t�o�o� �c�o�m�p�l�e�x� �t�o� �b�e� �a�s�s�i�m�i�l�a�t�e�d� 

�d�i�r�e�c�t�l�y� �b�y� �t�h�e� �i�n�t�u�i�t�i�o�n�,� �T�h�u�s� �w�e� �h�a�v�e� �s�u�m�m�a�r�i�z�e�d� �t�h�e� 

�m�a�j�o�r� �r�e�s�u�l�t�s� �o�f� �T�a�b�l�e� �I�V�-�4�,� �r�e�g�a�r�d�i�n�g� �p�r�e�d�i�c�t�i�o�n
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�e�r�r�o�r�s�,� �i�n� �T�a�b�l�e� �!�V�-�2�.� �F�o�r� �e�a�c�h� �o�f� �t�h�e� �t�w�e�l�v�e� �s�i�m�u�l�a�t�e�d� 

�p�r�o�c�e�s�s�e�s� �d�e�s�c�r�i�b�e�d� �i�n� �e�q�u�a�t�i�o�n�s� �(�4�.�2�)� �t�h�r�o�u�g�h� �(�4�.�7�)�,� 

�e�a�c�h� �o�f� �t�h�e� �s�e�v�e�n� �p�r�e�d�i�c�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �d�e�s�c�r�i�b�e�d� 

�a�b�o�v�e�,� �a�n�d� �e�a�c�h� �o�f� �t�h�e� �f�o�u�r� �p�r�e�d�i�c�t�i�o�n� �i�n�t�e�r�v�a�l�s�,� �w�e� 

�h�a�v�e� �c�a�l�c�u�l�a�t�e�d� �t�h�e� �a�v�e�r�a�g�e� �p�r�e�d�i�c�t�i�o�n� �e�r�r�o�r�s� �a�c�r�o�s�s� 

�t�h�e� �t�e�n� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�.� �M�o�r�e� �p�r�e�c�i�s�e�l�y�,� �t�o� �a�v�o�i�d� �a� 

�p�i�c�t�u�r�e� �d�i�s�t�o�r�t�e�d� �b�y� �o�u�t�l�i�e�r�s�,� �w�e� �h�a�v�e� �t�a�b�u�l�a�t�e�d� �t�h�e� 

�w�o�r�s�t� �(�b�i�g�g�e�s�t�)� �o�f� �t�h�e� �e�r�r�o�r�s� �o�u�t� �o�f� �t�h�e� �t�e�n�,� �a�n�d� �t�h�e� 

�a�v�e�r�a�g�e� �a�c�r�o�s�s� �t�h�e� �r�e�m�a�i�n�i�n�g� �n�i�n�e�.� �T�h�e� �r�o�w�s� �c�o�n�t�a�i�n�i�n�g� 

�t�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e�s�,� �f�o�r� �d�i�f�f�e�r�e�n�t� �p�r�e�d�i�c�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s�,� �a�r�e� �l�a�b�e�l�l�e�d� �"�a�v�"�;� �t�h�e� �r�o�w�s� �c�o�n�t�a�i�n�i�n�g� �t�h�e� 

�m�a�x�i�m�u�m� �e�r�r�o�r�s� �a�r�e� �l�a�b�e�l�l�e�d� �"�m�a�x�"�,� �A�l�s�o�,� �i�n� �c�o�l�u�m�n� 

�e�i�g�h�t�,� �w�e� �l�i�s�t� �t�h�e� �"�d�i�s�p�e�r�s�i�o�n�"� �o�f� �t�h�e� �e�r�r�o�r�s� �o�f� �t�h�e� 

�b�e�s�t� �t�e�c�h�n�i�q�u�e�,� �d�e�f�i�n�e�d� �a�s� �t�h�e� �a�v�e�r�a�g�e� �o�v�e�r� �t�h�e� �n�i�n�e� 

�b�e�t�t�e�r� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s� �o�f� �t�h�e� �a�h�s�o�l�u�t�e� �v�a�l�u�e� �o�f� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �e�r�r�o�r� �i�n� �e�a�c�h� �s�a�m�p�l�e� �s�e�r�i�e�s� �a�n�d� 

�t�h�e� �a�v�e�r�a�g�e� �e�r�r�o�r�.� 

�A� �q�u�i�c�k� �s�c�a�n� �o�f� �T�a�b�l�e� �I�V�-�2� �i�n�d�i�c�a�t�e�s� �a� �g�e�n�e�r�a�l� 

�t�e�n�d�e�n�c�y� �o�f� �"�e�x�t�2�"� �t�o� �b�e� �s�u�p�e�r�t�o�r� �s�u�b�s�t�a�n�t�i�a�l�l�y� �t�o� 

�r�e�g�r�e�s�s�i�o�n�;� �i�n� �s�o�m�e� �c�a�s�e�s�,�"�e�x�t�2�"� �a�n�d� �"�a�r�m�a�"� �a�r�e� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l�,� �w�h�i�l�e� �i�n� �o�t�h�e�r� �c�a�s�e�s� �"�a�r�m�a�"� �a�n�d� 

�r�e�g�r�e�s�s�i�o�n� �a�r�e� �a�p�p�r�o�x�i�m�a�t�e�l�y� �e�q�u�a�l�.� �A� �m�o�r�e� �d�e�t�a�i�l�e�d� 

�s�c�a�n� �r�e�v�e�a�l�s� �t�h�r�e�e� �d�i�f�f�i�c�u�l�t�i�e�s� �w�i�t�h� �t�h�e�s�e� �m�e�a�s�u�r�e�s� �o�f
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�p�r�e�d�i�c�t�i�v�e� �p�o�w�e�r�.� �A�t� �l�o�n�g� �t�i�m�e� �i�n�t�e�r�v�a�l�s�,� �e�r�r�o�r�s� �g�e�t� 

�s�o� �h�i�g�h� �t�h�a�t� �f�i�t� �i�s� �h�a�r�d� �n�o�t� �t�o� �w�o�r�r�y� �a�b�o�u�t� �t�h�e� �e�f�f�e�c�t�s� 

�o�f� �o�u�r� �p�e�r�c�e�n�t�a�g�e�-�t�a�k�i�n�g� �p�r�o�c�e�d�u�r�e�,� �a�n�d� �h�a�r�d� �t�o� �f�e�e�l� 

�f�u�l�l�y� �c�o�m�f�o�r�t�a�b�l�e� �a�b�o�u�t� �t�h�e� �s�i�g�n�i�f�i�c�a�n�c�e� �o�f� �t�h�e� 

�a�v�e�r�a�g�e�s�;� �t�h�i�s� �d�i�f�f�i�c�u�l�t�y� �m�a�y� �n�o�t� �b�e� �a�s� �r�e�a�l� �a�s� �i�t� 

�s�e�e�m�s�,� �b�u�t� �i�t� �i�s� �w�o�r�t�h� �n�o�t�i�c�i�n�g�.� �A� �m�o�r�e� �s�e�r�i�o�u�s� 

�d�i�f�f�i�c�u�l�t�y� �t�s� �t�h�e� �t�e�n�d�e�n�c�y� �o�f� �a�l�l� �p�r�e�d�i�c�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� 

�t�o� �d�o� �e�q�u�a�l�l�y� �w�e�l�l� �a�t� �v�e�r�y� �s�h�o�r�t� �t�i�m�e� �f�n�t�e�r�v�a�l�s�,� �w�i�t�h� 

�m�o�s�t� �o�f� �o�u�r� �p�r�o�c�e�s�s�e�s�.� �W�i�t�h� �s�h�o�r�t�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n�s�,� 

�t�h�e� �e�f�f�e�c�t�s� �o�f� �d�i�f�f�e�r�e�n�t� �e�s�t�i�m�a�t�e�s� �o�f� �'�"�'�c�'�'� �h�a�v�e� �n�o�t� �h�a�d� 

�t�i�m�e� �t�o� �b�u�i�l�d� �u�p�;� �t�h�u�s� �a�l�l� �o�f� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �a�r�e� �c�l�o�s�e� 

�t�o� �e�a�c�h� �o�t�h�e�r�,� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �v�e�r�y� �l�a�r�g�e� �s�h�o�r�t�-�t�e�r�m� 

�f�l�u�c�t�u�a�t�i�o�n�s� �o�u�r� �s�i�m�u�l�a�t�e�d� �p�r�o�c�e�s�s�e�s� �i�m�p�o�s�e�.� �I�t� �i�s� �t�h�e� 

�m�e�d�i�u�m� �a�n�d� �l�o�n�g�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n�s� �w�h�i�c�h� �s�e�p�a�r�a�t�e� �t�h�e� 

�s�h�e�e�p� �f�r�o�m� �t�h�e� �l�a�m�b�s�.� �T�h�i�s� �r�e�m�i�n�d�s� �u�s� �o�f� �c�e�r�t�a�i�n� 

�s�c�h�o�o�l�s� �o�f� �t�h�o�u�g�h�t� �i�n� �t�h�e� �s�t�o�c�k� �m�a�r�k�e�t�,� �w�h�o� �c�o�m�p�a�r�e� �t�h�e� 

�s�h�o�r�t�-�t�e�r�m� �f�l�u�c�t�u�a�t�i�o�n�s� �o�f� �s�t�o�c�k�s� �t�o� �a� �r�o�u�l�e�t�t�e� �g�a�m�e�,� 

�a�n�d� �w�h�o� �c�l�a�i�m� �t�h�a�t� �s�u�p�e�r�i�o�r� �a�n�a�l�y�s�i�s� �m�a�k�e�s� �m�o�n�e�y� �o�n�l�y� 

�b�y� �p�o�i�n�t�i�n�g� �o�u�t� �l�o�n�g�e�r�-�t�e�r�m� �t�r�e�n�d�s�.� �W�i�t�h� �c�o�m�p�l�e�x�,� 

�l�a�r�g�e�-�s�c�a�l�e� �m�u�l�t�i�v�a�r�i�a�t�e� �p�r�o�c�e�s�s�e�s� �[�I�n� �t�h�e� �s�o�c�i�a�l� 

�s�c�i�e�n�c�e�s�,� �h�o�w�e�v�e�r�,� �o�n�e� �m�i�g�h�t� �e�x�p�e�c�t� �t�h�e� �f�l�u�c�t�u�a�t�i�o�n�s� �t�o� 

�l�o�o�k� �a� �b�i�t� �s�m�o�o�t�h�e�r� �t�h�r�o�u�g�h� �t�i�m�e�,� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� 

�m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �p�r�o�b�l�e�m� �r�e�m�a�i�n�s�.� �A� �f�e�w� �o�f� �o�u�r� �t�w�e�l�v�e



�P�a�g�e� �[�V�-�2�2� 

�p�r�o�c�e�s�s�e�s� �d�o� �s�h�o�w� �s�i�f�e�n�i�f�i�c�a�n�t� �d�i�f�f�e�r�e�n�c�e�s� �b�e�t�w�e�e�n� 

�e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �i�n� �t�h�e� �t�e�n�-�y�e�a�r� �p�r�e�d�i�c�t�i�o�n� �t�e�s�t�s�;� 

�t�h�e�s�e� �p�r�o�c�e�s�s�e�s� �m�a�y� �h�e� �m�o�r�e� �r�e�p�r�e�s�e�n�t�a�t�i�v�e� �o�f� �t�h�e� 

�s�o�c�i�a�l� �s�c�i�e�n�c�e�s�.� �A� �t�h�i�r�d� �d�i�f�f�i�c�u�l�t�y� �i�s� �t�h�e� �l�i�m�i�t�a�t�i�o�n� 

�o�f� �h�a�v�i�n�g� �o�n�l�y� �t�e�n� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s� �p�e�r� �a�n�a�l�y�s�i�s�.� 

�I�n� �T�a�b�l�e� �I�V�¥�-�1�,� �w�e� �h�a�v�e� �u�s�e�d� �a� �s�e�c�o�n�d� �c�r�i�t�e�r�i�o�n� �t�o� 

�m�e�a�s�u�r�e� �t�h�e� �s�u�c�c�e�s�s� �o�f� �d�i�f�f�e�r�e�n�t� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� 

�W�e� �h�a�v�e� �l�o�o�k�e�d� �d�i�r�e�c�t�l�y� �a�t� �t�h�e� �v�a�l�u�e�s� �o�f� �"�c�"�,� �a�s� 

�e�s�t�i�m�a�t�e�d� �b�y� �t�h�e� �d�i�f�f�e�r�e�n�t� �m�o�d�e�l�s�.� �W�i�t�h� �s�i�m�u�l�a�t�i�o�n� 

�s�t�u�d�i�e�s�,� �u�n�l�i�k�e� �s�t�u�d�i�e�s� �i�n� �t�h�e� �r�e�a�l� �w�o�r�l�d�,� �w�e� �c�a�n� �b�e� 

�s�u�r�e� �t�h�a�t� �t�h�e� �'�t�r�u�e�' �� �v�a�l�u�e� �o�f� �c� �i�s� �t�h�e� �s�a�m�e� �f�o�r� �a�l�l� �t�h�e� 

�s�a�m�p�l�e�s� �o�f� �a� �g�i�v�e�n� �p�r�o�c�e�s�s�;� �t�h�i�s� �i�s� �w�h�a�t� �m�a�k�e�s� �a� �d�i�r�e�c�t� 

�c�o�m�p�a�r�i�s�o�n� �p�o�s�s�i�b�l�e�.� �W�i�t�h� �a� �d�i�r�e�c�t� �c�o�m�p�a�r�i�s�o�n�,� �o�n�e� �d�o�e�s� 

�n�o�t� �w�o�r�r�y� �a�b�o�u�t� �h�a�v�i�n�g� �o�n�e�'�s� �c�o�n�c�l�u�s�i�o�n�s� �r�a�n�d�o�m�i�z�e�d� �b�y� 

�t�h�e� �e�f�f�e�c�t�s� �o�f� �r�a�n�d�o�m� �f�l�u�c�t�u�a�t�i�o�n�s� �i�n� �l�a�t�e�r� �p�e�r�i�o�d�s� �o�f� 

�t�i�m�e�,� �i�n� �a� �l�i�m�i�t�e�d� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�;� �t�h�e� 

�a�c�t�u�a�l� �p�r�e�d�i�c�t�i�o�n� �e�r�r�o�r�s� �i�n� �T�a�b�l�e� �!�V�-�2� �m�a�y� �b�e� 

�i�n�t�e�r�p�r�e�t�e�d� �a�s� �a� �n�o�i�s�y� �m�e�a�s�u�r�e�m�e�n�t� �o�f� �t�h�e� �q�u�a�l�i�t�y� �o�f� 

�t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"�,� �t�n�d�e�e�d�,� �t�n� �m�o�s�t� �s�t�u�d�i�e�s� �o�f� 

�p�o�l�f�t�i�c�a�l� �a�n�d� �e�c�o�n�o�m�i�c� �p�h�e�n�o�m�e�n�a�,� �p�e�o�p�l�e� �t�e�n�d� �t�o� �b�e� 

�i�n�t�e�r�e�s�t�e�d� �I�n� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �"�c�"�,� 

�a�n�d� �o�n�l�y� �v�a�g�u�e�l�y� �a�w�a�r�e� �o�f� �t�h�e� �c�o�n�n�e�c�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�v�a�l�i�d�i�t�y� �-� �e�v�e�n� �_�i�n� �t�h�e� �s�h�o�r�t�-�t�e�r�m� �-� �a�n�d� �t�h�e� �l�o�n�g�-�t�e�r�m
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�p�r�e�d�i�c�t�i�v�e� �p�o�w�e�r� �o�f� �t�h�e� �r�e�s�u�l�t�i�n�g� �m�o�d�e�l�.� �(�T�h�i�s� �a�t�t�i�t�u�d�e� 

�w�o�u�l�d� �b�e� �q�u�i�t�e� �r�e�a�s�o�n�a�b�l�e� �w�h�e�n� �f�t� �i�s� �a� �c�h�o�i�c�e� �h�e�t�w�e�e�n� 

�f�o�c�u�s�i�n�g� �o�n� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �"�c�"�,� �o�r� �f�o�c�u�s�i�n�g� �o�n� 

�s�h�o�r�t�-�t�e�r�m� �p�r�e�d�i�c�t�i�v�e� �p�o�w�e�r�.� �A�n� �a�c�c�u�r�a�t�e� �m�o�d�e�l� �o�f� �t�h�e� 

�e�f�f�e�c�t�s� �o�f� �g�o�v�e�r�n�m�e�n�t� �p�o�l�i�c�y� �m�i�g�h�t� �r�e�d�u�c�e� �p�r�e�d�i�c�t�i�o�n� 

�e�r�r�o�r� �b�y� �o�n�l�y� �2�0�%�,� �f�n� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �a� �n�u�l�l� �m�o�d�e�l�,� �I�f� 

�s�h�o�r�t�-�t�e�r�m� �f�l�u�c�t�u�a�t�i�o�n�s� �a�r�e� �l�a�r�r�e� �e�n�o�u�g�h�,� �f�i�n� �a�c�c�o�r�d� 

�w�i�t�h� �t�h�e� �p�a�t�t�e�r�n� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �p�a�r�a�g�r�a�p�h� �a�h�o�v�e�;� 

�h�o�w�e�v�e�r�,� �t�h�i�s� �2�0�%� �w�o�u�l�d� �i�n�c�l�u�d�e� �1�0�0�%� �o�f� �t�h�e� �e�f�f�e�c�t�s� 

�w�h�i�c�h� �t�h�e� �d�e�c�i�s�i�o�n�-�m�a�k�e�r� �c�a�n� �h�a�v�e� �o�n� �t�h�e� �s�i�t�u�a�t�i�o�n�.�)� 

�t�t� �F�o�r� �a�l�l� �t�h�e�s�e� �r�e�a�s�o�n�s�,� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"�,� 

�e�v�a�l�u�a�t�e�d� �d�i�r�e�c�t�l�y� �f�o�r� �a�c�c�u�r�a�c�y�,� �a�p�p�e�a�r� �t�o� �b�e� �t�h�e� �b�e�s�t� 

�c�r�i�t�e�r�i�o�n� �t�o� �u�s�e� �t�n� �e�v�a�l�u�a�t�i�n�g� �t�h�e� �e�s�t�i�m�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s� �h�e�r�e�.� �T�h�e� �e�x�a�c�t� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"� �f�o�r� �e�a�c�h� 

�s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �I�V�-�3�.� �I�n� �T�a�b�l�e� 

�I�V�-�1�,� �w�e� �h�a�v�e� �s�u�m�m�a�r�i�z�e�d� �t�h�i�s� �i�n�f�o�r�m�a�t�i�o�n�,� �f�o�r� �e�a�s�i�e�r� 

�i�n�t�e�r�p�r�e�t�a�t�i�o�n�.� �F�o�r� �e�a�c�h� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�,� �a�n�d� �e�a�c�h� 

�s�i�m�u�l�a�t�e�d� �p�r�o�c�e�s�s�,� �w�e� �h�a�v�e� �c�a�l�c�u�l�a�t�e�d� �t�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e� 

�o�f� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"�'�,� �a�c�r�o�s�s� �a�l�l� �t�e�n� �s�a�m�p�l�e� 

�t�i�m�e�-�s�e�r�i�e�s�.� �W�e� �h�a�v�e� �a�l�s�o� �c�a�l�c�u�l�a�t�e�d� �t�h�e� �"�d�i�s�p�e�r�s�i�o�n�"� 

�o�f� �t�h�e�s�e� �e�s�t�i�m�a�t�e�s�,� �t�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e� �o�f� �t�h�e� �a�b�s�o�l�u�t�e� 

�v�a�l�u�e� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �e�s�t�i�m�a�t�e� �o�f� �"�c�"� �f�o�r� 

�a� �g�i�v�e�n� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s� �a�n�d� �t�h�e� �a�v�e�r�a�z�e� �e�s�t�i�m�a�t�e
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�a�c�r�o�s�s� �a�l�l� �t�e�n� �s�a�m�p�l�e�s�.� �T�h�e� �r�o�w�s� �l�a�b�e�l�l�e�d� �"�a�v�"� �g�i�v�e� �t�h�e� 

�a�v�e�r�a�g�e�;� �t�h�e� �r�o�w�s� �l�a�b�e�l�l�e�d� �"�d�i�s�p�"� �g�i�v�e� �t�h�e� �d�i�s�p�e�r�s�i�o�n�.� 

�T�h�e�s�e� �c�a�l�c�u�l�a�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �w�i�t�h� �t�h�e� �h�e�l�p� �o�f� �a� �h�a�n�d� 

�c�a�l�c�u�l�a�t�o�r�,� �d�i�r�e�c�t�l�y� �f�r�o�m� �T�a�b�l�e� �I�V�-�4�.� �(�N�o�t�e�,� �h�o�w�e�v�e�r�,� 

�t�h�a�t� �t�h�e� �v�e�r�s�i�o�n� �o�f� �T�a�b�l�e� �I�V�-�4� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �h�a�s� �b�e�e�n� 

�r�o�u�n�d�e�d� �o�f�f�,� �t�o� �s�a�v�e� �s�p�a�c�e�;� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�s� �w�e�r�e� �m�a�d�e� 

�f�r�o�m� �t�h�e� �u�n�r�o�u�n�d�e�d� �o�r�i�g�i�n�a�l�.�)� 

�U�n�f�o�r�t�u�n�a�t�e�l�y�,� �t�h�e� �n�o�i�s�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �o�u�r� �t�w�e�l�v�e� 

�p�r�o�c�e�s�s�e�s�,� �w�h�i�l�e� �"�u�n�b�i�a�s�e�d�!� �I�n� �t�h�e� �s�e�n�s�e� �o�f� �a�n� 

�a�r�i�t�h�m�e�t�i�c� �a�v�e�r�a�g�e�,� �d�o� �p�r�o�d�u�c�e� �a� �n�e�g�a�t�i�v�e� �s�h�i�f�t� �i�n� �t�h�e� 

�a�v�e�r�a�g�e� �r�a�t�e� �o�f� �g�r�o�w�t�h�.� �I�n� �o�r�d�e�r� �t�o� �g�i�v�e� �s�o�m�e� �s�o�r�t� �o�f� 

�m�e�a�s�u�r�e� �o�f� �t�h�e� �"�t�r�u�e�"� �r�a�t�e� �o�f� �g�r�o�w�t�h�,� �w�e� �h�a�v�e� �t�a�k�e�n� �t�h�e� 

�g�e�o�m�e�t�r�i�c� �a�v�e�r�a�g�e� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"� �b�y� �"�G�R�R�"�;� 

�t�h�i�s� �a�p�p�e�a�r�s� �i�n� �t�h�e� �"�a�v�"� �r�o�w�s�,� �i�n� �c�o�l�u�m�n� �s�e�v�e�n�,� �o�f� 

�T�a�b�l�e� �!�V�-�1�.� �F�o�l�l�o�w�i�n�g� �t�h�e� �l�o�g�i�c� �o�f� �s�e�c�t�i�o�n� �(�v�i�i�)� �o�f� 

�C�h�a�p�t�e�r� �(�1�!�)�,� �w�e� �w�o�u�l�d� �c�o�n�t�e�n�d� �t�h�a�t� �t�h�e� �"�t�r�u�e� �a�v�e�r�a�g�e� 

�r�a�t�e� �o�f� �g�r�o�w�t�h�"� �m�i�g�h�t� �e�v�e�n� �b�e� �d�e�f�i�n�e�d� �a�s� �t�h�e� �e�x�p�e�c�t�e�d� 

�"�e�s�t�i�m�a�t�e�"� �o�r� �"�o�b�s�e�r�v�a�t�i�o�n�"� �o�f� �t�h�e� �r�a�t�e� �o�f� �g�r�o�w�t�h�,� �c�,� 

�b�a�s�e�d� �o�n� �f�i�t�t�i�n�g� �a�n� �e�x�p�o�n�e�n�t�i�a�l� �c�u�r�v�e� �s�u�c�h� �a�s� �(�4�.�1�3�)� 

�i�m�p�l�i�e�s�,� �o�v�e�r� �a�n� �i�n�f�i�n�i�t�e�l�y� �l�o�n�g� �s�a�m�p�l�e� �o�f� �t�h�e� �p�r�o�c�e�s�s� 

�i�n� �q�u�e�s�t�i�o�n�.� �(�F�o�r� �c�o�l�u�m�n� �s�e�v�e�n�,� �w�e� �u�s�e� �a� �d�a�t�a� �s�a�m�p�l�e� 

�t�e�n� �t�i�m�e�s� �a�s� �l�a�r�g�e� �a�s� �t�h�a�t� �u�s�e�d� �w�i�t�h� �a�n�y� �o�f� �t�h�e� 

�s�p�e�c�i�f�i�c� �e�s�t�i�m�a�t�e�s�.�)� �T�h�e� �p�o�t�e�n�t�i�a�l� �d�i�f�f�i�c�u�l�t�y� �w�i�t�h� �t�h�e
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�"�r�o�b�u�s�t�"� �t�e�c�h�n�i�q�u�e� �i�s� �n�o�t� �w�i�t�h� �c�o�n�s�i�s�t�e�n�c�y�,� �t�h�e� �a�b�i�l�i�t�y� 

�t�o� �c�o�n�v�e�r�g�e� �t�o� �t�h�e� �v�a�l�u�e� �m�o�s�t� �u�s�e�f�u�l� �i�n� �l�o�n�g�-�t�e�r�m� 

�p�r�e�d�i�c�t�i�o�n� �w�h�e�n� �u�n�l�i�m�i�t�e�d� �d�a�t�a� �a�r�e� �a�v�a�i�l�a�b�l�e�,� �b�u�t� 

�e�f�f�i�c�i�e�n�c�y�,� �t�h�e� �a�b�i�l�i�t�y� �t�o� �m�a�k�e� �f�u�l�l� �u�s�e� �o�f� �t�h�e� �l�i�m�i�t�e�d� 

�d�a�t�a� �a�v�a�i�l�a�b�l�e�,� �a�s� �r�e�c�o�m�m�e�n�d�e�d� �b�y� �t�h�e� �m�a�x�i�m�u�m� 

�l�i�k�e�l�i�h�o�o�d� �t�e�c�h�n�i�q�u�e�.� �(�M�o�r�e� �p�r�e�c�i�s�e�l�y�,�t�h�e� �m�a�x�i�m�u�m� 

�l�i�k�e�l�i�h�o�o�d� �m�e�t�h�o�d�,� �a�s� �s�k�e�t�c�h�e�d� �o�u�t� �i�n� �s�e�c�t�i�o�n� �(�v�)� �o�f� 

�C�h�a�p�t�e�r� �(�I�l�)�,� �c�l�a�i�m�s� �t�o� �p�o�i�n�t� �t�o� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� 

�m�a�x�i�m�u�m� �p�r�o�b�a�b�i�l�i�t�y�,� �c�o�n�d�i�t�i�o�n�a�l� �u�p�o�n� �a�l�l� �i�n�f�o�r�m�a�t�i�o�n� 

�i�n� �t�h�e� �o�b�s�e�r�v�e�d� �d�a�t�a�.�)� �I�f� �s�i�m�p�l�e� �r�e�g�r�e�s�s�i�o�n� �d�o�e�s� 

�o�u�t�p�e�r�f�o�r�m� �t�h�e� �r�o�b�u�s�t� �m�e�t�h�o�d�,� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t� �i�t� �t�o� �d�o� 

�b�e�s�t� �f�o�r� �s�i�m�u�l�a�t�e�d� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �f�i�t� �a� �r�e�g�r�e�s�s�i�o�n� 

�m�o�d�e�l�;� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t� �t�h�e� �(�g�e�o�m�e�t�r�i�c�)� �a�v�e�r�a�g�e� �o�f� �t�h�e� 

�e�s�t�i�m�a�t�e�s� �o�f� �"�c�"�"� �t�o� �b�e� �e�q�u�a�l�l�y� �g�o�o�d� �f�o�r� �b�o�t�h� �m�e�t�h�o�d�s�,� 

�b�u�t� �o�n�e� �w�o�u�l�d� �e�x�p�e�c�t� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �t�o� �b�e� �l�e�s�s� �w�i�t�h� 

�r�e�g�r�e�s�s�i�o�n�,� �b�e�c�a�u�s�e� �r�e�g�r�e�s�s�i�o�n�,� �i�n� �e�x�p�l�o�i�t�i�n�g� �m�o�r�e� 

�i�n�f�o�r�m�a�t�i�o�n� �p�e�r� �s�a�m�p�l�e� �o�f� �d�a�t�a�,� �c�a�n� �c�o�n�v�e�r�g�e� �m�o�r�e� 

�q�u�i�c�k�l�y� �t�o� �i�t�s� �a�s�y�m�p�t�o�t�i�c� �e�s�t�i�m�a�t�e�s�.� 

�(�i�i�i�)� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �R�E�S�U�L�T�S� 

�I�n� �s�h�o�r�t�,� �i�n� �e�x�a�m�i�n�i�n�g� �T�a�b�l�e� �i�V�-�l�1�,� �w�e� �c�a�n� �s�o�r�t� �o�u�t� 

�t�w�o� �d�i�f�f�e�r�e�n�t� �s�o�u�r�c�e�s� �o�f� �e�r�r�o�r� �i�n� �u�s�i�n�g� �o�u�r� �e�s�t�i�m�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s�:�(�i�)� �s�y�s�t�e�m�a�t�i�c� �b�i�a�s�,� �t�h�e� �g�a�p� �b�e�t�w�e�e�n� �t�h�e



�P�a�g�e� �1�V�-�2�6� 

�a�v�e�r�a�g�e� �e�s�t�i�m�a�t�e� �a�n�d� �t�h�e� �"�t�r�u�e�"� �e�s�t�i�m�a�t�e�,� �a�s� �i�n�d�i�c�a�t�e�d� 

�i�n� �c�o�l�u�m�n� �s�e�v�e�n� �a�n�d� �i�n� �t�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �a�l�l� �t�h�e� �b�e�t�t�e�r� 

�t�e�c�h�n�i�q�u�e�s�;� �(�i�i�)� �i�n�e�f�f�i�c�i�e�n�c�y�,� �t�h�e� �i�n�a�b�i�l�f�t�y� �t�o� 

�c�o�n�v�e�r�g�e� �q�u�i�c�k�l�y� �t�o� �t�h�e� �a�s�y�m�p�t�o�t�i�c� �e�s�t�i�m�a�t�e�s�,� �a�s� 

�i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �o�f� �t�h�e� �e�s�t�i�m�a�t�e�s� �a�c�r�o�s�s� 

�d�i�f�f�e�r�e�n�t� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�.� �(�I�n� �a�l�l� �o�f� �w�h�a�t� �f�o�l�l�o�w�s�,� 

�w�e� �e�m�p�h�a�s�i�z�e� �t�h�a�t� �t�h�e� �"�t�r�u�e�"� �e�s�t�i�m�a�t�e� �i�s� �b�e�t�n�g� �d�e�f�i�n�e�d� 

�a�s� �t�h�e� �e�s�t�i�m�a�t�e� �w�h�i�c�h� �l�e�a�d�s� �t�o� �t�h�e� �b�e�s�t� �p�r�e�d�i�c�t�i�o�n�s�.�)� 

�C�l�a�s�s�i�c� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �t�h�e�o�r�y� �w�o�u�l�d� �c�l�a�i�m� �t�o�t�a�l� 

�e�f�f�i�c�i�e�n�c�y� �a�s� �i�t�s� �p�r�i�m�e� �a�d�v�a�n�t�a�g�e� �o�v�e�r� �t�h�e� �r�o�b�u�s�t� 

�a�p�p�r�o�a�c�h�,� �a�s� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�;� �t�h�u�s� �t�h�e� �d�i�s�p�e�r�s�i�o�n� 

�e�r�r�o�r�s� �a�r�e� �o�f� �p�a�r�t�i�c�u�l�a�r� �i�n�t�e�r�e�s�t�.� 

�L�o�o�k�i�n�g� �c�a�r�e�f�u�l�l�y� �a�t� �T�a�b�l�e� �I�V�-�1�,� �w�e� �i�m�m�e�d�i�a�t�e�l�y� 

�o�b�s�e�r�v�e� �a� �s�t�a�r�t�l�i�n�g� �f�a�c�t�:� �i�n� �n�i�n�e� �o�u�t� �o�f� �t�h�e� �t�w�e�l�v�e� 

�s�i�m�u�l�a�t�e�d� �p�r�o�c�e�s�s�e�s�,� �t�h�e� �"�r�o�b�u�s�t� �m�e�t�h�o�d�"� �o�u�t�p�e�r�f�o�r�m�s� 

�e�v�e�r�y� �o�t�h�e�r� �m�e�t�h�o�d�,� �e�v�e�n� �i�n� �t�e�r�m�s� �o�f� �d�i�s�p�e�r�s�i�o�n�.� 

�R�e�g�r�e�s�s�i�o�n� �w�i�t�h�o�u�t� �a� �c�o�n�s�t�a�n�t� �t�e�r�m� �d�o�e�s� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� 

�r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �f�o�r� �o�n�l�y� �t�w�o� �p�r�o�c�e�s�s�e�s�,� �i�n� �t�e�r�m�s� �o�f� 

�d�i�s�p�e�r�s�i�o�n� �:� �P�r�o�c�e�s�s�e�s� �1� �a�n�d� �7�,� �t�h�e� �s�i�m�p�l�e� �p�r�o�c�e�s�s�e�s� 

�w�i�t�h� �n�o� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�t� �a�l�l�,� �f�o�l�l�o�w�i�n�g� �a� 

�r�e�g�r�e�s�s�i�o�n� �m�o�d�e�l� �a�l�m�o�s�t� �e�x�a�c�t�l�y�;� �e�v�e�n� �i�n� �t�h�e�s�e� �v�e�r�y� 

�s�p�e�c�i�a�l� �c�a�s�e�s�,� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �w�i�t�h� �t�h�e� �r�o�b�u�s�t� �m�e�t�h�o�d� �i�s� 

�o�n�l�y� �s�l�i�g�h�t�l�y� �l�a�r�g�e�r�.� �E�v�e�n� �w�i�t�h� �P�r�o�c�e�s�s� �1�,� �t�h�e� �A�R�M�A�W�T
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�t�e�c�h�n�i�q�u�e� �o�u�t�p�e�r�f�o�r�m�s� �r�e�g�r�e�s�s�i�o�n� �b�y� �a� �l�a�r�g�e�r� �m�a�r�g�i�n� 

�t�h�a�n� �t�h�a�t� �o�f� �r�e�g�r�e�s�s�i�o�n� �o�v�e�r� �t�h�e� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h�,� �w�h�i�c�h� 

�c�o�m�e�s� �i�n� �a�s� �t�h�i�r�d�.� �W�i�t�h� �P�r�o�c�e�s�s� �7�,� �t�h�e� �s�i�m�p�l�e� �A�R�M�A� 

�t�e�c�h�n�i�q�u�e� �i�s� �b�e�s�t�.� �P�r�o�c�e�s�s� �8� �i�s� �t�h�e� �o�n�l�y� �o�t�h�e�r� �p�r�o�c�e�s�s� 

�f�o�r� �w�h�i�c�h� �t�h�e� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �i�s� �n�o�t� �s�u�p�e�r�i�o�r�;� �i�n� �t�h�a�t� 

�c�a�s�e�,� �w�h�e�r�e� �t�h�e� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �i�s� �"�w�h�i�t�e�"�,� �t�h�e� 

�s�i�t�u�a�t�i�o�n� �d�i�s�c�u�s�s�e�d� �i�n� �s�e�c�t�i�o�n� �(�i�)� �o�f� �C�h�a�p�t�e�r� �(�1�1�1�)�,� 

�t�h�e� �s�i�m�p�l�e� �A�R�M�A� �m�o�d�e�l� �d�o�e�s� �a� �b�i�t� �b�e�t�t�e�r� �t�h�a�n� �t�h�e� �r�o�b�u�s�t� 

�a�p�p�r�o�a�c�h�,� �b�u�t� �b�o�t�h� �o�f� �t�h�e�s�e� �t�w�o� �d�o� �s�u�b�s�t�a�n�t�i�a�l�l�y� �b�e�t�t�e�r� 

�t�h�a�n� �t�h�e� �o�t�h�e�r�s�.� �E�v�e�n� �w�i�t�h� �P�r�o�c�e�s�s� �2�,� �w�h�e�r�e� �t�h�e� �p�r�o�c�e�s�s� 

�a�n�d� �m�e�a�s�u�r�e�m�e�n�t� �n�o�i�s�e� �a�r�e� �a�g�a�i�n� �b�o�t�h� �"�w�h�i�t�e�"�,� �t�h�e� 

�r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �i�s� �a�h�e�a�d�.� �I�n� �s�e�v�e�n� �o�u�t� �o�f� �t�h�e� �e�i�g�h�t� 

�r�e�m�a�i�n�i�n�g� �p�r�o�c�e�s�s�e�s� �(�a�l�l� �b�u�t� �P�r�o�c�e�s�s� �3�)�,� �t�h�e� �r�o�b�u�s�t� 

�m�e�t�h�o�d� �o�u�t�p�e�r�f�o�r�m�s� �a�l�l� �t�h�e� �o�t�h�e�r� �m�e�t�h�o�d�s�,� �e�x�c�e�p�t� �f�o�r� 

�t�h�e� �s�i�m�p�l�e� �A�R�M�A� �m�o�d�e�l�s�,� �b�y� �a�t� �l�e�a�s�t� �a� �f�a�c�t�o�r� �o�f� �t�w�o�,� �i�n� 

�a�l�l� �c�a�s�e�s�.� 

�I�n� �s�u�m�m�a�r�y�:� �e�v�e�n� �i�n� �t�h�e� �d�o�m�a�i�n� �o�f� �s�t�a�t�i�s�t�i�c�a�l� 

�e�f�f�i�c�i�e�n�c�y�,� �w�h�e�r�e� �t�h�e� �m�a�x�i�m�u�m� �l�i�k�e�l�i�h�o�o�d� �m�e�t�h�o�d�s� �s�h�o�u�l�d� 

�h�a�v�e� �t�h�e�i�r� �g�r�e�a�t�e�s�t� �a�d�v�a�n�t�a�g�e�,� �t�h�e� �r�o�b�u�s�t� �m�e�t�h�o�d� �e�n�j�o�y�s� 

�s�u�b�s�t�a�n�t�i�a�l� �s�u�p�e�r�i�o�r�i�t�y� �-� �i�.�e�.� �d�i�s�p�e�r�s�i�o�n� �e�r�r�o�r�s� �l�e�s�s� 

�t�h�a�n� �h�a�l�f� �t�h�e� �s�i�z�e� �-� �i�n� �a�l�l� �b�u�t� �t�h�e� �s�i�m�p�l�e�s�t� �c�a�s�e�s�,� 

�w�h�e�r�e� �t�h�e� �a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �o�t�h�e�r� �m�e�t�h�o�d�s�,� �w�h�e�r�e� �t�h�e�y� 

�e�x�i�s�t�,� �a�r�e� �s�l�i�g�h�t�.� 

� � � � � � � � � 
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�I�n� �t�h�e� �d�o�m�a�i�n� �o�f� �s�y�s�t�e�m�a�t�i�c� �b�i�a�s�,� �w�h�e�r�e� �w�e� �e�x�p�e�c�t� 

�t�h�e� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �t�o� �e�n�j�o�y� �i�t�s� �g�r�e�a�t�e�s�t� �a�d�v�a�n�t�a�g�e�,� 

�t�h�e� �c�r�i�t�e�r�i�a� �a�v�a�i�l�a�b�l�e� �a�r�e� �u�n�f�o�r�t�u�n�a�t�e�l�y� �l�e�s�s� 

�o�b�j�e�c�t�i�v�e�.� �T�h�e� �e�s�t�i�m�a�t�e�d� �g�r�o�w�t�h� �f�a�c�t�o�r�s�,� �"�c�'�'�,� �a�r�e� �a�l�l� 

�l�e�s�s� �t�h�a�n� �(�1�.�0�3�)� �a�n�d� �(�1�.�0�1�6�)�,� �t�h�e� �g�r�o�w�t�h� �f�a�c�t�o�r�s� 

�i�n�s�e�r�t�e�d� �i�n�t�o� �t�h�e� �o�r�i�g�i�n�a�l� �s�e�t�s� �o�f� �p�r�o�c�e�s�s�e�s�,� �d�u�e� �t�o� 

�t�h�e� �e�x�p�e�c�t�e�d� �w�a�t�e�r�i�n�g�-�d�o�w�n� �e�f�f�e�c�t� �o�f� �r�a�n�d�o�m� �n�o�i�s�e�.� 

�W�i�t�h� �e�v�e�r�y� �o�n�e� �o�f� �t�h�e� �t�w�e�l�v�e� �p�r�o�c�e�s�s�e�s�,� �h�o�w�e�v�e�r�,� �o�u�r� 

�e�s�t�i�m�a�t�e� �o�f� �t�h�e� �"�t�r�u�e�"� �v�a�l�u�e� �o�f� �c�,� �i�n� �c�o�l�u�m�n� �s�e�v�e�n� �o�f� 

�T�a�b�l�e� �I�V�-�3�,� �i�s� �e�i�t�h�e�r� �c�l�o�s�e�r� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� �g�r�o�w�t�h� 

�f�a�c�t�o�r� �t�h�a�n� �a�r�e� �a�n�y� �o�f� �t�h�e� �s�i�x� �a�v�e�r�a�g�e� �e�s�t�i�m�a�t�e�s�,� �o�r� 

�e�l�s�e� �w�i�t�h�i�n� �.�0�0�0�2� �o�f� �w�h�i�c�h�e�v�e�r� �o�f� �t�h�o�s�e� �e�s�t�i�m�a�t�e�s� �i�s� 

�c�l�o�s�e�s�t�;� �t�h�i�s� �t�e�n�d�s� �t�o� �s�u�p�p�o�r�t� �t�h�e� �v�a�l�u�e� �o�f� �o�u�r� 

�e�s�t�i�m�a�t�e� �i�n� �c�o�l�u�m�n� �s�e�v�e�n�.� 

�L�o�o�k�i�n�g� �a�t� �T�a�b�l�e� �!�V�-�1�,� �w�e� �s�e�e� �v�e�r�y� �c�l�e�a�r�l�y� �a� 

�s�t�r�o�n�g� �n�e�g�a�t�i�v�e� �b�i�a�s�,� �i�n� �a�l�l� �t�h�e� �a�v�e�r�a�g�e�d� �e�s�t�i�m�a�t�e�s� �o�f� 

�c�,� �w�h�i�c�h� �a�r�e� �f�r�o�m� �s�i�m�p�l�e� �r�e�g�r�e�s�s�i�o�n�.� �I�n� �f�i�v�e� �o�u�t� �o�f� �t�h�e� 

�t�w�e�l�v�e� �p�r�o�c�e�s�s�e�s�,� �r�e�g�r�e�s�s�i�o�n� �h�a�s� �e�s�t�i�m�a�t�e�d� �a� �n�e�g�a�t�i�v�e� 

�r�a�t�e� �o�f� �g�r�o�w�t�h�,� �f�o�r� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �w�e� �k�n�o�w� �a�t� �l�e�a�s�t� �t�o� 

�h�a�v�e� �a� �p�o�s�i�t�i�v�e� �r�a�t�e� �o�f� �g�r�o�w�t�h�;� �t�h�u�s� �t�h�e� �v�e�r�y� �s�i�g�n� �o�f� 

�t�h�e� �t�r�e�n�d�s� �i�n� �t�h�e�s�e� �p�r�o�c�e�s�s�e�s� �a�r�e� �r�e�v�e�r�s�e�d�.� �I�!�n� �f�o�u�r� �o�f� 

�t�h�e� �r�e�m�a�i�n�i�n�g� �p�r�o�c�e�s�s�e�s�,� �r�e�g�r�e�s�s�i�o�n� �g�i�v�e�s� �a� �g�r�o�w�t�h� �r�a�t�e� 

�o�f� �l�e�s�s� �t�h�a�n� �1�%�.� �T�h�e� �s�i�z�e� �o�f� �t�h�e�s�e� �b�i�a�s� �e�r�r�o�r�s� �i�s� �m�u�c�h� 

� 
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� � 

�f�£�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �a�v�e�r�a�g�e� �d�i�s�p�e�r�s�i�o�n� �e�r�r�o�r�s�,� �w�h�i�c�h�,� �w�e� 

�h�a�v�e� �n�o�t�e�d�,� �w�e�r�e� �a�l�r�e�a�d�y� �q�u�i�t�e� �a� �b�i�t� �l�a�r�g�e�r� �t�h�a�n� �t�h�o�s�e� 
�o�f� �t�h�e� �r�o�b�u�s�t� �m�e�t�h�o�d�:� �t�h�u�s� �i�f� �b�o�t�h� �s�o�u�r�c�e�s� �o�f� �e�r�r�o�r� �a�r�e� 

�a�d�d�e�d� �t�o�g�e�t�h�e�r�,� �t�h�e� �o�v�e�r�a�l�l�]� �e�r�r�o�r�s� �i�n� �c�o�e�f�f�i�c�i�e�n�t� 

�e�s�t�i�m�a�t�e�s� �a�r�e� �c�o�n�s�i�d�e�r�a�b�l�y� �w�o�r�s�e� �t�h�a�n� �a� �m�e�r�e� �f�a�c�t�o�r� �o�f� 

�t�w�o� �f�o�r� �r�e�g�r�e�s�s�i�o�n�,� �i�n� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� �r�o�b�u�s�t� 
�a�p�p�r�o�a�c�h�.� �I�f� �w�e� �l�o�o�k� �m�o�r�e� �c�l�o�s�e�l�y� �a�t� �t�h�e� �t�h�r�e�e� 

� � 

� � 

�P�r�o�c�e�s�s�e�s� �m�o�s�t� �f�a�v�o�r�a�b�l�e� �t�o� �r�e�g�r�e�s�s�i�o�n�,� �i�n� �t�e�r�m�s� �o�f� 

�b�i�a�s� �e�r�r�o�r�,� �w�e� �f�i�n�d� �t�h�a�t� �i�n� �t�w�o� �o�f� �t�h�e�m� �t�h�e� �b�i�a�s� �e�r�r�o�r� 

�i�s� �s�t�i�l�l� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �a�v�e�r�a�g�e� �d�i�s�p�e�r�s�i�o�n� �e�r�r�o�r�,� �a�n�d� 

�t�h�a�t� �i�n� �t�h�e� �t�h�i�r�d� �t�h�e� �b�i�a�s� �e�r�r�o�r� �i�s� �s�t�i�l�l� �l�a�r�g�e�r� �t�h�a�n� 

�1�%�,� �i�.�e�.� �l�a�r�g�e�r� �t�h�a�n� �3�5�%� �o�f� �t�h�e� �a�c�t�u�a�l� �g�r�o�w�t�h� �r�a�t�e�.� 

�T�h�e� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"�,� �w�i�t�h� �a� �c�o�n�s�t�a�n�t� �t�e�r�m� �p�r�e�s�e�n�t�,� 

�a�r�e�,� �a�s� �o�n�e� �m�i�g�h�t� �e�x�p�e�c�t�,� �s�t�i�l�l� �w�o�r�s�e� �t�h�a�n� �t�h�o�s�e� �o�f� 

�s�i�m�p�l�e� �r�e�g�r�e�s�s�i�o�n�.� �T�h�e� �A�R�M�A�W�T� �a�n�a�l�y�s�i�s� �a�l�s�o� �p�e�r�f�o�r�m�s� 

�d�i�s�a�p�p�o�i�n�t�i�n�g�l�y� �p�o�o�r�l�y�,� �w�i�t�h� �n�e�g�a�t�i�v�e� �g�r�o�w�t�h� �r�a�t�e�s� �f�o�r� 

�a�l�l� �b�u�t� �f�o�u�r� �o�f� �t�h�e� �p�r�o�c�e�s�s�e�s�;� �i�n� �t�h�i�s� �c�a�s�e�,� �i�t� �i�s� 

�t�h�e�o�r�e�t�i�c�a�l�l�y� �p�o�s�s�i�b�l�e� �t�h�a�t� �a� �h�i�d�d�e�n� �b�u�g� �i�n� �p�r�o�g�r�a�m�m�i�n�g� 

�w�a�s� �i�n�v�o�l�v�e�d�,� �i�n�s�o�f�a�r� �a�s� �c�r�o�s�s�-�c�h�e�c�k�s� �a�g�a�i�n�s�t� �e�x�i�s�t�i�n�g� 

�P�r�o�g�r�a�m�s� �w�e�r�e� �n�o�t� �p�o�s�s�i�b�l�e�,� �b�u�t� �a� �s�i�m�p�l�e� �l�a�c�k� �o�f� 

�r�o�b�u�s�t�n�e�s�s� �w�o�u�l�d� �s�e�e�m� �t�o� �b�e� �a� �m�o�r�e� �l�i�k�e�l�y� �e�x�p�l�a�n�a�t�i�o�n�.� 

�T�h�e� �c�o�n�t�e�s�t� �b�e�t�w�e�e�n� �t�h�e� �A�R�M�A� �a�n�d� �t�h�e� �r�o�b�u�s�t� �m�e�t�h�o�d�s� 

�i�s� �c�l�o�s�e�r�,� �a�n�d� �m�o�r�e� �i�n�t�e�r�e�s�t�i�n�g�.� �A�f�t�e�r� �d�o�i�n�g� �t�h�e
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�a�n�a�l�y�s�e�s� �o�f� �p�o�l�i�t�i�c�a�l� �d�a�t�a�,� �r�e�p�o�r�t�e�d� �i�n� �C�h�a�p�t�e�r� �(�V�I�)�,� 

�w�e� �w�e�r�e� �f�r�a�n�k�l�y� �s�u�r�p�r�i�s�e�d� �a�t� �h�o�w� �m�u�c�h� �b�e�t�t�e�r� �t�h�e� �A�R�M�A� 

�m�e�t�h�o�d� �d�i�d� �h�e�r�e�.� �I�n� �o�n�e� �p�r�o�c�e�s�s� �-� �P�r�o�c�e�s�s� �8� �-� �t�h�e� �A�R�M�A� 

�m�o�d�e�l� �h�a�d� �t�h�e� �s�a�m�e� �a�v�e�r�a�g�e� �e�s�t�i�m�a�t�e� �o�f� �"�c�"� �a�s� �t�h�e� 

�r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �d�i�d�,� �a�n�d� �a� �s�m�a�l�l�e�r� �d�i�s�p�e�r�s�i�o�n� �e�r�r�o�r�;� 

�t�h�u�s�,� �f�o�r� �t�h�i�s� �o�n�e� �p�r�o�c�e�s�s�,� �t�h�e� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �w�a�s� 

�a�c�t�u�a�l�l�y� �s�o�m�e�w�h�a�t� �i�n�f�e�r�i�o�r� �t�o� �t�h�e� �A�R�M�A� �a�p�p�r�o�a�c�h�.� �O�n� �t�h�e� 

�o�t�h�e�r� �h�a�n�d�,� �a�s� �w�e� �h�a�v�e� �n�o�t�e�d�,� �p�r�o�c�e�s�s� �8� �w�a�s� �d�e�f�i�n�e�d� �i�n� 

�t�e�r�m�s� �o�f� �p�u�r�e� �w�h�i�t�e� �n�o�i�s�e�;� �m�o�s�t� �s�o�c�i�a�l� �s�c�i�e�n�c�e� 

�v�a�r�i�a�b�l�e�s�,� �l�i�k�e� �t�h�e� �o�n�e�s� �s�t�u�d�i�e�d� �i�n� �C�h�a�p�t�e�r� �(�V�I�)�,� �m�a�y� 

�b�e� �m�o�r�e� �l�i�k�e� �p�r�o�c�e�s�s�e�s� �1�1� �a�n�d� �1�2�,� �o�r� �m�u�c�h� �f�u�r�t�h�e�r� �i�n� 

�t�h�e� �s�a�m�e� �d�i�r�e�c�t�i�o�n�,� �i�n� �t�e�r�m�s� �o�f� �c�o�m�p�l�e�x�i�t�y�.� �I�n� �f�o�u�r� �o�u�t� 

�o�f� �t�h�e� �t�w�e�l�v�e� �p�r�o�c�e�s�s�e�s�,� �t�h�e� �A�R�M�A� �a�n�d� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h�e�s� 

�g�a�v�e� �a�v�e�r�a�g�e� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"� �w�i�t�h�i�n� �.�9�0�0�5� �o�f� �e�a�c�h� 

�o�t�h�e�r�;� �t�h�i�s� �t�e�n�d�s� �t�o� �r�e�i�n�f�o�r�c�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e�s�e� 

�e�s�t�i�m�a�t�e�s� �a�s� �a�n� �i�n�d�i�c�a�t�i�o�n� �o�f� �t�h�e� �"�t�r�u�e�!� �g�r�o�w�t�h� �r�a�t�e�.� 

�O�n�l�y� �f�o�r� �t�w�o� �o�f� �t�h�e� �p�r�o�c�e�s�s�e�s� �w�a�s� �t�h�e� �b�i�a�s� �e�r�r�o�r� �o�f� �t�h�e� 

�A�R�M�A� �e�s�t�i�m�a�t�e� �l�a�r�g�e�r� �t�h�a�n� �1�%�,� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �e�s�t�i�m�a�t�e� 

�i�n� �c�o�l�u�m�n� �s�e�v�e�n�.� �I�n� �g�e�n�e�r�a�l�,� �t�h�e� �b�i�a�s� �e�r�r�o�r�s� �o�f� �t�h�e� 

�A�R�M�A� �e�s�t�i�m�a�t�e�s� �w�e�r�e� �l�e�s�s� �t�h�a�n� �t�h�e�i�r� �d�i�s�p�e�r�s�i�o�n� �e�r�r�o�r�s�.� 

�O�n� �b�a�l�a�n�c�e�,� �t�h�e� �r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �d�i�d� �b�e�t�t�e�r�,� �o�n�l�y� 

�b�e�c�a�u�s�e� �t�h�e� �d�i�s�p�e�r�s�i�o�n� �e�r�r�o�r�s� �o�f� �t�h�e� �A�R�M�A� �e�s�t�i�m�a�t�e�s� 

�w�e�r�e� �s�u�b�s�t�a�n�t�i�a�l�l�y� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �e�r�r�o�r�s� �o�f� �t�h�e� �r�o�b�u�s�t
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�a�p�p�r�o�a�c�h� �f�o�r� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �o�u�r� �p�r�o�c�e�s�s�e�s�,� �e�s�p�e�c�i�a�l�l�y� 

�t�h�e� �m�o�r�e� �c�o�m�p�l�e�x� �p�r�o�c�e�s�s�e�s�.� �(�F�o�r� �t�h�e� �t�w�e�l�v�e� �s�i�m�u�l�a�t�e�d� 

�p�r�o�c�e�s�s�e�s�,� �i�n� �o�r�d�e�r�,� �t�h�e� �A�R�M�A� �d�i�s�p�e�r�s�i�o�n� �e�r�r�o�r�s�,� �a�s� �a� 

�f�r�a�c�t�i�o�n� �o�f� �t�h�e� �r�o�b�u�s�t� �m�e�t�h�o�d� �e�r�r�o�r�s� �i�n� �T�a�b�l�e� �I�V�-�1�,� 

�e�q�u�a�l�l�e�d� �1�.�0�3�,� �1�.�1�6�,� �1�.�5�4�,� �2�.�2�9�,� �2�.�5�5�,� �2�.�1�3�,� �.�8�4� �,�.�8�0�,� 

�1�.�1�5�,� �1�.�2�1�,� �4�.�1�8� �a�n�d� �1�.�8�3�.�)� 

�I�n� �T�a�b�l�e� �I�V�-�1�,� �w�e� �h�a�v�e� �t�n�c�l�u�d�e�d� �o�n�e� �o�t�h�e�r� �p�i�e�c�e� �o�f� 

�i�n�f�o�r�m�a�t�i�o�n�,� �o�f� �r�e�l�e�v�a�n�c�e� �t�o� �o�u�r� �d�i�s�c�u�s�s�i�o�n� �i�n� �C�h�a�p�t�e�r� 

�(�l�i�l�)�.� �W�e� �h�a�v�e� �i�n�c�l�u�d�e�d� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �n�u�m�b�e�r� �o�f� 

�m�a�j�o�r� �i�t�e�r�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �b�e�f�o�r�e� �c�o�n�v�e�r�g�e�n�c�e�,� �w�i�t�h� �o�u�r� 

�a�l�g�o�r�i�t�h�m� �f�o�r� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�.� �I�n� �t�h�e� �A�R�M�A� 

�e�s�t�i�m�a�t�i�o�n�s�,� �w�e� �a�l�l�o�w�e�d� �f�o�r� �t�e�n� �m�a�j�o�r� �i�t�e�r�a�t�i�o�n�s� �b�e�f�o�r�e� 

�s�t�o�p�p�i�n�g� �t�h�e� �r�o�u�t�i�n�e�.� �I�n� �t�h�e� �s�e�v�e�n�t�h� �c�o�l�u�m�n�,� �i�n� �t�h�e� 

�"�d�i�s�p�"� �r�o�w�s�,� �w�e� �l�i�s�t�,� �f�i�r�s�t� �t�h�e� �n�u�m�b�e�r� �o�f� �i�t�e�r�a�t�i�o�n�s� 

�a�c�t�u�a�l�l�y� �r�e�q�u�i�r�e�d�,� �o�n� �t�h�e� �a�v�e�r�a�g�e�,� �b�e�f�o�r�e� �t�h�e� 

�l�i�k�e�l�i�h�o�o�d� �s�c�o�r�e�s� �c�o�n�v�e�r�g�e�d� �t�o� �w�i�t�h�i�n� �0�.�1� �o�f� �t�h�e�i�r� 

�f�i�n�a�l� �v�a�l�u�e�.� �(�i�.�e�.� �T�h�e� �p�o�s�t�e�r�i�o�r� �p�r�o�b�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�e�s�t�i�m�a�t�e�s� �w�a�s� �a�t� �l�e�a�s�t� �9�0�%� �o�f� �t�h�e� �p�o�s�t�e�r�i�o�r� �p�r�o�b�a�b�i�l�i�t�y� 

�o�f� �t�h�e� �"�m�o�s�t� �l�i�k�e�l�y�"� �e�s�t�i�m�a�t�e�s� �f�i�n�a�l�l�y� �c�o�n�v�e�r�g�e�d� �t�o�.�)� 

�T�h�i�s� �a�v�e�r�a�g�e� �w�a�s� �t�a�k�e�n� �o�n�l�y� �f�o�r� �t�h�o�s�e� �s�a�m�p�l�e� 

�t�i�m�e�-�s�e�r�i�e�s� �i�n� �w�h�i�c�h� �s�u�c�h� �c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �a�t�t�a�i�n�e�d� 

�b�e�f�o�r�e� �t�h�e� �l�a�s�t� �i�t�e�r�a�t�i�o�n�.� �S�e�c�o�n�d�,� �a�f�t�e�r� �a� �c�o�l�o�n�,� �w�e� 

�l�i�s�t� �t�h�e� �n�u�m�b�e�r� �o�f� �s�a�m�p�l�e� �t�i�m�e�-�s�e�r�i�e�s�,� �o�u�t� �o�f� �t�h�e� �t�e�n�,
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�i�n� �w�h�i�c�h� �t�h�e� �0�.�1� �l�e�v�e�l� �o�f� �c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �a�c�h�i�e�v�e�d� �o�n�l�y� 

�o�n� �t�h�e� �l�a�s�t� �i�t�e�r�a�t�i�o�n� �o�r� �l�a�t�e�r�.� �I�n� �m�o�s�t� �c�a�s�e�s�,� 

�c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �a�c�h�i�e�v�e�d� �w�e�l�l� �b�e�f�o�r�e� �t�h�e� �l�a�s�t� 

�i�t�e�r�a�t�i�o�n�.� �I�n� �t�h�o�s�e� �p�r�o�c�e�s�s�e�s� �w�h�e�r�e� �c�o�n�v�e�r�g�e�n�c�e� �w�a�s� 

�s�l�o�w�e�r�,� �s�u�c�h� �a�s� �p�r�o�c�e�s�s�e�s� �8�,� �2� �a�n�d� �1�0�,� �t�h�e� �f�i�n�a�l� 

�"� �d�o� �n�o�t� �a�p�p�e�a�r� �t�o� �h�a�v�e� �s�u�f�f�e�r�e�d� �a�s� �a� �e�s�t�i�m�a�t�e�s� �o�f� �"�c� 

�r�e�s�u�l�t�;� �i�n�d�e�e�d�,� �t�h�e� �n�e�g�a�t�i�v�e� �b�i�a�s� �o�f� �t�h�e� �i�n�i�t�i�a�l� 

�e�s�t�i�m�a�t�e�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �r�e�g�r�e�s�s�i�o�n� �w�a�s� �o�v�e�r�c�o�m�e� �m�o�r�e� 

�c�o�m�p�l�e�t�e�l�y� �i�n� �t�h�e�s�e� �p�r�o�c�e�s�s�e�s� �t�h�a�n� �i�n� �t�h�e� �o�t�h�e�r�s�.� 

�A�g�a�i�n�,� �t�h�e� �c�o�s�t� �o�f� �t�h�e� �A�R�M�A� �e�s�t�i�m�a�t�i�o�n�,� �i�n� �t�e�r�m�s� �o�f� 

�i�t�e�r�a�t�i�o�n�s�,� �w�a�s� �h�i�g�h�e�s�t� �p�r�e�c�i�s�e�l�y� �i�n� �t�h�o�s�e� �c�a�s�e�s� �w�h�e�r�e� 

�t�h�e� �p�a�y�o�f�f� �o�f� �t�h�e� �a�p�p�r�o�a�c�h� �w�a�s� �a�l�s�o� �g�r�e�a�t�e�s�t�.� 

�F�i�n�a�l�l�y�,� �w�e� �s�h�o�u�l�d� �s�a�y� �a� �l�i�t�t�l�e� �a�b�o�u�t� �T�a�b�l�e� �I�V�-�2�.� 

�H�e�r�e� �a�g�a�i�n�,� �t�h�e� �c�o�m�p�e�t�i�t�i�o�n� �f�s� �m�o�s�t�l�y� �b�e�t�w�e�e�n� �t�h�e� 

�r�o�b�u�s�t� �a�p�p�r�o�a�c�h� �-� �e�x�t�2�,� �m�o�r�e� �e�x�a�c�t�l�y� �-� �a�n�d� �t�h�e� �s�i�m�p�l�e� 

�A�R�M�A� �a�p�p�r�o�a�c�h�.� �T�h�e� �e�r�r�o�r�s� �i�n� �s�h�o�r�t�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n� �t�e�n�d� 

�t�o� �b�e� �w�a�t�e�r�e�d� �d�o�w�n� �a�n�d� �r�a�n�d�o�m�i�z�e�d�,� �d�u�e� �t�o� �t�h�e� �s�h�e�e�r� 

�s�i�z�e� �o�f� �t�h�e� �u�n�p�r�e�d�i�c�t�a�b�l�e� �s�h�o�r�t�-�t�e�r�m� �f�l�u�c�t�u�a�t�i�o�n�s�,� �a�s� 

�d�i�s�c�u�s�s�e�d� �a� �f�e�w� �p�a�g�e�s� �b�a�c�k�.� �A� �c�l�o�s�e�r� �l�o�o�k� �a�t� �T�a�b�l�e� �I�V�-�3� 

�s�h�o�w�s� �t�h�a�t� �t�h�e�s�e� �p�r�e�d�i�c�t�i�o�n� �e�r�r�o�r�s� �a�r�e� �a�f�f�e�c�t�e�d� �h�e�a�v�i�l�y� 

�b�y� �o�u�t�l�y�i�n�g� �t�i�m�e�-�s�e�r�i�e�s�.� �O�t�h�e�r�w�i�s�e�,� �t�h�e� �A�R�M�A� �t�e�c�h�n�i�q�u�e� 

�a�p�p�e�a�r�s� �t�o� �d�o� �a� �l�i�t�t�l�e� �b�e�t�t�e�r� �h�e�r�e�,� �r�e�l�a�t�i�v�e�l�y�,� �t�h�a�n� �i�t� 

�"� �d�o�e�s� �w�i�t�h� �i�t�s� �e�s�t�i�m�a�t�e�s� �o�f� �"�c�"�;� �a�l�s�o�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e�s
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�b�e�t�w�e�e�n� �a�l�l� �t�h�e� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �w�a�t�e�r�e�d� �d�o�w�n�,� 

�w�i�t�h� �o�n�l�y� �a� �f�e�w� �e�x�a�m�p�l�e�s� �o�f� �r�a�t�i�o�s� �o�f� �t�w�o� �i�n� �a�v�e�r�a�g�e� 

�e�r�r�o�r�.� �O�n� �b�a�l�a�n�c�e�,� �h�o�w�e�v�e�r�,� �T�a�b�l�e� �I�V�-�2� �a�p�p�e�a�r�s� �t�o� 

�f�o�l�l�o�w� �t�h�e� �c�o�n�c�l�u�s�i�o�n�s� �f�o�r� �T�a�b�l�e� �I�V�-�1� �f�a�i�r�l�y� �c�l�o�s�e�l�y�.
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�[�m�e�t�h�o�d� �7�1� �2�2� �Z�3� �Z�u� �%�Z�5� �2�6� �2�7� �Z�8�&� �Z�S� �Z�1�0�1� 

�e�x�t�l� �4�h�?� �&�O� �3�7� �7�h� �(�7�1� �S�S� �8�0� �3�8� �6�1� �4�8� 

�e�x�t�2� �4�O� �5�8� �2�9� �5�2� �4�9� �%�7�5� �4�S� �5�1� �5�0� �6�4� 

�r�e�g�e�+�k� �1�0�1� �8�6� �9�8� �1�2�8� �1�0�8� �9�2� �8�6� �2�7� �9�2� �3�3� 

�a�r�m�a�t�k� �9�h� �6�4� �9�7�1�2�2� �9�6� �1�1�6� �8�0� �4�7� �8�7� �4�6� 

�r�e�g� �6�h� �4�&�6� �1�1�1� �8�2� �1�1�6� �1�0�4� �1�5�7� �4�&�3� �9�0� �5�9� 

�a�r�m�a� �5�7� �6�5� �6�3� �4�&�0� �7�9� �1�1�1� �1�0�7� �6�4�h� �4�h� �7�5� 

�a�r�m�a�w�t� �1�0�8� �1�4�2� �1�8�5� �1�5�5� �1�4�1� �2�9� �1�7�3� �5�5� �1�4�4� �1�6�8� 

�P�r�e�d�i�c�t�i�n�g� �Z�(�1�)�-�Z�(�1�0�0�)� �f�r�o�m� �Z�(�1�)� 

�e�x�t�l� �1�h� �2�5� �2�9� �2�0� �2�3� �1�6� �3�3� �3�0� �2�2� �2�4� 

�e�x�t�2� �2�6� �3�5� �3�0� �2�0� �3�3� �1�6� �3�9� �3�4� �2�5� �3�4� 

�r�e�g�t�k� �3�0� �&�S� �3�9� �4�&�O� �6�0� �5�2� �5�8� �8�2� �2�7� �4�7� 

�a�r�m�a�t�k� �3�1� �S�5�1� �3�8� �3�9� �5�5� �4�8� �5�7� �7�5� �2�9� �5�0� 

�r�e�g� �2�0� �2�8� �1�0�6� �4�3� �1�1�7� �S�h� �1�6�5� �3�1� �5�9� �3�9� 

�a�r�m�a� �1�8� �4�&�8� �6�2� �2�4� �8�9� �S�h� �1�3�h� �4�3� �3�1� �&�3� 

�a�r�m�a�w�t� �6�9� �1�4�4� �1�8�6� �1�4�3� �1�3�9� �7�7� �1�7�3� �7�7� �1�2�8� �1�6�4� 

�t�t�e�r�a�t�i�o�n�s� �a�n�d� �S�i�g�n�i�f�i�c�a�n�c�e� �o�f� �A�R�M�A� �v�s�.� �r�e�g�r�e�s�s�i�o�n� 

�i�t�s�/�a�k� �2� �7� �7� �7� �5� �1� �9� �3� �1�0� �5� 

�i�t�s�/�a� �2� �2� �2� �2� �3� �1� �3� �2� �h� �2� 

�i�t�s�/�a�w� �3� �2� �3� �2� �3� �4� �3� �1�0� �1�9� �3� 

�p�/�a�k� �.�1�4� �.�0�7� �.�2�9� �.�2�6� �.�0�8� �.�3�7� �.�9�2� �.�0�3� �.�0�0� �.�0�7� 

�|� �p�/�f�a� �.�1�1� �.�0�3� �.�0�8� �.�1�1� �.�0�6� �.�3�7� �.�0�0� �.�0�3� �.�9�0� �.�0�5� �|� 

�T�a�b�l�e� �!�V�-�h�:� �E�r�r�o�r�s� �i�n� �P�r�e�d�i�c�t�i�o�n� �&� �M�i�s�c�e�l�l�a�n�y



�P�a�g�e� �V�i�-�l� 

�(�V�E�)� �N�A�T�I�O�N�A�L�I�S�M� �A�N�D� �S�O�C�I�A�L� �C�O�M�M�U�N�I�C�A�T�I�O�N�S�:� 

�A� �T�E�S�T� �C�A�S�E� �F�O�R� �M�A�T�H�E�M�A�T�I�C�A�L� �A�P�P�R�O�A�C�H�E�S� 

�(�i�)� �I�N�T�R�O�D�U�C�T�I�O�N� �A�N�D� �S�U�M�M�A�R�Y� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�,� �w�e� �h�a�v�e� �e�m�p�h�a�s�i�z�e�d� �t�h�e� 

�i�m�p�o�r�t�a�n�c�e� �o�f� �c�a�r�r�y�i�n�g� �o�u�t� �s�t�a�t�i�s�t�i�c�a�l� �r�e�s�e�a�r�c�h� �w�i�t�h�i�n� 

�t�h�e� �c�o�n�t�e�x�t� �o�f� �a� �b�r�o�a�d�e�r� �a�n�a�l�y�t�i�c� �e�f�f�o�r�t�.� �T�h�e� 

�s�u�b�s�t�a�n�t�i�v�e� �g�o�a�l� �o�f� �t�h�i�s� �t�h�e�s�i�s�,� �h�o�w�e�v�e�r�,� �t�n� �p�o�l�i�t�i�c�a�l� 

�s�c�i�e�n�c�e�,� �w�a�s� �t�o� �c�a�r�r�y� �t�h�r�o�u�g�h� �a�n� �a�n�a�l�y�t�i�c� �p�o�i�n�t� �o�f� 

�v�i�e�w�,� �a�l�r�e�a�d�y� �d�e�v�e�l�o�p�e�d� �b�y� �K�a�r�l� �D�e�u�t�s�c�h�,� �a�n�d� �f�o�r�m�u�l�a�t�e�d� 

�m�a�t�h�e�m�a�t�i�c�a�l�l�y� �w�i�t�h� �t�h�e� �a�s�s�i�s�t�a�n�c�e� �o�f� �R�o�b�e�r�t� �S�o�l�o�w�(�1�)�.� 

�I�n� �t�h�e� �f�i�r�s�t� �p�h�a�s�e� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h�,� �c�a�r�r�i�e�d� �o�u�t� �I�n� 

�1�9�7�1�,� �w�e� �a�t�t�e�m�p�t�e�d� �t�o� �d�e�v�e�l�o�p� �t�h�e� �o�r�i�g�i�n�a�l� 

�D�e�u�t�s�c�h�-�S�o�l�o�w� �m�o�d�e�l� �a�s� �a� �p�r�e�d�i�c�t�i�v�e� �m�o�d�e�l� �o�f� �n�a�t�i�o�n�a�l� 

�a�s�s�i�m�i�l�a�t�i�o�n� �a�n�d� �p�o�l�i�t�i�c�a�l� �m�o�b�i�l�i�z�a�t�i�o�n�;� �m�o�r�e� 

�p�r�e�c�i�s�e�l�y�,� �w�e� �a�t�t�e�m�p�t�e�d� �t�o� �p�r�e�d�i�c�t� �s�u�c�h� �i�n�d�i�c�a�t�o�r�s� �o�f� 

�n�a�t�i�o�n�a�l� �a�s�s�i�m�i�l�a�t�i�o�n� �a�s� �l�a�n�g�u�a�g�e� �o�r� �e�t�h�n�i�c�i�t�y� �(�s�e�e� 

�T�a�b�l�e� �V�i�-�2�4�)�,� �a�n�d� �s�u�c�h� �i�n�d�i�c�a�t�o�r�s� �o�f� �s�o�c�i�a�l� 

�m�o�b�i�l�i�z�a�t�i�o�n� �a�s� �u�r�b�a�n�i�z�a�t�i�o�n� �o�r� �l�i�t�e�r�a�c�y� �(�s�e�e� �T�a�b�l�e� 

�V�I�-�2�3�)�.� �(�N�o�t�e� �t�h�a�t� �t�h�e�s�e� �i�n�d�i�c�a�t�o�r�s� �w�e�r�e� �s�u�g�g�e�s�t�e�d� 

�o�r�i�g�i�n�a�l�l�y� �b�y� �K�a�r�l� �D�e�u�t�s�c�h�,� �n�o�t� �a�s� �o�p�e�r�a�t�i�o�n�a�l� 

�d�e�f�i�n�i�t�i�o�n�s� �o�f� �n�a�t�i�o�n�a�l�i�s�m�,� �b�u�t� �a�s� �u�s�a�b�l�e� �s�e�r�i�e�s� �o�f� 

�n�u�m�e�r�i�c�a�l� �d�a�t�a� �w�i�t�h� �s�o�m�e� �s�o�r�t� �o�f� �c�o�r�r�e�l�a�t�i�o�n�,� �a�l�b�e�i�t� 

�n�o�i�s�y�,� �w�i�t�h� �t�h�e� �u�n�d�e�r�l�y�i�n�g� �c�o�n�c�e�p�t�s� �h�e� �h�a�s� �d�i�s�c�u�s�s�e�d�.�)



�P�a�g�e� �V�i�-�2� 

�E�v�e�n� �t�h�o�u�g�h� �t�h�e� �D�e�u�t�s�c�h�-�S�o�l�o�w� �m�o�d�e�l� �s�e�e�m�s� �v�e�r�y� 

�s�i�m�p�l�e�,� �f�r�o�m� �t�h�e� �m�a�t�h�e�m�a�t�i�c�i�a�n�'�s� �p�o�i�n�t� �o�f� �v�i�e�w�,� �t�h�e� 

�e�x�i�s�t�i�n�g� �s�t�a�t�i�s�t�i�c�a�l� �r�o�u�t�i�n�e�s� �t�u�r�n�e�d� �o�u�t� �t�o� �b�e� �u�n�a�b�l�e� 

�t�o� �c�o�p�e� �e�f�f�e�c�t�i�v�e�l�y� �w�i�t�h� �e�v�e�n� �t�h�i�s� �l�e�v�e�l� �o�f� �c�o�m�p�l�e�x�i�t�y�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�i�s� �r�e�s�u�l�t�,� �w�h�i�c�h� �w�e� �f�o�u�n�d� �r�a�t�h�e�r� 

�s�u�r�p�r�i�s�i�n�g� �a�t� �f�i�r�s�t�,� �w�e� �f�o�u�n�d� �i�t� �n�e�c�e�s�s�a�r�y� �t�o� �a�b�a�n�d�o�n�,� 

�i�n� �t�h�i�s� �c�o�n�t�e�x�t�,� �t�h�e� �m�o�r�e� �a�m�b�i�t�i�o�u�s� �g�o�a�l� �o�f� �p�r�e�d�i�c�t�i�n�g� 

�l�o�n�g�~�t�e�r�m� �p�o�l�i�t�i�c�a�l� �t�r�e�n�d�s� �b�y� �w�a�y� �o�f� �m�o�r�e� �i�n�t�e�r�e�s�t�i�n�g�,� 

�c�o�m�p�l�e�x� �m�o�d�e�l�s�.� �W�e� �h�a�v�e�,� �i�n�s�t�e�a�d�,� �d�e�v�e�l�o�p�e�d� �t�w�o� 

�d�i�s�t�i�n�c�t� �s�t�r�a�n�d�s� �o�f� �t�h�o�u�g�h�t� �~� �o�n�e� �m�e�t�h�o�d�o�l�o�g�i�c�a�l� �a�n�d� 

�t�h�e� �o�t�h�e�r� �s�u�b�s�t�a�n�t�i�v�e� �~�-� �w�h�i�c�h� �m�a�y� �b�e� �p�r�e�r�e�q�u�i�s�i�t�e�s� �t�o� 

�s�u�c�c�e�s�s� �i�n� �t�h�e� �m�o�r�e� �a�m�b�i�t�i�o�u�s� �u�n�d�e�r�t�a�k�i�n�g�s� �o�f� �t�h�e� 

�f�u�t�u�r�e�.� �E�v�e�n� �i�n� �t�h�e�i�r� �p�r�e�s�e�n�t� �f�o�r�m�,� �h�o�w�e�v�e�r�,� �t�h�e�s�e� �t�w�o� 

�s�t�r�a�n�d�s� �d�o� �o�f�f�e�r� �p�r�e�d�i�c�t�i�o�n�s� �a�n�d� �i�n�s�i�g�h�t�s�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �o�f� �s�o�m�e� �r�e�l�e�v�a�n�c�e� �t�o� �t�h�e� �d�e�c�i�s�i�o�n�-�m�a�k�e�r� 

�c�o�n�c�e�r�n�e�d� �w�i�t�h� �n�a�t�i�o�n�a�l�i�s�m�.� 

�F�i�r�s�t� �o�f� �a�l�l�,� �w�e� �h�a�v�e� �d�e�v�e�l�o�p�e�d� �a� �n�e�w� �m�e�t�h�o�d�o�l�o�g�y� 

�f�o�r� �s�t�a�t�i�s�t�i�c�a�l� �a�n�a�l�y�s�i�s�,� �t�h�e� �"�r�o�b�u�s�t� �m�e�t�h�o�d�"� �o�f� 

�s�e�c�t�i�o�n� �(�x�i�)� �o�f� �C�h�a�p�t�e�r� �(�1�1�)�,� �a�b�l�e� �t�o� �d�e�a�l� �e�f�f�e�c�t�i�v�e�l�y� 

�w�i�t�h� �p�r�e�d�i�c�t�i�o�n� �o�v�e�r� �t�i�m�e�.� �T�h�i�s� �m�e�t�h�o�d� �e�m�e�r�g�e�d� �f�r�o�m� �t�h�e� 

�s�t�u�d�y� �o�f� �t�h�e� �D�e�u�t�s�h�-�S�o�l�o�w� �m�o�d�e�l� �a�n�d� �o�f� �s�i�m�i�l�a�r� �s�i�m�p�l�e� 

�m�o�d�e�l�s�.� �I�n� �s�e�c�t�i�o�n�s� �(�i�i�)� �a�n�d� �(�i�t�i�)� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�,� �w�e� 

�w�i�l�l� �d�e�s�c�r�i�b�e� �t�h�e� �e�m�p�i�r�i�c�a�l� �r�e�s�u�l�t�s�,� �b�a�s�e�d� �o�n� �t�h�e� 

�D�e�u�t�s�c�h�-�K�r�a�v�i�t�z� �d�a�t�a� �f�r�o�m� �m�o�r�e� �t�h�a�n� �a� �d�o�z�e�n� �n�a�t�i�o�n�s�,� 

�w�h�i�c�h� �l�e�d� �u�s� �t�o� �t�h�i�s� �n�e�w� �a�p�p�r�o�a�c�h�.� �T�h�e�s�e� �r�e�s�u�l�t�s



�P�a�g�e� �V�i�-�3� 

�L�E�G�E�N�D� �T�O� �F�I�G�U�R�E�S� �V�i�l�-�1� �T�H�R�O�U�G�H� �V�I�-�4� 

�T�h�e� �f�i�g�u�r�e�s� �o�n� �t�h�e� �n�e�x�t� �f�o�u�r� �p�a�g�e�s� �d�e�s�c�r�i�b�e� �t�h�e� 
�a�v�e�r�a�g�e� �p�e�r�c�e�n�t�a�g�e� �e�r�r�o�r�s� �w�h�i�c�h� �w�e� �f�o�u�n�d� �w�h�e�n� �m�a�k�i�n�g� 
�l�o�n�g�-�t�e�r�m� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �o�u�r� �f�o�u�r� �v�a�r�i�a�b�l�e�s� �-� �t�h�e� �s�i�z�e�s� 
�o�f� �t�h�e� �m�o�b�i�l�i�z�e�d�,� �u�n�d�e�r�l�y�i�n�g�,� �a�s�s�i�m�i�l�a�t�e�d� �a�n�d� 
�d�i�f�f�e�r�e�n�t�i�a�t�e�d� �p�o�p�u�l�a�t�i�o�n�s� �~� �i�n� �a� �v�a�r�i�e�t�y� �o�f� �d�i�f�f�e�r�e�n�t� 
�c�a�s�e�s�,� �b�y� �u�s�e� �o�f� �d�i�f�f�e�r�e�n�t� �e�s�t�i�m�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s�.� �I�n� 
�e�a�c�h� �"�c�a�s�e�"� �(�i�.�e�.� �a� �n�a�t�i�o�n� �a�n�d� �a� �c�h�o�i�c�e� �o�f� �d�a�t�a� �t�o� 
�s�t�u�d�y� �i�n� �t�h�a�t� �n�a�t�i�o�n�)�,� �w�e� �c�a�l�c�u�l�a�t�e� �t�h�e� 
�r�o�o�t�-�m�e�a�n�-�s�q�u�a�r�e� �(�"�R�M�S�"�)� �a�v�e�r�a�g�e� �o�f� �t�h�e� �e�r�r�o�r�s� �I�n� �t�h�e� 
�p�r�e�d�i�c�t�i�o�n�s� �m�a�d�e� �t�o� �a�l�l� �d�i�f�f�e�r�e�n�t� �y�e�a�r�s� �f�o�r� �w�h�i�c�h� �d�a�t�a� 
�w�e�r�e� �a�v�a�i�l�a�b�l�e�;� �t�h�i�s� �m�a�y� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �t�a�k�i�n�g� �a�n� 
�a�v�e�r�a�g�e� �a�c�r�o�s�s� �d�i�f�f�e�r�e�n�t� �i�n�t�e�r�v�a�l�s� �o�f� �p�r�e�d�i�c�t�i�o�n�.� �F�o�r� 
�e�a�c�h� �o�f� �o�u�r� �t�h�r�e�e� �b�a�s�i�c� �t�e�c�h�n�i�q�u�e�s� �-� �r�e�g�r�e�s�s�i�o�n�,� �A�R�M�A� 
�a�n�d� �t�h�e� �r�o�b�u�s�t� �m�e�t�h�o�d� �(�G�R�R� �o�r� �E�X�T�R�A�P�)� �-� �a�n�d� �f�o�r� �e�a�c�h� 
�v�a�r�i�a�b�l�e�,� �w�e� �h�a�v�e� �d�r�a�w�n� �a� �c�u�r�v�e� �w�h�i�c�h� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 
�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �a�v�e�r�a�g�e� �e�r�r�o�r� �s�i�z�e� �f�r�o�m� �c�a�s�e� �t�o� �c�a�s�e�.� 
�T�h�e�s�e� �d�i�s�t�r�i�b�u�t�i�o�n� �c�u�r�v�e�s� �a�r�e� �l�i�k�e� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� 
�c�u�r�v�e�s� �f�o�r� �c�o�l�l�e�g�e� �b�o�a�r�d� �s�c�o�r�e�s�;� �t�o� �f�i�n�d� �o�u�t� �h�o�w� �b�a�d� 
�t�h�e� �e�r�r�o�r�s� �w�e�r�e� �f�o�r� �t�h�e� �2�0�t�h� �p�e�r�c�e�n�t�i�l�e� �d�o�w�n� �f�r�o�m� �t�h�e� 
�t�o�p�,� �w�e� �l�o�o�k� �a�t� �2�0�%� �o�n� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �a�x�i�s�,� �a�n�d� �t�h�e�n� 
�l�o�o�k� �u�p� �a�t� �o�u�r� �c�u�r�v�e�s� �t�o� �s�e�e� �h�o�w� �h�i�g�h� �t�h�e� �p�r�e�d�i�c�t�i�o�n� 
�e�r�r�o�r�s� �g�o�,� �i�n� �t�h�e� �v�e�r�t�i�c�a�l� �d�i�r�e�c�t�i�o�n�.� �N�o�t�i�c�e� �t�h�a�t� �t�h�e� 
�v�e�r�t�i�c�a�l� �a�x�i�s� �i�s� �s�p�r�e�a�d� �o�u�t� �a�t� �t�h�e� �b�o�t�t�o�m�,� �a�n�d� 
�c�o�m�p�r�e�s�s�e�d� �a�t� �t�h�e� �t�o�p�,� �t�o� �a�l�l�o�w� �u�s� �t�o� �f�i�t� �t�h�e� �w�h�o�l�e� 
�c�u�r�v�e� �o�n� �o�n�e� �p�a�g�e�;� �i�t� �i�s� �s�t�i�l�l� �c�o�r�r�e�c�t�,� �h�o�w�e�v�e�r�,� �w�h�e�n� �a� 
�c�u�r�v�e� �i�s� �e�x�a�c�t�l�y� �h�a�l�f�w�a�y� �b�e�t�w�e�e�n�,� �s�a�y�,� �5�0�%� �a�n�d� �7�0�%�,� �t�o� 
�c�o�n�c�l�u�d�e� �t�h�a�t� �t�h�e� �e�r�r�o�r� �w�a�s� �e�x�a�c�t�l�y� �6�0�%�.� �T�h�u�s� �i�n� 
�c�o�m�p�a�r�i�n�g� �t�h�e� �a�r�e�a� �u�n�d�e�r� �d�i�f�f�e�r�e�n�t� �c�u�r�v�e�s�,� �i�t� �i�s� 
�i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �l�i�n�e� �a�t� �"�5�%�"� 
�s�h�o�u�l�d� �b�e� �t�h�o�u�g�h�t� �o�f� �a�s� �t�h�e� �b�a�s�e� �o�f� �t�h�e� �g�r�a�p�h�,� �i�n� 
�r�e�g�i�o�n�s� �w�h�e�r�e� �t�h�e� �e�r�r�o�r� �p�e�r�c�e�n�t�a�g�e�s� �a�r�e� �b�e�t�w�e�e�n� �1�0�%� �a�n�d� 
�5�0�%�,� �i�n� �o�r�d�e�r� �t�o� �c�o�m�p�e�n�s�a�t�e� �f�o�r� �t�h�e� �s�p�r�e�a�d�i�n�g� �o�u�t� �a�t� 
�t�h�e� �b�o�t�t�o�m�.� 

�T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �r�e�g�r�e�s�s�i�o�n�,� �A�R�M�A� �a�n�d� �G�R�R� 
�w�e�r�e� �d�r�a�w�n� �f�r�o�m� �T�a�b�l�e�s� �V�I�-�1�5� �t�h�r�o�u�g�h� �V�I�-�2�0�,� �f�r�o�m� �t�h�e� 
�c�o�l�u�m�n�s� �l�a�b�e�l�l�e�d� �"�U�n�i�.�"� �a�n�d� �"�e�x�t�l�"�.� �T�h�e�y� �a�l�l� �r�e�p�r�e�s�e�n�t� 
�p�r�e�d�i�c�t�i�o�n�s� �b�a�s�e�d� �o�n� �t�h�e� �r�e�d�u�c�e�d� �f�o�r�m� �o�f� �t�h�e� 
�D�e�u�t�s�c�h�-�S�o�l�o�w� �m�o�d�e�l�,� �e�q�u�a�t�i�o�n�s� �(�6�.�1�)� �a�n�d� �(�6�.�2�)� �w�i�t�h� �t�h�e� 
�"�b�D�"� �a�n�d� �"�f�u�"� �t�e�r�m�s� �r�e�m�o�v�e�d�,� �f�o�r� �t�h�e� �s�a�m�e� �c�a�s�e�s�,� 
�d�e�f�i�n�e�d� �i�n� �T�a�b�l�e�s� �V�!�-�2�3� �a�n�d� �V�I�-�2�4�.� �T�h�e� �d�e�f�i�n�i�t�i�o�n�s� �o�f� 
�t�h�e�s�e� �p�r�o�c�e�d�u�r�e�s� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �s�e�c�t�i�o�n� �(�i�i�i�)�.� �T�h�e� 
�d�i�s�t�r�i�b�u�t�i�o�n�s� �f�o�r� �E�X�T�R�A�P�,� �d�e�s�c�r�i�b�e�d� �i�n� �s�e�c�t�i�o�n� �(�i�i�)�,� 
�w�e�r�e� �b�a�s�e�d� �o�n� �t�h�e� �s�a�m�e� �m�o�d�e�l�,� �b�u�t� �a� �s�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� 
�s�e�t� �o�f� �s�a�m�p�l�e� �c�a�s�e�s� �(�i�.�e�.� �d�a�t�a� �w�a�s� �n�o�t� �i�n�t�e�r�p�o�l�a�t�e�d�,� 
�b�e�c�a�u�s�e� �i�t� �w�a�s� �n�o�t� �n�e�c�e�s�s�a�r�y� �t�o� �d�o� �s�o� �w�i�t�h� �t�h�i�s� 
�p�r�o�g�r�a�m�)�;� �s�e�e� �T�a�b�l�e�s� �V�1�l�-�8� �a�n�d� �V�i�-�9� �f�o�r� �t�h�e� �o�r�i�g�i�n�a�l� 
�f�i�g�u�r�e�s�.
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